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Abstract The space-fractional Fokker-Planck type equation 2+ 72 = —D(—A)
subject to the initial condition p(x,0) = d(x) is solved in terms of Fox H functions. The solution
as y = 0 expresses the Levy stable distribution with the index o. From the properties of Fox H func-
tions, the series representation and asymptotic behavior for the solution are also obtained. Lévy
stable distribution as 0 < o < 2 describes anomalous superdiffusion and its diffusion velocity is

“p (0 < <2)

© 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. Thisis
an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In recent decades, the theory and applications of the fractional
calculus have developed rapidly. The applied fields include vis-
coelasticity, anomalous diffusion, heat transfer, signal process-
ing, dynamics and control, and so on (Podlubny, 1999; Kilbas
et al., 2006). Different definitions and methods have also been
proposed (Yang et al., 2013; Yang and Baleanu, 2013; Yang,
2012; Li et al., 2011a,b). Scientists and engineers have found
the description of some phenomena is more accurate when
the fractional derivative is used. In particular, anomalous
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diffusion can be characterized by fractional differential
equations.

Let random variable X(¢) denote the location of diffusing
particle with X(0) = 0 and p(x, ) be the probability density
function for X(7). The time-fractional Fokker—Planck type
equations are derived and solved in Hilfer (1995) and
Rangarajan and Ding (2000); Space-fractional Fokker—
Planck type equation is obtained in Compte (1996) and
Yanovsky et al. (2000) using statistical methods. One-
dimensional case with convective term without asymmetric
term reads (Yanovsky et al., 2000)

9 Op_

2 Vox

with the initial condition

~D(=A)"p, (1)

p(x,0) = 0(x). )

Here o,y,D are real constants (0 <o <2,D>0), d(x) is
the Dirac delta function and fractional Laplace operator is
defined by
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(=8)"flx) = F K[ FL0N, 3)

where F and F~! denote, respectively, the Fourier transform
and its inverse:

FUf = k) = / " e, (4)

FU =) =5 [ ek (5)

Space-fractional Fokker—Planck type equations similar to
the Eq. (1) are also considered in Chaves (1998) and
Chechkin et al. (2002), but therein the exact analytic solutions
for the problem (1) and (2) are given only for the cases of o = 1
and o = 2. In the general case of 0 < o < 2, the solution for the
problem (1) and (2) is studied in the sequel. We obtain the
exact analytic solution in terms of Fox H functions (Mathai
and Saxena, 1978; Srivastava et al., 1982), and its series repre-
sentation and asymptotic behavior are investigated.

2. Solution to the problem

Taking the Fourier transform for the problem (1) and (2) with
respect to x we get

ﬁ(kv l) _ eiyr/ce—Dt\kV. (6)
Let
Ulx, 1) = F e "], (7

Then the inverse Fourier transform of (6) is
p(xa t) = U(x -7 t)' (8)
Lévy stable distribution p(x) with index 7y (0 <7y <2) is

defined through the Fourier transform as (Feller, 1971;
Fogedby et al., 1992; Zanette, 1997)
Flp(x)] = p(k) = exp(—|k/ko|'), (ko = const.). )

So U(x,t) is Lévy stable distribution with the index a. It fol-
lows from (8) that p(x,?) describes further the convection of
particles by the constant velocity y in contrast with U(x,1).
We focus our attention on the discussion for U(x,) in the
following.

In order to obtain the inverse in (7) we rewrite it as

1 p

U(x, 1) = = Fele ™M, k| — |x]], (10)
Fi

where F. denotes the Fourier cosine transform

Flgu),u — v = /0OO g(u) cos uvdu. (11)

Using the Fox function representation (Mathai and Saxena,
1978; Srivastava et al., 1982; Duan, 2005)

ISP | e
e =~ H (00 Kl 11)) (12)
and the Fourier cosine transform of Fox functions (Glockle
and Nonnenmacher, 1993)

mn T ntm (1 _bi7ﬁj)7(171/2)
Ategzens A =S (0 ) 0 g 1)
p<, (13)

F[H(2), 2 —v] = ~H" (l

(07 1)7 (a,-,OC_,-), (07 1/2))

P ; pr2arl v (bj7 ﬁ/)7(071/2)
=1, (14)
where = >1 B, — > o, we obtain from Eq. (10)
1 D)'*1(0,1),(0,1/2
U(x, 1) = — Hy} (09 71(0,1),(0,1/2) , O<a<l,
afx[ 27\ |x] o [(0,1/2),(0,1/2)

<1,1/a>,<171/2>) l<a<a.

_ L
U(x,t)—odx‘ Hz,z( (1,1),(1,1/2)

(Di)"*

(15)

As a = 1, the first expression in Eq. (15) permits [D7/x| < 1,
while the second permits |Dz/x| > 1. Making use of the series
expression of Fox functions and the formula

n

P =2) = sinmz’

we get the series representations

1 S (=1)"" | qom Dr\"
U(x,t):m; P snTF(lJrom)(W) O0<a<l,
(16)

&y ()
vt m(m)l/*nzﬁn)'r( x )((Dt)”’) Ises2
(17)

3. Discussions and conclusions

As o = 1, the Cauchy distribution is obtained from Egs. (16)
and (17)

Dt
== (18)
n(x2 + (Dr)")
As o = 2, with the help of the identity

ed) - 520

U(x,1)|

and the expression in Eq. (17), the Gauss distribution is
obtained

U, 1),y = (19)

1 o ( x? )
2v/aDi P\ 4Di)

From Egs. (16) and (17) we have the following asymptotic
expressions

o Dt Dt
Ux,t) ~sin—T'(1+a)——, —5—0 20
() ~sin (o) (20)

for 0 < o<1, and

)
vt 1) F(“)M(Dl)'/“, (Dr)"* 0 @D

for 1 < o <2. Using the asymptotic expansion of Fox func-
tions we get
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Figure 1  Curves of U(x,0.5) versus x on the interval 1.5 < x <
25 for D =1 and « = 1 (thick dot line), 0.75 (solid line), 0.5 (dot
line) and 0.25 (dash line).
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Figure 2 Curves of U(x,5) versus x on the interval —9 < x <9
for D = 1 and o = 1 (thick dot line), 1.25 (solid line), 1.5 (dot line),
1.75 (dash line) and 2 (dot—dash line).

U(.x,z)~r<1)%, Dt (22)
%) ma(Dr)'* " |x|
for 0 <o <1, and

. T Dt |x|
Ux, 1) ~ sin o T(1 4 o) ——— o 23
(o~ s ST ) 23)
for 1 <o<?2.

In Figs. 1 and 2, we plot the curves of U(x, t) versus x for
fixed values of ¢ and different values of «. Since for fixed ¢, the
series in (16) converges faster for large |x| while the second
converges faster for small |x|, the different ranges of x are cho-
sen in Figs. 1 and 2.

Inserting Egs. (15)-(17), (20)—(23) into Eq. (8), we can
obtain the Fox function representations, series representations
and asymptotic behavior for the probability density p(x, ¢).

As o = 2, the Gauss distribution (19) describes the standard
diffusion process. The mean square displacement is given by
(x*) =2Dt. But as 0 < o < 2, from the asymptotic representa-
tion the mean square displacement (x?) is infinite. The Lévy
stable distribution U(x,¢) describes anomalous diffusion
(Shlesinger et al., 1993). In order to determine the diffusion
velocity we adopt the following method.

Taking a fixed number d (0 < d < 1), we investigate x, such
that

X4

2/ U(x,t)dx =d (24)
0

for all 7. Calculating the integration with the help of (15) and

(18) leads to

~ M const. (25)

(Dl) 1/o
Therefore we have
xg o (D). (26)

This gives the characteristic of anomalous superdiffusion. The
smaller the value of o is, the faster the diffusion spreads. This is
shown in Figs. | and 2.
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Appendix: Fox H function

The Fox H function (Fox function or H function) is defined by
the contour integral (Mathai and Saxena, 1978; Srivastava
et al., 1982; Glockle and Nonnenmacher, 1993)

(0170(1),...7(61”,0([)) _ 1 )
(bl7ﬁl)7"'7(bq7ﬁq)) '_2_m./Lh(S)z ds,
(A1)

Hy(2) = Hy (

where h(s) is given by

‘;ilr(b/‘ - l?,-S)H}’:] (1 —a;+ oys)
H][']:m+1 r(l - bj + ﬁj‘y)l_.[f:rﬁrlr(aj - O(jS)

h(s) =

(A2)

Here m,n, p, q are integers satisfying 0 < n < p,1 < m < ¢ and
empty products are interpreted as unity. The parameters g;
(j=1,...,p) and b; (j=1,...,q) are complex numbers and
@ (j=1,...,p) and B, (j=1,...,q) are positive numbers
satisfying P, N P, = &, where

Po={s=(+k)/p, j=12,...,m; k=0,1,2,...}

and

Py={s=(aqj—1—k)/oy, j=1,2,...,n; k=0,1,2,...}.
The integration contour L runs from s = ¢ — ico to s = ¢ + ico

such that P, lies to the right of L and P, to the left of L. Fox H
function is an analytic function of z which makes sense (i) for

every z#0 if ¢ > 0 and (ii) for 0 < |z| < " if u = 0, where
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J=1 J=1
and
JJ q
— % —b;
p=11711#
=1 j=1

and it can be expanded into series

=) “Res(h(s)z"). (A3)

SEP,

Due to the factor z* in (A1), the H function is in general multi-
ple-valued, but is one-valued on the Riemann surface of logz.
As u > 0 and n#0 the asymptotic expansion

"(z) ~ Y Res(h(s)z"), 2| = o0 (A4)

SEP)

holds uniformly on every closed subsector of |argz| < ni/2,
where 1 is defined by

m n q 4
DY DN B
=1 =

Jj=m+1 J=n+1
We list some properties of the H function:

. (ar,on), ..., (ay, o)
H;,q (Z (blaﬁl)7"~a(bq7ﬁq)>
(1 (l—bl,ﬁl),...,(l—bq,ﬂq))
= Hy <z (I —ap,o),...,(1 —aya,) )’ (A3)
. (ar,on), ..., (ay,ap)
Ha <Z (b1, B1), '7(bq—1>ﬁq—1)7(a1»al)>
:Hm,nfl - (dz,az),..,,((lp,ap) . 0 - m
p—lg-1 (b|7ﬂ[)7"-7(bq717ﬂq71) ) s q )
(A6)
m n (al’ al) (aP7 [ZP)
k s RGN - (bg, By)
(ar, ko), ..., (ap, ko) 0 A7
bukhy), (b k) ) © (A7)
(11 s OC] s (ap, (Zp)
blv 7 7(bq7ﬂq)
a + ooy, ), (a, + ooy, 01)
HZ’( (b1+aﬂ1,ﬁ),...,(bq+gﬁq7ﬁq)>~ (A8)
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