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1. INTRODUCTION

In this paper we extend previous work (Kushner [[], [2], [3]) on the stability
of strong Markov processes with values in a finite-dimensional space, to
processes defined by difference-differential It6 equations of type (1.1). The
extension is analogous to the extension of the Liapunov stability theorems to
theorems on the stability of the solutions of ordinary difference-differential
equations as, for example, presented in Hale [4].

Let C be the space of continuous functions on the real interval [—7, 0],
r > 0, and let x(f) be a vector-valued stochastic process. Define the process x, ,
with values in C, by x,(0) = x(t + 6), 8 € [—r, 0]. Let | x(2)]> = ¥ #,2(¢) and
2,1 = supg|| %(t + 0)|l, 6€[—r,0]. Suppose x(t) satisfies the vector
stochastic difference-differential equation

dx(t) = flx;) dt + g(xy) d2(?) (.

() = 30) + [ Sy ds + [ gle) ds(),

where x,, f and g satisfy Properties (A1)-(A3) or (Al), (A2) and (A4) of
Section 2, and =2(s) is a vector-valued normalized Wiener process with
independent components. Equations of type (1.1) have been studied by It6
and Nisio [5] and Fleming and Nisio [6]. Their result concerning existence is
stated in Lemma 2.1.

We are concerned with criteria, of the stochastic Liapunov function type,
which assure that the solution paths of (1.1) have certain ‘stability”
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under Grant GK-967.
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properties; e.g., for some set R, we may want to prove that x(¢) — R w.p.L.%,
or (with initial condition x, = x) obtain an estimate of Po{Sup,,. ;5| #(t)| > €},
or prove that P {sup . ;.| x(t)] > ¢ >0} —0, as ||x||—0, or estimate
P{sup,.5o V(xy) = ¢} for a suitable real-valued function V. Some
definitions concerning stochastic stability are given in [/]-{3]. Here, in lieu
of stating definitions, we merely concern ourselves with the properties the
definitions imply and establish criteria for properties of the type just
mentioned. Results concerning first-passage times and moment estimates as
well as applications to control are also available, although our attention here
is confined to ‘asymptotic’ results. In addition to the intrinsic interest in the
problem attacked an important motivation for the work is to provide a
foundation for the stabilization and control of processes, defined by stochastic
differential (It8) equations, with controls depending on delayed arguments.
Such delays are often an unavoidable part of the control problem. Also for
an example of a deterministic system which cannot be stabilized by a control
depending on the state, but which can be stabilized by a control depending on
delayed values of the state, see Krasovskii [7].

In Section 2 we derive some useful estimates concerning the probabilistic
behavior of the solution of (1.1). These are used subsequently to establish
stochastic continuity, the strong Markov character of the x, process, and some
needed characterizations of the weak infinitesimal operator of the x, process.
Sections 3 and 4 establish the strong Markov nature of x, and corresponding
stopped processes, respectively. Section 5 gives some results on the weak
infinitesimal operator. In Section 6 these results are used to prove some
stability theorems, and examples appear in Section 7. The stability results
depend on stochastic continuity, a formula of Dynkin ([8], Theorems 5, 6
and Corollary to 6) and supermartingale theorems. Unfortunately, in order to
make the first property explicit and to apply the latter results, much of the
analysis in Section 2-5 is needed. As in the deterministic case (Hale [4]),
the natural process to deal with seems to be x, [rather than x(¢)], since then
much of the theory of Markov processes can be applied.

2. ProperTIES OF THE SoLUTION OF Equations (1.1)

Let f; and g;; be the components of the vector and matrix-valued functions
fand g, respectively, and define the vector and matrix norms as | f |2 = Y, f;2,
|g|? =X.,g5, respectively. Throughout, K and K, are positive real
numbers whose values may change from theorem to theorem.

(A1) fi(-) and g;(*) are continuous real-valued functions on C.

t w-p-1 denotes with probability one.
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(A2) In the interval [—, 0], x(t) is continuous w.p.l. and independent
of 2(s) — 2(0), s = 0, and E| x(2)]* < co.

(A3) There is a constant M <C oo and a bounded measure p on
[—7, 0] so that for p and y € C,

)~ + L) — e < [ o) —p@ )y

LF(0)l + [ 2(0)} < M.
Note that (A3) implies (A3'):

(A3’) There is a constant M < oo and a bounded measure (also
denoted by u) on [—7, 0] so that | (0)| + | g(0)] < M and

fl9) — R + 1 80) — @ < | 190) — 4OR ). (22

Eventually (A3) [or (A3')] will be replaced by the local condition (A4) [or
stronger condition (A4)].

(A4)[(A4")] For each positive real number p there is a bounded measure
o on [—7, 0] so that for || ¢ || < pand | @] < p, (2.1)[(2.2)] is valid with g,
replacing p. Also, | f(0)| + | 2(0)] < M < c0.

Lemma 2.1. (See It6 and Nisio [5], Section 5, or Fleming and Nisio [6],
for proof.) Suppose (A1) to (A3). Then there is a continuous solution to
(L.1) w.p.l. with E| x(2)|* < ye*t for some y < c0. x(s) is independent of the
collection 2(t) — 2(s), for allt > s > 0.

Lemma 2.2, Assume (Al) to (A3). For initial condition x = x,, the
stochastic integral

t
w(t) = | T eulx) da5) (2.32)
3
is a martingale, and for o« > 1

E max |w ) < (=) Elw{D)"

T>t20

) (2.3b)
E max |w(f)u(t) <4Ew(T)w(T) =4 [ E|gx)*dt

Proof. By Lemma 2.1 and (A3), the integral on the right side of (2.3b)
exists and is finite. Then, since x(¢) and x, are nonanticipative, the w,(¢) are
continuous martingales (Doob [9], Chapter IX, Theorem 5.2) and (2.3b) is
the continuous parameter version of Doob [9], Chapter VII, Theorem 3.4.
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Tueorem 2.1.  Assume (Al) and (A3). Let x(t) and 3(t) be solutions to (1.1)
corresponding to initial condition x, = x and y, =y, resp., where x and y
satisfy (A2). Then

E max |x(t) —y()P < K)E| %(0) — »(O)* + f: E | x(6) — y(0)I* du(0),
(2.4)

where K depends only on T, and the p and M of (A3), and is bounded for
bounded T. The solution of (1.1) is unique in the sense that if x = x, satisfies (A2),
then any two solutions with bounded second moments must coincide w.p.l.

Remark. The right side of (2.4) depends only on the initial data.

Proof. (2.4) implies the uniqueness. From

0) = 30 = #(0) —5(0) + [ () —f) ds + [ (8w) — £(3)) ds(o)

(2.3), and the bound max,_r| _f; k(s)ds |2 < TI: k2(s) ds, we obtain

E max, | 50 — 3O < KE[50) — 3O + KiTE ||| f(z) — f(3)l d

T>1t>
T
+KE [ g — gy ds
Now (A3) gives

E max | () — YO < KB | %(0) — yO)P

. @.5)
+ K, fo ds J._TE | (s + 6) — y(s + 8)[2 du(6).

By separating out the contribution of the initial condition ¥ — y, (2.5) can
be written as

E max | #(t) — y(0)?

T2t20
r 0 (2.6)
<4+ K, f dsf E | x(s + 6) — y(s + 0)[2 du(6),
o m(~r,—8)
where m(—r, —s) = max(—r, —s) = —min(r, s) [both r and s are non-

negative] and

r m{—r,—8)
4; = K,E | 0) — y0) + K, f 0 ds f i Ao du(8),

4, = E| 2() — y()l* @7
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To evaluate the right side of (2.6), we first evaluate 4, which by (2.6) satisfies,
fort < T,

at 0
4, <A+ K, [ ds | A, du(6). (2.8)

0 Y omi—r,—s)

Define U = variation of p and B = maxy,,54; (which is finite, by
Lemma 2.1), and

UnK,mm UrK,nB
n! )+ n! ’

0,1y = 4, (l + UKyt + - +

By (2.8), 4, < Oy(¢). By induction, it is easy to show that 4, <{ Q,(¢). Thus,
since B < oo,
4, < Ay VK, 2.9)

After substituting (2.9) into (2.6), it is easy to see that (2.4) holds for some
finite K independent of x and y. QE.D.

THeOREM 2.2. Assume (Al) to (A3). Then

E max, | +(0) — 5O < KTE {1+ [ (1(0) + | (6) — «(0)1) dul6)]
(2.10)

where K depends only on T and p and M, and is bounded for bounded T. Also,
with xy € C fixed,
| Ex(h) — %(0) — Af(xp)l = o(h),  (2.11)

| E(x(h) — x(0))(x(k) — %(0)) — hg(xo) g'(%0)| = o(h)- (2.12)
Proof. By (A3'),

| flxa)® + | g(x)I?
S 20 f(xg) — flxo) 4 21 g(x) — 8(x0)I* + 2 | f(®o)|* + 2| glxo)I®

SK U+ [ 1sts +0) —xOF du) + | " 10 du)]
<KL+ [ a6+ 6) = 5O dut®)

[ w0 — SO + | 5(6)7) dul6)]-
Thus, from

) — (0) = | fe)ds + [ g(x) s
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and Lemma 2.2, we get

T=t20

t 2 T
E max, | (0) — o0)* < Kk max | [ fix) as| +K | CE| gl ds

T T
<K T [ EIf@)lds + Ky [ Elgx) ds
0 0
T
<K [T+ T [ ds
0

X [ B 156+ 6) = 5O +156) — 5O)F + | 507} du(0)]

Separating out the contribution of the initial condition gives
E max — x(0)[?
[max | x(z) — x(0)]

<K T4 T T B3R + | +06) — xO)) du)
T m{—r,—s)
+ Jo ds f_r E | 2(s + 8) — x(0)[2 du(0)

+ f: & Bl + 6) — )P du(d)]

m(—r,—8§)

T 0
<K T8+ K, [ ds 810 du(6), (2.13)
0

m(—r,—s)

where 8§, = E| x(s) — x(0)/2 and
b= 1+ [ B %O + 1 +(6) — x(O)F) du(®).

Now, proceeding as in Theorem 2.1, we have (¢ < 7T)

t 0
B <SKgt + K [ ds [ 8.0du()
0

m(—r,—s)
and
8; << 8 KteKelt, (2.14)
Substituting (2.14) into (2.13) yields (2.10).

To prove (2.11), fix xye C. Then (2.10), the continuity of x(¢) for
te[—r, 0], and (A3’) imply

— 2
hfggoll ® — x| —>0
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and

max E|f(x,) —f(x%)2—0 as h—0.

k3120

This resuit, with the evaluation
h 2
| Ex(h) — (0) — s = | E [ (f(s) — flso) ds

<h f: E | fxs) — flxg)|2 ds < A2 hfggoE | fxg) — Flxo)I2,

proves (2.11). Eq. (2.12) is proved in a similar way.

3. Markov PROPERTIES OF THE PROCESS &,

Let € be the collection of open sets in C (with topology determined by
the norm || x || = sup| x(6)|, 8 € [—r, 0]), and B the Borel field over €. The
triple {C, €, B} is a topological state space (Dynkin [8], Appendix). Let x,
the initial condition for (1.1), satisfy (A2). We suppose that all probability
measure spaces introduced in the sequel are complete with respect to whatever
measures are imposed on them. Let £ denote the probability sample space,
and w the generic element of 2. Define M,® and N® as the least o-fields on Q
over which x(s), —7 < s < ¢ and x(s), £ — r < s < ¢, are measurable, resp.,
for fixed x, = x € C. Let P, be the probability measure on

Mm == U Mtw-
i20

Consider the collection of w sets .S defined by, for some y € C, some ¢ > 0,
and any 0 <{s < ¢,

S=le:lx—yll <d ={fw:_sup [als+6)—y0) <e.

Such S are in M and, in fact, for any I'e B, the set {w :x, € I'}, s < ¢, is
contained in the least sub o-field of M,® containing all such S (for all ¢ > 0,
¥ € C). Denote this sub o-field by M,®. Since x(t), t > —r, is continuous w.p.l,,
sois x; , £ 2= 0, (in the topology induced by the norm || x |[}. Thus we have

Lemma 3.1. Suppose (Al)to(A3)andfixxy = x€ C. Eachx,,0 < s < t,
is a random variable on {Q2, M, P} to {C, €, B}, and x, is continuous w.p.1.;
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x; is measurable on {Q, N2, P,} where N* = M= N 2. For any function q
whose expectation exists we have w.p.l.

E{q(xy) | M7} = E{g(xess) | N&Y, s 20 (3.1

Tueorem 3.1.  Assume (Al) to (A3) and let xy = x€ C. Then x, is a
continuous strong Markov process on the topological state space {C, €, B} with
killing time §(w) = © w.p.l.

Proof. 'The last statement merely says that the solution paths are defined
for all # << o0 w.p.l. To prove the Markov property we check the conditions
of Dynkin [8], 77-80. For each fixed initial condition x € C, the process x(t) is
defined by Lemma 2.1, and x, by Lemma 3.1.

To prove the Markov property, we have only to show that

(i) the function p defined by p(¢, x, ') = P,{x,e I'}, for arbitrary
I'e B, is B measurable, and

(1) Prxynel| M = plh, x,, I') w.p.l.

(i) is true since by Theorem 2.1, p(2, x, I) is measurable on C. The “Markov”
property (ii) is also true by Theorem 2.1 and Lemma 3.1, since the paths x(s),
s =2 t, (or x;, s = t) of (1.1) are uniquely determined by the initial condition
x; w.p.l,, and x, is independent of 2(s) — 2(t), s > .

To prove that x, is a strong Markov process, it suffices to prove (Dynkin [§],
Theorem 3.10) that if o(x) is bounded and continuous on C, then E,o(x;) =
B(x) is continuous in x. (E, is the expectation operator corresponding to P, .)
Let x; , y,* correspond to fixed initial conditions x, y™. Then || x;, — y,* || — 0
wpl. >0, as |x —y*||—0 (Theorem 2.1). Then, the w function «,
defined by | a(x;) — oy,")| = a,(w) goes to zero as n— c0. Since a,(w) is
bounded, we have Ex,, — 0 which implies that 8(x) is continuous in x. Q.E.D.

4. StorpeD ProCESsEs [AND (A4) REPLACING (A3)]

Let R be some bounded open set in C and = = inf{¢ : x, ¢ 0}. If x,€0Q,
all 0 < ¢ < o, set T = co. 7 isa Markov time (Dynkin [8], Theorem 10.2);
e, {w : 7 < t} € M. Define the stopped process %,

X = x, tr
X =ux,, t >,
%, is also a strong Markov process [under (A1)—(A3)] with infinite escape time,

hence the paths of # do not depend (w.p.l.) on the values of fand g [of (1.1)]
outside of R.

Now, suppose that (A3) is replaced by (A4). The solution to (1.1) is defined
as follows: Let R, = {x :| x| < n}. Define functions /", g” equal to f, g in
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R, and satisfying (Al) and (A3) for u == p, . Define x"(t) (or x,*) as the
solution to (1.1) corresponding to f", g" Let 7, = inf{t:x ¢ R} =
inf{z : | x™(t)| = n}. If x,€ R, , then 7, > 0 w.p.l. and x," is a strong Markov
process for each n; hence, w.p.l, »” = x,™ for m >n and t <r7,. Let
£ = lim r,, . The solution to (1.1), under (A4), is defined as the process x,
which equals x,” up to 7, for all n. If £ << co with a probability 8, the escape
(or killing time) is finite w.p.8. x, (with the appropriate probability space)
is a strong Markov process with killing time £.

For most of sequel we will be concerned only with the paths x; only up
to a time 7 = inf{t : x, ¢ Q} for some bounded open set O, and only the
properties of f, ¢ in O will be important. Since in application (A4) occurs
frequently, we suppose that (A4) holds [in lieu of (A3)] and use the above
interpretation of the solution of (1.1).

5. THE DoMAIN oF THE WEAK INFINITESIMAL OPERATOR

A real-valued function F on C is said to be in the domain of 4, the weak
infinitesimal operator, if the limits

i EF2) P _

=0

q(x)
lim Eyg(x,) = g(x)

exist pointwise in C and the sequence is uniformly bounded in x. Then we
write g(x) = AF(x). Write Ay for the weak infinitesimal operator of &, = x,
stopped at = = inf{t : x, ¢ R} for an open set R.

LEmMa 5.1. Let (Al), (A2) and (A4) hold for (1.1). Let A be the weak
infinitesimal operator of a process (&) satisfying (1.1) with 1, & replacmg e
and satisfing (A1)-(A3). Let f = f, § = g inthe bounded open set R. fandg
can be arranged outside of R so that || &, << K < 0. Let F be continuous and
bounded on bounded sets. Then if F € 9(A) and AF = q is bounded on bounded
sets, the restriction of F to R is in 9(Ag) and on R, AF = AgF.

Proof. That f and § can be arranged so that || £ || < K is clear, since we
can always find £, ¢ satisfying the other conditions and which are identically
zero outside of some bounded open set containing the closure of R.

Next, let x € R and suppose F'e 2(4) and AF = ¢. Define r = inf{t: x, ¢ R}.
Then!

| Exg(#,) — Eog(#)] < | Eulx-<fq(%) — 9(#))1 =0

1.« is the characteristic function of the set [w: 7 < ¢], and £, is the x, process
stopped at 7.
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or
Eq(%,) — g(x),

as ¢t — 0, since g(#;) and ¢(#,) are uniformly bounded and y,_,— 0 w.p.l.
as t — 0 by (2.10). To complete the proof we need only verify that

[EoF (%) — F(x)]/t — g(x).
But, since [E F(%;) — F(x)]/t — g(x), it suffices to verify that?

— lim me-r<t[F(‘£'tt) _F(gtﬁ'r)] ,
t

and that the sequence is uniformly bounded in #, as £ — 0.

For 1 <y <2, the evaluation (6.4) and Chebyshev’s inequality imply that
Ey(X,~4/t) — 0 as t — 0 uniformly in R. Also, F(%,) — F(#,.,) is uniformly
bounded. Then, Holders inequality implies that the last expression is zero.

QE.D.

We have not been able to completely characterize the domain of the weak
infinitesimal operator of either the x, or &, process. For example, F(x) = x(-a),
r >a >0, is not necessarily in Z(4), since x(t) is not necessarily differ-
entiable. Basically we are able to study functions F(x) whose dependence on
%(6), for —r < 6 <0, is in the form of an integral. The dependence of
F(x) on x(0) can be more arbitrary. Fortunately the stochastic analogs of the
available and useful deterministic Liapunov functions have this property.
Theorems 5.1 and 5.2 give some results on the weak infinitesimal operator
of # , where R is some open bounded set, 7 = inf{t : x, ¢ R} and (1.1) is
interpreted in the sense of Sections 3 and 4, and (A4) is used. [(A4) is assumed
since it appears in applications]. The proofs are only sketched since they
involve only routine calculations.

Tueorem 5.1.  Assume (Al), (A2) and (A4) and x,=xeC. Let
F(x) = G(x(0)) have continuous second derivatives with respect to x(0). Then

F(x) € 2(Ag) and®

ArF(x) = LG0)) = 9(*) = Gy3(O)f(*) + } ¥ Gupu (%(0)) 01x) (5.1)

2t N7 = min(z, 7).
8 G, is the gradient with respect to the vector argument and the subscript uu;
denotes a second partial derivative. Recall that R is a bounded open set.
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where
Gy = Zgikgjk .
k
Proof. To compute AxF it suffices to assume, by Lemma 5.1, that
(A1)-(A3) hold and [ x,|| << K for some sufficiently large but finite K, and

to compute AF for the modified process (denoted also by x,). Define 8x(0) =
#(s) — #(0). Then

L IEG((2) — G(x(0))] = L Gu(+(0) E, 55(0)

1 5T G (#(0) E, 55,(0)) 83,0) (52)

+ 51; 2, Eof G (%(0) + o) 85(0)) — G (%(0))] 8x,(0) 8,(0),

where 0 < o(w) < 1 and 8x,(0) is the jth component of 8x(0). By (2.11) and
(2.12), the limits (as s — 0) of the first two terms on the right side of (5.2)
exist (uniformly in x) and are the first two terms on the right side of (5.1). Now

[Guu ((0) + o{w) 82(0)) — Gy (x(0))]

is bounded and tends to zero w.p.l. as s> 0. Then, applying Schwarz’s
inequality and the estimate (6.4) to the 3rd term in (5.2) yields that the
term tends to zero (uniformly in x) as s — 0.

Since we have assumed that || x,|| << K < 00, and (Al), the f; and o
may be assumed to be bounded and continuous. Since, in addition, G, and
G, ., are bounded on bounded sets and || x, — x||—0 w.p.l., we have

E.q(x;) — g(x) as t — 0. Thus, by Lemma 5.1, F(x) € 2(4p).
THEOREM 5.2. Assume the conditions of Theorem 5.1. except that
F(x) = Ji h(8) H(x(6), x(0)) db. (5.3)
Let h be defined and have a continuous derivative on some open set containing

[—7,0). Let H(q, B), Hy (o, B) and Hg g (o, B) be continuous in o and B. Then
F(x) e D(Ag) and

AF(x) = q(x) = h(0) H(x(0), %(0)) — h(~r) H(x(—r), x(0))

~ he(8) H(x(6), x(0)) d6 -+ [ h(6) LH(x(6), *(0)) d6, (5.4)

where the operator L is defined by (5.1) and acts on H as a function of x(0) only.
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Proof.  As in the proof Theorem 5.1, we appeal to Lemma 5.1 and suppose
that || x| < K < o0 and (Al)—(A3) hold. Then, for small s,

L [BRG) — ) =22 [ WO -+ 0), x(6) — H(x(0), 50)) 40

= % f’ h(6 — s) H(x(6), x(s)) d6 — % f" h(6) H(x(6), x(0)) 48
- ” (5.5)
=] . % [A(6 — 5) H(x(6), x(s)) — h(6) H(x(6), =(0))] 46

1 BAG — o) H6(0), 50) b — 1 [ EO — 9 Hs(O), ().

The last two terms tend, uniformly in #, to the first two terms of (5.4), resp.
(In fact the last integral is not random for s <r). This is easily seen by
virtue of the boundedness of H (for || x| << K < 00), the continuity of 4
and A and (2.10)

By a straightforward calculation similar to that in the proof of Theorem 5.1,
it is easy to show that the first terms of (5.5) tends (uniformly in x) to the
last two terms of (5.4).

That Eg(x;) — g(x) also follows easily from (2.10), || »;|| < K < o, and
the assumed boundedness and continuity of properties of #, kg, H and LH.

Theorem 5.3 and its corollary are useful extensions of Theorems 5.1 and 5.2.
Their proof are also straightforward computations and will not be given.
Loosely speaking, for Theorem 5.3, (see statement of Theorem)

4,6 = lim Go(F() E, [ L =]

s

GrF(x) p [Fx,) —F (=)?
2 e s '

+lim

The first and second terms correspond to the first and second terms of (5.6),
resp. The second term reduces to merely

g 22 ([* HOMH(0), 59) — H(s(6), O)] &) - Grr(F(x).

THEOREM 5.3. Let G be a twice continuously-differentiable real-valued
Sunction of a real argument. Assume the conditions of Theorem 5.2. Then
Fy(x) = G(F(x)) € D(Ay) and

AxFy(x) = Gp(F(x)) AxF(x) + }Grs(F(x)) - B

R (5.6)
B=[" [ hO)He) Y, Hala(®), x(0) Hy,(x(p), 5(0)) o1(x) O dp.
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where the derivatives Hpy_are with respect to the ith component of the second
vector argument of H(a, B).

CoroLLARY. Let F*(B) and Fa, B), resp., satisfy the conditions on the
respective F’s of Theorems 5.1 and 52. Then, if G is twice continuously-
differentiable, Fy(x) = G(F(x) + F¥(x)) € 2(Ay) and

ApFy(x) = Ge(F(x) + FU(0))(ArF(x) + AgF"(x)) + $Gre(F'(x)+F*(x)) - B
B =} o,(x)[F5((0)) + C(x)][F5(%(0)) + Cy(x)]

.7

Cis) = [ HG) Hy(5(6), %0)) .

The differentiations Fg_and Hg_ are with respect to the ith component of x(0)
(the second argument of the second function).

6. STABILITY THEOREMS

Various definitions concerning stochastic stability appear in [/] and [3].
In lieu of definitions, we merely concern ourselves with the properties which
the definitions codify and which appear in the theorems. Theorem 6.1 is a
generalization of Lemma 1 and Theorems 1, 2 of Kushner [3], Chapter 2,
where the state space is supposed to be Euclidean.

THEOREM 6.1. Let x, be a right-continuous strong Markov process on a
topological state space {C, €, B} with weak infinitesimal operator A. Let the
norm || || generate €. Let the nonnegative continuous real-valued function V(x)
in DNA). Let Q = {x:V(x) <gq} and let + = inf{t: x,¢Q}. Set 7 = o0 if
x,€Q for all t < o0. Let AV(x) = —k(x) < 0in Q. Then, for x = x,€0,
(B1) V(x,~,) = w; is a nonnegative supermartingale,
(B2)  Pofsupusizo Vix) = ¢} < V(x)g,
(B3) V(xn,)—v =0 wp.l

If, in addition,

(1) k& is uniformly continuous on the nonempty open set
Ry = {x: k(x) <8 N O,

for some § > 0, and
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(i) for all sufficiently large but finite Markov times t, and all sufficiently
small e,

m{H_rga> lag — x| >2€ and x,€Q, all r <t}>0

as h — 0, uniformly in t for sufficiently large t, and any x € Q. Then
(B4) R(x)) = 0 w.p.l (relative to 25 = {w :sup,. 5, V(xw)) < gq}).

Proof. Fix the initial conditions x = x,€Q. Since V(x)e P(4) and
TNt is a finite-valued Markov time, Dynkins formula [8], Theorem 5.1
and corollary) gives

E V(i) — V() = —E, | :mk(xs) ds < 0. ©.1)

(6.1) together with fact that V(x) € 2(4) yields that V(x,.,) = w, is a non-
negative supermartingale (see proof of Theorem 12.6 in Dynkin, [8]). Then
(B2) and (B3) follow immediately as properties of nonnegative super-
martingales.

Let 0 <8< and R, = {x:A(x) <8 NQ. Let L5 w,s) be the
indicator of the (s, w) set where & > 8 (for x, = x) and let f I8, w,s)ds =

T8, t). Then, by the facts that the left side of (6.1) is bounded below by
—V(x), and that V(x) > 0, we have E,T,(8, 0) << V{x)/8. T (8, t) is the total
time that x, spends in J — R; before either ¢ = o0 (if 7 = 0) or the first
exit time from Q) (if r < 00). Furthermore 7',(8, ) < oo w.p.l. and 7,8, 1) >0
w.p.l. as ¢ — c0.

Now, min{]lx —y| : xeRy,, yeQ — R;} = ¢, where € >0 by (i).
Define £ = {w : %, €0, all t < 00}. P(Ro} = 1 — V(x)/q by (B2). For each
fixed positive 2 and v, there is a #,(k,y) so that ¢ > t,(h, y) implies
T,(8, t) << T{8/2, t) < h with probability >>1 — y. Let #,(h, y) be sufficiently
large and # sufficiently small so that the probability on the left side of (ii)
is less than y. Suppose that there is a finite Markov time ¢ > #,(k, y) for which
x;€Q — Ry . The probability of the event {x;€Q — Ry, x,,,€Q — Rg;5}
for some 4 > « 2> 0 is no greater than y (relative to £2,). Thus, since

T4(8, ,t) > h with probability >>1 — y, we conclude that the probability
of never leaving R; in [#, 00) goes to 1 (relative to £2;) as t — c0. Since 8 is
arbitrary, we conclude that k(x;) — 0 w.p.l. (relative to Q,). Q.E.D.

An apparent difficulty with the sets {x : V'(x) < ¢} defined in Theorem 6.1
is that they are not bounded for typical cases (see Section 7, Examples),
and hence the characterization of the weak infinitesimal operator is much
harder than the work in Section 5. This is also the situation in the deterministic
case (as in Hale [4]). However, in our examples (as well as in the deter-
minstic cases studied (Hale [4])), it turns out that if

xg=xec{x:V(x)<qgCC,

505/4/3-9
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then there is a constant K independent of x, so that || &,{] (for ¢ > r) and
| ()| (for ¢ = 0) are no greater than K. In other words, up until the first
exit time from {x : V(x) < ¢}, it will turn out that | x(2)] << K < c0. (See
Section 7) Since any initial x, € C is bounded, there is no loss in generality
in supposing that there is a bounded open set B whose radius is K,

o > K; = K,sothat if x,€Q = {x: V(x) < ¢} N B, then || »,|| < K| until
7 = inf{t : x, ¢ Q}. B can always be made large enough to include any desired
initial condition which satisfies x € {x : V(x) <C ¢}. The resulting boundedness,
besides not appearing to be a serious restriction, enables us to use the results
of Section 5.

THEOREM 6.2. Assume (Al), (A2) and (A4). Let V(x) be a continuous
nonnegative real valued function on C. Suppose that

(iii) there is a bounded open set B such that
% =x€Q={x:V(x)<qg}NB

and Sup,, .o V(x,) < q imply that x,€Q, all 0 <s < t. Let V(x)e D(Ay)
and ApV(x) = —k(x) <0 in Q, and x€Q. Then (B1)~«(B3) hold, and
P(Qg) = 1 — V(x){q. If k is uniformly continuous on {Ry = x : k(x) < 8} for
some § > 0, then k(x,) — 0 w.p.L (relative to Q).

Remark. For V(x) € D(4y), it suffices, by the hypothesis and Lemma 5.1,
that V(x) € 2(A) where 4 is the weak infinitesimal operator of any modifi-
cation of (1.1) with f = f, § = g in Q and which has uniformly bounded
paths (where the bound is at least the outer radius of B).

Proof. Condition (iii) and Theorem 6.1 imply (B1)~(B3). To complete
the proof we have only to show that (ii) of Theorem 6.1 is true. According
to Lemma 5.1, it suffices to show this under assumptions (A1)—-(A3) and with
the paths || x; || < K, for some finite K, . Condition (ii) is equivalent to

P{max max |x(t+s+0) —x(t40) =ex,eQ,u<t}—>0 (62)

B> 520 —r<6<0
as & — 0, uniformly in ¢ for large ¢, and any € > 0. (6.2) is majorized by

sup P{max max [x(r +s 4 0) —x(r + 6) > ¢

w0 k2520 —r<8<0
sup P{max |x(r +8+3s)—x(r +6) > ¢ forsome fe[—r, 0]}
hzs20
r/h .
< Y sup Py | max, | a(nh +5) — afnh) > i‘g (6.3)
n=0 €0



STOCHASTIC DIFFERENCE-DIFFERENTIAL EQUATIONS 439

To complete the proof, we need the evaluation

E Jmax, [ x(t + 5) — x(2)|*
t+h 4 t+h 2
SK(E[ 1w ds) + Ko ([ 7 Elom)Eds) < K, (64)

where K, is independent of 4, ¢ and x, for x€(Q. In (6.4) we used the

assumption (Lemma 5.1) that the paths || x; || are bounded (hence | f| and

| o | are bounded), the first line of (2.3) and EwA(T) = 3(Ew2(T))? [see (2.3)].
By (6.4) and Chebyshev’s inequality

’ Emax,, o5 | #(nh + 5) — x(nh)|
P, hr}n??xolx(nh + §) — x(nh)| 2% < r25v0] 5 ) (nh)

16Kh2 K h?
<S——=-4

€ €

for xeQ. Then each entry of the right-hand sum of (6.3) is bounded by
K;h2[e* and hence the sum is bounded by (r + k) K,A/e4, which completes
the proof.

7. ExAMPLES

ExampLE 1. Let x(t) be scalar and
dx(t) = —ax(t) dt — bx(t — ) dt + ox(t — p) dz(¥).

V(x) = (02 + « f ’

-7

x%(6) d9 +ﬁf° #(0)d6, «>0, B>0. (1)

Fix ¢ < 00, and 2y =x e C. Let | x| = K, . Note that if V(x,) < g for
all s < ¢, then #%(s) < 2q¢ for all 0 s < ¢, and || x, || < max([2¢]'/2, K,) for
all s <t. Then, any bounded open set B, containing the origin and with
radius at least max([2¢]'/%, K,), satisfies the condition on the set B of
Theorem 6.2. Let Q ={x:V(x) <gtnB. Then V(x)e (4, by
Theorems 5.1 and 5.2, and

AoV(x) = 2*(0)(—a + o + f) — bx(0) 2(—7) (12
\ .
— (=) — pa¥(—p) + 5 #¥(—p).
Suppose that there is an « > 0 and 8 > 0 so that the quadratic form (7.2)
[in 2(0), 2(—7), »(—p)] is negative definite. Then, by Theorem 6.2

Px{wsgtg . Vix) = ¢} < V(x)/g. (7.3)
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Since g is arbitrary, we also have, w.p.l.
Vix)—v
k(x;) —0
x> {x:a(t) = 2t —p) = x(t —7) = 0}.
where v(w) is some random variable. Hence x, — 0 w.p.l.
For small noise the estimate (7.3) can be improved. Let 8 = p = 0 for

ease of computation. Let F(x) = '@, where A > 0. F(x) € 9(4,) (for any
sufficiently large B) and, by the corollary to Theorem 5.3,

AF(x) = \F(x) AoV (x) + ;—2F(x) - 2%(0) o

= AF(x) %(0) (~a T -‘;_2 +a+ A_‘z’f) — a(—7) — bx(0) a(—7)!.
If
0'2 AUZ
& (a -5 oc) > b4, (7.4)

then F(x) is a Liapunov function, and

Pac{ SUPO V(xt) > q} — Pa:{ sup eAV(m) > e/\(l} < eA(V(w)—q). (75)

o>f2 ©>120
Clearly, as A increases, within constraint (7.4), the estimate (7.5) improves.
ExampLE 2. Let
dxy(t) = xy(t) dt
-0
diot) = |~ (®) + [ f(0) gt + 6) — m(0) db] dt + o) di(t).
Suppose that @ 7~ 0 implies that A(w)w >0 and g(w)w >0 and let
h(0) = g(0) = o(0) = 0. Let f(0), g(w) and A(w) have continuous derivatives
and suppose that (A1), (A2) and (A4) hold. Define
0
V(x) = %,%(0)/2 + H(x,(0)) + f_ f(6) G(x,(6) — %,(0)) a8 (7.6)
where
Hw)= [ W)d—> o0 a5 |w]— oo
0
and

G) = | : 2\ dr.
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Fix ¢ < oo and ¥ = x,e C. Let | x| = K, . Note that if V(x,) < g for
all s <¢t, then x,%(s) < 2¢g and H(x,(s)) < ¢ for all 0 <s < ¢ and hence,
for 0 s < ¢,

| 2 || < max{K, , (2g + max{] x, |*: H(x;) = ¢})'/%} = K, .
Any bounded open set B, with radius at least K, and which contains the
origin, satisfies the conditions on the B of Theorem 6.2. Then V(x) € 2(4,)
and Theorems 5.1 and 5.2 yield
0
AgV(3) = 5(0) | —hsO) + | f16) ((6) — w,(0))

+ o*(%)/2 + A(%:(0)) %5(0) — f(—7) Glxs(—7) — %,(0)) a7

[ 740 Gl — () 0 — [ 10) s — 5(0) 20
= 2+ [0 G(6) — 5(0) 8 —f(—r) Gle(—r) — 5(0):

To complete the analysis, in analogy to the method of Hale [4], suppose that
f(0) >0, fo(6) < 0 and fy(p) <O for some pe[—r, 0], and that for some
7 >0,

o*(#)[2 — f(—7) Glay(—r) — 2(0) < —f(—7) Glwy(—7) — x,(0)).
Note that, by continuity, fo(f) <0 for p —B <8 <p +a, for some
a>0,8>0. Then

0
AoV(x) < f Jo(8) G(x,(0) — %,(0)) 46 — ¥f(—7) Glay(—7) — x,(0)) < 0.
P{ sup V(x,) > g} < V(x)/g. (7.8)
w>t=20
Since g is arbitrary, Theorem 6.2 implies that A(x;) — 0 w.p.L, and that
V(x,) converges w.p.l. Eq. (7.8) will be useful in the sequel for it says that

the paths x, are uniformly bounded with a probability as close to one as
desired. Note that G(xy(t — r) — x,(¢)) — O w.p.l. implies that

xy(t — 1) — xy(t) — O w.p.1.

We now show that x(z) — 0 w.p.1. Since &(x,) — 0 w.p.1,,

f T Gt 4+ 0) — m() do - 0

—p—B+e¢
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w.p.l, for 0 < e < min(a, B). Thus, using the positive definiteness of G
and the boundedness of the paths,

f ’ _Glw(t + 6) — x(8) db >0

) (7.9)
| e+ 6) = (o) b0

w.p.l, as t—0, for any finite 7. Also, using (7.9) and the fact that
V(x;) - v(w) = 0 w.p.l., we have w.p.L

%2(8))2 + H(xy(t) — v(w) = 0. (7.10)

Now integrating the defining equations between ¢ — s and s gives

wlt) — e — ) = = [ () du

+ a0 g+ 6w d+ | ofe)dste) (711)

t
xy(f) — x,(t — 5) = f wo(u) du. (7.12)
t—s
Using (7.9) and the boundedness of the paths, the second term on the right
of (7.11) goes to zero w.p.l. as t — oo for any s > 0. Also, (7.9) and (7.12),
together with the stochastic continuity of x,(#) (Theorem 2.2), imply that
%,(t) — xy(t — 5) >0 w.pl. for any finite s. Then, using this fact and
stochastic continuity, (7.10) implies that x,(¢) — x5(¢ — s) = 0 w.p.l. The
latter fact implies, via (7.12), that xy(#) — 0 w.p.l. as ¢ — co. Finally, (7.11)
gives

- f :_ hy(w)) du + | :_ o(xy) da(u) — 0 (1.13)

w.p.l. Eq. (7.13), together with the fact that x,(») is asymptotically constant
over time intervals of fixed length (i.e., #,(t) — x,( — 5) > 0 w.p.l. for all
s >0 as t — o0) implies that A(x;(u)) — 0 w.p.l, and hence that x(¢) -0
w.p.l
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