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Abstract

We consider the normal matrix model with a cubic potential. The model is ill-defined, and in order to
regularize it, Elbau and Felder introduced a model with a cut-off and corresponding system of orthogonal
polynomials with respect to a varying exponential weight on the cut-off region on the complex plane. In
the present paper we show how to define orthogonal polynomials on a specially chosen system of infinite
contours on the complex plane, without any cut-off, which satisfy the same recurrence algebraic identity
that is asymptotically valid for the orthogonal polynomials of Elbau and Felder.

The main goal of this paper is to develop the Riemann-Hilbert (RH) approach to the orthogonal
polynomials under consideration and to obtain their asymptotic behavior on the complex plane as the degree
n of the polynomial goes to infinity. As the first step in the RH approach, we introduce an auxiliary vector
equilibrium problem for a pair of measures (i1, i2) on the complex plane. We then formulate a 3 x 3
matrix valued RH problem for the orthogonal polynomials in hand, and we apply the nonlinear steepest
descent method of Deift—Zhou to the asymptotic analysis of the RH problem. The central steps in our study
are a sequence of transformations of the RH problem, based on the equilibrium vector measure (14, (£7),
and the construction of a global parametrix.

The main result of this paper is a derivation of the large n asymptotics of the orthogonal polynomials on
the whole complex plane. We prove that the distribution of zeros of the orthogonal polynomials converges
to the measure pi1, the first component of the equilibrium measure. We also obtain analytical results for the
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measure (1 relating it to the distribution of eigenvalues in the normal matrix model which is uniform in a
domain bounded by a simple closed curve.
© 2012 Elsevier Inc. All rights reserved.

Keywords: Normal matrix model; Orthogonal polynomials; Vector equilibrium problem; Riemann—Hilbert problem;
Steepest descent analysis

1. Introduction

The normal matrix model is a probability measure on the space of n x n normal matrices M
of the form

1
Z= oxp (—nTrV(M))dM. (1.1)
A typical form for V is
1 _
V(M) = Py (MM* — V(M) —V(M*)), 1 >0, (1.2)
0

where V is a polynomial and V is the polynomial obtained from V by conjugating the
coefficients. In this case, the model may alternatively be defined on general n x n complex
matrices M, see e.g. [34]. In this paper we study in particular (1.1) and (1.2) with a cubic potential

t
V(M) = §3M3, > 0. (1.3)
The main feature of the normal matrix model is that the eigenvalues of M fill out a bounded

two-dimensional domain {2 as n — oo with a uniform density. Wiegmann and Zabrodin [32]
showed that if

LHEDY %‘M" (1.4)
k=1

then 2 = 2(tg; t1, t2, .. .) is such that

o = Larea(®), tk=—lf/ dA,fZ), k=1,2,3,... (1.5)
T T JJone <
where d A denotes the two-dimensional Lebesgue measure in the complex plane. The relations
(1.5) characterize the domain {2 by means of its area wfy and its exterior harmonic moments
tr for k > 1 (it is assumed that 0 € (2, and the integrals in (1.5) need to be regularized for
k < 2). An important fact, first shown in [22], is that the boundary of {2 as a function of #p > 0
(which is seen as a time parameter) evolves according to the model of Laplacian growth. The
Laplacian growth is unstable and singularities such as boundary cusps may appear in finite time.
See also [27,30,33,34] for related work and surveys.

However, from a mathematical point of view, the model (1.1) and (1.2) is not well-defined if
V is a polynomial of degree > 3, since then the integral

Z, = fexp(—nTrV(M))dM (1.6)
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diverges, and one cannot normalize the measure (1.1) to make it a probability measure. To make
the model well-defined, Elbau and Felder [17,18] propose to use a cut-off procedure. Instead
of considering all normal matrices M, they restrict to normal matrices with spectrum in a fixed
bounded domain D. The integral (1.6) restricted to all such matrices is convergent and the model
is well-defined. As it is the case for unitary random matrices, the eigenvalues of M are then
distributed according to a determinantal point process with a kernel that is built out of orthogonal
polynomials with respect to the scalar product

(f.8)p = / /D f(@g@e ™D dA(z) (1.7)

(which depends on n), with

V(z) = % (lzl2 — V(@) —W) : (1.8)

see [17]. For each n, we have the sequence (Pk,,,),fio of monic polynomials (i.e., Py ,(z) =
K+ -) such that

(Px,ns Pin)D = g ndj ks

and then the correlation kernel for the determinantal point process is

n—1 D N
K, 2) = e~ SV 3 Pin @) Pen(w)
k=0 hicn

Elbau and Felder [17,18] prove that for a polynomial V as in (1.4) with #; = 0, |t2| < 1, and
for 79 small enough it is possible to find a suitable domain D such that indeed the eigenvalues of
the normal matrix model with cut-off D accumulate on a domain {2 as n — oo. The domain {2
is characterized by (1.5) and so in particular evolves according to Laplacian growth in the time
parameter #o. Note that the cut-off approach works fine for #y small enough but fails to capture
important features of the normal matrix model such as the formation of cusp singularities at a
critical value of 1.

Elbau [17] also discusses the zeros of the orthogonal polynomials P, , as n — oo. For the
cubic potential (1.3) and again for ¢y sufficiently small, he shows that these zeros accumulate on
a starlike set

21 = [0, x*TU [0, ox*]1U [0, *x*], o = e>™i/3, (1.9)

for some explicit value of x* > 0. The set X} is contained in {2. The limiting distribution of
zeros is a probability measure u} on Y satisfying

1
/loglz —ldui @) = ]T—to //Q loglz —¢|dA(g), ze€C\ L. (1.10)

For general polynomial V and 79 small enough, Elbau conjectures that the zeros of the orthogonal
polynomials accumulate on a tree-like set strictly contained in {2 with a limiting distribution
whose logarithmic potentials outside of {2 agrees with that of the normalized Lebesgue measure
on (2.
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In this paper we want to analyze the orthogonal polynomials for the normal matrix model
without making a cut-off. We cannot use the scalar product

(f.g)= //C f@g@e ™V DdA(z) (1.11)

defined on C since the integral (1.11) diverges if f and g are polynomials and V is a polynomial
of degree > 3. Our approach is to replace (1.11) by a Hermitian form defined on polynomials
that is a priori not given by any integral, but that should satisfy the relevant algebraic properties
of the scalar product (1.11). We define and classify these Hermitian forms. See the next section
for precise statements.

It turns out that there is more than one possibility for such a Hermitian form. We conjecture
that for any polynomial V it is possible to choose the Hermitian form in such a way that the
corresponding orthogonal polynomials have the same asymptotic behavior as the orthogonal
polynomials in the cut-off approach of Elbau and Felder. That is, for small values of # the zeros
of the polynomials accumulate on a tree like set X' with a limiting distribution u} satisfying
(1.10).

We are able to establish this for the cubic case (1.3) and this is the main result of the paper. We
recover the same set Y| as in (1.9) and also the domain {2 that evolves according to the Laplacian
growth, as we will show. In our approach we do not have to restrict to #y sufficiently small. We
can actually take any o up to the critical time #( ..;;. For this value the endpoints of X'j come
to the boundary of (2. Then three cusps are formed on the boundary and the Laplacian growth
breaks down. An asymptotic analysis at the critical time would involve the Painlevé I equation,
which is what we see in our model and that we will address in a future paper.

We note that Ameur, Hedenmalm and Makarov [2,21] do not use a hard cut-off as in [18,
19], but instead a soft cut-off where V(z) tends to +00 as z — oo in all directions of the
complex plane. This approach includes cases (1.8) with a polynomial V' of degree > 3 only if V
is modified outside of the domain {2.

2. Statement of results
2.1. Hermitian forms

We propose to consider orthogonal polynomials with respect to Hermitian forms that share the
algebraic properties of the scalar product (1.11) with V(z) given by (1.8). The Hermitian form is
a sesquilinear form (-, -) defined on the vector space of complex polynomials in one variable that
satisfies the Hermitian condition

(f.8) = (& f) 2.1

We use the convention that (-, -) is linear in the first argument and conjugate-linear in the second.

To see what kind of condition we want to put on the Hermitian form we look at the scalar
product (1.7) on the cut-off region D. From the complex version of Green’s theorem we obtain
for polynomials f and g

- f F@g@e ™V Ddz = 1y / / 2 [r@s@e @] dac)
tJ 9D p 02

0 / / FOT@e ™V OdAR)
D
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—n f / 2f(2)g@e ™V PdA(z)
D

+n/f f(z)V’(z)g(z)e‘”V(Z)dA(z), 2.2)
D
which can be written as

to(f. 8 )p —nlzf. g)p +n(f. V'g)p = ;—3 7€ . f@g@e VD dz. (2.3)

The cut-off approach works if the domain D is chosen such that the effect of the boundary d D
becomes small when # is large. This means that the boundary integral in (2.3) is exponentially
small compared to the other terms in (2.3) in the large # limit.
Inspired by (2.3) our idea is to ignore the right-hand side of (2.3) and require that the
Hermitian form satisfies the identity
to(f,g') —n{zf, &) +n(f,V'g) =0 2.4

for all polynomials f and g. We call (2.4) the structure relation. Combining (2.4) with (2.1) we
also have the dual structure relation

to(f', g) —n(f.zg) +n(V'f, g) = 0. 2.5

We do not impose the condition that the Hermitian form is positive definite, and therefore it may
not be a scalar product.

Our first result is a classification of Hermitian forms satisfying (2.1) and (2.4). Sesquilinear
forms that satisfy (2.4) can be found as follows. We assume V is a polynomial and

d=degV —1.
There are d + 1 directions in the complex plane, given by argz = 6;, j =0, 1, ..., d, such that
arg(—V(z)) - 0 as|z| — oo with argz = 6;.

We choose the directions in such a way that

i
0=+ —L . j=0,1,....d+1. (2.6)

! d+1 7
Let I'j for j = 0,...,d, be a simple smooth curve in the complex plane, starting at infinity

in the direction argz = 6; and ending at infinity in the direction argz = 6. See Fig. 1 for
possible contours I'; in case d = 2 and t3 > 0. Then define for polynomials f and g, and for
J,k=0,1,...,d,

L (wz—V(2)—V(w))

Pjx(f, 8) =/ dZ/, dwf(z)g(w)e , 2.7
r, JIy

where g is the polynomial obtained from g by conjugating the coefficients. The integrals in (2.7)
are convergent because of our choice of contours.

It is an easy exercise, based on integration by parts, that the sesquilinear forms @; (-, -)
indeed satisfy (2.4) and (2.5). Then so does any linear combination. We prove the following.

Theorem 2.1. For every n € N, tg > 0, and polynomial V of degree degV = d + 1, the real
vector space of Hermitian forms satisfying (2.1) and (2.4) is d* dimensional.
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Fig. 1. Contours Iy, I';, I, for the case of a cubic potential (d = 2).

Every such Hermitian form can be uniquely represented as
d d
(f,8) = Z Y Cix®ix(fs8) 2.8)
=0 k=0

where ®; i is given by (2.7) and where C = (Cj,k)j —o IS a Hermitian matrix having zero row
and column sums.

The proof of Theorem 2.1 is in Section 3.

Now the following obvious question arises. Given a polynomial V, is there a Hermitian matrix
C = (Cj ) such that the Hermitian form (2.8) captures the main features of the normal matrix
model? We answer this question for the cubic case.

2.2. The cubic potential and rotational symmetry

We consider from now on the case

V(z) = 313, 3> 0. (2.9)

Then d = degV — 1 = 2 and so by Theorem 2.1 the space of Hermitian forms (2.8) is four-
dimensional. For the case (2.9) it is natural to require an additional rotational symmetry

(f(w2), gw2)) = (f.8), ="/ (2.10)

The condition (2.10) corresponds to the fact that V(wz) = V(z) for the cubic potential (2.9)
so that the integral in (1.11) is invariant under the change of variables z — wz. Thus (2.10) is
specific for the cubic potential and will have to be modified for other potentials.

One may verify from the definition (2.7) with V given by (2.9) that

D k(f(w), g@)) = Pjy1r+1(f, &)s
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where the indices are taken modulo 3. Thus

2 2 2 2
ZZ k@i k(f (@), g(@)) =ZZ i-1k1 D4 (f. 8).

k=0 j=0 k=0

where again the indices are taken modulo 3 so that for example C_; _; = C3 . It follows that
(2.8) satisfies the symmetry condition (2.10) if and only if

Cjx=Cj_1 k-1, (indices modulo 3). (2.11)

The condition (2.11) means that C = (Cj x) is a circulant matrix. As dictated by Theorem 2.1,
we also require that C is Hermitian with zero row and column sums.

The real vector space of circulant Hermitian matrices of size 3 x 3 with zero row and column
sums is two-dimensional. A basis is given by the two matrices

2 -1 -1 0 i —i
-1 2 -1, - 0 il. 2.12)
1 -1 2 i =i 0

It turns out that we are able to do asymptotic analysis on the orthogonal polynomials only if
we choose for C a multiple of the second basis matrix in (2.12). However, we have no a priori
reason to prefer this matrix above the other one, or above a linear combination of the two. It is
only because of our ability to do large n asymptotics that we choose

L (0 -1 1
C = o 1 0 —1]. (2.13)
TEA-1 1 0

This leads to the following definition of the Hermitian form and the corresponding orthogonal
polynomials.

Definition 2.2. Given n, fy,t3 > 0 we define the Hermitian form (-, -) on the vector space of
polynomials by

1 2 _ Y (ORI W .
(. 8) =2—ZZej,k/ dzﬁ dwf @gwye o (WD) (2.14)
j=0 k=0 I Ty
where
) -1 1
(€8)jmo=11 0 —1]. (2.15)
-1 1 0

Note that the Hermitian form (2.14) depends on n even though we do not emphasize this in the
notation. For each n, we denote by (P »)r=0.1.2.... the sequence of monic orthogonal polynomials
for the Hermitian form (2.14). That is, P ,(z) = K4+ .. isa polynomial of degree k such
that

(Pen,2/)y=0, forj=0,1,....k— L. (2.16)
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2.3. Existence of orthogonal polynomials P,

The Hermitian form (-, -) may not be positive definite, and therefore the existence and
uniqueness of the orthogonal polynomials is not guaranteed. This will be our next main result.
We focus on the diagonal polynomials P, , and for these polynomials we also determine the
limiting behavior of the zeros.

Theorem 2.3. Let t3 > 0 and define

1
10,crit = 8_1‘32 2.17)
Then for every to € (0,tocrir) the orthogonal polynomials P,, for the Hermitian
Sform (2.14) exist if n is sufficiently large. In addition, the zeros of P, , accumulate as n — 0o
on the set

2
Di={zeC|2 €0, ")’ =10, 0/ x"], (2.18)
j=0

2mi/3

where w = e and

3 2/3
x* = i (1 —J1= 8tot32) ) (2.19)

Theorem 2.3 will follow from a strong asymptotic formula for the orthogonal polynomials,
see Lemma 6.1.

2.4. Limiting zero distribution

For a polynomial P of degree n with zeros zj, ..., z, in the complex plane, we use
l n
v(P) =~ > 6, (2.20)
j=1

to denote the normalized zero counting measure.

The normalized zero counting measures v(Py ,) of the orthogonal polynomials P, , have
a limit that we characterize in terms of the solution of a vector equilibrium problem from
logarithmic potential theory. We use the following standard notation. For a measure u, we define
the logarithmic energy

1
I(w) =// log du(x)du(y) (2.21)
lx — y

and for two measures u and v, we define the mutual energy

1
I(u,v) = // log T y|d,u(x)dv(y). (2.22)

In addition to the set 2| from (2.18) we also need

2
Sy={zeC| eR7} = ]I0, —0/o0). (2.23)
j=0
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Definition 2.4. Given fg, t3 > 0, we define the energy functional

2 32 B3
E(ur, u2) = I(u1) + I (u2) — (g, p2) + — /(SJ_' | — 37 )dm(z)- (2.24)

The vector equilibrium problem is to minimize (2.24) among all measures 1 and w, such that

1
[am=1 sppuncn [au=3 swpie c 2 (225)
where Y| and 2 are given by (2.18) and (2.23).

We prove the following.
Theorem 2.5. Let t3 > 0,0 < fo < ftocrir and let x* > 0 be given by (2.19). Then
there is a unique minimizer (i, ju3) for E(j1, o) among all vectors of measures (ji1, [12)
satisfying (2.25). If to < to,crir then the first component 7 of the minimizer is the weak limit of
the normalized zero counting measures of the polynomials P, , as n — oo.

2.5. Two dimensional domain

We finally make the connection to the domain {2 that contains the eigenvalues in the normal
matrix model, and that is characterized by the relations (1.5). In the cubic model that we are
considering we are able to construct the domain {2 in terms of the solution (], 113) of the vector
equilibrium problem for the energy functional (2.24) as follows.

Theorem 2.6. Let t3 > 0 and 0 < ty < to crir. Let ;ﬁf be the first component of the minimizer of
the vector equilibrium problem, as described in Theorem 2.5. Then the equation

122 + 1o / e 1(2:) =z (2.26)

f—

defines a simple curve 3 {2 that is the boundary of a domain {2 containing .
The domain 2 satisfies (1.5) and is such that

/d,u,l({) // dA(C) (C\ﬁ (2.27)
N Tty n =z ' '

The identity (2.26) means that the left-hand side of (2.26) is the Schwarz function of 9(2. See
Fig. 2 for the domain {2.

The proof of Theorem 2.6 is in Section 4. It follows from an analysis of the vector equilibrium
problem and an associated three sheeted Riemann surface. This Riemann surface will also be
important in the proofs of Theorems 2.3 and 2.5 that are based on a steepest descent analysis of a
3 x 3 matrix valued Riemann—Hilbert problem. The connection to the RH problem is explained
in Section 5 and we refer to the discussion in Section 5.1 for motivation and connections with
previous work. The actual steepest descent analysis is done in Section 6. It is quite involved
and ultimately leads to a strong asymptotic formula for the polynomials P, , as n — oo, see
Lemma 6.1, from which the Theorems 2.3 and 2.5 will follow.
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21 24

0 0

-2 24
T T T T T T
-2 0 2 -2 0 2

Fig. 2. The set 2| where the zeros of Py , accumulate and the boundary of the domain {2 for the values #yp = 1/2 and
t3 = 1/4 (left) and for the critical values ty) = 2 and 13 = 1/4 (right).

3. Proof of Theorem 2.1
We have already seen that any linear combination (2.8) of the basic forms (2.7) gives a
sesquilinear form that satisfies (2.4). We first show that any such sesquilinear form is charac-

terized by a unique matrix C = (C} ) with zero row and column sums.

Lemma 3.1. Any linear combination of the basic forms (2.7) can be written in the form (2.8) with
a unique matrix C = (C,/,k)? k—o having zero row and column sums.

Proof. The basic forms (2.7) are such that

d
Z P k(f,g) =0, foreveryj
k=0
and

d
Z i k(f.g) =0, foreveryk.
=0

Thus one may add a constant to a row or to a column of C and obtain the same form (2.8). Hence
we may assume that C has zero row sums

d
Z Cjr =0, forevery j 3.1
k=0
and column sums
d
> Cjx=0, foreveryk. (3.2)
j=0

To show that the conditions (3.1) and (3.2) determine the sesquilinear form (2.8), we suppose
that
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d d
Vf.g: =>> Cix®ix(f.8) =0, (3.3)

j=0k=0

where C = (C j,k) has zero row and column sums, and we prove that C = O.
Recall that V is a polynomial of degree d + 1 which we write as

td+1

Vi(z) = Vi), degVy <d. (3.4)

The directions 6; from (2.6) are such that

ld+1 _
_Jr d+1€R

, = 0.
d+1 HEL =0

We deform the contour I'; in the definition (2.7) of @; ;(f, g) so that it consists of the two
rays arg z = ¢; and arg z = 0;1. Then it follows from (2.7) and (3.3) that for every polynomial

/s
0=(f.1)

_Z/

where C_; x = C4 k. Making the substitution z = xe
(3.4) we obtain

ooeJ

n d n _ V.
dzf @en " P> (Cio1x —cj,k)ﬁ dwe 0"V, (3.5)
k=0 T

i in the integral over z in (3.5) and using

d o0 i0: d+1
> /0 F(eix)e™ " g(x)dx = 0, 3.6)
=0
where ¢ = %% > 0, and
. n i0; d b T
;00 = e%ien TN ey - Cj’k)/F dwe 0TV, G.7)
k=0 k

Taking f (x) = x@+tD7 with non-negative integers / and r, we find from (2.6) and (3.6)
d o0 d+1 2
waz:q/ x (@Dt g=cx ¢j(x)dx =0, wgy =ed T, (3.8)
e 0

Since this holds for every [ = 0, 1, 2. .., and since the functions ¢; grow at most as 0(e”2xd) as
x — 400 for some ¢; > 0, we find from (3.8) that

de+1¢,-<x>so, r=01,....d

which in turn implies that

$;(x)=0, j=0,....d. 3.9)
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w0
From (3.7) we know that the function x — ¢; (x)e_ﬁvl (€™ x)

entire functions

is a linear combination of the

w8
x> | dwe 0@V o, d.
Iy

The only linear relation between these function is that they add up to zero. Because of (3.7) and
(3.9) it follows that C;_; x — C; x is independent of k. Summing over k =0, 1, ..., d and using
the fact that the matrix C has zero row sums, we find that

Ci1x—Cjr=0, for j,k=0,1,...,d,
i.e., C has constant columns. Since the column sums are zero as well, we get C = O as claimed.
Now we give the proof of Theorem 2.1.

Proof of Theorem 2.1. Using the rule that

/f(z)dz=ﬁﬁdz
r T

it is easy to obtain from (2.7) that

Pik(f,8) = D (g, f).

It follows that (2.8) with the normalization (3.1) and (3.2) satisfies the Hermitian condition (2.1)
if and only if C; x = Cy; for every j, k, that is, if and only if

C =C* (C is Hermitian matrix).

By Lemma 3.1 any sesquilinear form (2.8) is characterized by a unique matrix C with zero row
and column sums. The space of all (d+1) x (d + 1) Hermitian matrices with the zero row/column
sum property is isomorphic to the space of all d x d Hermitian matrices. Indeed, the restriction
of C to the first d rows and columns provides an isomorphism. The dimension of this real vector
space is d*. Hence the real dimension of the vector space of Hermitian forms satisfying (2.4) and
(2.1) is at least d>.

To complete the proof we show that the dimension is at most 2. To that end, we consider the
moments

wik =1z, 2"
where (-, -) is a Hermitian form satisfying (2.4) and (2.1). Suppose V(z) = Zf:ll ’l—’zl with

ta+1 # 0. Then (2.4) with f(z) = z/ and g(z) = z* implies that

d
ktopjk—1 — npjr1k +n Zmﬂj,kﬂ =0 (3.10)
=0

and by (2.1)
Hjk = Kk, j- 3.11)

From (3.10) and (3.11) it is easy to see that all moments are determined by the moments u ; x
with j, k =0, ...,d — 1. This block of moments yields a Hermitian matrix of size d x d, which
is determined by d? real parameters. Therefore the vector space of Hermitian forms satisfying
(2.4) and (2.1) is at most d2 dimensional.



1284 PM. Bleher, A.B.J. Kuijlaars / Advances in Mathematics 230 (2012) 1272-1321

4. Proof of Theorem 2.6
4.1. Vector equilibrium problem

We begin by analyzing the vector equilibrium problem for the energy functional (2.24). For
every choice of x* > 0 there is a unique minimizer (u], 13), since X is compact. Both measures
are symmetric under 27 /3 rotations.

Given ], the measure 15 minimizes the functional

w2 = I (u2) — I(uy, n2)

among all measures on X, with [ du, = 1/2. This means that w3 is half of the balayage of
w} onto Y. Hence w3 always has full support, supp(u3) = 25, and it is characterized by the
property that

2/10glz—§|du§(4“) =/10glz—§|du’f(€), z€ . 4.1)

Given 3, the measure 1] minimizes the functional

1 2 13
> I — Iy, 1)+ — | [ —=121>? - 24
M1 (r1) =1 (1 M2)+t0/<3\/g|2| 32 w1(z)
among all probability measures on Y. Thus u is a minimizer for an energy functional with
external field, see [10,29], and it is characterized by the condition that there exists a constant
£ € R such that

2/10g|z—§|du’1‘(§) —/log|z—z|du§<:>

1 2 3p B3\ [=¢  zesupp(uy)
(== 2 4.2
% <3¢E|Z' 3° )<t ze %\ supp(ut). (42)

The support of u} consists of a finite union of intervals, in general.
The number x™* is at our disposal. We want to choose it an optimal way as described in the
following lemma.

Lemma 4.1. Let 0 < ty <t crir. Then there is a unique value for x* > 0 such that

e 1} has full support, i.e., supp(uy) = 2, and
e the density of |} vanishes at the endpoints w/x*, j=0,1,2.

If to < tocrir the density of u} vanishes like a square root at the endpoints, while for
to = 10,criz it vanishes with an exponent 3 /2.

To prove Lemma 4.1 we first assume that we choose x* satisfying the conditions in the lemma.
From that assumption we will find explicit expressions for the measures, from which we can
indeed check that the conditions are satisfied. The proof of Lemma 4.1 is given in Section 4.3.
The proof will also give that x* is given by (2.19).

Theorem 2.6 is proved in Section 4.4.
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4.2. Riemann surface

The construction of the measures is based on the consideration of a three sheeted Riemann
surface R with sheets

Ri=C\Z, Ry=C\(Z1UX%), R3=C\2%. 4.3)

For k = 1, 2, the sheet Ry is connected to Ry along Y in the usual crosswise manner. Then
‘R is a compact Riemann surface of genus zero.
Define the Cauchy transforms of the measures u} and 3

Fk(z)=fdp“"(o, 7€ C\ 2, k=1,2. (4.4)

These functions have the symmetry property
Fi(w2) = 0’ Fi(z), 21€C\ %, k=12

The conditions (4.1) and (4.2) together with the symmetry properties, lead to the following
relations for the Cauchy transforms

1
— |zl
Vi3
i@+ Fh () - F(@) =0, zel.

These functions are used to define the &-functions that play a major role. Throughout the paper
we use the principal arguments of fractional powers, that is, with a branch cut along the negative
real axis.

|
Fi4+@) + Fi-(2) — Fa(z) = wzft— < 172 r3|z|2) . ze X,
0

4.5)

Definition 4.2. We define
£1(2) =622 +10F1(2), z€ R, (4.6)

1
— 2 4 t0(Fa(z) — Fi(2)),  z€RaN S,
6o ={Vh @.7)
—ﬁz”z +10(Fa(z) — Fi1(2)), z€RaN(S1USy),

1
——z]/z—ton(z), 7€ R3N Sy,
&(2) = 1*/5 4.8)
—Z1/2 — toF2(2), z€R3N(S1USy)

NG

where Sy, Si, S> denote the sectors

So:—m/3 <argz < m/3,
Sy :m/3 <argz < m, 4.9)
Sy —m <argz < —m/3.

Note that by (4.4) and (4.6) we can express the densities of the measure ,uT in terms of &;.
Indeed, by (4.4) we have by the Sokhotski—Plemelj formula that

1
dpj(x) = i (Fi—(x) = F1,+(x)) dx, x € supp(u),
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which by (4.6) leads to
1
dpj(x) = Inito (61,-(x) — &1+ (x)) dx, (4.10)
1
= Trizg B2+ (0 &1 (@) dx. x € supp(u). (4.11)
Similarly
* 1 2Z1/2 *
dus(z) = Tnite (iﬁ + 8,42 — Ez,+(Z)> dz, z €supp(u3), (4.12)

with appropriate choice of signs £ and square roots.

Lemma 4.3. Suppose that supp(u]) = X1 and that the density of 7 vanishes at the endpoints
w/x* for j =0, 1,2. Then

1
fo < 10,crir = 8_2‘?% 4.13)
and the following hold.

(a) The three functions &1, &, &3 given by (4.6)—(4.8) define a meromorphic function on the
Riemann surface R whose only poles are at the points at infinity.

(b) The functions &, j =1, 2, 3 are the three solutions of the cubic equation

1
£ —ng - (tol3 + E) E+P+A=0 (4.14)

where
1+ 201012 — 81264 — (1 — 81912)3/?
- 3213 '

(4.15)

(¢) The algebraic equation (4.14) has branch points at z = w/x*, j =0,1,2 where x* is given
by (2.19) and nodes at the values 7 = w’%, j =0, 1, 2, where

34 1-805 w16

Y= > x"
413
The values 7 = w/x* and 7 = w’X, j = 0, 1,2, are the only zeros of the discriminant of
(4.14).
(d) We have X > x* > 0 with equality only if ty = 19, crir, and

o~

£1(0'%) = £(0'F) = ¥z, j=0,1,2. 4.17)

Proof. The conditions (4.5) imply that the three functions &1, &, &3 given in (4.6)—(4.8) define
a meromorphic function on the Riemann surface. There is a double pole at infinity on the first
sheet, and a simple pole at the other point at infinity. There are no poles at the endpoints @/ x*
due to the assumption that the density of u] vanishes at these points. This proves part (a).
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It follows that any symmetric function of the three &£; functions is a polynomial in z. From
(4.6)—(4.8) and the fact that

1
Fio=z"'+0c@™, FR@-= Ez” + 0@ (4.18)
as z — 00, it is then easy to see that

£1(2) + £(2) + &(2) = 7%, 1
£1(0)62(2) + £1(2)E(2) + £2()E () = — (lots + g) Z, (4.19)
£1(2)52(2)E () = —2° — A,

where A is some real constant. Thus &1, &, &3 are indeed the solutions of the cubic equation
(4.14). The algebraic equation has branch points at z = @l x*, j = 0,1, 2, and no other finite
branch points. This property allows us to determine the constant A.

The discriminant of (4.14) with respect to £ is a cubic equation in ¢ = z> that we calculated
with the help of Maple. The result is

4803 + (3ed + 448 + 120012 — 8) 2
+ (4355 + 18Atgt3 + 126313 — 36A + 126015 + dt3°)¢ — 27A%. (4.20)
The dispriminant (4.20) has a root for the value £* = (x*)3 that corresponds to the branch points
z = w’/x*. The fact that there are no other finite branch points implies that either ¢* is a triple

root of (4.20) or {* is a simple root and (4.20) has a double root as well. The case of a triple root
happens for the values (calculated with Maple)

1 27 3

*

- . 421
813 25613 413 21

fo

and this is the only possible combination of values with 79 > O (one combination with 79 < 0
also gives rise to a triple root). The values (4.21) are the values for the critical case.

We may from now on assume that (4.20) has one simple root £* > 0 and one double root.
Since x* is a branch point that connects the first and second sheets, we then have that &, (z) —&;(z)
vanishes as a square root as z — x*. For x > x*, we have that & (x) — &;(x) is real, while
according to (4.10) we must have &, 4 (x) — & +(x) € iR™ for x € [0, x*], since the density of
w; is positive on [0, x*]. This implies that & (x) — &1 (x) > O for x in some interval (x*, x* + &)
to the right of x*. The definitions (4.6) and (4.7) imply that &;(x) > &(x) for x > x™ large
enough. Therefore there is a value

x> x* (4.22)

such that £; (X) = & (). Then clearlyz = (%)? is the double root of (4.20), and z = X, & = & (%)
is a node of the spectral curve (4.14).

Because of the symmetry of the cubic equation (4.14) in the variables z and &, we can
interchange the values of z and £, and we get that z = £ (%), & = X is also a node. Thus (£ (¥))3
is also a double root of (4.20), which because of the uniqueness of the double root implies (4.17)
for j = 0. Because of 27/3 rotational symmetry we also have (4.17) for j = 1, 2. This proves
part (d) of the lemma.
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Taking &€ = z in (4.14) we find from (4.17) that z = X is a double root of the quartic
polynomial

1
223 — 1t — <t0t3 + 7) 2+ A. (4.23)
3

Thus X is one of the critical points of the polynomial (4.23), which are easily calculated to be
z = 0 and the two solutions of 21372 — 3z + (tot3 + %) = 0. Since ¥ > x* > 0 we discard
z = 0, and find two possible values for x

341803 3= /1 =85
- 413 ’ 4tz ’

X1 Xy = 4.24)

This value must be real and so we conclude that 8t0t32 < 1. This proves (4.13).
The corresponding values of A we now find by substituting z = X into (4.23) and equating
to 0. The results are

1+ 20192 — 81214 — (1 — 81912)3/2
- 323

1+ 201013 — 81215 + (1 — 8112)/?
- 3213 '

1

s

A

For the value A = A, the simple root of (4.20) comes out as {* = (x;‘.‘)3 with

2/3 2/3
a2 (i) a2 (e i) @2
413 3 413 3

which is again calculated with Maple. From (4.24) and (4.25) it follows that

The inequality (4.17) is only satisfied in the first case, and so x* = xi‘, A=A, and X = X1.
This proves the formulas (2.19), (4.15) and (4.16), which establishes the parts (b) and (c) and
completes the proof of the lemma.

4.3. Proof of Lemma 4.1

We now prove Lemma 4.1 by reversing the arguments given above.

For 1ty < t9,crir, we start from the spectral curve (4.14) with the value of A as in (4.15). The
spectral curve defines a Riemann surface with sheet structure as in (4.3). This defines in particular
the value of x*. There is one solution of (4.14) that satisfies

1) =02 +0 '+ 0E™ asz— o

and & is defined on the first sheet. The analytic continuations onto the second and third sheets
are then denoted by &, and &3, respectively.

Then we define a measure uj on Y; for j = 1,2, by the formulas (4.10) and (4.12). All
parts of Xj and Y, are oriented away from the origin. The vector of measures (u], i13) is the
minimizer of the vector equilibrium problem, and /,LT satisfies the conditions of Lemma 4.1, since
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14 14

057 0.5

0.5 1 L5 0.5 1 1.5
X X

Fig. 3. Density of ,wf on [0, x*] for the values 7y = 1/4 and 13 = 1/2 (left) and for the critical values 7y = 1/2 and

t3 = 1/2 (right). In the non-critical case the density behaves as c¢(x* — )12 as x — x*, while in the critical case it

vanishes like c(x* — x)3/2.

it is positive on [0, x*) and vanishes at x*, see also Fig. 3 for the density of 1] for a non-critical
value #o and for the critical value fg .ri;. In a non-critical case the density of ,uT vanishes as a
square root at x*, while in the critical case it vanishes like (x* — x)3/? as x — x*—. See Fig. 3
for plots of the density of u] in the non-critical and critical cases.

4.4. Proof of Theorem 2.6

The spectral curve (4.14) with A given by (4.15) has genus zero. The curve has a remarkable
rational parametrization

z=hw) =rw+aw?, E=h(w™) =aw? +rw! (4.26)
with
1—/1—83 1— /1 — 812
. , g=_v 75 (4.27)

213 413

This can easily be checked by plugging (4.26)—(4.27) into (4.14). The calculations show that it
only works if A has the value as in (4.15).

Assuming fo < t9,ri; We see that r and a are both real and positive. We view z = h(w) as a
mapping from the w-plane to the z-plane. The mapping is conformal around infinity. For large
enough p we have that the circle |w| = p is mapped to a simple closed curve. This will continue
to be the case if we decrease p until the circle |w| = p contains a critical point, that is, a solution
of

W (w)=r —2aw™> =0.

The critical points are on the circle with radius

20\ /3 1/6
Perit = (—) = (1 - 8tot32) <1
r

Since p.rir < 1, we see that h(Jw| = 1) is therefore a simple closed curve which is smooth for
to < to,crir and has three cusp points for the critical value # .-;;. Let {2 be the bounded domain
that is enclosed by A(Jw| = 1).
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For z € 342, we have z = h(w) for some w with |w| = 1. Then &(z) = h(1/w), see (4.26),
and so since 1/w = w, and since the coefficient of % are real numbers

£1(2) =h() =h(w) =2, ze€df (4.28)

This shows that (2.26) indeed defines a curve 92, by virtue of (4.6) and (4.4).
We compute the area of {2 by means of Green’s formula

1
area(2) = // dA = — zdz = —.f]{ £1(z)dz.
an 2i Jan

Here we used (4.28). Now recall that &; is analytic in the exterior of {2 with

E1(z) = B+ '+ 0@, asz— oo, (4.29)

see (4.6) and (4.18). Thus we can move the contour to infinity and by doing so we only pick up
a residue contribution at co. This proves the formula for 7y in (1.5).

The exterior harmonic moments (1.5) are computed in a similar way. We have by Green’s
formula applied to the exterior domain

dA(z) 1 z 1 &1 (Z)
- k i Fdi=5— k
on @ 2miJa0cz 2ri J a0 2

By contour deformation and using (4.29) we find that this is 73 for k = 3 and O for other k > 2.
Thus (1.5) follows.

We finally prove (2.27) with yet again similar arguments. For z € C \ 2 we have by Green’s
formula and (4.28)

_[/ dAi) 1 ¢ d;:i, Sl(é‘)d
0z-¢ 2miJaz-¢ 2ni Jynz—¢

Moving the contour to infinity we pick up a residue contribution at { = z, which is &1 (z), and at
¢ = oo, which is —13z% because of (4.29). In total we find that

1 dA
— // © = &1(2) — 7
T ni—¢

which is equal to 7 F1 (z) by (4.6). Then dividing by 79 we obtain (2.27). This completes the proof
of Theorem 2.6.

5. Preliminary steps towards the proofs of Theorems 2.3 and 2.5
5.1. Discussion

The orthogonality induced by the Hermitian form (2.14) is similar to the biorthogonality that
plays a role in the two-matrix model, see [4]. The two-matrix model is a model for two random
matrices with two potentials V and W on R with sufficient increase at +00. The biorthogonal
polynomials in this model are two sequences (p; ,(x));,deg pj, = j and (gx,n )k, degqr.n =k
of monic polynomials satisfying

o0 o0
[ / Pin () qin (e " VOTVOI"ED gxdy = 1y i (5.1)
—00 —o0
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where 7t is the coupling constant. Comparing (5.1) with (2.14) one sees that (2.14) is like the

biorthogonality in the two matrix model with equal cubic potentials V(x) = W(x) = —3’730x3
and coupling constant T = —tl. The main difference is that integrals in (5.1) are over the real

line, while integrals in (2.14) al(r)e over combinations of the contours I';, j =0, 1, 2.

This does not play a role on a formal level. The main algebraic properties that are known
for the biorthogonal polynomials, see e.g. [4—6], also hold for the orthogonal polynomials with
respect to the Hermitian form (2.14). This includes the existence of differential and difference
equations, and an integrable structure of t-functions and Toda equations. However, analytic and
asymptotic properties depend crucially on the precise definition of contours. For example, it is
known that the biorthogonal polynomials characterized by (5.1) have real and simple zeros [16],
which is not the case for the orthogonal polynomials for (2.14).

Recently [14,15,28], the biorthogonal polynomials p, , from (5.1) with an even polynomial
V and a quartic potential W(y) = 4—1‘ v+ %yz were successfully analyzed in the large n limit
by means of a steepest descent analysis of a Riemann—Hilbert problem. The Riemann—Hilbert
problem was obtained earlier in [24] from a reformulation of the biorthogonality (5.1) as
multiple orthogonality, since for multiple orthogonal polynomials a Riemann—Hilbert problem
is known [31] as a generalization of the well-known Riemann—Hilbert problem for orthogonal
polynomials [20]. Because of the formal similarity the same setup works in the case of orthogonal
polynomials for the Hermitian form (2.14). We can reformulate the orthogonality as multiple
orthogonality and it leads to a 3 x 3 matrix valued Riemann—Hilbert problem with jumps on
the contours I';. In order to prepare for the asymptotic analysis we first adjust the contours in a
suitable way. This will be done in this section.

The systematic asymptotic analysis of Riemann-Hilbert problems is due to Deift and
Zhou [13] who developed their steepest descent analysis first in the context of large time
asymptotics of integrable systems. It was applied to orthogonal polynomials and random matrices
in [8,11,12]. These papers also emphasized the use of equilibrium measures in the asymptotic
analysis. The Riemann-Hilbert problem for orthogonal polynomials [20] is of size 2 x 2.
Extensions of the steepest descent analysis to larger size Riemann—Hilbert problems were first
discussed in [9,26]. In the next section we will build on these and later works (see [23] for an
overview) and apply the Deift/Zhou steepest descent analysis to the 3 x 3 matrix RH problem 5.4.
A crucial role is played by the minimizer (u], u3) of the vector equilibrium problem. This is
inspired by [7,14,15] where the steepest descent analysis also depended crucially on a vector
equilibrium problem.

5.2. Multiple orthogonality and Airy functions

The orthogonality with respect to the Hermitian form (2.14) is very similar to the
biorthogonality that plays a role in the two-matrix model. We will use ideas that were developed
for the asymptotic analysis of the two-matrix model with a quartic potential [14,15] and apply
these to the orthogonal polynomials for the Hermitian form (2.14).

First of all we identify the orthogonal polynomials as multiple orthogonal polynomials. We
define for j =0, 1,2 and n € N the entire functions

2
1 _n o B33
wO,j,n(Z) = — Zej,k /7 e 0 (wz 3 (w’+z ))dw, (52)
2mi = T,
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2
1 gy B33
wijn@) =5— Y ej,k/f we 10 @ITT@WHED) ) (5.3)
2mi =0 T

k

Lemma 5.1. The monic orthogonal polynomial P, , is characterized by the properties

n

2

Z/ Pan(@7 w0 ja@dz =0, k=0.1.....[3] 1.

— JI.

2 j 5.4

2

n
Z/ Pyn(@)ZFwi jn(2)dz =0, k=0,1,..., LEJ 1.
=0T

Proof. This follows as in [24], but for convenience to the reader we present the argument. Recall
that P, , satisfies the orthogonality conditions (2.16) with k = n.
We prove that for every k,

(P, 27y =0, j=0,....n—2k—1. (5.5)

For k = 0, the condition (5.5) reduces to the orthogonality condition (2.16).
Assume that (5.5) holds for certain £k > 0. The structure relation (2.4) with cubic potential
(2.9) gives

n(zf, 8) = to(f. &) +ni3(f, z%g). (5.6)

Taking f(z) = Pl P, ,(z) and g(z) = z/ we find that both terms in the right-hand side of (5.6)
vanish for j + 2 < n — 2k — 1, because of the induction hypothesis. Then the left-hand side
vanishes as well, and this gives (5.5) with k 4 1. Thus (5.5) follows by induction.

Taking j = 0and j = 1 in (5.5), we find

(ZPun, 1) = 0, k:o,...,[? —1, o
(X Pypz) =0, k=0,.... LEJ 1,

and these conditions are equal to the conditions (5.4) because of the representation (2.14) of the
Hermitian form and the definition (5.2) and (5.3) of the weight functions.

The conditions (5.4) in fact characterize the monic orthogonal polynomial since we can
similarly show that the conditions (5.7) are in fact equivalent to the orthogonality conditions
(2.16) (again by using the structure relation (5.6)).

The functions (5.2) and (5.3) can be expressed in terms of Airy functions and their derivatives.
The classical Airy differential equation y” = zy has the three solutions

1 1
yO(Z) = Ai(z) = 2— e%ss_“ds — _T B e%s3—zsds’
Tl JTy Tt Jr,
. 1 1S3—zs 1 1.93—zs
M@ =0Ai) = o— [ 3Ty = —o— | &3 s, (5.8)
Tl Jr 2mi T
1 1
12(2) = PAi(@%2) = — | e Fds = —— | 3y,

wi Jr, 2ri JT,
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that are related by the identity yo + y; + y» = 0. Then we get from (5.2) and (5.8) after the
1/3
change of variables w = ( fo ) s,

nts
n3 3
w0,0.1(2) = dy(y2(cnz) — y1(cpz))e™*
n3 3
wo,1,1(2) = du (y1(caz) — Yolcnz))e ™", (5.9
/1[3 ';

w0,2,n(Z) = dn()’O(CnZ) yZ(CnZ))e3t0 ,
with constants

2/3 1/3
n fo
Cp = W > 0, dn = <E> . (5]0)

0 3
Similarly from (5.3) and (5.8)

nt 3

w1,0.(2) = —d2(yy(cnz) — yl(cnz))e*’o
n 3

W1 1a(2) = —d2(¥)(cnz) — Yplenz))e ™0, (5.11)
n3 3

w1 2.0(2) = —d2(yh(cnz) — yg(cnz»e%Z

5.3. Riemann—Hilbert problem

Observe that there is no complex conjugation in the multiple orthogonality conditions (5.4).
Following [31] we then find a characterization of P, , in terms of a 3 x 3 matrix valued
Riemann-Hilbert (RH) problem. We assume that the contours I'; are disjoint, and have the
orientation as shown in Fig. 1. The orientation induces a + and — side on [';, where the + side
(— side) is on the left (right) while traversing the contour according to its orientation.

RH problem 5.2. Let I' = U?:o I';. We look for Y : C\ I' — C¥ satisfying

e YisanalyticinC\ I,
e Y. (2) =Y_(2)Jy(2) for z € I" with jump matrix Jy given by

I wojn wijn
=10 1 0 on I, (5.12)
0 0 1

(here Y and Y_ denote the limiting values of Y, when approaching I" on the + side and
— side, respectively),
e Y(2) = (I + O(1/z)diag (2", z= /21, z7"/2]) as z — oo.

The jump condition (5.12) has to be adjusted in the case of overlapping contours.
Provided that the orthogonal polynomial P, , uniquely exists, the RH problem 5.2 has a
unique solution, see [31]. The first row of Y is given by

Y1,1(2) = Py, n(Z)

Y12() = T —:

/ nn(x)u)O]n(x)
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Fig. 4. Deformed contours Iy, I'1, I’;. All contours are oriented away from 0.

Y13(2) = Z/ Py n(x)wi, ,n(x)

X —Z

The remaining two rows of Y are built in a similar way out of certain polynomials of degrees
n — 1 (one of which is proportional to P,_1 ,, if this orthogonal polynomial exists).

5.4. Deformation of contours

In order to prepare for the steepest descent analysis of the RH problem, we first adjust the
contours I';. Because the weights (5.9), (5.11) in the multiple orthogonality conditions (5.4) are
entire functions, we have the freedom to make arbitrary deformation for each contour I';, as long
as the contours start and end at the same asymptotic angles at infinity. We are going to deform
the contours such that their union contains the set 2| = U?:O [0, w’/ x*] where the zeros of the
polynomials are going to accumulate. The deformed contours are shown in Fig. 4.

We recall that ¥ > x*, see (4.16). We deform I to contain the intervals [0, w?X] and [0, wx]
and we continue Iy with an unbounded contour from wX to infinity at asymptotic angle 57 /12,
and its mirror image in the real axis which goes from w?x to infinity at angle —5m/12. The
number 5 /12 could be replaced with any number between 7 /3 and 7 /2. We obtain ['; and I»
by rotating Iy over angles 27 /3 and —2m /3, respectively.

It will be convenient to give new names to the unbounded contours. We define

= NS \[0,F],  Cy = I2NSo)\I[0,5],
= (I, NS\ [0, wx], Cc = To NS\ [0, wx], (5.13)
=(ToNSH\[0,0’%], €7 =1 NS\ [0, 0],

and

Cj=Clucy, j=0,1,2. (5.14)
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Then, see also Fig. 4,

Iy =CF U[0,0’T]U[0, wX]1UCy,
I'' = C{ U0, X1V [0, 0’X1U C5, (5.15)
I =Clul0,0x1Ul0,x1UC,,

and

O ([O @'V C/) (5.16)

We redefine the orientation on the contours such that all parts are from now on oriented away
from 0 and towards oo, as shown in Fig. 4. We have a freedom in the choice of the precise
location of the contours C; and we make use of this freedom later on.

After this deformation of contours and partial reversion of orientation we find new expressions
for the weights. Indeed, for x € [0, X], we find by (5.9)

—wo,1,,(X) + wo,2,,(x) = dp (—(¥1(cux) — yo(cnx)) + (Yol(cnx) — y2(cnx))) eﬁﬁ

Using the identity yo + y; + y2 = 0 and yyp = Al, this reduces to

n3 3

— w0, 1,1 (x) + W0,2,1(x) = 3dy Ai(cyx)e™0" . (5.17)
Similarly we get from (5.11)
2 A AP
—wi,1,,(x) + w12, (x) = —=3d;Ai' (cpx)e¥0” . (5.18)

It is thanks to our choice (2.13) for the matrix C, that we obtain the Airy function Ai and
its derivative in (5.17) and (5.18), and not some other solution of the Airy differential equation.
The Airy function Ai is a special solution of y” = zy because of its asymptotic behavior, see
[1, formulas 10.4.59, 10.4.61],

—1/4

Ai(z) = =371 4+ 073,

1/4 (5.19)

AV(D) = —fﬁf%zm(l + o),

as 7 — 00, —m < argz < m, which is decaying for z going to infinity on the positive real axis.
Any other linearly independent solution of the Airy differential equation increases on the positive
real axis. We use (5.19) in the steepest descent analysis of the RH problem, and this explains why
we chose the matrix C as we did in (2.13).

We now redefine the weights on the new contour I' by combining the contributions of
overlapping contours. We also rescale the weights by dropping the irrelevant constant prefactor
3dy in (5.17) and —3d? in (5.18).



1296 PM. Bleher, A.B.J. Kuijlaars / Advances in Mathematics 230 (2012) 1272-1321

Definition 5.3. Let I' = Uj -0 ([O w;X XU C/) be as in Fig. 4. We define two functions wyo ,
and wj , on I" by first defining them in the sector Sp : | arg z| < 7/3 by putting

nt3 3
A 31y
won(x) = Allenx)e s o forx € [0,3], (5.20)
wia(x) = Ai (c,,x)e3’0
1 3
wo,,(2) = §(yo(cnz) yi(cnz))e™” N
s forz e CT, (5.21)

1
wy,(z) = §(y(/)(CnZ) yl(an))e”O ,

1 n3 3
wo,n(2) = 3 (olen2) = y2(cnz))e™ ", -
3 forz e Cy, (5.22)

1
win(2) = 30plenz) = Ya(enz))e¥o’
and then by extending to the parts of I" in the other sectors by the property

2
wo,n (wz) =w wo,n (2),

forz e I'. 5.23
Wi (@2) = OW1n(2), (5-23)

With the definition (5.20) we have by (5.19) that for x € (0, X],

()8 n( 2 35 1B3j -1
vort) = e (< (5757 - 50)) (o).
w (x):—Mexp (_Z <Lx3/z_ & 3)) <]+O(n )) '
" 2T o \3V53 3 ’

as n — o0o. The exponential part in the asymptotic behavior (5.24) of the weight functions is
reflected in the term

—f<3f| 2 - 3 >dm(X)

that appears in the energy functional (2.24).
5.5. Riemann—Hilbert problem after deformation

After the contour deformation we find that the multiple orthogonality conditions (5.4) satisfied
by the monic orthogonal polynomial can also be stated as

n
/ Pon@won @z =0, k=0.....[2] 1.
r 2

(5.25)

/P,,,,,(z)zkwln(z)dz —0, k:O,...,FJ—l.
r ’ 2

The corresponding RH problem is as follows.

RH problem 5.4. We look for Y : C\ I" — C>*3 satisfying
o Y :C\ I — C¥ is analytic,
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1 wy,@  wy,@

o Vi(2) =Y_(2) <0 1 0 ) forzel
o0 1
o Y(z) = (I + O(1/2))diag (", z= /21, z71"/2}) as z — oo.

The RH problems 5.2 and 5.4 are equivalent. Also RH problem 5.4 has a solution if and only
if the monic multiple orthogonal polynomial uniquely exists and in that case one has

Y11(z) = Py u(2), (5.26)

as before.
6. Riemann—-Hilbert steepest descent analysis and the proofs of Theorems 2.3 and 2.5

In this section we perform an asymptotic analysis of the RH problem 5.4. For convenience
we assume that n is even, although this is not essential. The asymptotic analysis will lead to the
proof of the following result.

Lemma 6.1. Let 13 > 0and 0 < fy < to,¢rir- Then for n large enough the orthogonal polynomial
P, ., exists and satisfies

Poun(z) = My 1(2)e™'@ 1+ 0(1/n)), asn — oo 6.1)

uniformly for z in compact subsets of C\ X. Here g1 is defined by

g1(z) = /IOg(z —9)dui(s), zeC\ Xy,
see also (6.16) below, and M1 1 is an analytic function with no zeros in C \ 2.
We write M| 1 since this function will arise as the (1, 1) entry of a matrix-valued function M,
see Section 6.6.

6.1. First transformation

We start from the RH problem 5.4 for Y with n even. The first transformation ¥ +— X will
have a different form in each of the three sectors (4.9).
We recall the Airy functions y;, j =0, 1, 2 from (5.8). We also introduce

y3(2) = 27i (w*Ai(wz) — wAi(®°7)),
y4(2) = wys(wz), (6.2)
¥5(2) = & y3(w’2).
These solutions of the Airy differential equation are chosen such that the Wronskians
W(yj, &) = yj¥, — ¥ Yk satisfy

Wy, yj+3) =1, j=0,1,2,
W(y3, ya) = W(y3, y5) = W(y4, y5) = 0.
We obviously have from (6.2) that y5(0) = 0. Hence, by the uniqueness of the solution of the

initial value problem for the Airy equation at z = 0, we obtain that y3(wz) = y3(z). This implies
that y4(z) = wy3(z) and ys(z) = @*y3(2).

6.3)
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Fig. 5. Contour 'y for the RH problem for X and the sectors Sp, S7 and S3.

We also recall the Wronskian relations [1, formulas 10.4.11-10.4.13]

1
W(yo, y1) = Wy, y2) = W(y2, yo) = pEyert 6.4

Definition 6.2. We define

1 0 0
0 yé(cnz) —y{)(cnz) , z€ S0,
0 —y3(cn2) yo(cnz)
N 10 0
X(z) =Y(2) x 0  yi(cnz) —Yy(cn2) |, z €SI, (6.5)
0 —ys(cuz)  y2(cnz)
1 0 0
0 yz/L(CnZ) —yi(CnZ) , Z€S8,
0 —yalenz)  yi(enz)
and
1 0 0 1 0 0
X@) =0 @n) 2,4 0 Xolo 1 o |, (6.6)
0 0 i(2m) "2l 0 0 —2mi

where ¢, is the constant given by (5.10).

Since the formula (6.5) is different in the three sectors, we will have that X is discontinuous
on the boundary of the sectors, which are the rays argz = =£m/3, & that form the contour 2>
given in (2.23). Thus X is defined and analytic in C \ I'y where I'y = I' U X5, see Fig. 5, with
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ajump X, = X_Jx on I'x. The jump matrix on the intervals (0, /X] simplifies to

a3
1 €30 0 )

=0 1 ol xelJO o5,
0 0 1 J

as a consequence of the definitions (6.5) and (6.6) and the Wronskian relation (6.3).

The jump matrices on the new contours X> are piecewise constant, since they contain
Wronskians W (y;, y;) of solutions of the Airy equation. Indeed, we have by (6.5), (6.3) and
(6.4),

1 0 0 1 0 0
J3@ = [0 yolcnz) yolcn) | [0 y5(cnz)  —yh(cn2)
0 y3(caz) ¥3(caz)) \O —ys(caz)  y2(ca2)
1 0 0
=10 Wo,ys) W2, y0)
0 W(ys,ys5) W(y2,y3)
1 0 0
=10 &? _L. , forargz=m/3
2mi
0 O w
and then by (6.6)
1 0 O
Jx(z) =10 o> 1], for argz = /3.
0 0 w
The jump matrix Jy turns out to be exactly the same for argz = —w/3 and argz = 7.

On the remaining parts of 'y (the unbounded contours C}), the jump matrix takes the form

3 3 3 3

1 ae 319 © ,36 319 ©
Ix(@ =10 1 0
0 0 1

for certain constants « and $, that again come from Wronskians of solutions of the Airy equation.
Let

1
Y@ =302@ = n@),  »@) =@, ys() = @?yo(0?2).
Then the constants turn out to be

1 1
o= W(—yg. y3) = = + ~iv/3,

2 61 on CJ,
B =2miW(—ys, yo) = -3
1 1.
a=W(y7,y3)=§—gz«/§, B
1 on CO,

B =2miW(y7, yo) = 3

with the same expressions on the other unbounded parts.
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Thus we obtain the following RH problem for X.

RH problem 6.3. The matrix-valued function X defined by (6.5) and (6.6) is the solution of the
following RH problem.

e X isanalyticin C\ Iy,
e X, =X_Jxon Iy with

Jx(2) =

SO = OO~

—_—

0
0

e As z — 0o we have

with

X(z) =+ 0@z "NA®)

AR =

n

A\l

X
N o o

(== )

0 Z1/4

0

0
A4

0
2 3/
Z*"/ze StO\H/EZ

0

0

0

X

nt3
. 22

2

_ 2 3/2
Z_n/2€ 3’0\/§Z

3

for z € X,
i
3 0 , forze LJCJi
1 J
0
0 , z2€ 380,
0
0 , z€81US,,
Z—n/Ze 3102:1/tgz3/2
0 0
1 i
ﬁ T/Q , forz e Sy,
i
V22
0 0
i 1
J? ﬁ , forze Sy,
i
V22
0 0
i 1
i/ﬁ ﬁ , forze$.
i
V2 V2

for z € |_J(0. w31,

J

6.7)

(6.8)

(6.9)
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Remark 6.4. The asymptotic condition (6.8) for X comes from the asymptotic condition in the
RH problem 5.4 for Y combined with the asymptotic behavior (5.19) of the Airy functions. The
condition (6.8), however, is not valid uniformly as z — oo for z close to 3. More precisely,
(6.8) holds uniformly as z — oo with

argz e (—m +¢,—n/3—e)U(—n/3+¢e,7/3—e)U(@/3+¢,m—¢)

for some ¢ > 0, but not for ¢ = 0. This is due to the fact that the functions ys3, ys and y4
appearing in the second column of the transformation (6.5) (which are dominant solutions of
the Airy equation in the respective sectors used in (6.5)) are not the recessive solutions in the
neighboring sectors.

This non-uniformity is a minor issue that will be resolved more or less automatically during
the transformations of the steepest descent analysis, see also [14,15]. To fully justify the analysis
it suffices to supplement the RH problem for X with the following condition that controls the
behavior as z — o0 near Y.

e As z — 0o we have

X(2) = O()A(2)

7" 0 0
2n 32
0 z7"2e30vET 0 , Z €80,
0 0 Z—n/26_3t02:l/ﬁz3/2
x . (6.10)
z 0 0
5 - 2n 23/2

0 77" 0/ 0 , z€SIUS,,
.3/

0 0 2230V

with O (1) term that is uniform in z.

Remark 6.5. If we put

nty 3
77
e’

0 0
PD=X@D| o 1 0
0 0 1
then it is easy to verify that @ satisfies a RH problem with piecewise constant jumps. Hence ¢

satisfies a differential equation

iQ75(z) =C(2)?©)
dz

with a polynomial coefficient matrix C(z). In addition there are also differential equations with
respect to 7y and 73, as well as a difference equation in n. We will not elaborate on this here.
Instead we are going to make a different transformation.

6.2. Second transformation

. £ 20732 . .
In the next transformation the factors ¢~ 3v3°  are removed from the asymptotic condition

(6.8) in the RH problem for X. The transformation also has the effect of eliminating the (1, 3)

nig 3
entry :F%e 33 from the jump matrix (6.7) on the unbounded contours C iz
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Definition 6.6. We define

1 nt3 g

- 1 0 —e°
Vo=Xx|y 1 > o 6.11)
00 1

for z in the domain bounded by Cy U C U C3 (this is the unbounded domain containing X5 in its
interior, see Fig. 5),

V(z) = X(z) elsewhere, (6.12)
and
1 0 0
_ 232 )
0 e 3vB 0 in Sy,
0 0 ot
ad e
V@ =V@ x| 0 0 (6.13)
2n_,3/2 )
0 e3v3 0 in §;1 U S;.
_2_n Z3/2
0 0 e 3vi3

By straightforward calculations based on the RH problem 6.3 for X and the definitions (6.11)—
(6.13) we find that V is the solution of the following RH problem.

RH problem 6.7. The matrix valued function V : C\ I'y — C3*3 satisfies

e Visanalyticin C\ Iy where I'y = ['x.
e Vi =V_Jyon Iy with

0 1 ol zeU(O,wJﬂ,
0 0 1 ‘
15
1 0 1 llﬁ fo(3fz3/2 3 3)
2 6
0 wleovmt 1 ’
4 32
Jyv(z) = 0 0 we Fov5° (6.14)
argz =1 /3,
n t
1 0 (1 _L 3) & (si+42)
2 6
4n 3/2
0 wze_mz/ 1 ’
4n Z3/2
0 0 we 30v13
argz = —m/3 or argz = 7,
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and
1 (L e LA et (Emee)
276 -
0 1 O 9 Z (S K
0 0 1
Jv(@) = 1 1 n( 2 32,133 (6.15)
1 (—:l:—iﬁ) e%(waz +42) 0
0 20 1 ol z€ C?: U C;:.
0 0 1
t 0 0
e V() = + 0(1/2)A(2) (0 o/ 0/2) as z — 00, where A(z) is given by (6.9).
0 o
In (6.14) we used the convention that arg z3/?> = 3 arg z, which means that z3/2 = —i|z|/?

forargz = .

Lo 32 . . . .
The entries e~ 03~ in the jump matrix (6.14) on Y, are oscillatory. Later they will be

turned into exponentially decaying entries by opening up unbounded lenses around 5. This
indeed leads to exponentially decaying entries because of the upper triangularity of the jump
matrices.

6.3. Third transformation

In the third transformation we make use of the minimizer (u], 13) of the vector equilibrium
problem. Associated with the measures 7 and w3 are the g-functions

gk(z) = /IOg(Z —s)dug(s), k=12, (6.16)

with appropriately chosen branches of the logarithm. We choose the branches in such a way that
g1 is defined and analytic in C \ (X} UR™) with g;(x) real for x real and x > x*. Then we have
the symmetry

{gl(wz) =& +2mi/3, o (6.17)

g1(0%2) = g1(z) — 27i /3,

The branches of the logarithm in the definition (6.16) of g are chosen such that g, is defined
and analytic in C \ X, = So U §; U S5, and g2 (x) is real for real x > 0 with the symmetry

82(wz) = g2(2) + i /3,
{gz(wzz) = g2(7) —mi/3, € So- (6.18)

The conditions (4.1) and (4.2) lead to the following properties of the g-functions. We
emphasize that all contours are oriented away from 0 and towards oo, so that for argz = w,
we have that g2 4 (z) is the limiting value from the lower half-plane.
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Lemma 6.8. (a) We have, with the constant £ from (4.2),

2 sp_B o3

—— - — e, e [0, x*],
3to\/EZ 3toz + z €[0,x7]
2 3 3 .
_ — == B2 _ 234y 0 *146.1
81,+(2) + 81,-(2) — 2(2) 3;0\/51 3;0Z +2+7mi, ze€l0,wx*]1(6.19)
2

__c 3p_B s, €10 wr*
3:0\/EZ 3t0Z + i, z€[0,0°x"].

(b) We have
22.+(2) +82.-(2) —81(z) =0, argz==+mn/3, 6.20)
82.+(2) + 82.-(2) — g1,£(z) = £mi, argz=rm. '
Proof. (a) The equality of the real parts follows from (4.2), since supp(u}) = X =

Uj[O, w’ x*]. Both sides of (6.19) are real for z € [0, x*] and so the identity (6.19) holds
on [0, x*]. The identity on the other intervals, then follows from the symmetry (6.17).
(b) The identities in (6.20) follow in a similar way from (4.1).

With the g-functions and the constant £ we make the next transformation.

Definition 6.9. We define

e 0 0 &1 =0) 0 0
U(z) = 0 1 0)]Vv@ 0 "1(812)—=82(2)) 0 ) 6.21)
0 0 1 0 0 €22

It is our next task to state the RH problem for U. It will be convenient to write the jump
matrices in terms of the two functions ¢ and ¢, defined as follows. Recall that &1, & and &3 are
defined in (4.6)—(4.8).

Definition 6.10. We define ¢; : C\ (2] U 3,) — Cby

1 [7 .

01(2) = o™ / (1(s) — &20s))ds, ze€ §;\ [0, w/x*], j=0,1,2, (6.22)
10 Jwix*

with integration along a path lying in S; \ [0, wlx*]ifz € Si\ [0, w’ x*] for j =0,1,2, and

¢2:C\{zeC |z’ eR} - Cby

—mi/6, 0 <argz <mw/3,
+mi/6, 7m/3 <argz < 2m/3,
+ri/3, 2n/3 <argz <,
+mi/6, —mw/3 <argz <0,
—mwi/6, —2n/3 <argz < —m/3,
—mi/3, —m <argz < —2m/3,

1 Z
7 =5 / (E2(s) — E3(s))ds 6.23)
to Jo

with integration along a path in the sector k7w /3 < args < (k + 1)r/3 if z lies in that sector, for
k=-3,...,2.

The basic properties of ¢; and ¢, that connect them with the g-functions are collected in the
next lemma.
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Lemma 6.11. (a) For z € Xy, we have
81,+(2) — &1,-(2)

(b) For z € C\ (X1 U X») we have

281(2) — g2(2) =L =2¢1(2) £

with + in So and — in S1 U S,.
(c) For z € 3», we have

= +2¢1 +(2).

f 0 in So,
3 3/2 _ 3—z3+ i in S,
fov/13 fo —wi in Sy,

024) — 82-(2) = 22, 1(2) & 2/
A+ - o+ 3 f
= 2y () —— 32,
®2,—(2) a3 \/_
where we use + for argz = /3 and — for argz = —nw /3 or argz = m.
(d) For z € X, we have
81,-(2) +g.+(2)—¢
2 t3
201 328 3 — /3,
¢1,-(2) + o \/t_ 3t0 argz =m/
13
P Ar_B3 S
o1, (2) — e \/_ 3t0Z argz =71
13
5 S B3 — /3.
¢1,-(2) — a7 «/_ 3t0z i, argz T/

(e) We have for z € 3,

201,4(2) + 2¢2,4(2) = 292, (2) + | 71,

and for z € 3,

201,+(2) + 292, (2) = 2¢1,—(2) — {

0, for z € [0, x*],
for z € [0, wx™],
—wi, forz € [0, w*x*]

wi, for argz = +mw/3,
2ri, for argz = m.

1305

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

Proof. By (4.4) and (6.16) we have that gi = Fj and g}, = F>, so that by (4.6)—(4.8) we can
express the derivatives of the left-hand sides of (6.24)—(6.26) in terms of the £-functions. This

yields
1
gl @ —g_ ()= LE+@ —f-@). e,
2¢" H) = 227 1,
81(2) — & () = 5(51(1) §2(2)) P P
, , 1 1/2
8 +()—8 ()= 5(&3,—(1) —&4@) £ " z€ X,
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with the same conventions on = signs as in parts (b) or (c) of the lemma. In view of the definitions
(6.22) and (6.23) we have

1
2¢}(2) = g(éj(Z) —§i+1(@), j=12 (6.30)

Using also that £+ = & + on Y} and &3+ = & + on X), we then easily check that the
derivatives of the two sides in (6.24)—(6.26) agree on the respective contours or regions. It follows
that (6.24)—(6.26) hold up to a possible constant of integration.

Both sides of (6.24) vanish for z = a)fx*,j = 0, 1,2, while the equality in (6.25) for
7= wlx*, j =0, 1, 2 follows from the identities (6.19). Hence the equalities in parts (a) and (b)
follow.

To establish the equality in part (c) we examine the behavior as z — 0. Because of the
symmetry (6.18) we find that there exists a constant y» such that g, has the following limits at
the origin

V2, Z € So,
lim g2(z) = {y2 +7i/3, z €S, (6.31)
=0 v —mi/3, z€ 8.

From (6.31) we find the limits of g2 1 (z) — g2,—(z) as z — 0 on the three half-rays in 2. These
values correspond to the limits of +2¢> 4+ (z) as z — 0 that we obtain from the definition (6.23)
and part (c) follows.

Using (6.20) we find for z € X5 that

281(2) — g2,-(2) — &£, argz = +m/3,

281.-(2) —g2.-(2) — € —mi, argz=m. (6.32)

81,-(@) +g24+(k)— L= {
Then (6.27) follows by letting z in (6.25) go to the minus-side of Y5>, and inserting this into
(6.32).

Because of (6.30) we have

1
21 (2) + 93(2) = 5(51(2) — &(2).

Using &1+ = &,_ on X and &3+ = & _ on X, we then find that the derivatives of the two
sides of (6.28) and (6.29) agree. To prove the two equalities we again examine the behavior as
z — 0. From (6.31) and (6.20) we find the limits of g at the origin,

2vo +mi/3, 0 <argz <2mw/3,
2y + 7i, 27 /3 < argz < m,
2y, —mwi/3, —2m/3 <argz <0,
2y, — mi, - <argz < —2mw/3,

lim g1(z) = (6.33)
z—0

where y» is the constant from (6.31). Using (6.19) we also find

= 3)/2.
Combining (6.31) and (6.33) with (6.24) and (6.26) we obtain the limits of ¢ and ¢, at the
origin.

2wi/3, if km/3 < argz < (k + 1) /3 with k even,

201 @) = {—zm/s, if krr/3 < argz < (k + 1)7/3 with k odd, (6.34)
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—ni/3, O<argz<m/3or —2n/3 <argz < —m/3,
. ) mi/3, —n/3 <argz <0Oorm/3 < argz < 2m/3,
ZIE)%Zq)z(z) — ) 27i/3, 2m/3 < argz < m,

—2ni/3, —m <argz < —2m/3.

(6.35)

The values in (6.35) also follow from the definition (6.23) of ¢;. From (6.34) and (6.35) we check
that the left- and right-hand sides of (6.28) and (6.29) have the same values as z — 0 and the
equalities (6.28) and (6.29) follow.

Then we have the following.

RH problem 6.12. U is the solution of the following RH problem.

e U is analyticin C \ 'y, where I'y = I'y,
e Uy =U_Jy on I'y with

o 2191.4(2) 1 0

0 e~ -0 |, z €,

0 0 1
1 2@
o 1 of, z e | Jlw/x*, /3],
0 0 1 J

1 1
Jui) =1 (1 0 5 gi«/§> 21~ (6.36)

0 wle—2924@ 1 , Z€n,
0 0 we ™22~
1 (l + llﬁ) ene1@

2 6 +
0 1 ol Z € U Cj .
0 0 1 /

e U(z) =+ 0O(1/2))A(z) as z — oo, where A(z) is given by (6.9).

Proof. From (6.14) on j(O, ®/X] and the definition (6.21) we obtain by the fact that g is
analytic, that Ji on | j [0, w jﬂ takes the form

D B T L ] € A £ L
0 @1 +—81.-) 0 (6.37)
0 0 1

The (1,2) entry of (6.37) is equal to 1 on X because of (6.19) (recall that n is even by our
assumption at the beginning of Section 6.1, so that the terms i that are in (6.19) on [0, wx™]
and [0, w?x*] do not matter). The nontrivial diagonal entries in (6.37) reduce on X to the ones
as given in (6.36) on X} because of the identities (6.24). On | J j [w’ x*, /%] the diagonal entries
in (6.37) are equal to 1, since g1+ = gi,— is analytic. The (1, 2) entry is e?"¥1 because of the
identity (6.25).
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For the jump matrix Jy on > we obtain from (6.14), (6.21) and the fact that ¢"8! is analytic
on 22

1 0 (% _ él\/g) e"(8|,_+gz,+7€+%(:Fﬁaz3/2+%z3))

0 wze—n(g2,++gz,_iﬁz3/2) 0 (6.38)

0 0 well(g2v++g2v,i310‘t/§z3/2)
with + for argz = /3 and — for arg z = —m/3 or arg z = w. The nonconstant entries in (6.38)
are simplified using (6.26) and (6.27) which leads to the expressions given in (6.36). Again we
use the fact that n is even so that the term £ in (6.27) on arg z = — /3 does not contribute.

Forz € Uj C;.*L we find from (6.15) and (6.21) that the jump matrix Jy is equal to

2
0 1 0
0 0 1

n 232,133 _ _
1 (liéiﬂ)e‘0(¥3ﬁz +3Z>+n(2g1(Z) 22(2)—0) 0

Here we simplify the (1, 2) entry by means of (6.25) and thereby obtain the jump matrix that is
given in (6.36) on |, C7.

The asymptotic condition in the RH problem 6.12 follows from the asymptotic condition in
the RH problem 6.7 for V, the transformation (6.21) and the fact that

-3 1 —3/2
g1(@2) =logz+ 0(z™7), gz(z)=§10gz+0(z )
as 7 — OQ.

The jump matrices Jy in the RH problem 6.12 for U have a good form for the opening of
lenses around X; and X>. Indeed, the expressions ¢; +(z), j = 1, 2, that appear in the non-trivial
diagonal entries in the jump matrices are purely imaginary and the diagonal entries e~2"%j.+()
are highly oscillatory if n is large. The opening of lenses will turn these entries into exponentially
decaying off-diagonal entries.

The other non-constant entries in the jump matrix Jy have a factor ¢2"%! or e . These are
exponentially decaying provided that Reg; < 0 on j((a)j x*, /XU C;) and Reg; — < Oon
2. The first of these inequalities indeed holds, but the second one is not satisfied on the part
of X in a neighborhood of the origin. Fortunately, we can remove the (1, 3) entry in the jump
matrix (6.36) on 25 by a transformation in a larger domain that is similar to the global opening
of lenses in [3]. We will do this in the next subsection. The transformation will not affect the
jump matrices on X and Uj[wjx*, @' 3.

2n¢p —

6.4. Fourth transformation

The transformation U + T is based on the following property of the set where Reg; < 0.
Recall that ¢, see (6.22), is defined and analytic in C \ (X U X,). From (6.24) and (6.16) it
follows that

01.4(2) = +ipi(z, @' x*]), forze[0,0/x*], j=0,1,2, (6.39)

so that Reg; + = 0 on Y. On X, we have the identities (6.29) with ¢ 4 purely imaginary.
Therefore Reg; extends to a continuous function on C, which we also denote by Reg;. With this
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understanding we define the domain D as follows
D = {z € C|Reg(z) <0}. (6.40)

Since Reg; is harmonic in C \ (X U X3), we have that the boundary d D consists of a finite
number of analytic arcs that start and end on X U X or at infinity.

From (6.39) it follows that £i¢; 4+ is real and strictly increasing with a positive derivative
along each interval [0, w/x*] in X|. Then by the Cauchy—Riemann equations, it follows that the
closed set C \ D contains the intervals [0, ! x*), Jj =0, 1, 2 in its interior. Note that 0 is also an
interior point, since p] has a positive density at 0. Near the branch point x* we have

0@ = —c =2 (140 (@=x97)) asz—

with a positive constant ¢ > 0. This follows from the fact that 1} vanishes as a square root at
x*. Thus Reg; < 0 immediately to the right of x*. It also follows that x* € 9D and 3 D makes
angles +27/3 with [0, x*]. The same holds at @’ x* because of the rotational symmetry.

Since

t
201(z) = 2340 asz— oo,
3tp
which follows for example from (6.25), the domain D is unbounded and extends to infinity in

the three directions
largz — 2k — ) /3| < mw/6, k=0,1,2,

around the directions /3, 7 of X,. The unbounded parts of d D then extend to infinity at
angles £ /6, £7/2 and £57 /6. From what we now know about D it follows that d D has three
unbounded parts. One of them intersects the positive real line and tends to infinity at angles
47 /6. The other two are obtained by rotation over angles +27/3.

The analytic arcs in 3 D that start at the branch points w’/x* then necessarily end at points on
2. The conclusion is that we have a situation as shown in Fig. 6. In particular the domain D is
connected.

We also find that Reg; takes on a negative minimum on the interval (x*, co) which by (6.22)
and parts (c) and (d) of Lemma 4.3 is taken at X. Thus X € D, and by symmetry also w/X € D
for j = 1, 2. We may then also assume that the unbounded contours C; from (5.13) and (5.14)
(see also Fig. 4) satisfy

CjCDﬂS', j=0,1,2,

and that they extend to infinity at asymptotic directions —m /346 and 7 /3 —6y (for Cy), 7w /3+6)
and m — 6y (for C;) and —7 + 6y and —7 /3 — Oy (for C»), where 6y € (0, /6) is some fixed
angle. The above choice makes sure that

Repi(z) <0, zeCj, j=0,1,2, (6.41)
and, with positive constants ¢y, ¢z > 0,
Reg(2) < —cilzl® + 2, (6.42)

for z in the domain bounded by Co U C1 U Cj.
After these preparations we define the transformation U + T as follows.
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54 Reg; >0 Reypy <0
0 5 x* Reg, 0
-3 Regi1 >0 Rep1\< 0
s 0 5

Fig. 6. Curves Reg;(z) = 0 and the domains where Reg;(z) < 0 and Reg;(z) < 0. The figure is for the values
to =1.8,13 =0.25.

Definition 6.13. We define T as
T(z) =U(z)

for z outside the domain bounded by Cy U C; U C», and for z inside this domain,

T(Z)
11
1 <(_1)k§ - giﬁ) i@ g for ares ¢ (KT e+ D
U@ |, 1 0 & 37 3 (6.43)
0 0 ) and k = -3,...,2.

Then T is defined as

T(z) =

- o O
~
~
2~
N

o oN

o = O

0
0]. (6.44)
1

S O =
S = O

The RH problem for T is the following.

RH problem 6.14. T is the solution of the following RH problem.

e T isanalyticin C\ I'r, where I'T = I,
e 7. =T_Jr on I'r with
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8—2"§01,+(Z) 1 0
0 e~ -@ , ze X,
0 0 1
1 0 0
0 e 292+ 1 , z€ X,
0 0 we2192.-()

Jr(z) = 1 2@ 2 (6.45)
0 1 0], ze [ JIw/x*, /3],
0 0 1 =0
1 L g 2
o "1 ol zelJa
0 0 1 =0

e T(z) =+ 0(1/2))A(z) as z — o0, where A(z) is given by (6.9).

Proof. From (6.42) and (6.43) we get that 7'(2) = U (2) (1 +0 (e*ﬂlzﬁ)) as 7 — oo, which
by the asymptotic condition in the RH problem 6.12 for U leads to
T(z) = (I +0(1/2)A®)

as z — o0o. The transformation (6.44) does not affect this asymptotic behavior, because of the
special form (6.9) of A(z).
We next verify the jump matrices (6.45). We write

11
o=+ 61\/3. (6.46)

For the jump matrix J3 = (T_)_1 T, on X we obtain by (6.36) and (6.43)

1 ae®™— 0 1 ae®™+ 0
Jr=|0 1 olJulo 1 0
0 0 1 0 0 1
e+ Jira4a 0 e 21+ 2 0
=| o e - ol= 0 - 0
0 0 1 0 0 1

The transformation (6.44) has the effect of dividing the (1, 2) entry in J3 by 2 and we obtain the
jump matrix J7 on X as given in (6.45). Similar calculations lead to the jump matrices Jr on
; ; i
Uj[wfx*,.a)fﬂ and9ntCj. .
For the jump matrix J3 on X, we obtain by (6.36) and (6.43)

1 _ge2ner— 1 —qe2i+ o
Jz =10 1 OJJuloO 1 0
0 0 1 0 0 1
1 —e2t — gl @1 ——¢24) 0
—|o wle 292+ 1 (6.47)
0 0 we—Zn(pzy,
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Co

Co

Fig. 7. Lenses L1 and L, around X and X, and the contours X in the RH problem for S.

By (6.29) we have ¢>"(#1.-—¢24) = ¢2"¢1.+ on 5, and so the (1, 2) entry in (6.47) reduces to
(—a — aw?)e1+ =0,

because of the value (6.46) we have for . Thus the (1,2) entry in (6.47) vanishes. The
transformation (6.44) then gives Jr = J; and it is equal to the jump matrix (6.45) on 2.

Since Reg; < 0 on Uj((wjx*, /XU C;.—L) we see from (6.45) that the jump matrices Jr
on these parts of I’y tend to the identity matrix as n — oo. What remains are oscillatory jump
matrices on X and 2.

6.5. Fifth transformation

We open up lenses around the three intervals in X'} and around X>. We use
Ly=LfULy (6.48)

to denote the lens around /| where Lf' (L7) is the part that lies on the + side (— side) of 2.
The boundary dL; of L; meets X at the endpoints wl x*, j = 0,1,2 but not at 0. The
boundary meets > at points at a positive distance §; > 0 from the origin, see Fig. 7, and we
choose L such that dL; \ {w’x*} is contained in the region where Reg; > 0, see also Figs. 6
and 7.
Similarly we write

Ly=LTUL; (6.49)

for the lens around Y>. The boundary dL, lies in the region where Reg, > 0 and they are
bounded by infinite rays that meet X at points at a positive distance 6, > 0 from the origin. The
rays have an asymptotic angles +m /3 £ ¢, w £ ¢ for some small ¢ > 0, see also Fig. 7. We can
indeed open the lens around X this way, since } has a positive density, also at 0.
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Note that the lenses L and L, have non-empty intersection. More precisely, LT NL, #0
and LT N LY # 0.

Definition 6.15. We define
S(z) =T(2)

for z outside of the lenses L and Lj. For z inside the lenses we define

1 0 0
Fe 1@ 1 o], ze LY\ Ly,
0 0 1
1 0 0
S@ =T x{|0 1 0]. zeLy\Li,  (6.50)
0 :Fa):Fe*ZVl(ﬂz(Z) 1
1 0 0
Fe 201 1 0|, zeLyNnLT,
wFe 201D+ ,@) 4 F, 2@
where o = wand w™ = 0! = &2

Then § satisfies a RH problem on a union of contours ['s that consists of I'r and the lips
0L and 0L, of the lenses. We continue to follow the convention that the contours are oriented
away from the origin, and towards infinity. For 0L and dL, this means that each part in dL
is oriented towards a branch point w/x*, and each part in 9L, is oriented towards infinity, as
indicated in Fig. 7.

RH problem 6.16. e S is analytic in C \ [T,

e S, =S_Jgon I'sg with Jg given as follows on I'r,

0O 1 0
-1 0 0], z € My,
0O 0 1
1 0 O
0o 0 11, z € X,
0 -1 O
Js(z) = 1 2@ 5 (6.51)
0 1 0], =ze U[wjx*,wjf],
0 0 1 j=0
%eznﬂol(Z) 0 )
0 1 ol < € U Cj,
0 0 1 j=0

and on the lips of the lenses by
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1 00
e—Z"‘ﬂl@ 1 0], z€0L;\ Lo,
0 1
1
0 L . ) z€dLy \ Ly,
Fpo—en$2(2
s =1 o 0 (6.52)
e 211 1 o}, z€dLT N Ly,
+e *2'1(</>1(Z)+W2(Z)) 0 1
1 0 0
0 1 0|, zedLfnL.
wte 201D+, @) Fo2m02()

e S(z) = + 0(1/2))A(z) as z — oo where A(z) is given by (6.9).

Proof. The jump matrices Jg arise from combining the jump condition (6.45) for T with the
definition (6.50). As an example we show how the jump matrix (6.52) on BLIL N L, arises.

To compute the jump matrix on BLI" N L, we need the definition (6.50) of S in the parts
LT N Ly (which is on the —side of 9L N Ly) and L; \ L (which is on the right). Since T has
no jump we find from (6.50) that,

1 0 0 1 0 0
Js(z) = —e 21(2) 1 0 0 1 0
W2 O D+0@) 2@ 0 we 2120
1 0 0\ /1 0 0
= e 2@ 1 ollo 1 0],
@@+ 0@) 2@ 1)\ e 22@

since 1 + @ + w? = 0. This then easily reduces to the jump matrix Js as given in (6.52) on
dL{ N L,. The other jumps follow in a similar way.

The asymptotic condition for S outside of the lens L, follows trivially from the asymptotic
condition in the RH problem 6.14 for T'. Inside L,, we note that by (6.26) we have

=+ 32 4 0(lo asz — 00, Z € Loy,
2(2) 3t0\/EZ + O(logz) Z b4 2
where the =+ signs are such that Regy(z) > O for z large enough in L,. Then it follows from
(6.50) that the asymptotic condition is also valid in the lens L.

We are now in a situation where all jump matrices Jg tend to the identity matrix as n — oo,
except for those on Y and 35, which are constant. We already saw this for the jumps on
Uj ((a)jx*, w/X) U Cj), see (6.51), since Rep; < O on these parts of the contour. Also L is
contained in the region where Reg; > 0, so that the entries e =21 that appear in (6.52) are
indeed decaying as n — oo.

Regarding ¢, we note that by (6.16) and (6.26) we have that ¢; +(z) is purely imaginary for
z € Xy, with

i2,+(2) = —ig2 —(2)
—m/6, argz = +m/3,

2 3/2 4
3, fl 4 {71/3, argz = . (6.53)

75 ([0, 2]) +



PM. Bleher, A.B.J. Kuijlaars / Advances in Mathematics 230 (2012) 1272-1321 1315

Thus igy + and —igp _ are strictly increasing along each of the rays in 2. Then by the
Cauchy—Riemann equations, we have that Reg, > 0 both to the left and to the right of Y.
We may (and do) assume that the lips of the lens L, is contained in the region where Reg, > 0
and it indeed follows that the jump matrices (6.52) tend to the identity matrix as n — o0.

Remark 6.17. The asymptotic condition in the RH problem 6.16 for S is valid uniformly as
z — 00 in any direction in the complex plane. This is in contrast to what happens in the
RH problems for X, V, U and T, where the asymptotic condition is not valid uniformly in the
directions arg z = = /3, 7 that correspond to Y5>, see Remark 6.4.

The term e~2"#2(9) that appears in the transformation (6.50) for z € L;E \ Lj is small for z
away from 2, but becomes of order 1 as z approaches 3». On Y a certain cancellation takes
place, which results in the asymptotic condition being valid uniformly. One can establish this
rigorously by looking back at the transformations ¥ + X +- V = U +— T > S near X, but
we will not go into that here.

If we do not want to rely on this detailed analysis, then we can only guarantee at this stage
that the asymptotic condition in the RH problem 6.16 for S is valid uniformly as z — oo with

argze(—m +¢,—n/3—e)U(—n/34+¢e,7/3—e)U@/3+¢,m—¢)
and that

S(z) = O(1)A(z) uniformly as z — oo. (6.54)
The latter condition is a consequence of (6.10) in Remark 6.4 and the transformations leading
from X to S.

6.6. Global parametrix

The global parametrix M is a solution of the following model RH problem, which we obtain
from the RH problem 6.16 for S by dropping the jump matrices that tend to the identity matrix
asn — 0.

RH problem 6.18. e M is analytic in C \ I'yy where I'yy = X1 U X5,
e M, = M_Jy on ')y with

0O 1 0
-1 0 0}, zel,

0 1

Ju(z) = 1 0 o
0 0 1), zely,

0 -1 0

e M(z) = (I + 0(1/2))A(z) as z — o0, where A(z) is given by (6.9).
e M(2) =0 ((z—w/x*)"V*)asz > w/x*for j =0,1,2.
e M(z) remains bounded as z — O.

Note that the product of the jump matrices around 0 is the identity matrix and so we can indeed
require that M remains bounded near the origin. Also observe that the asymptotic condition is
compatible with the jumps on the unbounded contours, since
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Ay =A_Jy on 3, (6.55)

which may be checked directly from the definition (6.9) of A(z).

To construct M we use a meromorphic differential {2 on the Riemann surface R, which we
specify by its poles and residues, see also [15,25,28]. We require that {2 has simple poles at the
branch points ! x*, Jj = 0,1,2 and at 0o, (the point at infinity that is common to the second
and third sheets) with

. 1 3
Res(£2, o’/ x*) = 5 Res({2, 00p) = 5

and {2 is holomorphic elsewhere. The residues add up to 0, and therefore the meromorphic
differential exists and it is also unique since the genus is zero.
We use 0oy as base point for integration of {2 and define
Z

uj@)=[ 92, zeR; j=1,2,3, (6.56)

001
where the path of integration is chosen according to the following rules:

e The path for u;(z) stays on the first sheet.

e The path for us(z) starts on the first sheet and passes once through X} to go to the second
sheet and then stays on the second sheet.

e The path for u3(z) starts on the first sheet, passes once through %} to go to the second sheet,
and then passes once through Y to go the third sheet and then stays on the third sheet.

e All passages from one sheet to the next go via the —-side on the upper sheet to the +-side on
the lower sheet.

Then the functions u ; are well-defined, u1 is analytic on C\ X1, u5 is analytic on C\ (X1 UX3),
and u3 is analytic on C \ X,. The functions satisfy

U3, 4 = U3,— Ul,— = U 4, uy+ =uy— tmwi, onlkty,
Ui+ =uj,—, Uz — =u3 4, uz + =u3_ tmwi, onlj.
We put
wi
vj =e" (6.57)

and then we have
(v1 5 v3)+ = (v1 1) U3)_ Jy on XU,

Since v1(z) = 1+ 0(1/2),12(z) = 0@ 3*,v3(z) = Oz 3* as z — oo, the vector
(v1, v2, v3) satisfies the conditions for the first row of M.

The vector space of holomorphic functions on R \ {00, } with at most a double pole at co; has
dimension 3. Let f(D = 1, f@, f® be a basis of this vector space. We use fj(i) to denote the

restriction of £ to the sheet R ;. Then it is easy to see that
vy v v3
2 2 2
B=|vf? wuf? wvfy
3 3 3
vf? nfy) vf
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is defined and analytic in C \ I'y; with jump B, = B_Jy. Also B(z) = O(z'/*) as z — oo. It
then easily follows that det B = const and the constant is non-zero, since the functions f M =1,
£@, 3 are independent.

We already noted that Ay = A_Jy on 2. Since A and B have the same jumps on 23, it
follows that BA™! is analytic in C \ Xy, and therefore has a Laurent expansion at infinity. Since
both B(z) = O(z'/4) and A(z) = O(z!/*) as z — oo, we have

BOA ' @)=C+0@@™" asz— o0

for some constant matrix C. Since det B = const % 0 and det A = 1, we see that det C # 0, and
so C is invertible. Then

M(z) = C'B(z)
satisfies
M@ =+ 0@z "Y))AkZ asz— .

It also satisfies the jump condition M = M_Jyy, it is bounded at O and it has at most fourth root
singularities at the branch points. Thus M is the global parametrix we are looking for.

Remark 6.19. From the above construction it follows that
M) =vi(z) =@, zeC\ X,

which in particular means that M; 1(z) # 0forz € C\ 2.
6.7. Local parametrices

The local parametrix P is defined in the disks
D(w/x*,8) ={z € C ||z — 0/ x*| <8},
where 6 > 0 is taken sufficiently small.

RH problem 6.20. e P is continuous on (U ; D(w’ x*, 8)) \ I's and analytic in (U ; D(w’ x*, 6))
\ I,

e PL=P_JgonlgnN Uj D(w’x*, 8), where Js is as in (6.51) and (6.52)

e P(z) matches with the global parametrix M (z) in the sense that

P(Z) = M(2) (1 + O(n”)) as n — oo, (6.58)
uniformly for z € Uj 0D(wjx*, 8).

In the noncritical case ty < to ri; the density of w; vanishes as a square root at w’ x*, for
Jj = 0, 1,2, which means that we can build the local parametrix P out of Airy functions in a
small disk around each of these endpoints. The construction is done in a standard way and we do
not give details here.

6.8. Sixth transformation

Now we make the final transformation. We choose a small disk D(w/, x*, §) around each of
the branch points, and define
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Fig. 8. Contour I'g for the RH problem for R.

Definition 6.21. We define

S(z)P(z)_1 in the disks around the endpoints a)jx*, j=0,1,2,

6.59
S(z)M(z)~"  outside of the disks. ( )

R(2) ={

Then R is defined and analytic outside of the union of I's with the circles around the branch
points. Since the jump matrices of S and M agree on Y] U X,, we see that R has an analytic
continuation across 3 and across the part of 3/; that is outside of the three disks. Similarly, the
jump matrices on S and P agree inside the disks, and so R also has analytic continuous inside
the three disks. It follows that R is analytic in C \ I'g, where [y is the contour shown in Fig. 8.
It consists of the part of X \ (X U X») that is outside of the three disks, together with the three
circles around the branch points.

The RH problem for R is thus as follows.

RH problem 6.22. e R is analytic in C \ I,
e Ry = R_Jg on I'p where

M) 'P(z) for z on the circles,

M(z)"'Js(z)M(z) elsewhere on I'g. (6.60)

Jr(2) ={
e RQ)=I+0EYHasz— oo

Remark 6.23. Following Remarks 6.4 and 6.17 we note that the asymptotic condition in the RH
problem 6.22 is valid uniformly as z — oo with
argze(—n+e,—n/3—e)U(—n/3+¢e,n/3—e)U/3+¢e,m—¢)

for any ¢ > (. From Remark 6.17 and the transformation (6.59) it also follows that R(z) = O(1)
as z — oo uniformly. Since the jump matrix Jr(z) for z € I’y tends to the identity matrix
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as z — 00, see also (6.62) below, it is then easy to show that the asymptotic condition
R(z) =1+ O(z~") as z — oo is in fact valid uniformly.

All jump matrices Jg in the RH problem 6.22 tend to the identity matrix as n — oo. Indeed,
because of the matching condition (6.58) we have

JR@) =1+ 0m™"), forze dDwx*,8) 6.61)

while the jump matrices on the remaining parts of I'g are exponentially close to

Jr(@) = I+ 0(e~""),  elsewhere on I'g. (6.62)

We conclude two things from (6.61) and (6.62). The first thing is that the RH problem 6.22
has a solution if n is large enough. This indeed follows from (6.61) and (6.62) since for jump
matrices Jg close enough to the identity matrix the RH problem 6.22 has a unique solution which
can be written down as a Neumann series. Since the transformations

Y>> X—»VH>U—TH S—R (6.63)

are invertible it then also follows that the solution Y to the RH problem 5.4 uniquely exists. So
in particular the (1, 1) entry exists, which is the orthogonal polynomial P, ,.

The second thing we obtain from (6.61) and (6.62) is that the solution R of the RH
problem 6.22 not only exists but is also close to the identity matrix as n — oo. There is an
estimate

R(z)=1+0 ( asn — 00, (6.64)

T 7T)
n(l+]z|)

uniformly for z € C\ I'r. The estimate (6.64) completes the steepest descent analysis of the RH
problem.

6.9. Proof of Lemma 6.1

The proof of Lemma 6.1 now follows by unraveling the transformations (6.63) and then use
(6.64) to see the effect on the orthogonal polynomial, since

Pn,n(z) = Yl,l(Z)a
see (5.26).

Proof. From the definitions (6.5), (6.6), (6.11)—(6.13), (6.21), (6.43) and (6.44) we easily see
that

Pun(@) = X11() = V11() = Up1(2)e"1®
=Tii(@e"™®,  zeC\ 2. (6.65)
Using (6.65) and (6.50) we find
Pon(2) = S11(2)e"1®, zeC\ L. (6.66)
For z outside of the disks D(w/x*, §) we have S = RM by (6.59) and so by (6.64)
S1,1(2) =0+ 01/n)M;,1(2) + O /n)
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which, since M 1(z) is analytic with no zeros in @\ 21, see Remark 6.19, can also be written as
S11) = (14 0(1/m)M11(z), ze€C\ (Ll ulJDw@'x, 5)) ,
J

and the O-term is uniform. Inserting this into (6.66) we obtain (6.1) uniformly for z €
C\ (Ll U UJ- D(w’ x*, 8)). The lens L around ¥ and the disks D(w’x*8) around the branch

points can be made as small as we like. It follows that (6.1) holds uniformly for z in compact
subsets of C \ Y| and the lemma is proved.

6.10. Proofs of Theorems 2.3 and 2.5

Proof. For 1y, t3 > 0 with 7y < 19 ri; we proved that the orthogonal polynomial P, , exists for
large enough n and satisfies (6.1). Since M 1(z) # 0 for z € C\ X, the zeros of P, , accumulate
on Y| as n — 00, and this proves Theorem 2.3.

From (6.1) and (6.16) it follows that, uniformly for z € C \ X,

1
lim —log|P,n(z)| = Regi(z) = /log |z — sldui(s).
n—oon

Standard arguments from logarithmic potential theory, see e.g. [29, Theorem II1.4.1] then imply
that p17 is the weak limit of the normalized zero counting measures of the polynomials P, , as
n — oo. By construction, 7 is the first component of the minimizer of the vector equilibrium
problem, see also Lemma 4.1, and Theorem 2.5 follows.
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