
Energy Conversion and Management 106 (2015) 213–223

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
Contents lists available at ScienceDirect

Energy Conversion and Management

journal homepage: www.elsevier .com/ locate /enconman
Evaluating the marginal utility principle for long-term hydropower
scheduling
http://dx.doi.org/10.1016/j.enconman.2015.09.032
0196-8904/� 2015 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

⇑ Corresponding author. Tel.: +86 10 62796539; fax: +86 10 62796971.
E-mail address: zhaojianshi@tsinghua.edu.cn (J. Zhao).
Tongtiegang Zhao a, Jianshi Zhao a,⇑, Pan Liu b, Xiaohui Lei c

a State Key Laboratory of Hydro-Science and Engineering, Department of Hydraulic Engineering, Tsinghua University, Beijing 100086, China
b State Key Laboratory of Water Resources and Hydropower Engineering Science, Wuhan University, Wuhan 430072, China
c State Key Laboratory of Simulation and Regulation of Water Cycle in River Basin, Institute of Water Resources and Hydropower Research, Beijing 100038, China

a r t i c l e i n f o
Article history:
Received 23 June 2015
Accepted 11 September 2015
Available online 29 September 2015

Keywords:
Increasing marginal cost
Increasing marginal return
Unconstrained optimization
Constrained optimization
Three Gorges Reservoir
a b s t r a c t

The conversion of the potential energy of dammed water into hydropower depends on both reservoir
storage and release, which are the major difficulties in hydropower reservoir operation. This study eval-
uates the marginal utility principle, which determines the optimal carry-over storage between periods,
for long-term hydropower scheduling. Increasing marginal cost and decreasing marginal return are
two important characteristics that determine the marginal utility principle in water supply. However,
the notion of decreasing marginal return is inapplicable in hydropower scheduling. Instead, the carry-
over storage from one period has an increasing marginal contribution to the power generation in the next
period. Although carry-over storage incurs an increasing marginal cost to the power generation in the
current period, the marginal return is higher than the marginal cost. The marginal return from the
carry-over storage further increases in the multi-period case. These findings suggest saving as much
carry-over storage as possible, which is bounded by the operational constraints of storage capacity, envi-
ronmental flow, and installed capacity in actual hydropower scheduling. The marginal utility principle is
evaluated for a case study of the Three Gorges Reservoir, and the effects of the constraints are discussed.
Results confirm the theoretical findings and show that the marginal return from carry-over storage is lar-
ger than the marginal cost. The operational constraints help determine the optimal carry-over storage.
� 2015 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Reservoir operation involves a sequential decision making pro-
cess. A release decision is made at the beginning of one period
based on hydrological forecast and is implemented to satisfy mul-
tiple operational objectives. For example, Wang et al. [21] investi-
gated hydropower operation of cascade reservoirs considering
hydraulic connections; Null and Lund [15] incorporated environ-
mental flow into reservoir operation to restore fish habitat; Zhao
and Zhao [28] analyzed water supply under streamflow forecast
uncertainty. Over time, release decisions in subsequent periods
are dynamically updated with improved forecast information and
are implemented. Wu et al. [22] and Chen and Chau [1] respec-
tively presented hydrological forecasting based on artificial intelli-
gence and hydrological models. Zhao et al. [27] illustrated the
quantification of predictive uncertainty of streamflow forecasts.
Xu et al. [23] explored how to efficiently use dynamically updated
hydrological forecasts in reservoir operation.
Operating rules, including standard operating policies and
hedging rules, and optimizationmodels, such as mathematical pro-
gramming and heuristic algorithms, have been proposed to aid in
reservoir operation. For instance, Tu et al. [19] and Eum et al. [5]
respectively presented applications of hedging rules to deal with
water supply and hydropower issues; while Cheng et al. [2] and
Giuliani et al. [7] respectively applied nonlinear programming
and many-objective evolutionary algorithm to optimize reservoir
operations. Decision making involving reservoir operation is com-
plex because of many issues. The effects of market demands of
hydropower and water resources on decision making were ana-
lyzed in Olivares and Lund [16]. The application of probabilistic
forecast to reservoir operation was presented by Sankarasubrama-
nian et al. [17]. The integration of operating rules, optimization
models and algorithms were investigated by Georgakakos et al.
[6] for the joint operation of multiple reservoirs in California and
by Lu et al. [12] for the operation of cascade reservoirs on the
Yangtze River.

Despite the complexities, decision making of reservoir opera-
tion can be conceptualized as a simple two-stage model: either
releasing stored water from a reservoir for beneficial use in the
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1 For interpretation of color in Fig. 1, the reader is referred to the web version of
this article.
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current period or retaining water for future use. This two-stage
conceptualization complements complex optimization models.
Derivations from the two-stage model aid in making operation
decisions. For example, hedging operations, which reduce current
release in anticipation of water shortage, are common in water
resource management. Using two-stage models, Draper and Lund
[4] addressed the rationality behind hedging and attributed
hedging operations to the economic characteristic of diminishing
marginal utility. A multi-period model can be formulated as a
recursive two-stage model, as in dynamic programming. Based
on two-stage formulations, Zhao et al. [26,31] and Zhao and Zhao
[29] developed improved dynamic programming algorithms for
reservoir operation.

Draper and Lund [4] proposed the marginal utility principle to
characterize the optimality condition of decisions in the two-
stage model. This principle is derived from the utility function,
which is also called the objective function in optimization. In water
supply, the utility function is simple because it depends only on
water use. Specifically, water released for current use and carry-
over storage retained for future use exhibit a diminishing marginal
utility. Draper and Lund [4], You and Cai [24], and Zhao et al. [25]
derived the marginal utility principle by elaborating the marginal
utilities of release and carry-over storage. The concavity of the util-
ity function assures that the marginal utility principle is both suf-
ficient and necessary for optimal water supply decisions. In flood
control, Zhao et al. [30] proposed the marginal utility principle
by formulating flood risks and by considering the utility functions
of current and future safety margins.

However, the utility function is more complicated in hydro-
power operations. The formulations of Liu et al. [10], Cheng et al.
[2], and Tilmant et al. [18] indicated that the conversion of the
potential energy of dammed water depends on both reservoir stor-
age and release. Moreover, Zhao et al. [31] observed that carry-over
storage may exhibit increasing marginal utility, instead of dimin-
ishing marginal utility, because an increase in this storage creates
a higher water head and enables future release to generate more
power. Does the marginal utility principle apply to hydropower
problems? Are the optimal decisions in hydropower problems
determined by this principle? This study addresses these two
research questions and builds on Zhao et al. [31] by elaborating
both the marginal cost and marginal return of carry-over storage
in one-, two-, and multi-period cases. In addition to theoretical
analyses, a case study of the long-term hydropower scheduling of
the Three Gorges Reservoir is conducted. The effects of the mar-
ginal utility principle and reservoir operational constraints on opti-
mal hydropower scheduling decisions are elaborated.

2. Marginal utility principle and hydropower scheduling

Consider a reservoir operation problem with a study horizon of
T periods. The time period is denoted by subscript t. An optimiza-
tion model can be formulated as follows:

max
XT
t¼1

gtðst; stþ1; rt; qtÞ: ð1Þ

In Eq. (1), the total utility from period 1 to period T is maximized.
The single-period utility gt() is formulated in a general form. The
explanatory variables include reservoir storage st at the beginning
of period t, storage stþ1 at the end of period t (the beginning of
the next period t + 1), release rt during period t, and inflow qt in per-
iod t. A two-stage formulation of the multi-periodmodel in Eq. (1) is
presented as follows:

GtðstÞ ¼ max gtðst ; stþ1; rt ; qtÞ þ Gtþ1ðstþ1Þ: ð2Þ
In Eq. (2), stþ1 is also called the carry-over storage from period t to
period t + 1, which is the decision variable in the optimization
model. GtðstÞ and Gtþ1ðstþ1Þ are the maximum cumulative utility
functions from period T to periods t and t + 1, respectively. The
recursion in Eq. (2) from period T � 1 to period 1 optimizes the
reservoir operation in Eq. (1).

The marginal utility principle for water supply can be derived
through Eq. (2). First, the utility function is simplified as f tðrtÞ
depending on release-only conditions (please refer to You and
Cai [24] for justifications of the simplification). The two-stage
model is reformulated as

FtðstÞ ¼ max f tðrtÞ þ Ftþ1ðstþ1Þ: ð3Þ
In Eq. (3), the single-period and maximum cumulative utility func-
tions are denoted by f and F, respectively, in order to distinguish
them from the utility functions g and G in hydropower scheduling.
In Eq. (3), f t() is a concave function of rt (t = 1, 2, . . ., T), that is,

dft
drt

> 0

d2f t
dr2t

< 0

8>>><
>>>:

: ð4Þ

This equation indicates that release rt in period t has a diminishing
marginal contribution to the water supply utility f t . Zhao et al. [26]
derived that the concavity of f t() ðt ¼ T; T � 1; . . . ; t þ 1Þ leads to the
concavity of Ftþ1(), that is,

dFtþ1

dstþ1
> 0

d2Ftþ1

ds2tþ1

< 0

8>>><
>>>:

: ð5Þ

Eq. (5) indicates that the carry-over storage retained for future use
exhibits a diminishing marginal contribution to the maximum
cumulative utility.

rt in Eq. (4) and stþ1 in Eq. (5) are constrained by the water
balance relationship, that is, rt þ stþ1 ¼ st þ qt . This relationship
suggests that

rt ¼ st þ qt � stþ1: ð6Þ
Incorporating Eq. (6) into Eq. (4),

dft
dstþ1

¼ dft
drt

drt
dstþ1

¼ � dft
drt

< 0

d2f t
ds2tþ1

¼ d2f t
dr2t

drt
dstþ1

� �2

¼ d2f t
dr2t

< 0

8>>><
>>>:

: ð7Þ

Evidently, dft
dstþ1

is the opposite of dft
drt

and has a negative value. Thus,

retaining stþ1 for the future incurs a cost. d2 f t
ds2tþ1

is negative, indicating

an increase in marginal cost as stþ1 increases.
For the two-stage model in Eq. (3), Eqs. (5) and (7) indicate that

stþ1 contributes to Ftþ1 at the cost of f t . As stþ1 increases, the mar-

ginal return dFtþ1
dstþ1

of stþ1 decreases (i.e., the blue dashed line in

Fig. 1a),1 whereas the marginal cost dft
dstþ1

increases (i.e., the red solid

line in Fig. 1a). A decreasing marginal return and an increasing mar-
ginal cost produce the optimal carry-over storage s�tþ1. The marginal
return is obviously higher than the marginal cost when stþ1 < s�tþ1,
suggesting that stþ1 should be increased. The marginal return is
lower than the marginal cost when stþ1 > s�tþ1; that is, reducing stþ1

generates a net utility gain. Therefore, Draper and Lund [4] and
You and Cai [24] proposed the following marginal utility principle
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Fig. 1. Schematic of the marginal utility principle in (a) water supply and (b) hydropower scheduling.
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for the two-stage model: the marginal return is equal to the
marginal cost at the optimal carry-over storage s�tþ1.

The marginal utility principle in water supply is conceptually
simple because both the single-period and maximum cumulative
utility functions are concave. However, the utility function in
hydropower problems is more complicated, as shown in the
following:

gtðst ; stþ1; rt; qtÞ ¼ g� SSRðstÞ þ SSRðstþ1Þ
2

� SDR
� �

� rt : ð8Þ

In Eq. (8), the power generation gtðst; stþ1; rt; qtÞ in period t is formu-
lated as the product of the efficiency coefficient g, water head
SSRðst ÞþSSRðstþ1Þ

2 � SDR, and reservoir release rt . The present study
focuses on maximizing power generation in long-term hydropower
scheduling. Therefore, unnecessary complexities in short-term
power generation are not considered, such as fluctuations in elec-
tricity price (please refer to Cheng et al. [3] for more details), vibra-
tion zones in hydropower turbines (please refer to the formulations
in Ma et al. [14]), and variations in power generation efficiency with
storage and release (please refer to the case study by Li et al. [9]). In
Eq. (8), the water head is the mean of the difference between the
upstream and downstream water levels, which are determined by
the stage–storage relationship (SSR) and the stage–discharge rela-
tionship (SDR), respectively. SDR is simplified as a constant.

For Eq. (8), Zhao et al. [31] derived the following:

@gt
@rt

> 0
@2gt
@r2t

< 0

8<
: ; ð9Þ

and

@2gt

@st@rt
> 0: ð10Þ

In Eq. (9), the diminishing marginal contribution of rt to gt implies
that the marginal cost of power generation during period t (the red
solid line in Fig. 1b) increases with the carry-over storage stþ1. How-
ever, in Eq. (10), the complementarity between st and rt suggests
that stþ1 can generate an increasing marginal return (i.e., the blue
dashed line in Fig. 1b), instead of a decreasing marginal return.
More specifically, increasing stþ1 can make release rtþ1; rtþ2, . . . , rT
generate more power.

The marginal utility principle in water supply is attributable to
the characteristics of diminishing marginal return and increasing
marginal cost (Fig. 1a). However, in hydropower, increasing mar-
ginal return and marginal cost complicate the marginal utility
principle (Fig. 1b). Is the marginal return larger or smaller than
the marginal cost? Is there a high or low threshold where the mar-
ginal return is larger or smaller than the marginal cost? In the next
section, both the marginal return and marginal cost of carry-over
storage are investigated, and the marginal utility principle for
hydropower scheduling is explored.
3. Theoretical analysis

This section analyzes one-, two-, and multi-period hydropower
scheduling. Both the marginal return and marginal cost of carry-
over storage are analytically derived in one- and two-period cases.
The marginal cost is compared with the marginal return to explore
the marginal utility principle. Furthermore, implications are pro-
vided for multi-period hydropower scheduling.
3.1. One-period formulation

A schematic of the reservoir operation during period t is shown
in Fig. 2. The reservoir system in the said period is represented by a
box. The carry-over storage st from the previous period t � 1 and
inflow qt during period t are the inputs to the reservoir system,
whereas the carry-over storage stþ1 to the next period and release
rt during period t are the outputs. Power generation depends on
these four interrelated variables. The water balance relationship



Fig. 2. Schematic of one-period reservoir operation (the reservoir system is
represented by a box, and system inputs and outputs are represented by arrow
lines).
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indicates that rt ¼ st þ qt � stþ1. Incorporating this equation into
Eq. (8),

gtðst;stþ1Þ¼g� SSRðstÞþSSRðstþ1Þ
2

�SDR
� �

�ðst þqt � stþ1Þ: ð11Þ

In Eq. (11), power generation is formulated as a function of the
carry-over storage st and stþ1. The inflow qt is not treated as an
explanatory variable in gtðst ; stþ1Þ because qt is a given input for
the optimization model. As was illustrated in the literature review
by Labadie [8] and a case study of hydropower by Turgeon [20],
to determine carry-over storage between different periods is one
of the most important issues in real-world reservoir operation.

The effects of st and stþ1 on gt are measured by partial
derivatives:

(1) @gt
@st

indicates the marginal contribution of st to gt:
@gt

@st
¼ g

SSR0ðstÞ
2

ðst þ qt � stþ1Þ þ g
SSRðstÞ þ SSRðstþ1Þ

2
� SDR

� �
:

ð12Þ

In Eq. (12), SSR0ðstÞ > 0 (i.e., the reservoir water level
increases with storage), st þ qt � stþ1 ¼ rt > 0 (i.e., the reser-

voir release is greater than zero), and SSRðst ÞþSSRðstþ1Þ
2 � SDR > 0

(i.e., the reservoir water level is higher than the water level
in the downstream river channel). Therefore, @gt

@st
> 0.

(2) @2gt
@s2t

illustrates the trend of @gt
@st

as st increases:
@2gt

@s2t
¼ gSSR0ðstÞ þ g

SSR00ðstÞ
2

ðst þ qt � stþ1Þ: ð13Þ
The stage–discharge relationship is important in Eq. (13).
This study follows the formulations in Lund [13] and approx-
imates this relationship using a power function to determine

whether @2gt
@s2t

is positive or negative.
SSRðstÞ ¼ asbt þ c ða > 0;0 < b < 1; c > 0Þ: ð14Þ

SSR() is a monotonically increasing and concave function,
that is, SSR0() > 0 and SSR00() < 0. Based on Eq. (14),

SSR0ðstÞ ¼ absb�1
t and SSR00ðstÞ ¼ abðb� 1Þsb�2

t . Given that
SSR00ðstÞ < 0 (0 < b < 1Þ and st þ qt � stþ1 < st (i.e., the

reservoir release is less than the storage), g SSR00 ðst Þ
2 ðst þ qt�

stþ1Þ > g SSR00 ðst Þ
2 st . Therefore, @2gt

@s2t
> gabsb�1

t þ g abðb�1Þ
2 sb�1

t ¼
g abþab2

2 sb�1
t > 0.

(3) @gt
@stþ1

measures the marginal cost of stþ1 to gt:
@gt

@stþ1
¼g

SSR0ðstþ1Þ
2

ðst þqt � stþ1Þ�g
SSRðstÞþSSRðstþ1Þ

2
�SDR

� �
:

ð15Þ
In Eq. (15), g SSR0 ðstþ1Þ
2 ðst þ qt � stþ1Þ < g SSR0 ðstþ1Þ

2 stþ1 (st þ qt�
stþ1 < stþ1, that is, the reservoir release is less than the
storage). Supposing that the reservoir water level is equal
to the downstream water level when storage is zero, the
following is then derived:
@gt

@stþ1
< g

absb�1
tþ1

2
stþ1 � g

asbt þ asbtþ1

2

� �

¼ �g að1� bÞsbtþ1

2
� g

absbt
2

< 0:
(4) @2gt
@s2

tþ1
represents the trend of @gt

@stþ1
as stþ1 increases:
@2gt

@s2tþ1

¼ �gSSR0ðstþ1Þ þ g
SSR00ðstþ1Þ

2
ðst þ qt � stþ1Þ: ð16Þ

SSR0ðstþ1Þ > 0 and SSR00ðstþ1Þ < 0. Therefore, @2gt
@s2

tþ1
< 0.
In summary, the partial derivatives in Eqs. (12), (13), (15), and
(16) exhibit the following characteristics:

@gt

@st
> 0 ð17:1Þ

@2gt

@s2t
> 0 ð17:2Þ

@gt

@stþ1
< 0 ð17:3Þ

@2gt

@s2tþ1

< 0 ð17:4Þ

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

: ð17Þ

As can be observed, with a fixed stþ1, the carry-over storage st from
the previous period contributes to power generation gt (Eq. 17.1),
and the marginal return increases as st increases (Eq. 17.2). More-
over, under a fixed st , the carry-over storage stþ1 to the next period
incurs a cost to gt (Eq. 17.3). The marginal cost increases as stþ1

increases (Eq. 17.4).
In the two-stage reservoir operation (Eq. (2)), one basic issue is

determining the carry-over storage stþ1, which links period t to
subsequent periods. stþ1 incurs an increasing marginal cost to the
power generation in period t, as indicated in Eqs. (17.3) and
(17.4). However, stþ1 contributes to the power generation in the
subsequent periods t + 1 to T, as implied by Eqs. (17.1) and
(17.2). The following derivations compare the marginal return with
the marginal cost.

3.2. Two-period derivation

Fig. 3 illustrates a two-period hydropower scheduling. The
reservoir inflow qt and qtþ1 during the two periods are the given
inputs. Both the initial storage st at the beginning of period t and
the ending storage stþ2 at the end of period t + 1 are also fixed.
Thus, the focus is on the carry-over storage stþ1 from period t to
period t + 1.

The power generation in the two periods is calculated as
follows:

gtðst ;stþ1Þ¼g� SSRðstÞþSSRðstþ1Þ
2

�SDR
� �

�ðst þqt � stþ1Þ;

gtþ1ðstþ1;stþ2Þ¼g� SSRðstþ1ÞþSSRðstþ2Þ
2

�SDR
� �

�ðstþ1þqtþ1� stþ2Þ:

8>>><
>>>:

ð18Þ
The marginal utilities of stþ1 in the two periods are assessed as
follows:



Fig. 3. Schematic of two-period reservoir operation (the carry-over storage st+1
from period t to period t + 1 is crucial in maximizing the power generation in the
two periods).
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@gt
@stþ1

¼ g SSR0 ðstþ1Þ
2 ðst þ qt � stþ1Þ � g SSRðstÞþSSRðstþ1Þ

2 � SDR
h i

;

@gtþ1
@stþ1

¼ g SSR0 ðstþ1Þ
2 ðstþ1 þ qtþ1 � stþ2Þ þ g SSRðstþ1ÞþSSRðstþ2Þ

2 � SDR
h i

:

8><
>:

ð19Þ
According to Eq. (17), the marginal return @gtþ1

@stþ1
of stþ1 in period t + 1

occurs at the marginal cost @gt
@stþ1

in period t.

A two-period hydropower scheduling aims to maximize the
power generation in these two periods. The optimization model
is as follows:

max gtðst; stþ1Þ þ gtþ1ðstþ1; stþ2Þ: ð20Þ
In Eq. (20), stþ1 is the decision variable. The optimal s�tþ1 depends on
both the marginal return and the marginal cost. If the marginal
return is larger than the marginal cost, that is, @gt

@stþ1
þ @gtþ1

@stþ1
> 0, then

stþ1 should be increased as a net utility gain can be generated.
Otherwise, reducing stþ1 and consuming more water in period t
are beneficial.

Based on Eq. (19), the sum of the marginal return and marginal
cost is derived as follows:

@gt

@stþ1
þ @gtþ1

@stþ1
¼ g

SSR0ðstþ1Þ
2

ðst þ qt þ qtþ1 � stþ2Þ

� g
SSRðstÞ � SSRðstþ2Þ

2

¼ g
SSR0ðstþ1Þ

2
ðqt þ qtþ1Þ

þ g
2

SSRðstÞ � SSRðstþ2Þ � SSR0ðstþ1Þðst � stþ2Þ
� �

:

ð21Þ
Eq. (21) shows that @gt

@stþ1
þ @gtþ1

@stþ1
is reformulated as the sum of two

components. Given that the total release in the two periods is
ðqt þ qtþ1Þ þ ðst � stþ2Þ, the two components respectively measure
the effects of stþ1 on qt þ qtþ1 and st � stþ2:

(1) The first component g SSR0 ðstþ1Þ
2 ðqt þ qtþ1Þ in Eq. (21) indicates

the influence of stþ1 on the marginal productivity of
qt þ qtþ1. Increasing stþ1 creates a higher water head, that
is, SSR0ðstþ1Þ > 0, and enables qt and qtþ1 to generate more
power. Thus, this component is positive. A larger value of
qt þ qtþ1 augments the value of this component.

(2) The second component g
2 ½SSRðstÞ � SSRðstþ2Þ � SSR0ðstþ1Þ

ðst � stþ2Þ� represents the effect of stþ1 on the marginal pro-
ductivity of st � stþ2. Applying the first-order Taylor series
expansion to stþ1 yields SSRðstÞ � SSRðstþ1Þ þ SSR0ðstþ1Þ
ðst � stþ1Þ and SSRðstþ2Þ � SSRðstþ1Þ þ SSR0ðstþ1Þðstþ2 � stþ1Þ.
Therefore, SSRðstÞ � SSRðstþ2Þ tends to be equal to
SSR0ðstþ1Þðst � stþ2Þ, and the value of the second component
is approximately zero. This outcome suggests that the effect
of stþ1 on st � stþ2 is secondary when compared with its
effect on qt þ qtþ1.
Therefore, @gt
@stþ1

þ @gtþ1
@stþ1

is generally positive. That is, increasing

carry-over storage generates a net gain in the power generation
in the two-period hydropower scheduling. A two-period water
supply has a balanced level, at which the marginal return is equal
to the marginal cost (Fig. 1a), of the carry-over storage. However,
such a balanced level may not occur in hydropower scheduling.
A larger stþ1 is preferable.

3.3. Implications for multi-period hydropower scheduling

Analyzing both one- and two-period hydropower scheduling
provides implications for the multi-period model (Fig. 4). Based
on Eq. (2), a recursive two-stage formulation of the multi-period
model is derived as follows:

GtðstÞ ¼ max gtðst ; stþ1Þ þ Gtþ1ðstþ1Þ: ð22Þ
The above equation is similar to Eq. (20), except that gtþ1ðstþ1; stþ2Þ
(i.e., the power generation in period t + 1) is replaced by Gtþ1ðstþ1Þ
(i.e., the maximum cumulative power generation from period T to
period t + 1). Unlike the two-period model where the marginal
return of the carry-over storage stþ1 can be derived from
gtþ1ðstþ1; stþ2Þ, the marginal return of stþ1 cannot be derived analyt-
ically because Gtþ1ðstþ1Þ cannot be expressed as a closed form.

The two-period model (Eq. (20)) is linked to the multi-period
model (Eq. (22)). Note that Gtþ1ðstþ1Þ is derived from the recursive
computation at period t + 1:

Gtþ1ðstþ1Þ ¼ max gtþ1ðstþ1; stþ2Þ þ Gtþ2ðstþ2Þ: ð23Þ
Gtþ1ðstþ1Þ obviously accounts for the power generations in periods t
+ 1, t + 2,. . ., T (Fig. 4). In the two-period model, stþ2 is fixed, and the
carry-over storage stþ1 contributes to the power generation in per-
iod t + 1 only (Fig. 3). Under the multi-period model, stþ2; stþ3, . . . ,
sT�1 are decision variables, whose values can increase with stþ1.
Therefore, an increase in stþ1 contributes to the power generation
in period t + 1; increases of stþ2; stþ3, . . . , sT�1 with stþ1 further aug-
ments the power generations in the subsequent periods. Given that
the marginal return is higher than the marginal cost in the two-
period case, the marginal return of the carry-over storage in a
multi-period hydropower scheduling is expectedly even larger than
the marginal cost.

4. Hydropower scheduling of the Three Gorges Reservoir

The above theoretical analyses are conducted for unconstrained
hydropower scheduling. The operational constraints of storage
capacity, installed hydropower capacity, and environmental flow
have important roles in real-world reservoir operation. In this
section, the Three Gorges Reservoir is studied to investigate the
marginal utility principle in constrained hydropower scheduling.

4.1. Setting of the case study

The Three Gorges Reservoir is one of the largest water resource
projects in the world. This reservoir controls the streamflow of the
upper Yangtze River and has a drainage area of 1 million km2 and a
multi-annual mean flow of 4.51 � 1011 m3. The reservoir is mainly
operated for flood control to protect the downstream area from
flood risks in the rainy season from early May to late September.
Liu et al. [11] illustrated that during this period, the reservoir stor-
age is generally maintained at the flood-control storage level of
171.5 � 108 m3 in preparation for upstream floods. In September
and October, the reservoir is refilled to the normal storage level
of 393 � 108 m3. In the dry season from November to April, the
reservoir produces hydropower and releases environmental flow
to sustain the downstream riverine ecosystem. Subsequently, the



Fig. 4. Schematic of multi-period reservoir operation.
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reservoir storage gradually decreases from 393 � 108 m3 to 171.5
� 108 m3, and the corresponding operating rules were explored
by Liu et al. [10].

This study focuses on hydropower scheduling during the dry
season and divides the aforementioned six months into T = 18
ten-day periods (i.e., period 1 covers November 1–10, period 2 is
from November 11–20, and so on). The total power generation is
maximized by considering the operational constraints:

max
XT
t¼1

gt ;

s:t:

gt ¼ g� SSRðstÞþSSRðstþ1Þ
2 � SDRðrtÞ

h i
� rt � D;

rt � D ¼ st þ qt � D� stþ1;

s 6 stþ1 6 �s;

gt 6 �g;

rt P r;

s1 ¼ sini;

sTþ1 ¼ send:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð24Þ

The optimization model above is illustrated in Fig. 5. The
decision variables are selected as the carry-over storage stþ1

(t = 1, 2, . . . , T � 1) between two contiguous periods. Based on the
carry-over storage, reservoir release and power generation are
determined by the water balance relationship and the utility
function, respectively.

In Eq. (24), the objective function is the sum of single-period
power generations, which are calculated as the product of the
efficiency coefficient ðg ¼ 9:0Þ, water head, reservoir release, and
length of one period ðD ¼ 240 hÞ. The stage–storage relationship
is approximated by a power function SSRðstÞ ¼ 177:34 �
s0:11t � 167:32 ð171:5 6 st 6 393Þ (i.e., the units of st and SSR are
108 m3 and m, respectively). The downstream water level is
fixed at 65 m.

The operational constraints of reservoir storage capacity,
installed hydropower capacity, and environmental flow are consid-
ered: (1) The lower and upper bounds of storage are
s ¼ 171:5� 108 m3 and �s ¼ 393:0� 108 m3, respectively. (2) The
lower bound of release, that is, the environmental flow, is set as
r ¼ 5000 m3=s. (3) The upper bound of power generation in one
period is �g ¼ 18:20 GW� 240 h ¼ 4368 GW h (i.e., the installed
hydropower capacity of the Three Gorges Reservoir is 18.20 GW).
In addition, the initial and ending storages are sini ¼ 393:0�
108 m3 and send ¼ 171:5� 108 m3, respectively, which are the
boundary conditions for hydropower scheduling.

The optimization model is solved as follows by dynamic
programming:

GtðstÞ ¼ max gtðst; stþ1Þ þ Gtþ1ðstþ1Þ

s:t:

�s 6 stþ1 6 �s

gt 6 �g
st þ qtD� stþ1 P �rD

8><
>: ð25Þ

As shown in Eq. (25), dynamic programming determines not only
the optimal s�tþ1ðt ¼ 1;2; . . . ; T � 1Þ but also the utility function
GtðstÞðt ¼ 1;2; . . . ; T � 1Þ for st . For example, in the recursion at per-
iod t + 1, dynamic programming derives the maximum cumulative
power generation Gtþ1ðstþ1Þ from periods T to t + 1 (Eq. (23)). For
Eq. (25), the marginal cost and marginal return of stþ1 can be eval-
uated using gtðst ; stþ1Þ and Gtþ1ðstþ1Þ, respectively. This characteris-
tic makes dynamic programming particularly suitable for analyzing
the marginal utility principle. Other optimization algorithms, such
as nonlinear programming and heuristic algorithms, can also solve
Eq. (24) but do not provide the utility function.

For Eq. (25), the state of the decision variable stþ1 is within
½171:5;393:0� � 108 m3. This range is discretized into 4,431 values
with an interval width of 0:05� 108 m3. The storage capacity con-
straint is incorporated into the computation of dynamic program-
ming through this method. The constraint of the installed
hydropower capacity is considered by setting gtðst ; stþ1Þ ¼
gtðst ; stþ1Þ ðgtðst ; stþ1Þ 6 �gÞ
�g ðgtðst ; stþ1Þ > �gÞ

�
: Specifically, reducing stþ1, which

increases reservoir release, contributes to power generation until
the installed capacity is reached. The environmental flow con-
straint is accounted for by disregarding stþ1 values, which generate
st þ qtD� stþ1 < rD.
4.2. Results of two-period hydropower scheduling

The optimal decision s�tþ1ðt ¼ 1;2; . . . ; T � 1Þ under the multi-
annual mean flow condition is determined. Decisions involving
both reservoir release and power generation are also calculated.
The results exhibit certain important patterns, as shown in Fig. 6.
The carry-over storage is maintained as high as possible in hydro-
power scheduling. The optimal storage is at the upper bound �s in
periods 1–6 when the inflow is higher than the environmental flow
r. The inflow is completely released because the reservoir cannot
store more water. The reservoir storage is gradually depleted in
periods 7–15 because the inflow only cannot satisfy the environ-
mental flow. Meanwhile, the reservoir release is at the lower
bound r to maintain a high storage level during these periods.
The storage is still at a high level in periods 16–17 and is then
depleted in period 18 to meet the ending storage constraint. Nota-
bly, the optimal decisions are computed under different inflow
conditions, and similar results are obtained.

The marginal utility principle is investigated based on the opti-
mal decisions. Given that s�tþ1ðt ¼ 1;2; . . . ; T � 1Þ is optimal in
multi-period hydropower scheduling, this equation is also optimal
in the two-period case according to the principle of optimality. By
fixing st ¼ s�t and stþ2 ¼ s�tþ2, the marginal cost � @gt

@stþ1
and marginal

return @gtþ1
@stþ1

of stþ1 are evaluated as follows, respectively:

(1) By setting t = 1, the utility of s2 in periods 1 and 2 is evalu-
ated, as shown in Fig. 7. In unconstrained optimization, the
power generation g1ðs�1; s2Þ in period 1 decreases while
g2ðs2; s�3Þ increases, as s2 increases. This observation indicates
that the carry-over storage s2 contributes to the power gen-
eration in period 2 at the cost of the power generation in
period 1. Moreover, the marginal cost of s2 and the marginal
return increase in periods 1 and 2, respectively. The plot
illustrates that @g2

@s2
> � @g1

@s2
, which means that saving water

in period 1 always generates a net gain in the total power
generation. In the meantime the carry-over storage is con-
strained by the storage capacity, which makes �s (the upper
bound of storage) the optimal carry-over storage s�2. Notably,
�s is similarly optimal when t = 2, 3, . . . , 6.

(2) The utility of s11 is analyzed by setting t = 10 (Fig. 8). In peri-
ods 10 and 11, the inflow volumes are less than the required
environmental flow volume. Therefore, the reservoir storage



Fig. 5. Illustration of constrained multi-period hydropower scheduling (the solid lines represent the water balance relationship, while the dashed lines represent the
recursive computation of power generation in dynamic programming).
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Fig. 6. Optimal hydropower scheduling decisions during the dry season (November
to April) under the multi-annual mean flow condition.
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in these two periods is reduced (Fig. 6). A high carry-over
storage s11 increases the release in period 11 but cannot
meet the environmental flow in period 10, while a low
carry-over storage s11 increases the release in period 10
but cannot meet the environmental flow in period 11. The
optimal carry-over storage s�11 is thus determined by the
environmental flow. At s�11, the marginal return is notably
greater than the marginal cost. As shown in the subplots of
unconstrained optimization in Fig. 8, a net utility gain occurs
if more storage is carried over from period 10 to period 11.
However, this operation is constrained by the environmental
flow, which similarly affects hydropower scheduling when
t = 7, 8, . . . , 15.

(3) By setting t = 16, the utility of s17 in periods 16 and 17 is
explored, as shown in Fig. 9. The inflows q16 and q17 are
greater than the environmental flow r in the two periods.
However, the optimal release in period 16 is still r. This out-
come occurs because the marginal return of s17 in period 17
is greater than the marginal cost of s17 in period 16, that is,
@g17
@s17

> � @g16
@s17

. Accordingly, the carry-over storage is set as high

as possible, which creates a high water head for power
generation in these two periods. The binding constraint of
the environmental flow in period 16 helps determine the
optimal carry-over storage.

(4) By setting t = 17, the utility of the carry-over storage s17 is
evaluated for the last two periods. With a slight difference
from the results in Figs. 7–9, Fig. 10 illustrates that the mar-
ginal return of s17 becomes zero beyond a specific threshold.
This result occurs because of the constraint of the installed
capacity, which represents the upper bound of the power
generation in one period. The marginal return below the
threshold is higher than the marginal cost. Above the thresh-
old, the marginal return from the carry-over storage is smal-
ler than the marginal cost. As shown in Fig. 10, the optimal
carry-over storage is exactly at the threshold level. It is
important to note that in unconstrained optimization, which
disregards the constraint of installed capacity, the marginal
return is still higher than the marginal cost when the
carry-over storage exceeds the threshold.

In summary, the results of the four cases confirm the theoretical
findings and illustrate that the marginal return of the carry-over
storage is higher than its marginal cost in two-period hydropower
scheduling. Therefore, increasing the carry-over storage, which
yields a net gain in power generation, is favorable. Moreover, the
reservoir operational constraints are crucial in determining the
optimal carry-over storage: (1) The reservoir storage capacity sets
the upper bound of the carry-over storage (Fig. 7) and constrains
the increase in stþ1 (t = 1, 2, . . . , 6) when ample inflow exists. (2)
The environmental flow sets the lower bound of release and limits
the increase in stþ1 (t = 7, 8, . . . , 15) when inflow is limited (Figs. 8
and 9). (3) The installed hydropower capacity sets a threshold level
for the beneficial use of carry-over storage (Fig. 10).

4.3. Results of multi-period hydropower scheduling

The marginal return from the carry-over storage is further eval-
uated in multi-period hydropower scheduling. In the two-period
case, stþ1 contributes to the power generation of the next period

t + 1, where the marginal return is measured using
@gtþ1ðstþ1 ;s�tþ2Þ

@stþ1

(Figs. 7–10). In the multi-period case, stþ1 potentially contributes
to the power generation in the subsequent periods t + 1, t + 2, . . . ,

T. dGtþ1ðstþ1Þ
dstþ1

indicates a marginal return from a one unit increase in

stþ1. The marginal returns of the carry-over storage in both
two- and multi-period hydropower scheduling are evaluated while
considering operational constraints, as shown in Fig. 11.

Obviously, dGtþ1ðstþ1Þ
dstþ1

is equal to
@gtþ1ðstþ1 ;s�tþ2Þ

@stþ1
when t = 1, 16, and 17.

Generally, these outcomes are attributed to the operational con-
straints of storage capacity, installed hydropower capacity, and



Fig. 7. Hydropower generation in periods 1 and 2 (t = 1) under unconstrained and constrained optimizations (the binding constraint of the storage capacity helps determine
the optimal carried-over storage).

Fig. 8. Similar to Fig. 7, except for Periods 10 and 11 (t = 10) (the binding constraint of the environmental flow helps set the optimal carried-over storage).
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ending storage. The constraints maintain s�tþ2 at a fixed level and
makes stþ1 contribute to the power generation of period t + 1 only.

Therefore, dGtþ1ðstþ1Þ
dstþ1

and
@gtþ1ðstþ1 ;s�tþ2Þ

@stþ1
are equal. On the other hand,

dGtþ1ðstþ1Þ
dstþ1

is higher than
@gtþ1ðstþ1 ;s�tþ2Þ

@stþ1
when t = 10 because s�tþ2 is not

yet bound (release is bound by the environmental flow constraint
instead). An increase in stþ1 can be carried over to the periods
succeeding period t + 1 and contributes to hydropower generation,
thereby augmenting the marginal return from stþ1.

In conclusion, the marginal return of the carry-over storage in
multi-period hydropower scheduling is at least equal to that
in the two-period case based on the comparisons above.



Fig. 9. Similar to Fig. 7, except for periods 16 and 17 (t = 16) (the binding constraint of the environmental flow in period 16 helps determine the optimal carried-over storage).

Fig. 10. Similar to Fig. 7, except for periods 17 and 18 (t = 17) (the binding constraint of the installed capacity in period 18 helps determine the optimal carried-over storage).
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In two-period hydropower scheduling, the marginal return is
higher than the marginal cost; in the multi-period case, the
marginal return is even higher. Therefore, saving as much storage
as possible for future periods is favorable. The optimal carry-over
storage is influenced by operational constraints. The constraints
of storage capacity and environmental flow limit the carry-over
storage in subsequent periods. The constraint of installed
hydropower capacity results in a threshold level for the
carry-over storage, beyond which the marginal return becomes
zero. In the multi-period case, the optimal carry-over storage is
determined by the marginal utility principle and operational
constraints.



Fig. 11. Comparison of the marginal returns of the carry-over storage in the two- and multi-period hydropower scheduling when t = 1, 10, 16, and 17.
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5. Discussion and conclusion

This study comprehensively analyzes the marginal utility prin-
ciple for long-term hydropower scheduling. The main focus is on
the carry-over storage between two consecutive periods. The mar-
ginal cost and marginal return are investigated in one-, two-, and
multi-period cases. In the one-period case, the carry-over storage
from the previous period has an increasing marginal contribution
to power generation while the carry-over storage to the next
period incurs an increasing marginal cost of power generation.
Comparing the marginal cost and the marginal return in the
two-period case, the latter is higher than the former because an
increase in carry-over storage augments the marginal productivity
of inflow. In the multi-period case, the marginal return is even
higher because an increase in the carry-over storage contributes
to the power generation in the next period and also in the
subsequent periods.

Aside from subjecting it to theoretical analysis, the marginal
utility principle is also evaluated in an actual case study, consider-
ing the operational constraints of storage capacity, installed hydro-
power capacity, and environmental flow. The theoretical findings
of increasing marginal cost and marginal return of carry-over
storage are confirmed. In both two- and multi-period cases, the
marginal return is higher than the marginal cost. In particular,
increasing the carry-over storage leads to a net gain in power gen-
eration. The optimal carry-over storage is subject to operational
constraints. Storage capacity sets the upper bound of the carry-
over storage, and environmental flow limits the carry-over storage
to the next period. The installed hydropower capacity determines
the threshold; if the carry-over storage exceeds this threshold,
then the marginal return becomes zero. The marginal utility
principle and the operational constraints determine the optimal
hydropower scheduling decisions jointly.

This study explores the marginal utility principle in hydro-
power scheduling through theoretical analysis and an actual case
study. In water supply, the characteristics of diminishing marginal
return and increasing marginal cost result in the marginal utility
principle. By contrast, the marginal return from the carry-over
storage in hydropower scheduling does not diminish but increases
instead. This difference is attributed to the complementarity
between reservoir storage and release; that is, increasing the
carry-over storage makes release more productive in power gener-
ation in the subsequent periods. Therefore, the marginal utility
principle for hydropower scheduling is attributed to the character-
istics of marginal return and marginal cost. In water supply, the
marginal utility principle is applied to derive operating rules for
decision making. Future efforts can be devoted to exploring the
operating rules for hydropower scheduling based on the marginal
utility principle and considering the time-varying electricity price
in the analyses of marginal cost and marginal return.
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