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1. Introduction

As is well known that searching for exact solutions of nonlinear evolution equations arising in mathematical physics
plays an important role in the study of nonlinear physical phenomena. Many effective and powerful methods to seek exact
solutions were proposed, such as the inverse scattering method [1], the Hirota’s bilinear form method [2], the two-soliton
method [3], the homoclinic test technique [4-6], the Backlund transformation method [7], the Exp-function method [8-10],
the auxiliary equation method [11,12], the Jacobian elliptic function method [13], the similarity transformation method [ 14]
and so on.

Very recently, Dai et al. [15] proposed a new technique called “three-wave approach” to seek periodic solitary wave so-
lutions for integrable equations, and this method has been used to investigate several equations [16,17]. The “three-wave
approach” is an extension of the three-soliton method, the main difference is the selection of ansatz, by selecting and sub-
stituting a three-wave type of ansdtz rather than three-soliton type of ansdtz into the bilinear equation, one can effectively
obtain exact solutions with three-wave form.

In this paper, a (3 + 1)-dimensional nonlinear evolution equation

- 4uxt + Upnxz + 4uxuxz + 2uxxuz + 3uyy = Oa (1-])

will be considered. Eq. (1.1) is called the potential-YTSF equation which was firstly introduced by Yu, Toda, Sasa and
Fukuyama (YTSF) [18]. Recently, this system was studied and some single soliton and periodic solitary solutions were ob-
tained [19,20]. In this work, we mainly apply the three-wave type of ansitz approach to determine three-wave solutions for
Eq. (1.1). As a result, exact periodic cross-kink wave solutions, doubly periodic solitary wave solutions and breather type of
two-solitary wave solutions are obtained.
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2. Exact solutions for the YTSF equation

In this section, the three-wave approach is applied to Eq. (1.1), exact periodic kink-wave, doubly periodic solitary wave
solutions and breather type of two-solitary wave solutions are obtained.
We first make the variable transformation & = x + wz, whence Eq. (1.1) is changed into the following equation

— 4U§t + a)llgggg —+ GngUgg + 3uyy =0. (21)

Obviously, an arbitrary constant ug is a solution of Eq. (2.1), we assume that the solution of Eq. (2.1) has the following
form

u@,y, t) =uo+2(Ing(,y, ), (2.2)
where ¢ (&, y, t) is an unknown real function. Substituting (2.2) into (2.1) and using the bilinear form, we have
(—4D¢D; + wDf +3D})¢ - ¢ =0, (2.3)

where the bilinear operator “D” is defined as [2]

0 a\"/ 0 a\" /9 a1\’
DmDﬂDS . — _ _ R — . — (&' v ).
¢ DDif - g (785 78?) (ay 3y/> (at M) f&leyo=cy.0

We now suppose that the real function ¢ (&, y, t) has the following ansatz:

#(,y,t) =e " + Lcos(nz) + H cosh(ns) + Ke™, (24)
where n; = a;€ + by +dit +1;, i = 1,2, 3 and q;, b;, d; are constants to be determined later, r;,i = 1, 2, 3 are arbitrary
constants.

Substituting (2.4) into Eq. (2.3), and equating all the coefficients of e™"1, e"1, cos(1,), cosh(ns), sin(n,), sinh(ns) to zero
yields a set of algebraic equations:

4K (4wa] + 3b? — 4aydy) + [*(4od; — 3b3 + 4ayd,) + H? (4wd; + 3b3 — 4azds) = 0,
HL(—4wa3as + 40a,a3 + 6bybs — 4asd, — 4ayds) = 0,
HL(wa; — 6waaj + waj — 3b3 + 3b3 + 4ayd, — 4asds) = 0,
L(—4wala, + 4wa a3 — 6byb, + 4a,d; + 4a,d;) = 0,
KL(4waja, — 4waia3 + 6bib; — 4ayd; — 4a;dy) = 0,

L(wa} — 6wa’as + waj + 3b* — 3b% — 4a,d; + 4ayd,) = 0,
KL(wa] — 6waiads + wd; + 3b7 — 3b5 — 4a;d; + 4axdy) = 0,
H(4wa?a3 + 4(1)(11(1; + 6b1b3 — 4(13(11 — 4ald3) =0,

HK (—4wajas — 4wa,a3 — 6b1bs + 4asd; + 4a;ds) = 0,
H(waj + 6wajal + waj + 3b7 + 3b3 — 4a1d; — 4asds) = 0,
HK (wa] + 6wd’a; + wa; + 3b3 + 3b3 — 4a;d; — 4asds) = 0.

Solving the set of algebraic equations with the aid of Mathematica, we obtain:

Case (I).
[*(b? — wa*)
H =0, K=——-,
4p2?
3b? wa’
a, =0, by =b, =b, a =a, di = —, 2 =——", ro=ry, Iy =T3.
2a 4

Substituting these results into (2.4), we have

Vb2 — wa* 3bh? . 1, b?
¢ =————cosh|by+ —t+r{)+Lcos|{as +by — —wa’t+1,), o< —,
b 2a 4 a*
LV wa* — b2 3p? 1 b?
¢ = _wf sinh (by+ z—t +r;"*> + Lcos (a“g‘ + by — Zwa3t +r2> . o> —
a a

therefore we obtain the following solutions
sin [a(x + wz) + by — “’T‘lBt + rz]

Vb? — wa* cosh [by + %t + r;‘] + b cos [a(x + wz) + by — “’T‘ﬁt + rz]

u; = ug — 2ab , (25)
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Fig. 1. (i) Mechanical feature of uy: ug =5,a =5,b = 2.5, w = —1, t = 1.(ii) Mechanical feature of u3: up =5,a=1,b=15,0 = —-0.75,t = 1.
and

. 3
sin [a(x +wz) + by — “-t + rz]

Uy = Ug + 2ab 2 3 ?
Jwa* — b? sinh [by + %t + TT*] — bcos [a(x + wz) + by — %t + rz]

where 1} =r; + ln(z—Lb«/b2 —wat), ri* =1+ ln(i«/a)a“ — b?), a, band w are free real constants.
Notice that (2.5) (Res. (2.6)) is singular periodic solitary wave solution for Eq. (1.1) which is periodic wave in x, y, z
direction, and a soliton in y-t direction. In order to eliminate the singularity, we take w < 0 (Res. @ > 2b?/a*) (see Fig. 1.

(1))
In addition, if in (2.5)-(2.6) we set

a; = ia, b] = b2 = lb, rh = ir1, I, = irz,

then we obtain

sinh [a(x + wz) + by + “’T‘]}t + rz]
U3z = ug + 2ab

Vb? + wa* cos [by—l— %t —i—rl] + bcosh [a(x—{—a)z) + by + ‘”T"at —i—rz]’
and

sinh [a(x + wz) + by + ’”Taat + rz]
Uy = Ug — 2ab

) (2.8)
wa* + b? sin [by + %t + r1] — bcosh [a(x—f— wz) + by + “’Tﬁt + rz]

where a, b and w are free real constants and satisfy wa* + b*> > 0.

Solution represented by (2.7) (Res. (2.8)) is also a periodic solitary wave solution which is periodic wave in y-t direction,
meanwhile it is solitary wave in x, y, z direction (see Fig. 1. (ii)).

We notice that these four results are new solutions for Eq. (1.1). By verification, the solutions obtained above are indeed
the solutions of the original (3 4+ 1)-dimensional YTSF equation.

Case (II).
12 (b — 4wa*
H=0, K=-[(-—"",
4 \ b? + dwa*
4wa* + 3b? 4wa* + 3b?
a; =a; =aq, by =0, b, =b, dlz—u, dzzu, r=ry, Iy =T3.

8a 8a

By substituting these results into (2.4), we obtain

4wa* + 3b? 4wa* + 3b°
¢>3:L[cos<a$+by+%t+rz>]+«/Ecosh(a§—%t+ri‘>, A>0,
a a

4wa* + 3b? 4wa* + 3b?
b4 = L[cos (a{-‘ + by + %t —|—r2) — +/—Asinh (ai—‘ — ws—i_t—t—r)] , A<QO.
a a
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Fig. 2. (i) Mechanical feature of us: ugp = 2,a=2,b =4.5, w = —0.42, t = 1. (ii) Mechanical feature of u14: up =5,a=3,b=3, 0 = —1/18,t = 1.
Then, we obtain periodic kink-wave solutions

VAsinh [a(x +wz) — Mt + r;*] — sin [a(x + wz) + by + Wt + rz]
Us = Ug + 2a

, (2.9)
/A cosh [a(x + wz) — Mt +r ] + cos [a(x + wz) + by + %t + rz]

+/—Acosh [a(x + wz) — Wt + r] + sin [a(x+ wz) + by + Wt + rz]
Ug = Ug + 2a

, (2.10)
~/—Asinh [a(x + wz) — %t + r] — cos [a(x +wz) + by + Wt + r2]
which are periodic waves in forward direction, meanwhile they are kink-waves in backward direction, where rf =
r+InEVA), r =1 +In(tv/=A),A= Zi;iigj and a, b, w are free constants (see Fig. 2(i)).

Make the dependent variable transformation in (2.9)-(2.10) as follows

a=ia, b =ib, r =ir, ry = iry,
where a, b, r; and r, are real constants. We, then, obtain periodic kink-wave solutions

VBsin [a(x 1 wz) 4 ded=3? _3” t+ rl] — sinh [a(x + wz) + by — ded’=30? _3" t+ rz]

U; = ug — 2a (2.11)
/B cos [a(x + wz) 4 doci=30 ’3" t+ r1] + cosh [a(x + wz) + by — dwri=30 ’31’ t+ rz]
/B cos [a(x 1 wz) + dedi=3? _3” t+ r1] + sinh [a(x + wz) + by — ded’=30 _3” t+r ]

ug = Ug + 2a (2.12)

+/Bsin [a(x + wz) 4 dea =307 ’31’2 t+r ] + cosh [a(x + wz) + by — 4“’”4 3bzt +r ]
which are periodic waves in x-z direction, meanwhile they are kink-waves in x, y, z direction, where B = gﬁ’”‘ﬂl anda, b, w
are free constants.

Solution (2.11) is found reported in [19,20]. By verification, the solutions obtained above are indeed the solutions of
original equation (1.1).

Case (III).
Heo k= B0 o)
- N a2
wa* + 3b?
ap=by=d; =0, a =a, bi =b, @z——jr—a r=r, ry =r.
a

Substituting these results into (2.4), we obtain

2 = ; wd' + 3b* S
¢5:B b2 — wa* cosh(by + r}) + b cos as—Tt-l-rz , b* — wa® > 0,

L a* + 3p?
P = - |:\/wa4 — b?sinh(by + r{*) — bcos <a“§ — %t + r2>] , b? — wa* < 0.
a
Therefore, we obtain periodic solitary wave solutions

sin [a(x + wz) — %Jf”zt + rz]
Ug = ug — 2ab

, (2.13)
vb? — wa* cosh(by + ;) + b cos [a(x + wz) — %t + rz]
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sin [a(x + wz) — %t + rz]

U0 = Ug + 2ab p 5
Vwa* — b2 sinh(by + ri*) + b cos [a(x + wz) — T 4 rz]

, (2.14)

which are periodic waves in x-z direction, meanwhile they are solitons in y-direction, where rj = r; + ln(ﬁ\/ b% — wa?),

rr=r 4+ ln(i\/ —b? + wa*) and a, b, w are free constants.
In particular, for special choices of the constants a, b, r{, ri*, r, in (2.13)-(2.14), we can also obtain some solutions for
Eq. (1.1).

(i) Choosing
b=ib, ry =ir,

then, from solution (2.13) we obtain the double periodic solution

sin [a(x + wz) — %‘fhzt + rz]

Uy = Ug — 2ab 2 , (215)
/b? + wa? cos(by +r) + b cos [a(x + wz) — T3 4 rz]
where a, b, w, r are real free constants and satisfy b*> + wa* > 0.
(ii) Setting
a = ia, ry =ir,
then, from (2.13) and (2.14) we obtain cross kink-wave solutions
sinh [a(x +wz) + #t + r]
Uyy = g + 2ab — , b —wd* >0, (2.16)
v/b? — wa* cosh(by + r{) + b cosh [a(x + wz) + %t + r]
sinh [a(x + wz) + #t + r]
U3 = Ug — 2ab — , b —wd <0, (2.17)
v wa* — b? sinh(by + r*) + b cosh [a(x + wz) + %t + r]
where a, b, w, r are free real constants.
(iii) Choosing
a=ia, b =ib, ry=ir", = ir', ry =1ir,
we, then, obtain periodic kink-wave solutions
sinh [a(x +wz) + %‘f”zt + r]
U4 = Ug + 2ab P s (218)
/' b% + wa* cos(by + r*) + b cosh [a(x + wz) + %t + r]
sinh [a(x + wz) + #t + r]
U5 = Ug — 2ab (2]9)

Jwa* + b2 sin(by + r**) + b cosh [a(x +wz) + %t + r]
which are periodic waves in y-direction, meanwhile they are kink-waves in x-z direction, where a, b, w, r*, r** and r
are real constants (see Fig. 2. (ii)).

Solutions represented by (2.13), (2.15) and (2.16) are reported in [20] while others are new solutions for Eq. (1.1). By
verification, the solutions obtained above are indeed the solutions of original (3 4+ 1)-dimensional YTSF equation.

Case (1V).

_ by/3(wa* + 3b?)

a; =0, b, = b, d=—""—///7/-—"-, ro=r,
2a
v wa* + 3b?
a =a, by = ——F7n—, d, =0, Iy =Ty,
V3
b el w3 beat-b)
3= N 3 = N 3= N 3 =1irs,

1 > H?
K = = (b* — wa*) (— - —4) )

4 b2 wa
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Fig. 3. (i) Mechanical feature of uys: u9 = 10,L = 10,H = 20,a = 5,b = 1,w = 0.4,t = 1. (ii) Mechanical feature of usg: up = 10,L = 10,H =
20,a=0.05,b =0.04, 2 =0.01,t = 1.

Substituting these into (2.4), we obtain

¢s = 2+/K cosh(i1) + Lcos(n2) + Hcos(np3), K > 0, (2.20)
¢9 = 2+/—K sinh(n7) + Lcos(n;) + H cos(n3), K <O, (2.21)
where
V3 b/wa* + 3b2
m =by+7Tt+(r1 +1I1\/ |K|), (222)
Vwa* + 3b?
Mm=ax+wz) + —————y+12, (2.23)
V3
b b wa® + 3b? b(wa* — b?
n = (x+ wz) + y- ( )t+r3, (2.24)
a/w a/3w 263 /w

and therefore we obtain

Lasin(n2) + % sin(13)

Ue = U — 2 - , K>0, (2.25)
0 0 2K cosh(n1) + Lcos(12) + H cos(n3)
Lasin(z) + 7 sin(is)
U7 = Ug — 2 K <0, (226)

. 24/—K sinh(ny) 4+ Lcos(n,) + Hcos(n3)’

where 71, 1,, 13 are defined by (2.22)-(2.24), K = %(b2 — wa“)(z—z - ;’724) and a, b, w, L, H are free constants.
Solution represented by (2.25) (Res. (2.26)) is a double periodic solitary wave solution which is soliton in y, t-direction,

meanwhile it is periodic wave in x (see Fig. 3. (i)).
Similarly, for special choices of b, r{, w in (2.25) and (2.26) we obtain the following solutions.

(i) Make the dependent variable transformation in (2.25) and (2.26) as follows:
b =ib, ry =ir,
where b, r are real constants, and therefore we obtain

Lasin(n,) — % sinh(n3)

2 ! 2.27

BT T Ky cos(m) + Leos(nz) + H cosh(iys) 227
Lasin(n;) — 22 sinh(zs3)

Uig = Up — 2 oo (2.28)

—2/Kj sin(1;) + Lcos(n2) 4+ H cosh(nz)

by/3(wa* — 3b2)

m=by+ ——————t+r,
2a
n2 = a(x + 0z) ++/ (wa* — 3b?) /3y +r,

b b
m=—=K+wz)+ (wa* — 3b?) /3wy —
w a

/o

where

b(wa* + b?)
2a3/w

t+r,
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4(b2 T+ wat) (L = 04) and a, b, w, L, H are free constants.
(ii) Leta) = - satlsfles £2 > 0. Then, from (2 25) we obtain

Lasin(n,) — Slﬂh(m)
b — e — . , 2.29
20— 70 2/K; cosh(n) + L cos(nz) + H cosh(n3) 229

where 71, 17, 13 are defined as

b\/3(—$a* + 3b?)

n = by + a t+ (rn +1InyKy),
v —=a* + 3b?
m = akx — 22) + TJH— ra,
b w02+ bv/—2a* + 3b2 N b(2d* +b2)t .
= X — Z y I3,
B= Ve 2352 YN ’

and K, = ;(b* + .Qa“)(l% + g—;), a, b, 2, L, H are free constants.

Solution represented by (2.27) (Res. (2.28) and (2.29)) is breather type of two-solitary wave solution which contains a
periodic wave and two-solitary waves, whose amplitude periodically oscillates with the evolution of time (see Fig. 3. (ii)).
By verification, the solutions obtained above are indeed the solutions of original (3 + 1)-dimensional YTSF equation.

3. Conclusion

In this work, the three-wave type of ansdtz approach is applied to the (3 4 1)-dimensional YTSF equation. New periodic
solitary wave solutions are successfully obtained. These solutions include periodic solitary waves which are periodic waves
in x, y, z direction, meanwhile they are solitary waves in y-t direction, periodic cross-kink waves which are periodic waves
in forward direction, meanwhile they are kink-waves in backward direction. Moreover, a new periodic type of three-wave
solutions including breather type of two-solitary solutions which are periodic waves in y-t direction, meanwhile they are
solitons in x, y, z, and doubly periodic solitary solution which is soliton in y-t direction, meanwhile it is doubly periodic
wave in x, y, z direction are obtained as well. These results show that the three-wave type of ansdtz approach is effective
and simple method for seeking three-wave solutions and two-wave solutions of higher dimensional nonlinear evolution
equations.
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