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Abstract
Cohen-Chesnot, J., On the expressive power of temporal logic for infinite words ( Note), Theoretical

Computer Science 83 (1991) 301-312.

In this paper, we give an algebraic proof of the equivalence between temporal logic and star-free
languages on infinite words. The proof is based on a result of Schiitzenberger that characterizes
the star-free languages of finite words by using particular prefix codes.

Introduction

In this paper, we study the languages definable in propositional temporal logic
(PTL) in relation with w-star-free languages by using algebraic techniques.

It is known that the equivalence of the PTL definable languages and the w-star-free
languages follows from the combination of two independent results. First, Kamp
[8] proved that first-order logic and PTL are equivalent. Secondly, the equivalence
between star-free languages and first-order definable languages was obtained along
the works of Thomas [31] and Ladner [11]. This suggests that it may be possible
to obtain a direct proof. Such a proof has been proposed by Peikert [17] and Zuck
[39]. In this paper, we give a self-contained algebraic proof.

In the case of finite words, Perrin and Pin and the present author [3] gave such
an algebraic proof using the wreath product and the well known theorem of
Schiitzenberger which characterizes the star-free languages by their syntactic
aperiodic monoids. Unfortunately, we were not able to extend this proof to the case
of infinite words, mainly because of the definition of the wreath product.
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Our proof now is therefore rather different but is also based on a theorem of
Schiitzenberger which asserts that the star-free languages can be generated from
letters using union, concatenation product, and star operations restricted to prefix
languages with a bounded synchronization delay. In the first part of our proof, we
give an algorithm to pass from a PTL formula to w-languages, from which we
deduce that the PTL definable w-languages are star-free. In the second part, we
prove that the class of PTL definable languages is a Boolean algebra closed under
left concatenation product with star-free languages of finite words; it follows that
the class of star-free languages of infinite words is included in the class of PTL
definable languages.

1. Preliminaries

1.1. Propositional temporal logic

Let A be a finite alphabet. In propositional temporal logic, formulas are built up
on the following vocabulary:
a set P of atomic propositions {P,|a e A},
® two constants T and F,
® Boolean connectives v, A, T,
® temporal operators O (Next), W (Always), <& (Eventually) and U (Until).
The formation rules are:
T, F and P, are formulas for any a € A; if ¢ and ¢ are formulas then ¢ A ¢, ¢ v ¢,
19, Op, O, (We) and ¢ U ¢ are formulas.
Semantics are now defined by induction on the formation rules as follows:
let ue A®, i=1; (u, i) ¢ will denote “u satisfies the formula ¢ at the instant i

{u, iYe= P, if the ith letter of u is an a,
(u, YEOe if (w, i+1)F= g,

{u, HEC if there exists j, i<j, (u, HE o,
(u, )EWe if for every j, i<j, (u, )F ¢,

(u, Y= Uy if there exists k, i<k, such that (u, k)= and for every j,
i<j<k, (u j)E .

For example if A ={a, b, ¢} then (ababab(bc)*, 1)=(P,v P,) U P..
If ¢ is a temporal formula, u is said to satisfy ¢ if (4, 1)= ¢ and L(¢) will denote
the set of all the words satisfying ¢. For example, if A={a, b},

L(P,)=aA®,  L(W[(P,>OP;)a(P,>OP,)]nP,)=(ab)®,
L(O(P, AOP,))= A*abA“.
There exists a link between temporal operators and operations on sets:

L(P,)=aA", L(Og)=AL(¢), L(C¢)=A*L(¢);
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for the Until operator U, we define the following operation (denoted %): given two
sets L and K both of finite words or both of infinite words,

LUK ={xec A*|x=uv whereve K andu've L
for every right factor of u}.

The following relation stands: L(¢ U ¢) = L(¢) % L(y) for all temporal formulas
¢ and .

1.2. Semigroups and infinite words

In this section, we briefly recall the algebraic tools we need to study w-languages.
More details can be found in [19, 20].

A semigroup S is a set equipped with an associative multiplication. A finite
semigroup S is aperiodic if there exists an integer n such that, for every x€ S,
x"=x"*!. Given two elements s and 1 of S, we set st '={xe S|xt=s}.

Definition 1.1. Let S be a finite semigroup. (s, e) € S x S is a linked pair of S if se=e
and e’ =e. Let L(S) denote the set of all the linked pairs of S. Let S be a finite
semigroup and ¢: A" > S be a morphism. A ¢-simple subset is a nonempty subset
of A of the form s¢ '[ep ']* where (s, )€ SX S is a linked pair of S.

Definition 1.2. Let L < A“. L is recognized by a finite semigroup S if there exists a
morphism ¢ : A" > S such that L is a finite union of ¢-simple subsets. L is also said
to be recognized by ¢.

There is a sharper definition.
Definition 1.3. Let S be a finite semigroup, ¢ : A" > S a morphism and L< A®. L
is saturated by ¢ (or S) if, for every (s,t)e Sx S,
Lose [to™'1=0 or s '[t¢']“<L.
(One can deal with linked pairs only, i.e. use only ¢-simple subsets).
It is easy to see that if L is saturated by S then L is recognized by S, but the
converse is not true.

The following result is a consequence of Ramsey’s Theorem and will often be
used in the sequel.

Lemma 1.4 (Perrin [19]). Let A be a possible infinite alphabet. Let S be a finite
semigroup and ¢ : A" > S be a morphism. For each word x € A®, there exists a linked
pair (s, e) such that xe s¢ ‘[e¢™']*.
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1.3. w-star-free languages

The notion of star-free language can be extended to infinite words in various
ways, summarized in the following theorem.

Theorem 1.5 (Thomas [31], Perrin [20]). Let L< A“. The following conditions are
equivalent:

(1) L is a finite union of languages of type XY* where X and Y™ are star-free
languages of A*.

(2) There exists an aperiodic monoid which recognizes L.

(3) There exists an aperiodic monoid which saturates L.

(4) L belongs to the smallest Boolean algebra in A“ that is closed under left
concatenation with star-free languages of A*.

Any w-language which satisfies one of the previous assertions is said to be star-free.
The first and third characterizations will be used in the second section to prove that
any PTL definable language is star-free, while the fourth one will be used when
proving the reverse assertion in the third section.

1.4. A theorem of Schiitzenberger

We first recall the definition of a set with a bounded synchronization delay, which
comes from the theory of codes [1].

A language Lc A* has a bounded synchronization delay (b.s.d.) if there exists a
positive integer d such that for every ue LY, for every m,, m,c A*,

myum,€ L* = myu, um,ec L*.

The smallest integer d verifying this condition is called the synchronization delay
of L. A language L has synchronization delay 0 if, for every m,, m,e A* m;ym,e L*
implies m,, mye L*.

For example, any subset B of the alphabet A has synchronization delay 0,
B*(A\B) has synchronization delay 1. But (a®)* has no b.s.d. for any letter a € A.

The previous definition is simplified when we restrict ourselves to prefix codes:
aset Lc A* is a prefix code if L does not contain any proper left factor of its words.
Then, L has a b.s.d. if there exists a positive integer d such that for every ue L9
for every m,, my€ A*, mum,e L* = m,u, mye L*.

The theorem of Schiitzenberger can now be given.

Theorem 1.6 (Schiitzenberger [28]). The class of star-free languages of finite words
is the smallest class of languages that contains @, {1}, {a} for any letter a and that is
closed under union, concatenation product and star operations restricted to prefix codes
with a bounded synchronization delay.
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2. PTL definable languages are star-free

The aim of this section is to prove the following result.
Theorem 2.1. L(¢) is star-free for any temporal formula .

Proof. This result is proved by induction on the structure of temporal formulas. If
¢ =T then L(¢)= A" is star-free; if ¢ = P, then L(¢)=aA" is star-free.
Let ¢ and ¢ be temporal formulas such that L(¢) et L(¢) are star-free. One has

Lievy)=L(e)u L(y),  L(n¢e)=A"\L(e),
L(O¢)=AL(¢), L(Ce@)=A*L(p),
and these languages are star-free according to Theorem 1.5(4).

It remains to prove that the language L(¢ U ¢) is star-free. In the following result
L(¢ U ¢) is described using the two languages L(¢) and L(y). Let ¢ and ¢ be
temporal formulas such that L(¢) et L(y/) are star-free. Then there exists an aperiodic
semigroup S, a morphism g: A" > S which saturates L(¢) and a subset P, of Sx S
such that

Lie)= U sg7'[eg™']".

(s,e)e P, L(S)

Proposition 2.2. With the above notations, one has
LeUy)=Ly)v U {ANAANX, 1} {L(y)nng [fe 1"},

(n,f)e L(S)
-1

with X, ;= Uses;(&j.)em (sn g

Proof. Let K denote the right-hand term of the equality: we first prove that
L(e U¢)c K. Let xe L(¢ U ). Then either xe L(y) and x € K, either x & L(¢r)
and x can be written x = a,a, . . . with the following conditions: there exists a positive
integer k such that u=a,,,a,.»...€ L(¢) and, for 1=<si<k, a;,...que L{gp).
According to Lemma 1.4, there exists a linked pair (n, /)€ SxS such that ue
ng '[fg~']”. It follows that ue L(¢) nng~'[fg~']*, and it suffices to prove that

a,...a e {AMNA*[AN\X, (]}
The following lemma will enlighten the meaning of the previous formula.

Lemma 2.3. Let X be a language of A*. Then (A*\ A*(A*\ X)) is the set of words
all of whose right factors are in X.

Proof. It is easy to see that A*(A*\X) is the set of words which have no right
factorin X. O

Therefore, it remains to prove that, for any 1<i<k,
(*)  a...a,e U (sn Hg™.

seS;i(s,f)ePyp
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Let B; denote a possibly infinite alphabet in bijection with the set {a;,..., a,}u
{n, f1g" and let g;: B;~> S be the morphism defined by

n ifveng™,

a8 =ag fori<j=<k vg':{f ifvefag .

Notice that vg; = vg for every ve B,.
Since the word u belongs to ng '[fg~']“, the word a;... a,u can be factorized
on the alphabet B; as

a;...aqu=(a;)a.) ... (@)v)(v)...(v,)...

with u=vov;...0,..., voeng ' and v,efg”' for r>0.
It follows from Lemma 1.4 that there exists a linked pair (s;, ;) € S X S such that

(@a)(@i1) . (@) (o) (01) .. . (v,) ... € 58 [eigi 1%

Using the definition of g; one deduces that a;... aucs;g” '[e,g™']°. As g saturates
L(@), sig”'[e;g™']” is included in L(¢) and (s,, &;) € P,. The word q;. .. a,u can be
factorized using only letters of the alphabet B; as

a;...aqu=(a) ) ... (@)ve0y...0v,... withv,eng 'andvefg ' forj>0,

and “overfactorized” by putting together some factors of the previous factorization
as a;...aU=1ty...1,... where toe s;g”"', ;e e,g ' for j>0 and t;€ BF for j=0 (see
Fig. 1). By choosing j large enough, the word ¢; can be written as the product of
words v efg”, as =0, ... 15,
Therefore, ;= tig =(v,,)g- .. (v;,)g =f, whence e,=f and (s;, f) € P,.

Moreover, the word g;. . . g, is a left factor of a word ¢,... t, and therefore

Q.. 4y ...y =toty ... t, forsomel=0.

Thus (a;...a)ghf' =s.f% Since f>=f, nf=f and s,f =s;, the following equality
holds: (a;...a)gn=s;. This implies that (a;...a)gesn ' and so a;...a €
(s;n g™, which proves (*) and the inclusion L(¢ U ¢y} = K.

It remains to prove the opposite inclusion: K < L{¢ U ). Let xe K. If x€ L(y),
x € L(p U ¢). Otherwise there exists a linked pair (n, f)€ S x S such that x=ow,
where

we L(¢)nng '[fg7']1” and veg A¥[A*\X, (]




Expressive power of temporal logic for infinite words 307

w can be factorized as w= wow, ... w, .. with wog =n and w,g =f for i > 0. On the
other hand, v=a, ... a; and, by Lemma 2.3, for 1<i<Kk, a;... ar. € X, ;. According
to the definition of X, ,, there exists s;€ S such that (s;,f)e P, and a;...ax€
(s;n ")g~'. 1t follows in particular that (a;... aw,)g =(a;... a;)gn=s; and hence
a;...aqwe sg '[fg']°. Since (s, f)€ P,, a;... axw € L(gp). In particular, since x =
a;...aw,xelL(eUy¢). O

3. w-star-free languages are PTL definable

This section is devoted to star-free languages of infinite words. It is proved that
such languages can be defined by temporal formulas.

Theorem 3.1. Let € be the class of languages of A that can be defined by a temporal
formula. Then the class of star-free languages of A” is included in €.

Proof. The characterization of star-free languages of infinite words given by Theorem
1.5(4) will be used to prove this result. Consequently, it suffices to prove that € is
a Boolean algebra closed under left concatenation with star-free languages of A*.
It is easy to see that € a Boolean algebra. Indeed, A“ is equal to L(T), whence
A” € €. Moreover, if L and K are two languages of € then L and K can be defined
by two temporal formulas respectively, say, ¢ and . Hence A”\L= L(—¢) and
LuK=L(evi).

It remains to prove that if S is a star-free language and if L is a language of 4,
then SL belongs to €. For this purpose, we construct a temporal formula defining
SL as a function of the formula ¢ defining L, using the following definitions adapted
from [17].

Definition 3.2. Let ¢y be a temporal formula, let L,, L, be two star-free languages
of A* and let L be a prefix language with a bounded synchronization delay, say d.
The following temporal formulas are defined:

(1) ¢@,¥)=F, o(1,¢) =14,

(2) ela,¥)= P, nOy,

(3) @(Lyw Ly, ) =@(Ly, ¥) v e(Ly, §),

(4) o(L\Ly, ) =@(Lq, ¢(La, ¥)),

(5) ifd=0,

e(L*, )=y v[e(L,T)Ue(L, ¢)],
and if d>0,
e(L*, y)=¢v (L ) v---ve(L> ', ¢)
vIe(LE T) A{(o(L, T) v e(L% T)) U (L7 ¥)}].
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Let & denote the class of languages S of finite words such that, for every temporal
formula ¢, L(@(S, ¢)) = SL(y). & satisfies the following property.

Proposition 3.3. & contains the star-free languages of finite words.

Proof. According to Theorem 1.6, we only have to prove that A*¥ contains 0, {1},
{a} for every letter a of the alphabet, and that & is closed under union, concatenation,
and star operations restricted to prefix subsets with a bounded synchronisation delay.
(1) Obviously ¢, {1} A*Z.
(2) Let ac A; then
L(g¢(a, )= L(P, AOyY) = L(P,) n AL(¢) = aA” n AL(¢¥) = aL(¥)
and therefore {a}e A*Y for every ac A.
(3) Let S, S, S*%. Then
L(@(S$1v 82, ¢)) = L(e(S1, ¥) v ¢(S2, ¥))
= L(e(S1, ¢)) U L(e(S,, ¢))
=851 L(¢) U S L(¢) = (S, v S;) L(¢)

and S;uU S, A*%.
(4) Moreover, L(¢(S,S2, ¥)) = L(¢(S;, ¢(S2, ¢))) = S, L(¢(S,, ¢)) because S, €
A*S and L(¢(S,S,, ¢))=8,S,L(¥) because S, A*¥. Consequently, $,S,e A*S.
Now let us consider a prefix language S of A*¥ with a synchronization delay d.
If d =0, we have, since Se€ A*Y,

L(e(S*, ¢)) = L(y) U [SA* U SL(¢)].
Now if d #0, S¥e A*¥ for all k>0, and thus
L(e(S*, ¢)) = L(y) U SL(y) U - - -u S* ' L(y)
U[S?AY A {(§TA° U (A“\S?A?)) U S*L(¢)}].

The following lemma concludes the proof.

Lemma 3.4. For every prefix code S with a b.s.d., for every language L in A”, ifd =0
then S*L =L U[SA® U SL], and if d #0 then

S*L=LUSLuU---uS™'L
U[s?A° N {(S9TTA° U (A“\S?A”)) U S*L}].

Proof. We first treat the case d =0. Let uc S*L. Then u € L or u can be written as
U=uUlUy...u,ow wWith n=0, y;€ S for 1<i<n, veS and we L. Since vwe SL, it
suffices to prove that, for every right factor m of the word u,u, ... u,, mowe SA®.
Since m is a right factor of u,u, ... u,, there exists a je{1,..., n}, and there exists
a possibly empty word m, such that mym = ;... u,. then m;mv e S*. Since S is of
delay 0, it follows m,, mv € $* and moreover, as v # 1, mv € S*. Finally, mow € SA®,
and ue SA“ U SL.
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Conversely, let uc LU[SA“USL]. If ueL then ueS*L. Otherwise, ue
SA® U SL and either ue SL and then ue S*L, or u=a, ... a,ow with ve S, we L,
and for every i, 1=i=n, a;€ A and q,.. a,vwe SA”. Since, for every i, a,...a,pwe
SA®, there exists a (possibly empty) word m; such that a;m, € S. Since S is of delay
0, a;€ S for every integer i, 1<<i<n. Then uec S*L.

We now turn to the case d > 0. Put

K=LuSLu---uS*'L
U[SYAY A {(S?T A U (A°\S?A®)) U S*L}].

We first prove the inclusion K < S*L. Let ue K. If ue LUSLuU---uS™7'L,
then u e S*L. Otherwise, either ue S?“L and ue S*L, or ue S*A“ and u can be
written as 4, . .. a,v,0,w where v,, v,€ 8%, we L and, for 1<j=<n, n>0,

() @...apv,weSTTAY U (AY\SA”).

The result is a consequence of the following lemma.

Lemma 3.5. Let x=a,...a,, v;, v-€S% we L be words such that
(1) a,...a,0,v,we SYA“ and
(2) for 1<j<n, a;...a,v,v,we STTAY U(A“\SIA®).

Then a, . .. a,v,v,we S*L.

Proof. By induction on n. If n=1, then u = a,v,v,w. Since u € S?A“, condition (2)
with j=1 turns to u e S9*1A” Therefore u can be written as u=1, ... t,,,x where
each t; is a word in S and x is a word in A“. Several possibilities occur:

(a) If t;=a, then ue S*L, because u = a,v,v,w with a,, v,, v,€ §* and we L.

Otherwise there are still two possibilities:

(b1) Either there exists an integer j, 1 <j<d +1, such that a,v,v, is a left factor
of t,...; then there exists a word m such that a,v,0,m=1t,... ;€ S*. As v,€ S¢
and as S is prefix b.s.d. of positive delay d, it follows a,v,v,€ S¢ and ue S*L.

(b2) Or there exist two words m,, m, such that mt, ... t;.,m,=v,v,€ §*. Then
tr. .ty €S*someS*and u=+t,... 15, ,mwe S*L.

For the general case, condition (2) with j =1 is again applied and u can be written
as u=t,...t;,,x where each ¢, is a word in S. Similar cases occur:

(a) Ifthereexists anintegerj,1=<j=n—1,suchthatt, =a, .. g;,thentheinduction
hypothesis is applied to the word y=a,,, ... a,v,0,w; indeed, since t,... ., isa
left factor of y, y belongs to S?A“ and (1) is satisfied. (2) is clearly satisfied. Then
y€S*L and u=t,y e S*L. Otherwise there are still two cases:

(bl) Either there exists an integer i, 1si<d +1, such that a, ... a,v,v, is a left
factor of ¢, ... t;; then there exists a word m such that a, ... a,v,v,m=1t,...t;,€ S*.
As v,€ 8§ it follows that a, ... a,v,v,€ S* and u € S*L. This case can be illustrated
by Fig. 2.

(b2) Or there exist two words m,;, m, such that mt,... t;,.,m,=v,0,€ 8%, as
shown in Fig. 3. Yet t,... t;., € S, then mye S*and u =+, ... t;.,mywe S*L. This
concludes that proof of Lemma 3.5. 0O
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Proof of Lemma 3.4 (continued). It remains to prove the inclusion S*L < K. Let
ueS*L. If ue LUSLU - U S**7'L, then ue K. If ue S*L then ue S**'A” and
u e K. Otherwise, u can be written as u = u'v,v,w where u’e §*, v,, v,€S? and
w e L. Tt suffices to prove that

ue SAY N {(SYTTAY U (A¥\S9A”)) U S*L}.
Clearly, u € S’L, and it remains to prove that, for every suffix z of u/,
f=zv,0,we STTTAY U (A“\SYA®)

which is equivalent to showing that zv,v,w € S’A® implies zv,v,w € SS9t A“. Suppose
feS?A“. Then f=t,...t,xe S and xe A”. Set =1, ... 1,. there are two cases:
(i) t is a proper prefix of zv,v,. Set u' = pz. Then

U = pzu,0,W = pIX

and there exists a m, € A* such that ptm, = pzv,v, = u'v,v,€ S*. Since t € S9 it follows
that m, € S*. Thus zv,v, = tm,;S**' A* and f = zv,v,we S A“.

(ii) zv,v, is a prefix of t. Then t = zv,v,m’ where m’'e€ A*, and since t€ S™ and
v, S it follows that zv,v,€ S*. Now since v, € 8% it follows that zv, € S*. Therefore

f=zv,0,we ST A

This concludes the proof of Lemma 3.4. O

Proof of Theorem 3.1 (conclusion). Lemma 3.4 shows that if S is a prefix set of A*Y
with b.s.d., then S* belongs to A*Y. This proves Proposition 3.3. Now, by
Theorem 1.6, A*¥ contains the star-free sets of A*. It follows that for
every star-free language S, for every language L in the class €, the language SL is
defined by the formula ¢(S, ¢} where ¢ is a temporal formula that defines L. The
class € is then closed under left concatenation with a star-free language in A*. By
Theorem 1.5, it follows that the class of star-free w-languages of A is contained
in € (Theorem 3.1). O
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Conclusion

The algebraic proof of the equivalence between PTL and star-free languages
of infinite words is therefore complete. It is probably possible to extend this result
to larger classes of languages by using on the one hand some more powerful temporal
operators (see Wolper [37], for instance) and on the other hand, some other results
of Schutzenberger. This will be a subject of a future paper.
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