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The present research work presents a variational approach for stress analysis in a general symmetric lam-
inate, having a uniform distribution of ply cracks in a single orientation, subject to general in-plane load-
ing. Using the principle of minimum complementary energy, an optimal admissible stress field is derived
that satisfies equilibrium, boundary and traction continuity conditions. Natural boundary conditions
have been derived from the variational principle to overcome the limitations of the existing methodology
on the analysis of general symmetric laminates. Thus, a systematic way to formulate boundary value
problem for general symmetric laminates containing many cracked and un-cracked plies has been
derived, and appropriate mathematical tools can then be employed to solve them. The obtained results
are in excellent agreement with the available results in the literature. In the field of matrix cracks analysis
for symmetric laminates, the present formulation is the most complete variational model developed so
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1. Introduction

In many branches of engineering, like aerospace and civil engi-
neering, composite laminates are increasingly used as structural
components. The observed damage process of laminated compos-
ites during operation is rather complex consisting of matrix cracks,
delaminations, fiber-matrix debondings, fiber breakage, etc. How-
ever, matrix cracking parallel to the fiber direction on off-axis plies
is usually the first damage mode observed for in-plane loading.
Although matrix cracking is not critical from a final fracture point
of view, its presence triggers the initiation of other damage modes
like delamination and fiber breakage or provides pathways for en-
try of corrosive liquids that may subsequently lead to fracture. In
addition, matrix cracks lead to stiffness reduction and stress redis-
tribution to adjacent plies, which are needed for computation of fi-
ber-dominated failure modes and laminate strength. Moreover, the
first step in any matrix cracking analysis is to obtain stress state for
laminate containing matrix cracks. Therefore, the capability in ana-
lyzing stress field of a cracked laminate has played an important
role in the development of damage mechanics for laminated com-
posites. Such capability has evolved over decades to build up in
terms of accuracy and versatility, from ply-discount method in
early days to shear-lag model (Garrett and Bailey, 1977),
stress-based variational approach (Hashin, 1985), finite element
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(Herakovich et al., 1988), stress transfer model (McCartney,
1992), finite strip method (Li et al., 1994), displacement-based var-
iational approach (Berthelot et al., 1996), etc. The outcome of such
micromechanical stress analyses offer supports to other ap-
proaches in damage mechanics, such as self-consistent approach
(Laws et al., 1983), continuum damage mechanics (Lundmark
and Varna, 2005; Singh and Talreja, 2008) and discrete damage
mechanic (Barbero et al., 2011). The reader is referred to the follow-
ing publications for a detailed review of the developments in the
area of matrix cracking analysis (Nairn, 2000a; Berthelot, 2003).

Among the approximate analytical models, the stress-based
variational approach (Hashin, 1985, 1986, 1987; Nairn, 1989;
Nairn and Hu, 1992; Kuriakose and Talreja, 2004; Vinogradov
and Hashin, 2010) and stress transfer model (McCartney, 1992,
2000; McCartney and Pierse, 1997; Katerelos et al., 2006) have
shown to be more accurate from the micromechanical point of
view (Berthelot, 1997; Nairn, 2000a,b) in comparison to other
methods (e.g. shear-lag).

Stress transfer model of McCartney (1992) is a 2D analysis,
which considers the stress and displacement components based
on the generalized plane strain assumptions. The analysis satisfies
the equilibrium equations, the interface continuities and the
boundary conditions. However, some of the stress-strain relations
and boundary conditions are satisfied in an average sense. McCartney
(2000) has extended the stress transfer model to analyze general
symmetric laminates with arbitrary stacking sequence, having a
uniform distribution of ply cracks in a single orientation, under
general in-plane loading. The technique is basically analytical,
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but because of the resulting complexity, the analysis must be han-
dled numerically in some steps while making predictions of the
behavior of laminate. The stress transfer model can use the ply
refinement technique (Takeda et al., 2000; McCartney and Pierse,
1997) where each layer of the laminate is subdivided into plies
having the same properties in order that important through the
thickness variations of the stress and displacement components
could be taken into account. Today, stress transfer model is consid-
ered as one of the most efficient, versatile and accurate methods to
analyze stress field for the laminate containing matrix cracks.
Hashin (1985) has analyzed the stress distributions in cross ply
cracked laminates under tension or shear using a stress-based var-
iational approach. He has presented an approximate 2D stress
representation, which automatically satisfies the equilibrium
equations, interface and boundary conditions that must be satis-
fied by stress components. The so-called admissible stress field
was then used in conjunction with variational techniques to min-
imize the complementary energy and thus to provide an optimal
solution for the stress field. It has been revealed that the stress
field obtained by the variational approach does an excellent job of
predicting stiffness reduction and crack grow experiments
(Vinogradov and Hashin, 2010; Nairn, 2000a,b). Nevertheless, the
variational approach has mostly been used for treatment of either
cross-ply laminates (Hashin, 1985, 1986, 1987; Nairn, 1989; Varna
and Berglund, 1992; Nairn and Hu, 1992; Rebiere et al., 2001;
Kuriakose and Talreja, 2004) or other symmetric laminates that
by averaging out the off-axis plies are reduced to cross-ply (Joffe
and Varna, 1999; Li and Lim, 2005). Recently, Vinogradov and
Hashin (2010) have extended the capability of the variational ap-
proach to analyze stress field and consequently stiffness reduction
of angle ply laminates. It should be noted that the mathematical
model for all mentioned variational works involves effectively only
two layers, one cracked and one un-cracked, representing a

three-layered laminate after applying symmetry considerations.
Therefore, these models do not have the capability of analyzing
stress field for the laminates with multiple cracked and un-cracked
layers, which cannot be simplified to a two-layer model using
symmetry, due to the lack of boundary conditions for un-cracked
layers. More recently, Li and Hafeez (2009) have overcome this
drawback by introducing some boundary conditions as an outcome
of variational procedure and translational symmetry (Li et al.,
2009), called natural boundary conditions, in the terminology of
variational calculus. As a result, the applicability of the variational
approach has been extended fundamentally for considering
multiple layers laminates. However, their model (Li and Hafeez,
2009) has only considered cross ply laminates under axial loading
due to the assumed admissible stress field.

In the current work, an attempt has been made to extend the
applicability of the variational approach for analyzing cracked
symmetric laminates with arbitrary stacking sequence under
general in-plane loading. An admissible stress field that satisfies
equilibrium and all the boundary and continuity conditions is
constructed and it is used in conjunction with the principle of
minimum complementary energy to achieve the optimal stress
state of a general symmetric cracked laminate with multiple
cracked and un-cracked layers. A systematic way of evaluating
governing equations is developed, which is completely analytical,
and consequently, the model could enjoy the advantages of ply
refinement technique. To donduct the analysis for considering
general symmetric lay-ups, a set of natural boundary conditions
is considered as an outcome of variational procedure and trans-
lational symmetry. Stress state of cracked laminate estimated by
the suggested approach is in excellent agreement with the re-
sults obtained from the formulations of Hashin (1985) and Li
and Hafeez (2009), which are special cases of the current
formulation.
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Fig. 1. Geometry of an arbitrary symmetric laminate containing cracks
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in one 90° layer (only the upper set of N layers (z > 0) is shown).
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2. Theoretical formulation

Consider a symmetric multilayered laminate including 2N per-
fectly bonded layers, which can have any combination of orienta-
tions while the symmetry about the mid-plane of the laminate is
preserved. As laminate symmetry is assumed, it is better to con-
sider only the upper set of N layers as shown in Fig. 1. A global
set of rectangular Cartesian coordinates is chosen having the origin
at the center of the laminate as shown in Fig. 1. The x-direction
defines the longitudinal or axial direction, the y-direction defines
the in-plane transverse direction and the z-direction defines the
direction through the thickness. The locations of the N — 1 inter-
faces in one half of the laminate (z>0) are specified by z=z;
i=1,2,..,N—1. The mid-plane of the laminate is specified by
z=29=0 and the external surface is demonstrated by z=2zy=h,
where 2h is the total thickness of the laminate. The thickness of
the ith layer is denoted by h;=z; —z;;. The orientation of the
ith layer is specified by the angle 60; (measured clockwise)
between the x-axis and the fiber direction of this layer. The lam-
inate must be such that the orientation of fibers in at least one set
of plies is aligned in y-direction. This assumption is not a limita-
tion as general in-plane loading conditions are considered so that
if cracks form in another single orientation the laminate can
rotate so that the crack planes are parallel to the y-axis and the
applied stresses transform to values appropriate for the new ori-
entation. The stress and strain components and also material
properties associated with the ith layer are denoted by a super-
script or subscript i. Some layers might have similar properties,
so that through the thickness variations in the stress fields can
adequately be modeled. We assume that the laminate can be infi-
nitely extended in both x and y directions (see Fig. 1), so that the
effect of edges is neglected.

The laminate is subjected to external uniform membrane loads
of Nyy, Ny, and Ny, in the coordinate system of xyz associated with
cracks. In an un-cracked laminate, the only nonzero components of
the stress tensor defined in the coordinate system associated with

cracks are oy, a5, a5, where the superscript 0 denotes the
undamaged state and the superscript (i), i=1,2,...,N, denotes the
number of the layer. The stresses are spatially uniform within

each layer and linear functions of the applied load of Ny, N,, and
Ny

It is assumed that the ply crack distribution in damaged 90 plies
is uniform, having a separation 2a, and that the cracks in each dam-
aged 90 ply of the laminate are in the same plane. The cracked lam-
inate can be seen as a sequence of laminate fragments, bounded by
pairs of adjacent cracks (see Fig. 1). Further, it will be shown that
each fragment has the same ‘admissible’ traction boundary condi-
tions in the crack planes and hence can be treated separately. In
Fig. 2 a fragment of length 2a is indicated and it will serve as an
elementary cell for the construction of admissible stress field.
The origin of the coordinate system is located in the mid length
of the fragment. The geometry of the fragment is then symmetrical
with respect to the xy and yz planes.

Following the approach developed by Hashin (1985), the stres-
ses in the cracked material are represented as a superposition of
the stresses in the un-cracked material and some yet unknown
perturbation stresses due to the presence of the cracks.

Ton(X) = o) + 0 (X) (1)

where m, n =X, y, z. The second term in Eq. (1) is the stress in the ith
ply of undamaged laminate, which can be obtained from a simple
analysis using classic laminate theory. The last term in Eq. (1) is
the perturbation stress in ith ply, which in contrast to the stresses
in the undamaged laminate, is a function of location. For a general
symmetric laminate, all the components of the perturbation stress
tensor are expected to be nonzero, even when some of the external
membrane forces are not applied. It is necessary to find an admissi-
ble stress field that satisfies the equilibrium equations &%, ,(X) = 0,
traction boundary and continuity conditions, namely:

1. Zero traction condition on the external surfaces z=th:

N _ &N _ &N _
Oxz *Gyz =0z =Y.
2. Continuity condition at the interface between the plies at z = z;,
- T oD ey ek
=12, N 1268 =607, o) = 67, 61l = 6L,

3. Zero traction condition on the crack surfaces x=*a:
oW = 6% = 6% = 0, where superscript (k) represents cracked
plies. In addition, the stress field should balance the membrane

forces applied to the laminate.
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Fig. 2. Schematic of an elementary cell containing a cracked layer for the construction of admissible stress field.
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It should be mentioned that in the coordinate system where the
crack planes are parallel to the y-axis, the stress fields are indepen-
dent of the y coordinate due to this fact that cracks extend across
the entire width. Moreover, following the approach developed by
Hashin (1985), we assume that the membrane perturbation stres-
ses of each layer vary merely along the x direction, normal to the
crack surfaces, and are denoted as:

T (X) = —@;(x)/h; (2)
Ty (X) = —i(X)/h; (3)
ay(X) = —1;(x)/h; (4)

where ¢(x), ¥i(x) and n,(x) are unknown functions of x coordinate.
The other components of the stress tensor are allowed to depend on
both x and z coordinates. _

Using Egs. (2)-(4) the equilibrium equations 6, ,(X) = 0 re-
duce to:

—-@i(x)/hi+0),=0 (5)
—i®)/hi+ay), =0 (6)
Giiz).x + O-,g.iz),z =0 (7)

The solution of the equilibrium equations can be written in the
form of:

00x.2) =9Iz ~ )y + ) ®
0%.2) = ()2~ 20 /hi-+ 8 ©
00x.2) = — 5 90 ~ 2% ~ 2,0+ (10)

where fi(x), gix) and j(x), i=1,2,...,N are unknown functions,
which will be determined later and primes denote derivatives with
respect to x.

The external membrane forces applied to the laminate should
be balanced. The load is applied so that Ny, Ny, and N, remain
constant as cracks appear in the laminate. Therefore, for an undam-
aged laminate:

h N

Ny = / Gudz =2 aoh; (11)
—h i=1
h N

Ny = / Gydz=2) a%h, (12)
- i=1
h N

Ny, = /h Gy dz =2 ad'h; (13)
- i=1

And for a cracked laminates, we have:

h N

Ny = 6'xde: 2 Gg)((i) — ;X hi h,‘ 14

/. > (6 = oy /h) (14)

h N

No = [ Gydz=2) (037~ pit)/hh (15)
—h i1
h N .

Ny = / Gyydz =2 (000 — n,(x) /M) (16)
~h

i=1

Therefore, the following relations are valid:

> (%) =0 (17)
i=1
N
S W% =0 (18)
i=1
N
> 0 =0 (19)

It can be seen that equilibrium of external forces provides three
relationships between the perturbation functions as shown in Egs.
(17)-(19).

The boundary conditions for each cracked ply (k) on the crack
surfaces x = +a become:

¥ (x = £a) =0 = o) (+a,2) = —ao¥ (20)
oy (x = +a) = 0= 0¥ (+a,2) = -0 (21)
d¥x=4a)=0= 0¥ (+a,2)=0 (22)

The boundary conditions on the external surface of z=zy=h
are:

dMxz=h)=0=oMx,z=h)=0 (23)
oy (xz=h)=0=>0(x,z=h)=0 (24)
dM(x,z=h)=0= oM (x,z=h)=0 (25)

Symmetry with respect to xy plane requires:

cV(x,z=0)=0=0V(x,z=0)=0 (26)

0 (x,z=0)=0=0)(x,z=0)=0 (27)

yz

Traction continuty at N-1 interfaces (z=z, i=1,2,..,N—1)
requires:

d0(xz=z)=00""x2z=2)=0Q(xz=2)=0clV(x,z2=2)
(28)

oW(xz=2)=06\"(xz2=2)=0l)(x,z=2) =0V (x,z=1z)

yz\% i yz , i yz\% i yz , i
(29)

6(xz=2)=060Vx2=2)= 00X z=2)=0lV(xz2=2)
(30)

Substituting Eq. (26) into Eq. (8) and Eq. (27) into Eq. (9), it
could be concluded that f; (x) = ¢} (x) and g, (x) = ¥/ (x). Moreover,
Egs. (28) and (29) provide enough recursive relations to find fi(x),
gi(x), i=2,...,N, respectively. Therefore, substituting Egs. (28)
and (29) into Egs. (8) and (9), it can be concluded that:

fix) = @) (31)
=1

gX) = ¥ (32)
=
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Correspondingly, we have:

6i(x.2) = i)z~ 2)/hi + 3 Plx) (33)
=1

o1)0,2) = YX) (2 — 20/l + S W) (34)
=

It can be easily verified that the traction boundary conditions in
Egs. (23) and (24) are automatically satisfied considering Eqs. (17)
and (18), respectively. Li and Hafeez (2009) have shown that this is
the nature of any models in which ol Jffy) are assumed to remain
constant through-the-thickness of each ply.

Substituting Eq. (25) into Eq. (10) and using Eqs. (31) and (32),
one concludes that

X)=h> @] (35)
j=1

Moreover, Eq. (30) provides enough recursive relations to find

Jix), i=1,2,...,N— 1. Therefore, substituting Eqs. (30) into Eq.
(10), it is concluded that
N
=Y hel(x) =3 Z Zi+21) 9] (%) (36)
j=1 Jj=i+1

Finally, the admissible stress field that satisfies all equilibrium
equations, tractions and continuity boundary conditions can be
summarized as:

T (X) = 0% — @;(x)/h; (37)
Gy (x) = oy — (%) /i (38)
Ol (X) = 03 —i(x)/h; (39)
G0(x,2) = %)z - zi) /hi + Y _@j(x) (40)
=1
0 (x,2) = Yi(x)(z— z) /hi + Zzp]f(x) (41)
=1
N
0y (x.2) = (P, )(z-2)* - ZZ )+ @) (x)
=1
1 N
) Dz +211) 9] (%) (42)
j=itl

where @i(x), ¥{(x) and n;(x),i=1,2,...,N are unknown perturbation
functions yet to be determined. It should be noted that Egs. (17)-
(19) represent three relations between unknown perturbation func-
tions, thus, the number of unknown perturbation functions which
should be determined is actually 3N — 3.

Notice that the expressions for the admissible stress field are
valid for any in-plane loading conditions. The influence of the ac-
tual loads under consideration comes through the constant field
in the boundary conditions at cracked surfaces of x=zta (Egs.
(20)-(22)) for the unknown functions that will be discussed in de-
tail.As discussed above, the general expressions for the perturba-
tion stresses contain 3N — 3 unknown functions. We will be
evaluating the optimal functions that minimize the complemen-
tary energy of the cracked laminate. The total complementary

energy Uc associated with the admissible stresses in a laminate
subject to traction boundary conditions is defined as follows:

Uc=1[,656dV =1 (06+0°S(0+0°)dV =U2+Uc+2Up,
Ug=1[,0°S6%V, Uc=1[,050dV, Un=1[,65c°dV
(43)

where S is the local compliance matrix and V is the volume of the
cracked laminate. Hashin (1985) went through a lengthy proof to
demonstrate that U, vanishes. This is in fact a direct consequence
of the virtual work principle. Thus, we have:

OC:%/asadvzug+Uc (44)
\

where U2 is the total complementary potential energy before crack-
ing, which does not contribute to the variation. For a cracked lam-
inate, we would minimize the functional over the volume of a
fragment of length 2a bounded by two adjacent transverse cracks,
such that |x| < a and |z| < h. Due to the symmetry with respect to
mid-plane z=0, only the region 0 <z<h can be considered.
Consequently:

N -

Uc =Y (f% 7, Wdz dx),
i=1

W = (a"}71s"){a"},

{00} = {ol. 0. 0%, 0.0, )}

where WA is the perturbation stress energy density of ply (i) and
[S¥] is the compliance matrix of ply (i) in the coordinate system
associated with cracks. In order to compute [S®], the compliance
matrix of the unidirectional fiber composite material should be ro-
tated to the corresponding angles of the plies 0;, e.g. 90° for any
cracked plies. Substituting the expressions for the perturbation
stresses (Egs. (2), (3), (4), (40), (41), (42)) and inserting the rotated
compliance matrices into Eq. (45), we can perform the integration
over z. The result of integration can be written in the following
form:

ve = [ FOx (@), (@), {07}, (0}, W'}, {77} dx (45)

(45)

where
Fix, {@} @'} {97} (0} (') (1)
= (@) [C¥{@} + (0} (O} + {7 [C8){m}
@Y ICRIDY + (@) (CRI) + () [C8)m
+ (@Y [C{@} + W) [0 + (@Y ICH)
+{@"} [CN{@} + (@7} [CO{U} + {97} [C3){m}

+ {7 [Ch){o™) (47)
where:
@Y = {01, Pare e O rys (P} = {01 P O}
{W}T = {(p/]// q)gv e ,q’;(z 1xN> {J}T = {!//17l//27 e 7!//N}]XN7
WY =Wt Wb AT = st b

48)

In addition, the coefficient matrices of [C%],. .. etc, with the
superscripts corresponding to the order of derivatives and sub-
scripts corresponding to independent unknown functions involved
(e.g. [C39] is associated with {¢"} and {7} or [C};] is associated
with {¢’} and {y'}), were evaluated systematically as given in
Appendix. It should be noted that all the unknown functions are
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not independent and one out of any n unknowns of ¢;,v;,#;,
i=1,2,...,N can be eliminated using Eqs. (17)-(19), respectively.
In order to have a systematic way for developing the formulation,
we choose the nearest un-cracked ply to the upper surface of the
laminate (assigned its ply number to the integer variable m) and
eliminate its perturbation functions based on Egs. (17)-(19). Thus,
it is necessary to rewrite Egs. (46)-(48) based on the independent
unknown functions as follows:

Ue = [ Fix {0110/} (0" 001, (') d 49)

where:

Fx {o} {0} {0} wh w'y (n})
= {@} AN @} + (W IARI ) + (AR {n}
+{@} AR} + {@} AR} + (v} AR {n}
+{oY AR + Y AR} + (o ALY}
+{o" AN 0} + (@YADY} + {9} IASHn)
+{o"Y AT 9"} (50)

Where in the new notation with the assumption that mth ply
represents an un-cracked ply, we have:

{(p}T = {(p17 (p2=---7(pm—lv(pmH?"'?(pN}lfo]v

{(p/}T = {(P/17(P/27"‘T(P;’n—17<0/m+17"’7q);\/}1><N—17
{0 = {05, @5 Py P PR}y 51)
{l//}T = {l//lvl//27"'7l//m—l7l//m+11 . "’l//N}lxN—l’

{W’}T = {l//[17l//127"'7l/l;n7]7lp/m+17"'7l//;\l}]x]\],]7
{"}T = {1717;727~~~777m717’7m+17"'~,’7N}1XN71

Again, the remaining unknowns will be denoted as {¢}, {{/},
{n} hereafter in this paper and they are the independent un-
known functions for the mathematical formulation of the prob-
lem. A ply corresponding to an independent unknown function
will be referred to as an ‘independent ply’. In addition, in order
to evaluate new coefficient matrices of [A}Y] etc, we

(N=1)x(N-1)?
have:

AR 1yev-r) = IMITICRIMI, (AR 1yvr) = [MITICR3IM,
similarly (AT w-1yv-r) = M M)

(32)
where [M]yx(n-1 is @ matrix to consider the Eqgs. (17)-(19), in order

to remove dependent unknown functions effects in the coefficient
matrices, which can be defined as below:

Mijj=-1, i=m
Mij=1, i>m

Mlyn-1) = Mi =1, i<m >
M;j=0, else

where m is one of the un-cracked plies (the nearest un-cracked ply
to the upper surface of the laminate), which is assumed as the
dependent ply.

The functions {¢}n-1.1, {{/In-1.1 and {n}n.1,1 are now to be deter-
mined from minimization of the complementary energy func-
tional. It is well known that when a variation is taken for the
total complementary potential energy, the stationary value condi-
tion, dUc = 0, leads to Euler-Lagrange equations as the governing
equations for the problem as follows:

or [Bil{@"} + Bl{e"} + [Bs|{@} + [Bal{y"} (54)
+Bs){w} + [Bel{"} + Bs]{n} = 0

OF d 9F _
i~ (str) = 0,

or [Ba]'{¢"} + [Bs]' {} + [Bs]{"} + [Bs] {/} + [Buol {1} = 0

(55)
ot =0 (56)
or  [Bs]' {¢"} + [B7)' {@} + [Bao] {¥} + [Bur}{1} =0

where

Bi] = AT+ (AT) s (B =A%)+ A7) — (Al - ALY

Bs] = A%+ (A),  [Ba] = —(AD}) + [ATS). (B = (AT}, 57)

[Bs) = (A%, By =A%), [Bs] = —[AL] — ALY,
[Bo] = [A%] + [A%]",  [Bio] = [A%], [Bur] = [A%] + [A%]'

The Egs. (56) define {} in terms of the other two unknown
functions:

{n} = —[B1) " ([Be]" {@"} + [B7] {@} + [Bro] {¥}) (58)

Substituting above expression back to the functional in Eq. (50),
we can rewrite it in terms of two sets of independent unknown
functions of {¢} and {y/}:

Fix,{@}, {0’} {0}, (0} {(v'})

= {o} PR} + (W} PBI{Y} + {0} PEI{w}

+{@Y PR} + Y PRy} + {9} PHI}

+{o" Y PR} + {0y [P} + {0} [P 9"} (59)
where
P = (A% — A%y A
1

1 -1 T

- [P = (A% - 4 [A]IA%] 1A%
-1 T

P = (A% — 5 [ABIAS] [A%] . [P1]=[AT1],  [Ph) = (A%,

2
1 -1 T
[Pio) = [AL) [P = (AT — 5 [ATS]A%3]IAS]
1 1 T 1 -1 T
(P12 = [AT2) - 5 [AT]IAS][A] [PRT] = ATT] — 4 [AT3)IASS)[AT3)
(60)

Again, the Euler-Lagrange equations as the governing equations
for the problem based on functional in Eq. (59) are as follows:

Ti{e™} + [T2{@"} + [T3[{@} + [Ta{y"} + [Ts]{y} = 0 (61)
[Ta)' {@"} + [Ts]" {@} + [Tel{y"} + [T7}{y} = 0 (62)
where

Ty] = P2)+ [P2), [Ta) = [P29) + [P2S)" — [P1) — [PLY,
T3] = P2)+ PX), [Ta] = —[PL]+ [P, [Ts]=[P%Y,  (63)

T T
[Te] = ~[Py] — [P . [T7] = [P53] + [P5)]
The Egs. (61) and (62) are an extension of work done by

Vinogradov and Hashin (2010) for two-layer angle ply laminates
into the more applicable case of general symmetric laminates with
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multiple-layer cracked and un-cracked plies. Note here that for a
cross-ply laminates [T4] = [Ts] =0 and the Eqgs. (61) and (62) be-
come uncoupled.

M{e™} + [[{¢"} + [T3]{p} = 0 (64)

(Tel{y"} + [T7){y} =0 (65)

which is the case considered by Hashin (1985) for a two-layer cross
ply and (Li and Hafeez, 2009) for a multiple-layer cross ply lami-
nates; with only one (usually negligible for a cross-ply) difference
that here the perturbation of o,, has not been neglected.

The Eqs. (61) and (62) are a pair of coupled systems of simulta-
neous linear ordinary differential equations with constant coeffi-
cients arising from the variational analysis of general symmetric
multiple-ply laminate containing cracks in some layers. Using dif-
ferential operator notation, the system of Egs. (61) and (62) may be
expressed as

[T1]D*{@} + [T2D*{@} + [Ts]{@} + [TalD*{y} + [Ts|{y} =0  (66)

[Ta)'D*{@} + [Ts]' {9} + [TelD*{y} + [T7}{} = 0 (67)

where D is the differential operator defined as

D= 4 and if generalized D" = d—n (68)
~dx & T dx”

Combining these systems, we obtain the coupled system, ex-
pressed as follows:

[T1)D* + [T2D* + T3] [T4]D2+[Ts}) o _, 6
( [Ta'D?* +[Ts)"  [Te]D* + [Ty {{w}}f (9)

Let us denote the differential operator matrix on the left hand
side of the above equation by MM(D):

[T1)D* + [T5]D? + T3] [T4)D* + [T5]>

0
[T4)'D* +[Ts]"  [Te]D* +[T7] 7o

MM (D) = (

Then, the characteristic equation for the coupled system would
be

, T 4 [T2)2 1 T3] [Tl + [Ts)
=d =0
MM et{( T2 4+ [T [Te]AZHTﬂ)}

(71)

The characteristic equation (71) for the coupled system is a
polynomial of degree 6(N — 1) in /.

If the lay-up is cross-ply or the system is uncoupled, i.e.
[T4] =[Ts] =0, the Egs. (64) and (65) should be solved separately.
In that case, there are two characteristic equations as follows:

IMM(5)] = det{([T]* + T2} + [Ts])} = 0 (72)

IMM(4)| = det{([Ts]* + [T7])} = 0 (73)

where the first characteristic equation is a polynomial of degree
4(N — 1) and the second one is a polynomial of degree 2(N — 1) in /.

Since the derivatives in both coupled and uncoupled systems
are all even, the parameters 4;, i =1,2,...,6(N — 1) appear in both
positive and negative valued pairs of square roots which may not
always be real. In the case of a complex root, it is always accompa-
nied by its conjugate due to the fact that all coefficients of the
equation are real. Moreover, it is feasible to obtain all roots
numerically for Eq. (71) or Egs. (72) and (73) using Maple software,

Matlab software or any other mathematical software. Once the
characteristic equations are solved and the all roots are found for
alaminate, it is possible to write the functions {¢} and {1/} as series
expansions of exponential functions as long as the values /; are all
distinct. In other words, for a coupled system, each of these solu-
tion functions is of the following form

6(N-1)
(pk(x) = Z qi.l<eAix7
i=1
6(N-1) (74)
lpk(x) = Z qi‘k+Nfle)'iX7 k= ]~,2’ ce, M= 17m + 11 . ~,N
i=1

where q; are arbitrary constants that should be determined using
boundary conditions. It should be mentioned that all values of g;
are not independent. It is due to this fact that they are members
of eigenvectors concerning characteristic equation roots of ;.

In addition, for the uncoupled systems, each of these solution
functions is of the following form

4(N-1)
o) = > qye”™, k=12,...m-1, m+1,....N (75)
i=1

2(N-1)
U@ = 3 Qi€ k=1,2...m-1,m+1,...,N (76)
i=1

This is because the system is one of linear ordinary differen-
tial equations with constant coefficients. For complex roots, the
terms associated with a conjugating pair can be expressed in
term of products of exponential and harmonic functions to avoid
the appearance of imaginary numbers in the expression. It is
necessary that all 4; values are distinct for expressions
(74)-(76) to hold. This uniqueness condition is checked after
solving Eq. (71) for coupled systems and Eqgs. (72), (73) for
uncoupled systems, and it is found to be satisfied by the input
data in all considered cases. When repeated roots are present,
the form of the solution needs to be modified a little to accom-
modate them. These are all standard treatments in ordinary dif-
ferential equations and hence not described in details here.
Moreover, it is noted that the coupled system in Egs. (61) and
(62) is very similar to the equations which has been derived
by McCartney (2000) using a stress transfer model. The method
of numerically solving the system of differential equations (61)
and (62) is
described by Hannaby (1997) for coupled case (i.e. [T4]#0 or
[Ts]#0) as well as the uncoupled case (i.e. [T4]=[Ts]=0)
(Hannaby, 1993). The reader can also refer to these publications
to find details about solving of the governing equations. Once
the governing equations are solved, the last step is finding arbi-
trary constants using boundary conditions.

It could be easily seen that one system (Eq. (61)) is fourth order
in terms of the variables ¢ and second order in terms of the vari-
ables i/ and the other system (Eq. (62)) is second order both in
terms of ¢ and the /. Thus, the first system requires 4(N — 1)
boundary conditions and the second needs 2(N — 1) boundary con-
ditions, making 6(N — 1) in total. Suppose that there are N, cracked
and N, un-cracked plies. Then clearly, we have:

Ne+N,=N (77)

Egs. (20)-(22) should be satisfied For each of the cracked plies,
and these equations can be written in terms of unknown functions
as comes in the following:

@;(a) = @i(—a) = o3 h; (78)
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vi(@) = yi(—a) = oy hy (79)
pi(a) = ¢i(-a) =0 (80)

There are clearly 6N, of these boundary conditions.

For an un-cracked ply, the physical conditions available in the
problem can only produce four boundary conditions. Take the in-
plane shear stress oy, axial stress o, and transverse shear stress
oy, from the free body diagram as shown in Fig. 3, to start with.
The continuity consideration leads to

and 6xy3 = 6xy4,
and Oxx3 = Oxx4, (81)
and Oxz3 = Oxza,

O-xyl = O-xyz
Oxx1 = Oxx2
Oxz1 = Ox2

While the periodic condition or translational symmetry
requires

O-xyl = axy3 and O-xyz = O-xy4
Oxi = Opz  ANd Gy = O (82)
Ox1 = Ox3 ANd Oy = Oy

Consequently:
Oxy2 = Oxy3 — O-xy(a-,z) = ny(favz) = lpi(a) = l//i(fa) (83)
Oxx2 = Oxx3 — O'XX((LZ) = O-xx(*aaz) = (pi(a) = (pi(fa) (84)
Oxz2 = Oxz3 — O-xz(a»z) = O-xz(*avz) = (P:(a) = (P;(*a) (85)

The rotational symmetry about the vertical central axis can also
serve another boundary condition (Li and Hafeez, 2009). This sym-
metry is always present in the laminate, cracked or not, in general
(Li and Reid, 1992; Li et al., 2009). It is also seen by the loading con-
dition as long as the loads the laminate is subjected to can be ex-
pressed in terms of generalized stresses (membrane forces) as
defined in the classic laminate theory. The rotational symmetry
on oy, and o, yields the same condition as in Egs. (83) and (84),
respectively. However, for oy,, as it is anti-symmetric under this
particular symmetry transformation, this symmetry requires

Oxp = —0x3 — Ox(Q,2) = —0x(—0a,2) = @j(a) = —@ij(-a)  (86)

where together with Eq. (85), the boundary conditions associated
with transverse shear can be given as

/

0x(0,2) = 0x(~0,2) = 0 = @j(a) = ¢;(-a) = 0 (87)

With Eqgs. (22) and (80) for cracked plies and (87) for un-cracked
plies, it can be seen that the transverse shear stress at x = +a van-
ishes in all plies of the laminate, both cracked and un-cracked. This
leads to the fact that the first order derivative of ¢; vanishes at
x = za for all plies. Finally, the Eqgs. (83), (84), and (87), which be-
long to independent un-cracked plies, clearly provide 4(N, — 1)

The physical construction of the problem itself does not offer
any more boundary conditions without resorting to displacements.
As a result, there will not be sufficient boundary conditions directly
from the physical conditions. McCartney (1992, 2000) has intro-
duced a displacement boundary condition. In a stress-based ap-
proach, as is the case here, displacements are not involved, and
one has to find extra boundary conditions in terms of stresses for
each independent un-cracked lamina before the solution can be
determined.

Li and Hafeez (2009) have shown that for any laminate having
more than two un-cracked plies, an extension is required in terms
of boundary conditions. There is a shortfall of two boundary condi-
tions for each independent un-cracked ply (2(N, — 1) in total). In
the next paragraphs, it will be shown that the fifth and sixth
boundary conditions for each independent un-cracked ply can be
obtained mathematically from the variational calculus itself in
terms of natural boundary conditions.

As Euler-Lagrange’s equations are derived using variational cal-
culus, terms also emerge which take their values at boundaries
resulting from steps of integration by parts. For the variation of
the functional to vanish so that the functional takes its stationary
value, these terms must also vanish. This leads to boundary condi-
tions, called natural boundary conditions in variational principles.
For the current problem with the functional given in Eq. (49), the
natural boundary conditions obtained directly from the variational
calculus are as following:

oF d oF \" 17"
Ka{(p'} “G o) 9 } =0 (88)
( oF )T{aw} o (89)
104!

The left-hand side of the above equations, shortly denoted as
[XY]}_"%, can be manipulated as (Li and Hafeez, 2009), (Li, 2008)

a

and (Li et al., 2009):
XYPZ = XeaY o~ X oY g = 3 (Kea — Xa) (Yo + ¥o0)

Koot X)(Vea — Vo) (90)

(Y+a - Y—a) = {a(P}m - {a¢}—a =0 or (Y+a - Y—a) = {al//}ﬂl - {alp}—a =0,
are based on (84) and (83), respectively. Therefore

[Xy])(:+ﬂ — l(x+a

X=-a 2 - X—a)(YJra + Yfa) (91)

And Eqgs. (88) and (89) reduce to
OF d oF \'
Ré‘{(p’} ~& o) {a"’}Lu

= % <<a{8£} ‘% a{iﬁf}xa - (afg'} ‘%ag"}),)r

({99} o + {09} o) =0 (92)

X=a

boundary conditions.
c)(21
A oxw |
4 I
I

Oxz3 A Oxy3
4

> Oux2 it
T) 1 " » ’ Oxxa Ah// ;
xx ’ ’
Ouy2 7 YOy Oxya | » YO,z4

Fig. 3. Axial stress, in-plane shear stress, and transverse shear stress at the boundary of an un-cracked lamina.
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o) ], ~3(Gawn).. o))

({0v} o+ {00} o) =0 (93)

As ({0@}iq + {0¢0}.q) represents the variations of ({(p}.q *+ {(}.q)
and also ({oy}q+{0Y},) represents the variations of
({ }+a + {¥}.0), which are arbitrary for un-cracked plies but vanish
for cracked ones, for the above expression to vanish, one must have
the following relationship as the natural boundary conditions for

the un-cracked plies
(oo ) (o) =0 o
Hey dxofey) .. \H{e} dxofey)

(%5}) w (%5}) L0 (95)

Given F as expressed in Eq. (59), the natural boundary condi-
tions in Egs. (94) and (95) can be obtained as

Mo (—a)} = {¢"(+a)}) + [TJ({Y' (-a)} - {¥'(+a)}) =0 (96)
[Te]({¥'(-a)} = {¥/'(+a)}) = 0 97)

In obtaining Eqs. (96) and (97), physical boundary conditions in
Eq. (87) have been considered. [T4] is associated with off-axis plies
and it disappears for cross ply laminates. Apparently, Egs. (96) and
(97) apply only to independent un-cracked plies and clearly pro-
vide 2(N, — 1) boundary conditions.

As mentioned above, Egs. (78)-(80) prepare 6N, Egs. (83), (84),
and (87) prepare 4(N, — 1) and Egs. (96) and (97) prepare 2(N, — 1)
boundary conditions which provide

6N +4(Ny — 1) +2(Ny — 1) = 6(Nc +N,) ~6 =6(N 1) (98)
boundary conditions in total, as required.
3. Results and discussions

The numerical results for stress field will be given for graphite/

epoxy and E-glass/epoxy laminates. The properties are summa-
rized as follows:

'
o
¥

S
=

Nz =2)/ o

"

Normalized Stresses

'
(=)

For graphite/epoxy (Hashin, 1985; Li and Hafeez, 2009)
E; =208.3GPa, E, =E; =6.5GPa, Gj;; =1.65GPa
G23 =23 GP&, U1 = U13 = 02557 U3 = 04‘137 (99)
Ply thickness = 0.203 mm

For E-glass/epoxy (Varna et al., 1999)
E; =44.7GPa, E, =E; =12.7GPa, G;; =5.8GPa,
Gy3 = 4.5035 GPa, U1 = U13 = 0297, Up3 = 041,
Ply thickness = 0.144 mm

(100)

For comparison, the case of [0/90]s graphite/epoxy laminate
(h1=hy =0.203 mm) is considered, which has been presented in
Hashin (1985). It is noted that for the mentioned lay-up (i.e.
[0/90]s) [T4] =[T5] =0 and the Egs. (61) and (62) become uncou-
pled, therefore, they should be solved separately. Moreover, the
lay-up is containing only two layers, one cracked and one un-
cracked representing a three-layered laminate after the application
of symmetry considerations; thus, there is no need to use the nat-
ural boundary conditions presented in Eqgs. (96) and (97) because
there is no independent un-cracked ply. The stresses are plotted in
Figs. 4 and 5 at several typical locations for the crack spacing
2a=4 x 0.203 mm under uniaxial tension and in-plane shear,
respectively. It is noted that the stresses in Fig. 4 have all been nor-
malized with respect to the direct stress in the x-direction in the
90-lamina before cracking, and stresses in Fig. 5 have all been nor-
malized with respect to the in-plane shear stress in the 90-lamina
before cracking, which have been obtained from the classic lami-
nate theory. In addition to the results of the present analysis, the
results obtained from the variational method by Hashin (1985)
are also presented for validation; his method is based on plane
stress assumptions, which neglects the perturbation of ay,. It is
worth mentioning that the current method can predict the exact
results of Hashin’s (1985); it is enough to put the perturbation of
gyy in Eq. (58) equal to zero. Therefore, it can be concluded that
the Hashin’s formulation is the special cases of the current formu-
lation for cross ply laminate with only two layers, one cracked and
one un-cracked, which do not need more boundary conditions
other than those provided by the physical conditions available in
the problem. The excellent agreement between two sets of results
is observed. All of the features and trends as obtained from

W (z = 0)/ o

-1 1 Hashin (1985) : Cross Points

Present Study: Solid Lines

Non-dimensional X-coordinate from Crack to crack (x/h1)

Fig. 4. [0/90]; graphite/epoxy laminate under uniaxial tension: distributions of stresses between two cracks with crack spacing 2a =4 x 0.203 mm.
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Normalized Stresses
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a‘;)(z =z)/ 00(3

0 0.5 1 15 2

Hashin (1985} : Cross Points
PresentStudy: Solid Lines

Non-dimensional X-coordinate from Crack to crack (x/h1)

Fig. 5. [0/90]; graphite/epoxy laminate under shear: distributions of stresses between two cracks with crack spacing 2a =4 x 0.203 mm.

Hashin’s (1985) analysis are observed here. This agreement shows
that the perturbation of o, is actually negligible for the assumed
cross ply. It is worth mentioning that both approaches are approx-
imate, however, in the current approach all equilibrium equations,
the interface continuities and the boundary conditions are satisfied
exactly. Moreover, the obtained stress field minimizes the comple-
mentary energy. Therefore, for symmetric cracked laminates, with
a uniform distribution of ply cracks in a single orientation, the
present stress field is the optimal admissible stress field that can
be developed based upon the single fundamental assumption that
the in-plane stresses in each ply element are independent from the
through-thickness direction.

As the second step, the case of [0/90,/0]; laminate
(hq1=h3=0.203 mm & h, =0.406 mm) presented in Li and Hafeez
(2009) is considered. Again, for the mentioned cross ply lay-up

04 4 5-(’:)(2 - 22)/052)

(i.e. [0/90,/0]5), [T4] =[T5] =0 and the Egs. (61) and (62) become
uncoupled, therefore, they should be solved separately. However,
the lay-up contains three layers in the upper part (considering
upper part of symmetric laminate), one cracked and two un-
cracked layers; thus, there is one independent un-cracked layer
and the Eqgs. (96) and (97) should be implemented to achieve en-
ough boundary conditions. The stresses at several typical locations
for the crack spacing 2a =4 x 0.203 mm are plotted in Fig. 6. It is
noted that the stresses in Fig. 6 have all been normalized with re-
spect to the direct stress in the x-direction in the 90-lamina before
cracking. Beside the presentation of the results obtained from the
present analysis, the results obtained from variational method by
Li and Hafeez (2009) based on plane strain assumptions are also
presented for validation, which also neglects the perturbation of
gyy (usually negligible for a cross-ply). It is noted that Li and Hafeez

-1 -0.5

Normalized Stresses
o

&Lz =2)/ oz”

Liand Hafeez(2009): Cross Points
Present Study: SolidLines

Non-dimensional X-coordinate from Crack to crack (x/h1)

Fig. 6. [0/90,/0]; graphite/epoxy laminate under uniaxial tension: distributions of stresses between two cracks with crack spacing 2a =4 x 0.203 mm.
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0.1

Normalized Stresses

Square Points: &0°
Cross Points: 8=30°
%, Triangle points: 8=45°
A 8=60°

%, Circle points:

Non-dimensional X-coordinate from Crack to crack (x/a)

Fig. 7. [0/90s/005]s E-glass/epoxy laminate under uniaxial tension: distributions of stresses between two cracks with crack spacing 2a = 8 x 0.144 mm.

(2009) have considered the lower part of the symmetric laminates,
therefore, the out-of-plane shear stresses have been presented in
Fig. 6 applying a negative sign so that the results are compatible
with those of Li and Hafeez (2009). The excellent agreement be-
tween two sets of results is observed. This agreement shows that
the Li and Hafeez's results (2009) can be easily obtained by the
present formulation, which means that their formulation is an
especial case of the current formulation. Moreover, it can be con-
cluded that the perturbation of gy, is actually negligible for the as-
sumed cross ply.

In order to show the capability of the method in handling stress
analysis of cracked laminates with general symmetric lay-up, a set

of [0/90g/005]s E-glass/epoxy laminates with different 6 angles
(0 =0°,30°45°and60°) is considered and the stresses are
plotted at several typical locations for the crack spacing
2a =8 x 0.144 mm under uniaxial tension in Figs. 7-10. It should
be noted that for 0=0° the Eqs. (61) and (62) are uncoupled,
however, for the remaining cases under consideration the
equations are coupled and should be solved together. Moreover,
all lay-ups under consideration need more boundary conditions
in addition to those provided by the physical conditions available
in the problem. It is due to this fact that there is one independent
un-cracked ply in the laminates and consequently the Egs. (96) and
(97) should be implemented to provide enough boundary

15 H
&Nz =2)1 PP Square Points: &=0°
/ Cross Points: 8=30°
1 Triangle points: 8=45°
\‘:..\ Circle points: 8=60°
0.5 A
“w
L ™,
2 N
L3
8
E 0 T T T T T T T T
TE‘ -l -0.8 -0.6 -04 0 0.2 04 0.6 0.8
£ e,
z S
-0.5 A
-1 A -
=210
=15 -

Non-dimensional X-coordinate from Crack to crack (x/a)

Fig. 8. [0/90g/005]s E-glass/epoxy laminate under uniaxial tension: distributions of out of plane shear stresses between two cracks with crack spacing 2a = 8 x 0.144 mm.
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Square Points: 6=0°
Cross Points: 6=30°
Triangle points: 6=45°
Circle points: 6=60°

Non-dimensional X-coordinate from Crack to crack (x/a)

Fig. 9. [0/90s/005]s E-glass/epoxy laminate under uniaxial tension: distributions of out of plane shear stresses between two cracks with crack spacing 2a = 8 x 0.144 mm.

conditions. It is also noted that the stresses in these figures have all
been normalized with respect to the axial stress in the x-direction
of the 90-lamina before cracking.

Fig. 7 shows the variations of non-dimensional axial and in-
plane shear stresses versus non-dimensional x-coordinate in the
cracked 90-lamina. It is clearly seen in Fig. 7 that the axial stress
in cracked ply ¢ has its maximum value at the mid-point be-
tween the cracks. This maximum value is smaller than ¢%?’ and in-
creases with increasing the 0 angle. It is also seen that under
uniaxial tension, the in-plane shear stresses are zero for cross ply
laminate (i.e. 0 = 0°).

Fo(z=0)/ P

Normalized Stresses

The variations of non-dimensional through-the-thickness shear
stresses &2 and (7},? versus non-dimensional x-coordinate are de-
picted in Figs. 8 and 9, respectively. It is clearly seen in Fig. 9 that
under uniaxial tension, 67 is zero for cross ply laminate (i.e.
6=0.

The variations of non-dimensional through-the-thickness axial
stresses G, versus non-dimensional x-coordinate are depicted in
Fig. 10. It is seen that in the plane of symmetry (i.e. z=0), the
maximum tensile &, occurs at the center point between any
two cracks and the maximum compressive G,, occurs at the crack
tips.

Square Points: 80°
Cross Points: 8530°
Triangle points: 8=45°
Circle points: 860°

Fo(z =20/ P

<3 4

Non-dimensional X-coordinate from Crack to crack (x/a)

Fig. 10. [0/905/005]s E-glass/epoxy laminate under uniaxial tension: distributions of out of plane axial stresses between two cracks with crack spacing 2a = 8 x 0.144 mm.
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4. Conclusion

A variational model for analyzing stress field in general sym-
metric cracked laminates under general in-plane loading is
developed. To do that, an admissible stress field is constructed
that satisfies equilibrium and all the boundary and continuity
conditions. We used these equations in conjunction with the
principle of minimum complementary energy to get the optimal
stress state of a cracked laminate with multiple cracked and un-
cracked layers. The formulations have been derived in general
terms in this paper and to the best knowledge of the authors,
the present model is the most complete variational model devel-
oped so far.

The formulation can be a little enhanced to accurately esti-
mate stiffness reduction and crack evolution of cracked lami-
nates with general symmetric lay-up. This certainly
necessitates a future detailed research work. It should be noted
that similar analysis can be performed for a symmetric laminate
with the cracks in the outer plies taking into account the possi-
bility of formation of non-symmetric or staggered crack arrays,
as in similar research works (Nairn and Hu, 1992). However, a
more complex geometry compared to those considered here,
which is not symmetric, is needed as an elementary cell to con-
sider staggered crack arrays.
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where S% is the compliance matrix of the ith ply in the laminate
coordinate system (the coordinate system associated with cracks),
which can be stated in terms of engineering constants and ply angle
0; as follows:
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cos()  sin*(6) 0 0 0 sin(20;)
sin®(6;)  cos2(6;) O O 0 —sin(26;)
R — 0 0 1 0 .o 0
0 0 0 cos(6;) —sin(6;) 0
0 0 0 sin(0;) cos(6) 0
—1sin(20;) 1sin(26;) 0 0 —1 cos(20))
(A-15)

In the equations above the elastic properties E,v,G denote
Young’s modulus, Poisson’s ratio and shear modulus, respectively.
Subscripts 1, 2 attached to axial and transverse elastic constants
appearing in Eq. (A-14) refer to in-plane stresses and deformation
while the corresponding subscripts 3 denotes elastic constants that
involve out-of-plane stresses and deformations.
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