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1. Introduction

Let C be a nonempty subset of a Banach space X. It is well known that a mapping T : C — X is said to be nonexpansive
whenever |Tx — Ty| < |[x—y]| for all x, y € C.
Among the most important features of nonexpansive mappings are the following facts.

i) If C is closed convex and bounded and T : C — C is nonexpansive, then there exists a sequence (x,) in C such that
X, — Txp|l — 0. Such a sequence is called almost fixed point sequence for T (a.f.p.s. in short).

ii) Even when C is a weakly compact convex subset of X, a nonexpansive self-mapping of C need not have fixed points.
Nevertheless, if the norm of X has suitable geometric properties (as for instance uniform convexity, among many
others), every nonexpansive self-mapping of every weakly compact convex subset of X has a fixed point. In this case
X is said to have the weak fixed point property (WFPP in short).

In a recent paper [1], Suzuki defined a class of generalized nonexpansive mappings as follows.

Definition 1. Let C be a nonempty subset of a Banach space X. We say that a mapping T : C — X satisfy condition (C) on C
if for all x, y € C,

1 . .
EIIX— Tx| <llx—yl implies [Tx—Tyl < [x—yll. (1)

Of course, every nonexpansive mapping T : C — X satisfies condition (C) on C, but in [1] some examples of non contin-
uous mappings satisfying condition (C) are given.

In spite that the class of mapping satisfying condition (C) is broader than the class of nonexpansive mappings, when
C is a convex bounded subset of X, every mapping T : C — C which satisfies condition (C) on C has a.f.p. sequences, that
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is, it shares (i) with nonexpansive mappings (see [1, Lemma 6]), as well as (ii), because for some Banach spaces (see [1,
Theorems 4, 5]) mappings satisfying (C) leaving invariant weakly compact convex subsets have fixed points. (See also [4].)

In this paper we define two kind of generalizations of condition (C). This will lead us to some classes of mappings which
are wider than those which satisfy condition (C) but preserving their fixed point properties.

2. Notations and preliminaries

Throughout this note we assume that (X, || - ||) is a real Banach space whose zero vector is Ox. As it is usual, we will
denote by B[x,r] and S[x,r] the closed ball and the sphere of the Banach space (X, | - ||) with radius r and center x € X,
respectively. In particular we will write By := B[0Ox, 1] and Sx := S[0x, 1].

We will use x, — x to denote that the sequence (x;) in X is weakly convergent to x € X.

Let C be a nonempty closed and convex subset of X, and let (x,) be a bounded sequence in X. For x € X the asymptotic
radius of (x;) at x is the number

r(x, (%p)) := limsup [|x — xp]|.
n—-oo

The real number
r(C, (xn)) := inf{r(x, (x,)): x € C}

is called the asymptotic radius of (xp) relative to C and finally the set
A(C, (xp)) = {x € C:r(x, (x0)) =1(C, (xn)) },

is called the asymptotic center of (xy) relative to C.
It is well known that A(C, (x)) consists of exactly one point whenever the space X is uniformly convex in every direction
(UCED), and that A(C, (x;)) is nonempty and convex when C is weakly compact and convex.

3. A class more general than type (C) mappings
We generalize condition (C) as follows.
Definition 2. Let C be a nonempty subset of a Banach space X. For ;4 > 1 we say that a mapping T : C — X satisfy
condition (E;) on C if there exists p > 1 such that for all x, y € C,
Ix =Tyl < pellx = Tx|| + [Ix — yI|. (2)
We say that T satisfies condition (E) on C whenever T satisfies (E, ) for some p > 1.

3.1. It is obvious that if T :C — X is nonexpansive, then it satisfies condition (Eq).
The converse is not true, as we will see below (see, for instance Example 1).

3.2. From Lemma 7 in [1] we know that if T : C — C satisfies condition (C) on C, then is satisfies condition (E3).
There are continuous mappings satisfying condition (E) but failing condition (C), as the following example shows.
Example 1. (See [2, Example 6.3].) In the space C([0, 1]) consider the set
C:={xec([0,1]): 0 =x(0) < x(t) <x(1) =1}.
Take any function g € C and generate the mapping Fg:C — C
Fgx(t) := (g o x)(t) = g(x(®)).
Since each function x € C takes all the values between zero and one, we have
[lx — FgXlloo = max{|x(t) — g(x(t))|: t € [0, 1]}
=max{[ld(s) — g(s)[: 0 < s < 1}
=|lld — gllc, (3)

where Id is the identity function on [0, 1]. Thus, except for g =1d, any mapping F; moves each point x € C to the same
distance ||Id — g|| > 0. For x, y € C we have

X = Fg¥lloo <X =Yl + 1y = Feyll = lx =yl + [Ix = Fgx||.

Thus, Fy satisfies condition (Eq) on C.
On the other hand, F; cannot satisfy condition (C) on C: Otherwise, since C is convex and bounded, from [1, Lemma 6],
one has inf{||x — Fgx||: x € C} =0, and this contradicts (3).
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3.3. Recall that a mapping T : C — X is said to be quasi-nonexpansive provided that it has some fixed point in C and for
each fixed point xg € C and for every y € C,
IXo =Tyl < llxo— yl- (4)

Then, the following result is also obvious.
Proposition 1. Let T : C — X be a mapping which satisfies condition (E) on C. If T has some fixed point, then T is quasi-nonexpansive.
The converse is not true.

Example 2. Let T : [-1,1] — [—1, 1] given by

X |
TG0 = { T sin(;) x#0,
0 x=0.
It is easy to check that O is the only fixed point of T. Since for all x € [—1, 1] one has that |T(x)| < |x|, it is obvious that
T is quasi-nonexpansive on [—1, 1].
On the other hand, if we take for each positive integer x, := 2711117/2 and y;, := 2%" then we have

IXn = T(Yn)| — X0 — Ynl _ Xn— (Yn —Xn)
|xn — T (Xp)| [xn — T (Xn)|
Xn — (Yn — Xn)
X5
1+x,
C(+xe— )

Xn

— +00.
Consequently, the mapping T does not satisfy condition (E) on [—1, 1].
The following example deals with the converse of Lemma 7 in [1].

Example 3. Let T : [—2,1] — [—2, 1] defined as

B xel-21),
-1/2 x=1.

T(x):=
In order to see that T satisfies (E) on [—2, 1] we consider the following (non-trivial) cases.
a) xe[-2,0],y € [—2,1]. Then |x — T(x)| = %|x| and we have
1 3 1
|x—T)| <+ —IYI < —IXI + —IX— yI<|x=T®|+x—yl.
b) x€[0,1),y € [—2,1]. Then |x — T(x)| = and we have
h—TWM<MH~MM<4M+§M—m<3h—T@M+M—yL

c) x=1,y €[-2,1). Then |x — Tx| = 5, and we have

_2,

— 1yl —h—Tﬂﬂ+—H—y||l—Tﬂﬂ+H—yL

1-T0)| =5+
W=3+—75 <3

In summary, for all x, y € [-2, 1],

x—TW| <3]x=T@|+x—yl,

that is, T satisfy condition (E3) on [—2, 1]. Notice that every mapping which satisfies condition (C) it satisfies also this
last inequality. But this example shows that the converse is not true, because this mapping fails to satisfy condition (C) on
[—2, 1]. Indeed,

1|4 4 1 |4
Slz-T(z2)|=z <]z -1},
2|5 5 5|5
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while
-1

ITé —Tl‘—g+1
(5) Mi=5+5>15

Finally, since T(0) = 0, from Proposition 1, we have that T is quasi-nonexpansive on [—2, 1].

5

Next we summarize some elementary properties of the mappings which satisfy condition (E).
Proposition 2. Let T : C — X be a mapping which satisfies condition (Ey ) on C. Then the following statements hold.

a) IfTC C C thenforallx € C,
[% = T%x|) < (@ + Dlx — Tx||.
b) IfTC C C thenforallx,y € C,
ITx — Tyl <o Tx—T2x|| + I Tx - yl|.
c) If r € (0,1) then the mappings T, : C — X defined as T, =rT + (1 — r)I (where I is the identity mapping), satisfy the condi-
tion (Ey) on C.
Proof. Taking y = Tx in (2), we have that for all x € C,
|x — T%x| < etllx — Tx|| + [|x — Tx|| = ( + )| — Tx]|.
Replacing x by Tx in (2), we have that for all y € C,
ITx — Tyl <o Tx— T2 + ITx — y||.
Let T, =rT 4 (1 —r)I. Since for every x € C, x — T;(x) =r(x — Tx) we have, if x, y € C that

Ix=Tr(| <A =nlx =yl +rlx— Tyl
Slx=yll+rofix —Tx||
=alx =T +Ix—yll.
Thus, T, satisfies condition (Ey). O
Remark 1. A mapping T : C — C such that there exists a constant a € [0, 2) such that for every x € C, ||x — T%x|| <a|x— Tx||

is called 2-rotative. (See [2].) Thus, from (a) and (b) of the above proposition, mappings satisfying condition (E{) can be
regarded as somewhat a limiting case of 2-rotative mappings.

Proposition 3 (Alternative principle). Let C be a bounded subset of X. Let T : C — C be an arbitrary mapping. Then one at least of the
following statements hold.

a) There exists an a.f.p.s. for T in C.
b) T satisfies condition (E) on C.

Proof. Suppose that (b) fails, that is that T does not satisfy condition (E) on C for any « > 1. Then, for every positive
integer n there exist xp, y, € C such that

lxn — Tynll > nllxn — Txpll + X2 — Yall-
Then, for every positive integer n

diam(C xn—T
n( ) - g 71

Letting n — co we obtain that ||x;, — Txy|| — O, that is that (a) holds. O

1Xn — ynll
—

Thus, when C is a bounded subset of X, all the mappings T : C — C with positive minimal displacement, that is with
inf{||x — Tx||: x € C} > 0, trivially satisfy condition (E) on C, in order to get fixed point results for this class of mappings
some additional requirement is necessary.

Recall that a Banach space (X, | - ||) is said to satisfy the Opial condition whenever for every sequence (x;) with x;, — z
one has that

liminf ||x, — z|| < liminf|x, — y||
n—oo n—oo

whenever y # z. For instance the spaces £, for 1 < p < oo satisfy this condition.
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Theorem 1. Let C be a nonempty subset of a Banach space X. Let T : C — X be a mapping. If

a) There exists an a.f.p.s. (xy) for T in C such that x, — z € C,
b) T satisfies condition (E) on C, and
c) (X, || - |) satisfies the Opial condition.

Then, Tz =z.

Proof. From (b), there exists « > 1 such that for every positive integer n one has that
X0 — Tz|l < allXn — Txnll + llxn — 2.
Since (xp) is an a.f.p.s. for T,

liminf||x, — Tz|| < liminf{a||xy — TXpll + ||Xp — z||] = liminf||x, — z].
n—oo n—oo n—oo

Since x, — z, if z # Tz, from the Opial condition we obtain

liminf ||x, — z|| < liminf|x, — Tz||,
n—oo n—oo
a contradiction. O

Notice that, in this last result, the set C do not need to be bounded nor convex.
On the other hand assumption (b) cannot be removed. To see this, consider the following example.

Example 4. For 0 <r <1, let T, be the Kakutani mapping T; : B¢, — By, defined as T;(x) =r(1 — |x|)e; + S(x), where
S(x) = Ziﬁl Xiei+1 and (ey) is the standard Schauder basis in £>. It is straightforward to check that v, — T;(vy) — 0Oy, for

and hence T, fulfills assumption (a). Moreover, every Hilbert space enjoys the Opial condition, that is (c) is also fulfilled.
But T; is fixed point free, as it is well known, thus it is clear that T, fails condition (E).

Corollary 1. Let C be a nonempty weakly compact subset of a Banach space X. Suppose that (X, || - ||) satisfies the Opial condition. Let
T : C — X be a mapping which satisfies condition (E) on C. Then T has a fixed point in C if and only if T admits an a.f.p.s.

Proof. If (x;) is an af.p.s. for T in C, since C is weakly compact, for a subsequence (x;,) of (x;) one has that x;,, -~z C.
From the above theorem, Tz =z, that is T has a fixed point. Conversely, if T has a fixed point, say z € C, then the sequence
(xp) with x, =z is an afps. for T. O

Notice again that in this last result, as well as in the following one, the set C do not need to be convex.

Theorem 2. Let C be a nonempty compact subset of a Banach space X. Let T : C — X be a mapping which satisfies condition (E) on C.
Then T has a fixed point in C if and only if T admits an a.f.p.s.

Proof. If (x;) is an a.fp.s. for T, since C is compact, for a subsequence (xp,) of (x;) one has that x,, — ze C. Since T
satisfies condition (E) on C, there exists o > 1 such that for every positive integer k one has that

%, — Tzl < allXn, — Txnp || + X5, — 21
Since (xn,) is an a.f.p.s. for T,

limsup ||xy, — Tz|| < limsup[a||xn, — Txp, | + l|xn, — 2||] =0.
k— o0 k— o0

Then, limy ||X,, — Tz|| =0 = limy ||x,, — z||, and hence z=Tz, that is T has a fixed point. O

Remark 2. Let C be a weakly compact convex subset of X, and T : C — X be a mapping which satisfies condition (E) on C.
If (x) is an a.f.p.s. for T, then the function f:C — [0, diam(C)] given by

f) :=limsup [|x — X ||
n—oo
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attains its minimum on C. This is because f is convex, bounded from below and lower semicontinuous on the weakly
compact set C. From the above proofs we derive that, in fact, the nonempty set

M:={zeC: f(2) < f(x) Vx € C}

is T invariant. Indeed if z € M then, from condition (E), for some o > 1 and every positive integer n,
IXn — Tz|l < allxn — Txnll + llxn — 2.

Since (x,) is an a.f.p.s. for T, we obtain
f(T) < f(2),

that is, Tz € M. It is also well known that M is closed and convex. Thus, if T satisfy condition (E) over C and it admits an
a.f.p.s. (x), then the asymptotic center A(C, (x,)) is T-invariant. Then any geometric property of Banach spaces implying
that the asymptotic centers of the bounded sequences are singletons yields a fixed point theorem for such a mapping. Thus
we have.

Theorem 3. Let C be a nonempty weakly compact convex subset of a (UCED) Banach space X. Let T : C — X be a mapping. If

a) T satisfies condition (E) on C, and
b) inf{|lx — Tx|:xe C} =0.

Then, T has a fixed point.
4. A direct generalization of condition (C)

Definition 2. For A € (0, 1) we say that a mapping T : C — X satisfy condition (C,) on C if for all x, y € C with A||x — Tx| <
lx — y|l one has that |[Tx — Ty| < |x — y|-

Of course, if A = % we recapture the class of mappings satisfying condition (C).
Notice that if 0 <A1 < A2 <1 then the condition (C,,) implies condition (C;, ).

The following example shows that the converse fails.

Example 5. For a given A € (0, 1), let T : [0, 1] — [0, 1] defined by

3 x#1,
T =115
7. =1

Then the mapping T satisfies condition (C;) but it fails condition (C;/) whenever 0 < A’ < A. Moreover T satisfies condi-
tion (E;) for u = (2 +A)/2.
Indeed, if 0 < x < % then
1+2 x 141 X
T -T)|=—F—-—zs=—"+z—x<1—x=x—1].
|() ()| 241 2 241 2 | |

Ifzzﬂ<x<1 then,

Ah—run=2+k

X—x>1—x=|x—1|
and
2
MI=T()|=1-——>1—-x=x—1]|.
241

Thus, the mapping T satisfies condition (C;) on [0, 1].

On the other hand, since the real function ¢(t) = ;—ﬁ

is increasing on (—2, o), we have that ¢(1") < ¢(), and therefore
1 1+A 1+

2+A/<2+A/<2+A'

(5)

_ 2
Put x = P Then

1
240 24N

)\‘/
REERY

Nx—T@|=21 =1—-x=|x—1],
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while, bearing in mind (5),

1 1+A‘_1+A 1142 1

Tx)—T(1)| = — = — _
76 =T ‘ 245 24N 24N 24N

=x—1|,
2+4 244

which implies that T does not satisfy condition (C;-).
If u=@2+x)/2, for xe[0,1) we have
x—T)|<plx—T®|+x—1]

and

yl—T(x)ygl—g<%+1—x:u\1—r(1)y+|1—x|.

Therefore T satisfies (Ej,).

Proposition 4. Let C be a subset of a Banach space X. If T : C — X satisfies the condition (C, ) for some A € (0, 1), then for every
r e (, 1) the mapping T, : C — X defined by T;(x) =rTx 4 (1 — r)x satisfy the condition (C; ;).
Proof. Suppose that for x, y € C, %Hx —T,;X)| < |lx— yll. Since x — T, (x) =r(x — Tx) it follows that
Alx = Tx|| < lIx =yl
Since T satisfies the condition (C, ) on C we derive that |[Tx — Ty|| < ||x — y||. Therefore
|ITr@) = Tr || <rITx =Tyl + (A =nlx =yl <lx—yl. ©

The class of mappings satisfying condition (C; ) on a convex bounded subset C of X shares with the class of nonexpansive
mappings the existence of almost fixed point sequences. The proof is closely modeled on Lemma 6 of [1].

Theorem 4. Let C be a bounded convex subset of a Banach space X. Assume that T : C — C satisfies condition (C, ) on C for some
A €(0,1). Forr € [A, 1) define a sequence (x,) in C by tacking x; € C and

Xnt1 =TT (xn) + (1 = 1)xn
forn>1.

Then (x,) is an a.f.p.s. for T, that is, the mappings T, are asymptotically regular.

Proof. For n > 1 one has

Mxn — Txpll <7llXn — TXpll = |Xn — Xn41 |-
From the condition (C, ) we derive that ||Tx, — Txp+1|l < ||Xn — Xn+1]l, and we can apply Lemma 3 in [1] (see also Proposi-
tions 1 and 2 of [3]), to conclude that ||x;, — Tx,|| — 0. O
Lemma 1. Let C be a subset of a Banach space X. Let T : C — X be a mapping satisfying condition (C, ) for some A € (0, 1). Let (x;)
be a bounded a.f.p.s. for T. Then

limsup ||x, — Ty|| <limsup||x, — y|| (6)
n—oo n—oo
holds for all y € C with liminf, ||x, — y| > 0.
Remark 3. It is obvious that we can replace limsup with liminf in (6).

Proof of Lemma 1. Fix y € C and put ¢ := (1/2) liminf;, ||x, — y|| > 0. We note
Mxn = Txpll < [|Xn — Txnll <€ < [[%0 — Y|
for sufficiently large n € N. Since T satisfies (C, ), we have ||Tx, — Ty| < |lx, — y||. So
X0 — TYII < X0 — Txnll + ITX — Tyl
< xn = Txnll + X0 — yII.

Taking n — oo, we obtain (6). O
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Remark 4. In Proposition 1 we have seen that every mapping satisfying condition (E) is quasi-nonexpansive provided that
it has a fixed point. This result holds also for type (C,) mappings with 0 < A < 1. (See Proposition 2 in [1].)

On the other hand, notice that if C is a bounded convex subset of X and T : C — C has positive minimal displacement
then, from Proposition 3, it satisfies condition (E) on C, but from the above theorem it cannot satisfy condition (C; ) for
every A € (0,1). On the other hand, from Lemma 7 in [1], if a mapping T : C — C satisfies the condition (C) (that is (Cq/2))
on C then it satisfies condition (E) on C with o =3.

A property of the nonexpansive mappings which is shared with (C,)-type mappings concerns to the structure of the
fixed points set. Namely, we have the following statement which can be proved adapting the proof of Lemma 4 in [1]: Let T
be a mapping on a closed subset C of a Banach space X. Assume that T satisfies condition (C; ) for some A € (0, 1). Then F(T) is
closed. Moreover, if X is strictly convex and C is convex, then F(T)is also convex.

Finally, we do not know if condition (C;) for A # % implies condition (E). Nevertheless this fact holds for Lipschitzian
mappings.

Proposition 5. Let T : C — X be a Lipschitzian mapping with Lipschitz constant Lip(T) satisfying condition (C,) for some A € (0, 1).
Then, T satisfies condition (E,,) for ;t = max{1, 14 A(Lip(T) — 1)}.

Proof. If Lip(T) <1 then T satisfies (Eq) obviously. If Lip(T) > 1 we have that @ > 1. Suppose that T fails to satisfy (E,).
Then there exists x, y € C such that
X =Tyl > plix = Tx|| + [Ix — yIl. (7)
Consequently we have
pllx = Tx| + 1x — yIl < [lx = Tx|| + Lip(T) lx — y |l
that is
(1 = Dllx = Tx|l < (Lip(T) = 1)[Ix = y|.
Since u — 1= A(Lip(T) — 1) we obtain
Alx = Tx|| < lIx = yll.
and therefore, by using that T satisfies condition (C, ) one has that ||Tx — Ty| < [|x — y||. Thus, we derive that
X =Tyl <lIx=Tx|| + [ITx = Ty[l < [lx = Tx|[ + [[x =yl
which contradicts (7). O
Remark 5. The Kakutani mappings T, considered in Example 4 are Lipschitzian with Lip(T;) = +/1 + 2. Since in this example

we showed that T, does not have condition (E), by the above proposition we know that T, fails to satisfy condition (C;) for
every A € (0, 1), in spite of the fact that Lip(T;) is as close to 1 as we wish.

Definition 4. Given a mapping T : C — X, we say that I — T is strongly demiclosed at Ox if for every sequence (x,) in C
strongly convergent to z € C and such that x, — Tx; — Ox we have that z=Tz.

This is a weaker version of the well-known demiclosedness principle, in which the weak convergence has been re-
placed by the strong convergence. Notice that for every continuous mapping (in particular for every Lipschitzian mapping)
T:C— X, I—T is strongly demiclosed at Ox. On the other hand, Example 5 shows that there are not continuous mappings
satisfying the above property.

Proposition 6. Let C be a nonempty subset of a Banach space X. If T : C — X satisfies condition (E) on C, then I — T is strongly
demiclosed at Ox.
Proof. Suppose that (x;) is an a.f.p.s. for T in C such that x;, — z € C. From condition (E),
X0 — Tz|l < allxn — Txnll + lxn — ||
and taking limits as n goes to infinity we derive that x, — Tz. Hence Tz=2z. O
The converse is not true; see Example 2.
Lemma 2. Let T be a mapping on a convex subset C of a Banach space X. Assume that T satisfies condition (C, ) for some A € (0, 1).

Assume also that there exist x, y € C and sequences (x;) and (y,) in C such that x # y, limp x, = x, limp y,, = y, limy, || Tx, —xp|| =0
and limy, ||Tyn, — ynll = 0. Then x and y are fixed points of T.
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Proof. Let € € (0, 1) be arbitrary. Put a convex subset D of C by
D={ueC:u—x|=¢lx—yl, llu—yll=1-8lx—yl}.

By Lemma 1, D is invariant under T. Define a sequence (u,) in D by u; € D and up4+1 = ATu, + (1 — A)u,. By Theorem 4,
(up) is an a.f.p.s. for T. Using Lemma 1 again, we have

I — Tx|| < limsup(||x — upl| + |un — TX|)
n—oo
<éllx— yll + limsup [[u, — x|
n—oo

=2¢e|x -yl
Since ¢ > 0 is arbitrary, we obtain ||x — Tx|| = 0. Thus x is a fixed point of T. Similarly we can prove that y is a fixed point
of T. O

The following lemma is deduced by Lemma 2.

Lemma 3. Let T be a mapping on a convex subset C of a Banach space X. Assume that T satisfies condition (C,) for some A €
(0, 1). Assume also that T has a fixed point. Then x is a fixed point of T provided (x) is a sequence satisfying lim, x, = x and
limy, ||%; — Txy|| = 0.

Theorem 5. Let C be a nonempty weakly compact convex subset of a Banach space X. Let T : C — C be a mapping. If

a) T satisfies condition (C;) on C,
b) (X, | - ||) satisfies the Opial condition, and
c) I —T is strongly demiclosed at Oy.

Then, Tz=1z.
Proof. From Theorem 4 there exists an a.f.p.s. (x;) for T. Without loss of generality, we may suppose that x, — z € C. If

(xp) admits any subsequence strongly converging to z, then from (c), Tz = z. Otherwise, by Lemma 1
liminf ||x, — Tz|| < liminf|x, — z||,
n—oo n—oo
and from the Opial condition this implies that Tz=z. O
Theorem 6. Let T be a mapping on a locally weakly compact convex subset C of a Banach space X. Assume that X satisfies the Opial
condition, T satisfies condition (C, ) for some A € (0, 1) and T has a fixed point. Define a sequence (xp) in C by x; € C and

Xn41 = UTxn + (1 — w)xy (8)

forn € N, where w is a real number belonging to [A, 1). Then (x;,) converges weakly to a fixed point of T.

Proof. Since T is quasi-nonexpansive,
{xeC:llx—zll<r}

is weakly compact, convex and T-invariant, where z is a fixed point of T and r > 0. So, without loss of generality, we may
assume C is weakly compact. By Theorem 4, (x;) is an a.f.p.s. for T. We consider the following two cases:

e (X) has a cluster point.
e (X;) has no cluster points.

In the first case, let y € C be a cluster point of (xn). Then there exists a subsequence (xn;) of (x) such that (xn;) converges
strongly to y. By Lemma 3, y is a fixed point of T. Since T is quasi-nonexpansive, (||X; — ¥||) is a nonincreasing sequence.
So (xp) itself converges strongly to y. In the second case, arguing by contradiction, we assume that (x,;) does not converge
weakly. Since C is weakly compact, we can choose subsequences (x,;) and (xn,) of (x) converging weakly to distinct points
v,z € C, respectively. Since X satisfies the Opial condition, by Lemma 1 y and z are fixed points of T. Also, (||x, — y||) and
(llxp — z||) are nonincreasing. Using the Opial condition again, we have

lim |lxp — yll = lim [xp; — yll < lim [|xp; — 2| = lim |Ix, — z||
n—o00 Jj—o0o j—oo n—oo
= lim (X, —z|| < lim [[x5, — y|l = lim |lx, — y|.
k—o00 k—o00 n—oo

This is a contradiction. Therefore we obtain the desired result. O
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Theorem 7. Let C be a nonempty weakly compact convex subset of a (UCED) Banach space X. Let T : C — C be a mapping. If

a) T satisfies condition (C;) on C, and
b) I — T is strongly demiclosed at Ox.

Then, T has a fixed point.

Proof. From Theorem 4 there exists an a.f.p.s. (x;) for T. Define a continuous convex function f :C — [0, +00) by f(x) =
limsup,, [|x — xp|| for all x € C. Since C is weakly compact and convex, and f is weakly lower semicontinuous there exists
Xo € C such that f(xo) = min{f(x): x € C} in other words, the sequence (x;) admits an asymptotic center xy € C. Let
K:={xeC: f(x) < f(xo)}. Since X is (UCED) then it is well known that K = {xo}. Finally let us see that T(xp) € K, and
hence xp = Txg. Indeed, if (x;) admits any subsequence strongly converging to xo, then from (b), Txo = xo. Otherwise, by
Lemma 1

f(Tx0) = limsup [[x, — Txol| < limsup ||x, — X0l = f (o).
n—oo n—o0o

Consequently, Txp € K. O

Remark 6. If T satisfies condition (Cq/2) on C, then from Lemma 7 in [1] along with Proposition 6, I — T is strongly
demiclosed at Ox. Therefore, Theorems 5 and 7 allow us to recapture Theorems 4 and 5 in [1] respectively.

By Corollary 1 and Theorems 2, 3 and 4 (or by Proposition 6 and Theorems 5 and 7), we obtain the following theorem.
We note that this theorem is a real generalization of Theorems 4 and 5 in [1] because of Example 5.

Theorem 8. Let C be a convex subset of a Banach space X. Let T : C — C be a mapping satisfying (E) and (C,,) for some A € (0, 1).
Assume either of the following holds.

a) C is weakly compact and (X, || - ||) satisfies the Opial condition.
b) C is compact.
c) C is weakly compact and X is (UCED).

Then, T has a fixed point.

The following theorem tells that if C is a closed interval of R and T satisfies (C,) for some A € [0,3/4], then T has a
fixed point.

Theorem 9. Let C be a closed interval of R. Let T be a mapping on C satisfying condition (C3/4). Then T has a fixed point.
Proof. Define a sequence (x,) in C by x; € C and (8), where u € [3/4, 1). We consider the following two cases:

e (X;) has at least two cluster points.
e (X;) has only one cluster point.

In the first case, by Lemma 2, cluster points are fixed points of T. So, by the proof of Theorem 6, (x,) converges to their
cluster points. Since R is Hausdorff, this is a contradiction. Therefore the first case cannot be possible. In the second case,
we note that (x,) converges to some y € C. Arguing by contradiction, we assume that T has no fixed points. In particular,
Ty+#y.Put yo=(1—a)y+aTy and define a mapping S on some subset of R by

Tya=Ysa
for all a € R with yq € C. Put £:=|y — Ty| > 0. Then we note

|Ya — ybl =la—Dble.
We also note if a #0, then |y — Tyq| < |y — yq| holds by Lemma 1. Thus

|Sal < |al (9)
holds for every a € R with a# 0 and y, € C. Put

A={aeR:y,€C, [Ty —Tyd <y — yal}.

Since (3/4)|y — Tyl =1y — y3/al, we have 3/4 € A. It follows from 3/4 € A and (9) that —3/4 < S(3/4) <3/4 and |1 —
S(3/4)| < 3/4. So 1/4< S(3/4) < 3/4 holds. We have



J. Garcia-Falset et al. / J. Math. Anal. Appl. 375 (2011) 185-195 195

(3/4)|y3/a — Ty3/al = (3/4)[3/4—S3/4)|¢
<@/H3E/4A-1/H0=(3/8)¢
=1Y3/4 — Y38
and hence |Ty3/4 — Ty3/s| <|y3/4 — y3/8l. So
—-1/8=—-13/4—-3/8|+1/4< —|3/4—-3/8|+ S(3/4) < S(3/8) <3/8.
If 3/8 € A, then

ly =Tyl <|y —Tys;sl +Tys;s — Tyl
2|y —y38l=C/DIy —Tyl<|y—Tyl,
which is a contradiction. So 3/8 ¢ A. From the assumption, (3/4)|y3/s — Ty3/s| > |y3/8 — y|. We have
(3/8)=(3/4)(3/8 — (—=1/8))t > (3/4)|y3/8 — Ty3ss| > ly38 — y| = (3/8)¢,

which is a contradiction. Therefore we obtain the desired result. O
The constant 3/4 is best possible to assure the existence of fixed points.

Example 6. Put X =R and C =[—1/4, 1]. Define a mapping T on C by
1 x=0,
Tx=4 —(1/3)x xe[-1/4,0)U(0,3/4),
1—x xe[3/4,1].
Then T satisfies
B/Ix—Tx <x—y| = [Tx=Tyl<|x—yl.

However, T does not have a fixed point.

Proof. Put C; =[—1/4,0), C; ={0}, C3 =(0,3/4) and C4 =[3/4,1]. It is easy to check |Tx—Ty| < |x— y| in the case where
(x,¥) € (C1UC3)? U(C2UC4)? U (C U
In the case where (x, y) € (C; UC3) x C2, we have
(3/4)min{|x — Tx|, |y — Tyl} > 1x — y|. (10)
Finally we consider the case where (x, y) € C3 x C4. If 2x < y, we have
ITx—Tyl=1—y+(1/3)x= (l — (4/3)y) +2/3)2x—y)+y—x<[|x—Y|.
If 2x > y, we have
B/Ix—Tx|=x=2x+ Yy —-2x)=|x—y|
and
Gy -Tyl=uy-3/9+0/2)y 2 1/2)y +1A/2)(y - 2x) =|x - y|.

Hence we obtain (10). It is obvious that T does not have a fixed point. O
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