=

-+
View metadata, citation and similar papers at core.ac.uk brought to you by, CORE

provided by Elsevier - Publisher Connector

Available at An Intemational Joumal
R www.ElsevierMathematics.com computers &
i ol POWERED BAY SCIENCE @Dlﬂlc"" mha.tpl:l?camoanslcs

EISEVIER Computers and Mathematics with Applications 46 (2003) 1313-1324
www.elsevier.com/locate/camwa

Existence of Solutions of Abstract Nonlinear
Second-Order Neutral Functional
Integrodifferential Equations

K. BALACHANDRAN
Department of Mathematics, Bharathiar University
Coimbatore 641 046, India

D. G. PARK
Dong-A University

Pusan 604-714, Korea

S. MARSHAL ANTHONI
Kumaraguru College of Technology
Coimbatore 641 006, India

(Received November 2001; accepted August 2002)

Abstract—Sufficient conditions for existence of mild solutions for abstract second-order neutral
functional integrodifferential equations are established by using the theory of strongly continuous
cosine families of operators and the Schaefer theorem. © 2003 Elsevier Ltd. All rights reserved.

KeywordS—Neutral functional integrodifferential equation, Strongly continuous cosine operators,
Schaefer fixed-point theorem.

1. INTRODUCTION

In this paper, we are concerned with the abstract Cauchy problem for the nonlinear second-order
neutral functional integrodifferential equation

% [Z'(t) — g(t,z;)] = Ax(¢) +/0 F <t, s,zs,x'(s),/os f(s,T,:E.r,x'(T))d'r) ds,
te (0,T), M)
To = ¢a :LJ(O) =Yo € X:

where A is the infinitesimal generator of the strongly continuous cosine family C(t), t € R, of
bounded linear operators in a Banach space X, f : [0,T] x 0,T] x Cx X — X, F : [0,T] x
0,T]xCxXxX — X,and g:[0,T] x C — X are given functions and ¢ € C = C([-r,0], X).

Several papers have appeared for the existence of solutions of first-order neutral functional
differential equations in Banach spaces [1-4]. There seems to be little known about the solvabil-
ity of the nonlinear second-order neutral equations in abstract spaces. Recently, Balachandran
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and Marshal Anthoni {5,6] studied the existence problem for both Volterra integrodifferential
equations and neutral differential equations in Banach spaces. Ntouyas [7] and Ntouyas and
Tsamatos [8] established the existence of solutions for semilinear second-order delay differential
equations. In many cases, it is advantageous to treat the second-order abstract differential equa-
tions directly rather than to convert them to first-order equations. A useful tool for the study
of abstract second-order differential equations is the theory of strongly continuous cosine fami-
lies. We refer to the papers [9,10] for a detailed discussion of cosine family theory. Second-order
equations which appear in a variety of physical problems can be found in [11,12]. The pur-
pose of this paper is to study the existence of mild solutions for second-order neutral functional
integrodifferential equations in Banach spaces using the Schaefer fixed-point theorem.

2. PRELIMINARIES

Let X be a Banach space with norm |- | and let T > 0 be a real number. By C we denote the
Banach space of all continuous functions ¢ : [-7,0] — X endowed with the sup-norm

¢l = sup{|g(9)] : —r < 8 < 0}.
Also for z € C([-r,T), X), we have z; € C for t € J = [0, T}, and z:(6) = z(t +0) for § € [-r,0].

DEFINITION 2.1. (See [9].) A one-parameter family C(t), t € R, of bounded linear operators in
the Banach space X is called a strongly continuous cosine family iff
(i) C(s+1t)+C(s—1t)=2C(s)C(¢) for all s,t € R;
(i) €(0)=1I;
(iii) C(t)z is continuous int on R for each fixed z € X.

Define the associated sine family S(t), t € R, by
t
S(t)x=/ C(s)z ds, zeX, teR.
0

Assume the following conditions on A.
(H1) A is the infinitesimal generator of a strongly continuous cosine family C(t), t € R, of
bounded linear operators from X into itself, and the adjoint operator A* is densely defined,;
i.e., D{A*) = X* (see [13)).
The infinitesimal generator of a strongly continuous cosine farmly C(t), t € R, is the operator

A: X — X defined by

d2
Az = =5 C(t)e - z € D(A),

where D(A) = {z € X : C(t)z is twice continuously differentiable in t}.
Define E = {z € X : C(t)z is once continuously differentiable in t}.
To establish our main theorem, we need the following lemmas.

LEMMA 2.1. (See [9].) Let (Hy) hold. Then
(i) there exist constants M > 1 and w > 0 such that |C(t)] £ Me“!l and |S(t) — S(t*)| <
M| f:‘ e“lsl ds| for t,t* € R;
(ii) S(t)X C E and S(t)E c D(A) fort € R;
(i) £C(t)z=AS(t)z forz € E andt € R;
(iv) & C(t)z = AC(t)z for z € D(A) and t € R.
LEMMA 2.2 (See [9].) Let (H1) hold, let v : R — X such that v is continuously differentiable,

and let q(t) = fo (t — s)u(s)ds. Then q is twice continuously differentiable and for t € R,
q(t) € D(4),

qt) = /0‘t C(t—s)(s)ds and  ¢"(t) = Aq(t) +v(2).
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SCHAEFER’S FIXED-POINT THEOREM. (See [14].) Let S be a normed linear space. Let® : S — S

be a completely continuous operator; that is, it is continuous and the image of any bounded set
is contained in a compact set, and let

£@)={z € S:2=AD2 for some 0 < X < 1}.

Then either £(F) is unbounded or ® has a fixed point.

DEFINITION 2.2. A continuous function « : [-r,T] — X, T > 0, is called a mild solution of
problem (1) if zo = ¢, and if it satisfies the integral equation

2(t) = C()6(0) + S®)[uo — 9(0, 8)] + / Ot — )g(s,72) ds

t 3 T
+/ S(t— s)/ F (s,r, ET,:IJI(T),/ f(7,0,z9,2'(8)) d0> drds, telJ.
0 0 0

We make the following assumptions.
(Hp) C(t), t > 0 is compact.
(H3) g:J x C — X is completely continuous and for any bounded set K in C([—r,T}, X), the
set {t — g(t,z;) : « € K} is equicontinuous in C([0,T)), X).
(Hy) There exist constants ¢, and ¢y such that

lgt,d)| < erldl| +e2, ted, SeC.

(Hs) The function f(t,s,.,.): C x X — X is continuous for each t,s € J.
(Hg) The function f(.,.,z,y) : J x J — X is strongly measurable for eachz € C andy € X.
(H7) There exists a continuous function h : J x J — [0, 00) such that

1f(t:s,2,9)] < h(t,s)Q(lzll +|yl),  tsed, z€C, and yeX,

where Qg : [0,00) — (0, ) is a continuous nondecreasing function.
(Hg) The function F(t,s,.,.,.): C x X x X — X Is continuous for each t,s € J.
(Ho) The function F(.,.,x,y,z) : J — X Is strongly measurable for each x € C, y € X, and
ze X.
(Hio) For every positive constant k, there exists ay, € L'(J) such that
i
/ F(t,s,z,y,2)ds
0

sup
llzll, |yl |z{<k

< ag(t), forte J ae.

(H11) There exists a continuous function l : J x J — [0, 00) such that
|E(t,s,2,9,2)| <UE )2l + [yl +12),  te€d, z€C, yzeX,

where Q : [0, 00) — (0, 00) is a continuous nondecreasing function and

T ' o0 ds
/Om(s)ds</c ———~S+Q(s)+ﬂo(s)<oo,

where

m(t) = max {cl [Meyp + M +M*),M(c;T+T +1) /il(t,s) ds,h(t,t)} ,
0
M =sup{|C(t)|: t € J}, M* =sup{]AS(t)| : t € J},
e=(M+M" +ec1) |8l + (1 +T)M{lyo| + crl|ll + c2} + (M + M*)eoT + .
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3. MAIN RESULT

THEOREM 3.1. Suppose (H;)—(Hy,) hold. Then the IVP (1) has at least one mild solution on
[_Tv T]
PRrROOF. Consider the space Z = C([-r,T], X) N C(J, X) with the norm

Iz = max {Jill-, [1llo} ,

where
lzllr = sup{jz(t)| : =r <t < T},  |lz'lly =sup{|z’()] : 0 <t < T}.

To prove the existence of a mild solution of the IVP (1), we have to apply the Schaefer fixed-point
theorem for the nonlinear operator equation

z(t) = X®z(t), 0<Ai<l

where the operator ® : Z — Z is defined by

B2(0) = COH0) + SOl - 90,81+ | Ot - s)g(s,2) ds

t s T
+/ St— s)/ F <s, T,:r,.,x’(r),/ f(7,0,29,2'(6)) d0> dr ds, teJ
0 0 0

Then we have, for t € J,

(2)

lz()] < M||¢|| + MT{|yo| + c1l|gl| +2¢2} + Mey /Ot lles || ds
+MT /Ot /08 (s, 7)Q ([lmfll + |2’ (7)| + /OT h(7,8)Q0 ([|zol] + |2’ (6)]) d9) dr ds.
Consider the function ¢ defined by
q(t) = sup{jz(s)| : —r < s < t}, teld

Let t* € [—r,t] be such that ¢(t) = |z(t*)|. If t* € [0,¢], by the previous inequality we have, for
teld,

a(t) < MI|l| + MT{Jgol + 1| ]| + 262} + Mey /0 a(s) ds
+MT/ / (s, 1) ( (1) + 1 (r |+/ hTG)Qo(q(0)+|x(0)|)d0) dr ds.

If t* € [-r,0], then ¢(t) = ||¢| and the previous inequality holds since M > 1.
Denoting by v(t) the right-hand side of the above inequality, we have

) <ot ted,  v(0)= Mgl + MT{lyol +cillgl + 25}
and for t € J,
V() = Meiq(t) + MT/O I(t, s)Q (q(s) +|z'(s)| + /08 h(s,7)Q (g(7) + |2'(7)]) dT> ds
< Mco(t)y + MT /Ot I(t,s)Q (v(s) + |’ (s)| + /08 h(s, ) (v(7) + |2’ (7)) dr) ds.



Neutral Functional Integrodifferential Equations 1317

By
' (t) = AAS(t)$(0) + AC(t)[yo — 9(0, $)] + Ag(t, z:) + A /0 t AS(t — 8)g(s,z,) ds

t s T
+ )\/ C(t- s)/ F (s, T, :c,—,:u’(‘r),/ f(r,0, xg,m’(ﬁ))cw) drds, teJ,
0 0 0

we obtain

t
|2 (t)] < M1l + M{lyol + cal| @]l + co} + eafjmel| + ez + M {czT +e / ||$s|| dS}

+M/ / (s, 7) ( )+ |z |+/ h(r.6)% (g(8) + 1'(0))) d9> drds.
Denoting by 7(t) the right-hand side of the above inequality, we have for t € J,

Iz’ ()] < 7 (8),
r(0) = M*||¢[l + M{lyol + c1lldll + c2} + erlldll + c2 + MeoT,

and

r'(t) < ev'(t) + M* cl'u(t)

+M/lts ( /h(ero ))dT)ds
<a {Mclv(t -+-MT/0 l(t,sﬂ(v s)+r(s +/{; h(s,T) Qo(v('r)—i-r(r))d'r) ds}

+ M*cyu(t) + M /Ot I(t,s)2 (v(s) +r(s)+ /03 h(s, T)Q(v(T) + (7)) d'r) ds

Let u(t) = v(t) + (t), t € J. Then u(0) = ¢, and

u(t) = v'(t) +r'(t)
<e Mo+ M+ M u(t)

+M(aT+T+1) /Ot I(t,s)Q (v(s) +r(s)+ /s h(s, 7)Q(v(r) + (7)) dr) ds
0
<ep[Mep + M+ M*u(t)
+M@aT+T+1) /t I(t, )2 (u(s) + /8 h(s,7)Qo(u(T)) d'r) ds, ted
0 0
Let w(t) = u(t) + fot h(t,s)Qo(u(s))ds, t € J. Then w(0) = ¢, and for ¢ € J,

w'(t) = ¥/ (t) + h(t, t)Qo(u(t))
<ei[Mey+ M+ M w(t)

+ M T+T+1) /t I(t, 8)Qw(s)) ds + h(t, ) (w(t))
0 .
<c[Mey + M+ M w(t)
+ M1 T+ T + 1)Q(w(t)) /t I(t,s)ds + h(t, t)Qo(w(t)).
0

This implies

w(t) dS T d 00 dS J
_ < < ——— ted
/w(m ST O) T (o) < [ misyas / Tam e L ©
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This inequality implies that there is a constant K such that w(t) < K, t € J. Then

v(t) <K, tel,
<K, teJ

and hence,
l2]|* = max {[|z{, |z"l|o} < K,

where K depends on the constants T, N and on the functions g and .
We shall now prove that the operator & : Z — Z defined by

(®z)(t) = $(t), -r<t<0,

(®z)(¢t) = C(t)$(0) + S(t)[yo — 9(0,¢)] + /O C(t - s)g(s,z,) ds 3)
+ /t St —s) /s F (s, T,.’IJ-,-,.’III(T),/T f(7,0,z4,2'(9)) de) drds, teJ,
0 0 0

is a completely continuous operator.
Let By = {z € Z : ||z||* < k} for some k > 1. We first show that ® maps By into an
equicontinuous family. Let x € By, and t1,t3 € J. Thenif 0 <ty <ts < T,

(@) (t1) — (B)(t2)|
<[C(t) — C(t2)l8(0)] + |[S(t1) — S(t2)][vo — 9(0, )]

+ /Ot1 [C(t1 —s) — C(t2 — s)]g(s,z,) ds / : C(ty — s)g(s,z,) ds

t1

+

+ /Otl [S(t1 — s) = S(ts — 8)] /OSF (3,7', xr,x'(r),/or f('r, 6,z,2'(9)) d0) drds

ts 8 T
+ S(ta — s)/ F (s,r, x,-,:c’('r),/ f(7,0,z9,2'(6)) dH) drds
0 0

< 0(63) ~ OB +15(er) ~ Sl ol + call + 2 X
+ [ 1060~ 9~ Clta - el + xbs
+ [ t IC(t2 — 8)|{cillzs + c2} ds + /0 % S(t1 — 5) — S(ta — 5)|ax(s) ds
#7180 Douts)as,
and similarly,
(@2) (t2) - (8)'(t2)
< A(S(t2) - S(2))6(0)] +|[C(82) - Clta)lvo — 90, )|
+lg(t1, 7,) — 9(t,21,)] + A(S(t1 — 5) — S(ta — 9))g(s, 2.) ds
+| [ AS(t2 — 9)g(5, ) ds] + / "0t — )~ Clta - 9)] )

/8 F (s, T, x.,.,x’(T),/T f(7,8,24,2'(6)) dG) drds
0 0

to

+ C(ty—s) /Oa F (s,r, Zr, Z' (1), /OT f(7,0,z4,2'(8)) do) drds

t
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<IA(S() = SE (@l + [C(81) — Ct2)l{lvol + crllgll + 2}

ot ) — alta,z)| + [ 1AGS( - 9) = S(ta = ) el + 2} ds
o [ 148 - sl + exds+ [0t = 5) = Ofta = s)on(s) ds
+ [ leta - s)an(s) s ((5) cont.)

The right-hand sides of (4) and (5) are independent of y € By and tend to zero as t; —t; — 0,
since C(t), S(t) are uniformly continuous for t € J and the compactness of C(t), S(t) for t > 0
imply the continiiity in the uniform operator topology. The compactness of S(t) follows from
that of C(t) (see [10]).

Thus, ® maps Bj, into an equicontinuous family of functions. It is easy to see that the fam-
ily ® By, is uniformly bounded.
~ Next we show & By, is compact. Since we have shown ®Bj, is an equicontinuous collection, it
suffices by the Arzela-Ascoli theorem to show that ® maps By into a precompact set in X.

Let 0 <t < T be fixed and € a real number satisfying 0 < € < t. For ¢ € By, we define

(2)(t) = C)H0) + S(B)yo — 9(0,6)] + / (- )gls,z0) ds
+/0 S(t—s)/o F(S,T,.’L'T,I‘I(T),/O f('r,@,a:g,q:'(e))dﬂ) drds, teJ

Since C(t), S(t) are compact operators, the set Y(t) = {(®.z)(t) : € By} is precompact in X
for every €, 0 < € < t. Moreover, for every x € By, we have

t

|(@2)(t) — (B.2)(t)] < / IC(t — $)g(s,z.)| ds

t—e

t
)
t—e

< / IC(t — ){erllzall + 2} ds

ds

S(t —s) /OSF (S,T, xT,a:'(‘r),/oT f(T,B,xg,m’(G))dH) dr

t
+/ IS(t = s)|on(s)ds —+ 0,  ase—0,
t—e

and

t

[(@2)'() — (Rex)'(t)] < lg(t, 22) — Cle)g(t — €, ze—)| + / |AS(t = s)g(s,zs)| ds

t—e

. /: (C(t—s) /0 SF(S,T,x,,x/(T), /0 ’ f(T,H,:te,m’(O))d()) dr| ds

< lg(tyze) — Cle)g(t — €,ze—e)| + / |AS(t — s){arllzs|| + e} ds

t—e

T
+/ |C(t — s)|an(s)ds — 0, as € — 0.
t—e

Therefore, there are precompact sets arbitrarily close to the set {(®z)(t) : € Bx}. Hence, the
set {(®z)(t) : z € By} is precompact in X. ‘

It remains to show that ® : Z — Z is continuous. Let {z,}° € Z with z,, — z in Z. Then
there is an integer g such that |z, ()| <gq, |z, (t)| < gforallnand t € J, so |z(t)| < ¢, |2/ (t)] < g,
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and z,2' € Z. By (Hs) and (Hs),

t 8
/ F(ta s,xns,xnl(s),/ f(S,T,:L'n.,.,z:n’(T))dT> ds
0 0

t
—>/ (t 8, s, T / f(s, 7z, ))dT)
0
for each t € J and since

/OtF(tsmns,mn /fST‘Tn‘ramn (T))d’T)d
_/Ot (tsxs, /f(STxT, ) dr )ds

we have by the dominated convergence theorem,

S 20£q (t) ’

|z~ @] = sup / C(t - 8)[g(s, Tns) — 9(5, 25| ds

/ S(t—s) [/ (s,r, J:nr,.’rnl(T),/Tf(T, 8, Zno, Tn'(6)) d9) dr
/ F(s 1,2y, @ / £ (7,6, 20,2 (8)) dG) dr] ds

/ |C(t — s)[g(s,Zns) — 9(3,Zs)]| ds

S(t—s) [/ F (s Ty Tnry Tn' (T), / f(7,8,2n4,2,'(8)) de)

F(s,T,:I:T, / £ (7,6, 26,2/(6)) do) ] ds

(@) — (82)
[6(,2ne) — 9(t,20)] + / AS(t = 5)[9(5, Bns) — 9(5,75)] ds

+ /0]t C(t —s) [/OsF (s, T, xnr,wn’(T),/OTf(T, é, Tng, Tn'(6)) d9) dr
_ / F (S,T,m,,x'(f), / " (r.6,20,2(6) d0> dT] ds
4] 0

< 19(t, Zag) — gty z0)| ds + / |AS(t ~ 5)]g(5, Zns) — (5, 24)]| ds

+ /0 “lew— s [ /0 SF(S,T,.»,;M,%'(T), /0 ’ f('r,@,xno,mn'(e))d0> dr

—/OSF (s, T, x,,z'(T),/OTf(T, 6,z9,2'(0)) d6> d’T] ds

Thﬁs, ® is continuous. This completes the proof that & is completely continuous.

Obviously, the set {(®) = {x € Z: £ = A®z, A € (0,1)} is bounded, as we proved in the first
step. Consequently, by Schaefer’s theorem the operator & has a fixed point in Z. This means
that any fixed point of & is a mild solution of (1) on [—r, T satisfying (®z)(t) = z(¢). Thus,
IVP (1) has at least one mild solution on [—7,T].

— 0, as n — 0o,

[
)

and

= sup
teJ

— 0, as n — 00.
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4. EXAMPLE

Consider the following partial differential equation:

D2 ity —nttztmi-m)) = oz t)+ [ o (tis2ws - 1), 2 2(5,9)
at atzy, # 7 y’ _ayzzy’ /0’ 7’zy7 7aszy, k]

[r(amstarn ) o)

2(0,t) = z(n,t) =0, fort > 0,
z(y,t) = ¢y, 1),  for —r <t <0,
zt(yao)zzl(y)a tEJ=[0,T], for0<y<m,

where ¢ is continuous and the functions u, o, 7 are defined below.

Let X = L?[0,7] and let A: X — X be defined by
Aw =", w € D(A),

where D(A) = {w € X : w,w’ are absolutely continuous, w” € X, w(0) = w(n) = 0}. Then,
Aw = ¥ | ~n*(w,ws)wn, w € D(A), where wn(s) = (/2/msinns, n = 1,2,3,... is the
orthogonal set of eigenvalues of A.

It can be easily shown that A is the infinitesimal generator of a strongly continuous cosine
family C(t), t € R, in X and is given by

Ctyw = Z cos nt(w, wp )wn, we X,

n=1
The associated sine family is given by

S(tw = Z %sinnt(w,wn)wn, we X.

n=1

Let g: J x C — X be defined by

g(t’ u)(y) = /‘(tvu(y))a ueC, ye€ [O’ﬂ.]v

where y : J x [0,7] — [0,7] is continuous and strongly measurable. Also there exist positive
constants ¢; and ¢z such that

I, &) < crllgll + co.
Let f: Jx JxC x X — X be defined by

F(t, 8,u,0)(y) = n(t, s, u(y), v(y)), vel, velX, yel0,n],

where 77 : J x Jx [0, 7] x [0, %] — [0, 7] is continuous and strongly measurable. Also, the function 7
satisfies the following condition: there exists a continuous function § : J x J — [0, 00) such that

In(t s 2,9l < 4C& )l +1y]),  ted, zeC, yeX,

where Q; : [0,00) — (0, 00) is a continuous nondecreasing function.
Let F: JxJxCx X x X — X be defined by

F(t, s,u,v,w)(y) = o(t, s,u(y), v(y),w(y)), vwel, veX, welX, yel0,n],

where ¢ : J x J x [0,7] x [0,%] x [0,7] — [0, 7] is continuous and strongly measurable.
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Further, the function o satisfies the following condition: there exists a continuous function
p:J x J — [0, 00) such that

ot 5,2, 5.2 < Bt Q] + Iyl +12),  ted, z€C, yzeX,

where Q5 : [0, 00) — (0, 00) is a continuous nondecreasing function such that

T oo d
/ fh(s)ds</ i < 00
0 Jo s+ Qa(s)+Qu(s) '

where

¢
m(t)imax{cl [Mc1+M+M*],M(c1T+T+l)/ ﬁ(t,s)ds,é(t,t)},
0

and c is a known constant.

With this choice of 4, g, f, and F, (1) is an abstract formulation of (6). Furthermore, all the
conditions stated in the above theorem are satisfied. Hence, equation (6) has at least one mild
solution on [—r,T}.

5. APPLICATION

As an application of Theorem 3.1, we shall consider the system with a control variable such as
d
= [8'(®) = g(t, z)] = Az(t) + Bu(t)

+/tF (t,s,xs,x’(s),/s f(s,r,:z:,,m’(r))dr) ds, t e (0,7), (7)
0 0
To = ¢a .’L"(O) = Yo,

where B is a bounded linear operator from a Banach space U to X and u € L2(J,U).
A continuous function z : [-r,T] — X, T > 0, is called a mild solution of (7) if zo = ¢, and if
it satisfies the integral equation

2(0) = CEOO0) + SOt 90,6 + [ Cli~ s)als, z2)ds .
¢ - (8
+ /ot S(t—s) [Bu(s) +/08F (s,r, IL'.,-,IL'I(T),/OT f(r, 9,:L'g,$'(0))d0) d’r] ds, te J

DEFINITION 5.1. System (7) is said to be controllable on J if for every ¢ € C with $(0) € D(A),
yo € E, and z; € X, there exists a control u € L?(J,U) such that the solution z(-) of (7) satisfies
T (T) =1I.

For the controllability of second-order systems, one can refer to paper [15] and the references
cited therein. To establish the controllability result, we need the following additional assump-
tions.

(Hy2) Bu(t) is continuous in ¢t and || B|| < M; for some constant M; > 0.
(His) The linear operator W : L2(J,U) — X defined by

Wu= /T S(T — s)Bu(s) ds
0

induces a bounded invertible operator W : L(J,U)/ker W — X such that |[W~!|| < M,
for some constant My > 0.

(H14) T oo d
/0 m*(s)ds </a m < 00,
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where

¢
m*(t) =max{c1 [Mc; +M+M*],M(C1T+T+1)/ l(t,s)ds,h(t,t)},
0

a=(M+M" +c1) gl + 1 +T)M{lyo| + erlidll + c2}
+ (M +M")yeoT + (T +T) MN + ¢y,

T
N = M, M, I-’E1I+M||¢>||+MT{lyo|+Clll¢>||+202}+M01/ 2+t d7
0

T s T
+ MT/0 /0 (s, 7) (“937‘”‘|'|;r/(7')l+/(; h(7,0) (||zo|| + |2 (6)]) d0> des].

THEOREM 5.1. If the hypotheses (H; )~-(H14) hold, then system (7) is controllable on J.
ProoF. Using (Hi3), for an arbitrary function z(-), we define the control

T
u(t) = W [zl _ C(T)$(0) — S(T)lyo — 9(0, )] — /0 C(T - 8)g(s, z,) ds

T
- /0 S(T — 5)f (5, 24,2(5)) ds} (t).

Using this control, we will show that the operator ¥ : Z — Z defined by

(Tz)(t) =o(t), —-r<t<0,

(Tz)(t) = CR)$(0) + S(E)[yo — 9(0, )] + ] Clt — s)g(s, z.) ds

t 3 T

+ / S(t - 5)BW-! [ — C(T)$(0) — S(T)[yo — 9(0,6)} — / O(T ~ )g(r,2-) dr
4] 0
T a T

—/0 S(T——a)/0 F (a, 7 z.,,x'(r),/o f(1,8,76,2'(8)) d9) dea} (s)ds

t s T
+/ S(t— s)/ F (s,v’,x,,x’(r),/ f(7,0,29,7'(9)) d9> dr ds, tel,
0 0 0

has a fixed point. This fixed point is then a solution of equation (8).

Clearly, (¥z)(T) = z;, which means that the control u steers the system from the initial
state z¢ to z; in time T, provided we obtain a fixed point of the nonlinear operator ¥. The
remaining part of the proof is similar to Theorem 3.1, and hence it is omitted.
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