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INTRODUCTION

The notion of quotient and localization of abelian categories by dense
subcategories (i.e., Serre classes) was introduced by Gabriel, and plays an
important role in ring theory [6, 13]. The notion of triangulated categories
was introduced by Grothendieck and developed by Verdier [9, 16] and is
recently useful in representation theory [8, 4, 14]. The quotient of tri-
angulated categories by épaisse subcategories is constructed in [16]. Both
quotients were indicated by Grothendieck, and they resemble each other.
In this paper, we will consider triangulated categories and derived
categories from the point of view of localization of abelian categories.
Verdier gave a condition which is equivalent to the one that a quotient
functor has a right adjoint, and considered a relation between épaisse sub-
categories [16]). We show that localization of triangulated categories is
similarly defined, and have a relation between localizations and épaisse
subcategories. Beilinson, Bernstein, and Deligne introduced the notion of
t-structure which is similar to torsion theory in abelian categories [2]. We,
in particular, consider a stable r-structure, which is an épaisse subcategory,
and deal with a correspondence between localizations of triangulated
categories and stable r-structures. And then recollement, in the sense of
[2], is equivalent to bilocalization. Next, we show that quotient and
localization of abelian categories induce quotient and localization of its
derived categories.

In Section 1, we recall standard notations and terminologies of quotient
and localization of abelian categories. In Section 2, we define localization of
triangulated categories, and consider a relation between localizations and
stable r-structures (Theorem 2.6). In Section 3, we show that if 4 — A/C is
a quotient of abelian categories, then D*(4)— D*(A4/C) is a quotient of
triangulated categories, where * = +, —, or b (Theorem 3.2). Moreover,
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under some conditions, if 4 — 4/C is a localization of triangulated
categories.

In Section 4, we study quotient and localization of derived categories of
modules by using similar module to tilting modules with finite projective
dimension [4, 11] (Propositions4.2 and 4.3). In Section 5, we apply
Section4 to the situation of module categories of finite dimensional
algebras over a fixed field k and by calculating the Grothendieck groups we
give a bound to the number of non-isomorphic indecomposable modules
which are direct summands of such a module (Propositions5.1, 5.2,
Corollaries 5.5, 5.7, and 5.8). And we consider relations between localiza-
tions and ring epimorphisms (Proposition 5.3 and Theorem 5.4). Finally,
in connection with recollement of derived categories of modules which
was introduced by Cline, Parshall, and Scott [5,12], we consider
relations between localizations and idempotent ideals (Proposition 5.9,
Theorem 5.10, and Corollary 5.11).

Throughout this note, we assume that all categories are skeletally small.

1. PRELIMINARIES

Let 4 be an abelian category. A full subcategory C of 4 is called dense
if for every exact sequence 0 - X » Y- Z -0 in 4, the following condi-
tion holds: X, ZeC if and only if YeC. We denote by ¢(C) the set
of morphisms f such that Ker f and Coker f are in C. Then ¢(C) is a
multiplicative system. And then C is an abelian category and the
quotient category A/C is defined. In this case, we will say that
0> C—>A4-% 4/C—0is exact. The right adjoint of Q is called a section
functor. If there exists a section functor S, {4/C; Q, S} is called a localiza-
tion of A. In this case, C is called a localizing subcategory of A. Then S is
fully faithful. On the other hand, if T: 4 — B is an exact functor between
abelian categories which has a fully faithful right adjoint S: B A4, then
Ker T is a localizing subcategory of 4, and T induces an equivalence
between A4/Ker T and B. Colocalization of C is also defined, and similar
results hold [6, 13]. We apply these ideas to triangulated categories in the
next section.

2. LOCALIZATION OF TRIANGULATED CATEGORIES

Given two triangulated categories D and D’, a grade functor from D to
D’ is an additive functor F: D — D’ and an isomorphism &: FT — T'F,
where T and T’ are the translation functors of D and D’, respectively. A
grade functor (F, @) is called a d-functor if for every distinguished triangle
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XY, Z,uv,w)in D, (X,Y, Z, Fu, Fo, - Fw) is distinguished in D’ (we
often simply write F unless it confounds us) [9, I, Sect. 1; 16, I, Sect. 1,
No. 1]. If F has a right or left adjoint G, then G is a d-functor, also [10,
1.6 Proposition].

A subcategory U of D is called épaisse if U is a full triangulated sub-
category and if U satisfies the following condition: For any f: X — ¥, which
factors through an object in U and which has a mapping cone in C, X and
Y are objects in U. We denote by ¢(U) the set of morphisms f which is con-
tained in a distinguished triangle (X, Y, Z, f, g, h) where Z is an object
of U. Then ¢(U) is a multiplicative system which satisfics the following
conditions:

(FR-1) se¢(U) if and only if Tse ¢(U), where T is the translation
functor.

(FR-2) Given distinguished triangles (X, Y, Z, u, v, w),
X, Y,Z,u,v,w), if f and g are morphisms in #(U) such that
u'> f = gou, then there exists a morphism 4 in ¢(U) such that (f, g, h) is
a morphism of distinguished triangles (see [16, I, Sect.2, No.1] for
details).

And the quotient category D/U is defined. In this case, we will say that
0-U-5 D2 D/U—-O is exact (see [2, 1.44; 16, I, Sect. 2, No. 3] for
details.

LemMa 2.1 (cf. [16, 5-3 Proposition]). Let D be a triangulated
category, U a épaisse subcategory of D, and Q: D — D/U a natural quotient.
For M e D, the following are equivalent.

(a) For every f:X-Ye¢(U), Hom(f, M):Hompy(Y, M)—
Hom (X, M) is bijective.
(b) Hom},(U, M)=0.

(c) For every Xe D, Q(X, M): Homy(X, M) - Hom,,(QX, QM) is
bijective.

Proof. (a)=(b). For every object Ue U, 0 - U - U— isa

distinguished triangle. Then 0 =Hom (0, M) ~ Hom ,(U, M).
(b)=(c). Every morphism of Homp,, (QX, QM) is represented by a

diagram
X'
7N
X M
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where s contained in a distinguished triangle U— X' — X —» with Ue U.
Then there exists f: X — M in A such that f/ = f' s, because
Hom (U, M)=0. Hence Q(X, M) is surjective. If a morphism g: X > M
satisfies that there exist a morphism s: X' — X, where s is contained in a
distinguished triangle U~ X' —» X -5 with Ue U, such that gos=0,
then there exist u: U[1] — M such that g =u-t. Therefore g =0, because
ue Hom (U, M)=0. Hence Q(X, M) is injective.

(c)=(a). Let f: X— Y be a morphism in ¢(U). Then we have the
commutative diagram

Hom, (Y, M) 2204, Hom,(X, M)
Q(Y.M)l lQiX,Ml

Hom,,,(QY, QM) Hom,, (QX, QM).

—_
Hom(Qf, OM)
According to (c), Q(X, M) and Q(Y, M) are bijective. Because QU =0,
Hom(Qf, QM) is bijective. Hence Hom( f, M) is bijective.

An object M is called U-closed if it satisfies the equivalent conditions of
Lemma 2.1 [16, 5-41. Let 0 » U5 D -2 D/U — 0 be an exact sequence
of triangulated categories. The right adjoint of Q is called a section functor.
If there exists a section functor S, then {D/U; Q, S} is called a localization
of D, and 0~ U5 D2 D/U -0 is called localization exact.

LEMMA 2.2. For every object Ve D/U, SV is U-closed.

Proof. For every f: X — Ye¢(U), we have a commutative diagram

Hom( f, SV)
—_—

Hom (Y, SV) Hom,(X, SV)

? l?

Hom,, (QY, V) ————— Hom,, . (QX, V).

Hom(gf, ¥j

Therefore Hom(f, S¥) is an isomorphism. By Lemma 2.1, SV is U-closed.
Let @: QS - 1,,, and ¥: 1, — SO be adjunction arrows.

ProposITION 2.3. Let {D/U; Q, S} be a localization of D.
(a) @ is an isomorphism (i.e., S is fully faithful).

(b) For every object XeD, the distinguished triangle U —
X2 SQX — satisfies that U is in U.
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Proof. (a) For every XeD and YeD/U, we have a commutative
diagram

Hom ,(X, §Y) ======= Homy(X, SY)

Q(X.SY)l I

Hom,,,(QX, Y)

Hom,,(QX, OSY)

_»
Hom(QX, @y)

By Lemmas 2.1 and 2.2, @(X, SY) is an isomorphism. Then Hom(QX, &)
is an isomorphism. For any Z e D/U, there exists X e D such that Z~ QX.
Hence & is an isomorphism.

(b) It suffices to show that for any Xe D, Q¥, is an isomorphism.
By QX —2%5, 0SQX 22~ QX =1,y, Q¥ is an isomorphism.

COROLLARY 2.4. Let MeD. Then M is U-closed if and only if
M=~ SOM.

THEOREM 2.5. Let D and E be triangulated categories, T:D—E a
0-functor which has a fully faithful right adjoint S: E > D. Then T induces an
equivalence between D/Ker T and E. In particular, 0 » Ket T— D -5 E~0
is localization exact.

Proof. Consider Q: D — D/Ker T, then by the universal property of O
we have a commutative diagram

D—L S E
Va

Q\ J/
D/Ker T

If f: X > Y is a morphism in D, then Tf is an isomorphism if and only if
QOf is an isomorphism. For every object MeD, TM — TSTM is an
isomorphism, then QM — QSTM is an isomorphism. Therefore Q — QST
is an isomorphism. By the universal property of Q@ and QST =0QSRQO,
1 p/ker 7= QSR. Next, RQS =TS ~ 1,. Hence R is an equivalence.

Let U and ¥V be full subcategories of D such that: (a) U and V are stable
for translations; (b) Hom,(U, V)=0; (c) For every Xe D, there exists a
distinguished triangle (U, X, ¥) with Ue U and VeV. Then U and V
are épaisse subcategories of D, and (U, V) is t-structure in the sense of
Beilinson, Bernstein, and Deligne [2, 1.3]. We will call (U, V) a stable
t-structure. Moreover, there exist exact sequences 0 - U -5 D-2 V-0
and 0 —» V-2 D £, U0 such that Q is the left adjoint of R and that O’
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is the right adjoint of K, where K and R are natural inclusions (see [2, 1.4.4]
for details). Namely, {F; Q. R} is a localization of D, and {U; K, Q'} is a
colocalization of D. By Theorem 2.5 and [16, 6-6 Proposition], and their
duals, D/U is a localization of D if and only if U is a colocalization of D,
and D/U is a colocalization of D if and only if U is a localization of D.
By [2, 1.48], we know that recollement, in the sense of [2. 1.4.3], is
equivalent to bilocalization.

PROPOSITION 2.6. Let D be a triangulated category. If {V;Q, R} is a
localization of D, then R is fully faithful, and (KU, RV)) is a stable t-struc-
ture, where U=Ker Q and K is a natural inclusion. Conversely, if (U, V) is
a stable t-structure in D, then a natural inclusion R: V — D has a left adjoint
Q such that {V, Q, R} is a localization.

Proof. Let {V; Q, R} be a localization of D. Then, by
Hom ,(KU, RV) >~ Hom ,(QKU, V)=0 and Proposition 2.3, it is clear that
R is fully faithful and (KU, RV) is a stable t-structure. The converse version
is true by the above.

We have the same result of Cline, Parshall, and Scott [5, Sect. 1,
Theorem 1.1] under the weak conditions.

PrROPOSITION 2.7. Let F: D — E be a 0-functor of triangulated categories.
Assume that F has a fully faithful right (resp., left) adjoint G: E—~ D. If F
has a left (resp., right) adjoint H: E — D, then H is a fully faithful 0-functor.
In this case, (Ker F, D, E) is a recollement.

Proof. According to Theorem 2.5, Proposition 2.3, Proposition 2.6, and
their duals, it is clear.

3. LoCcALIZATION OF DERIVED CATEGORIES

Let 4 be an additive category, K(A4) a homotopy category of 4, and
K*(A4), K~(A) and K°(A) full subcategories of K(A) generated by the
bounded below complexes, the bounded above complexes, and the bounded
complexes, respectively. For an abelian category A4, a derived category
D(A) (resp., D*(A), D~(A), and D®(A)) of A4 is a quotient of K(A4) (resp.,
K *(4), K (A), and K®(A4)) by a multiplicative set of quasi-isomorphisms.
Then K*(A) and D*(A) are triangulated categories, where * = nothing, +,
—,or b [9,16]. In general, we denote by K*(4) a localizing subcategory
of K(4) (ie., K*(A) is a full triangulated subcategory of K(A4) and
D*(A4) - D(A) is a fully faithful d-functor, where D*(4) is a quotient of
K*{A) by a multiplicative set of quasi-isomorphisms) [9, I, Sect. 5; 16, II,
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Sect. 1, No. 1]. For a thick abelian subcategory C of 4 (ie., C is extension
closed in A4), we denote by DX(A) a full subcategory of D*(A) generated
by complexes of which all homologies are in C [9, I, Sect. 4].

Let 8(D*(A), D(B)) be a category of d-functors from D*(A) to D(B) and
Hom,(F, G) the set of morphisms from F to G for F, Ge d(D*(A), D(B)).
Given a ¢J-functor F: K*(A)— K(B), we obtain a right derived functor
R*F: D*(A) — D(B) when there exists an object R*F in d(D*(A), D(B))
such that Hom,(R*F,?)~Hom,(Q%< F, 72 Q), where Q*:K*(A4)— D*(A),
Qp: K(B) » D(B) are natural quotients, [9, I, Sect. 5; 16, I, Sect. 2]. When
R*F: D*(A) — D(B) exists, we say F has right homological dimension <n
on A if R'F(X)=0for all Xe 4 and for all i>n [9, I, Sect. 5; 16, I, Sect. 2,
No. 2]. And an object X in 4 is called a right F-acyclic object if R'F(X)=0
for all i>0. We also denote by R*F a right derived functor of an induced
J-functor from F: A — B.

Let F: A — B be a left exact additive functor between abelian categories.
If 4 has enough injectives, and F has finite right homological dimension on
A, then RF, R™F, and R°F exist, and RF| . 4, ~ R*F, and moreover, R*F
has image in D*(B), where *= +, —, or b [9, I, Sect. 5]. We often denote
by R**F, R*F|ps,, when D*(A) is a full subcategory of D*(4). On the
other hand, if A and B have enough injectives and projectives, respectively,
and if the derived functor R*-°F: D®(4)— D(B) has image in D?(B) and
R*°F: Db(4) — D%(B) has a left adjoint, then F has a left adjoint G: B— A4
and the derived functor L~ *G: D®(B) - D(A) has image in D*(4), and
which is the left adjoint of R*-®F [4, (3.1) Lemma].

Lemma 3.1. Let D and E be triangulated categories and F:D— E a
0-functor. Consider the commutative diagram

pD—t L E

N

D/Ker F

If F' is full dense, then F' is an equivalence.

THEOREM 3.2. Let 0> C—> A2 4/C—0 be an exact sequence of
abelian categories. Then 0 — DX(A) - D*(A4)-%5 D*(4/C) -0 is an exact
sequence of triangulated categories, where ¥ = +, —, or b.

Proof. According to Ker Q*=D}(A) and Lemma 3.1, it suffices to
show that the induced oJ-functor Q'*: D*(A)/D¥(A4)— D*(A4/C) is full
dense.
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(I). The case of *=b. (i) Q" is dense. Let X:..-—-50-
XL, xyonrtml S X9 50 ... be a complex in
D?(A4/C). Then X is represented by a diagram in 4:

X " r—n+l X"l

7N N

"’0"‘)X n X n+1 ___»0__)’

where s,€4(C) for all i. By induction on i, we have the following
commutative diagram in A4:

X" — i d- Xu—i+1

rﬁ‘l‘ l-"-wl

ror —i+1
X — X ,

and we have s'_;=s5_;5t_,e¢(C)and d_,, ,-d"_,=0 for all i. Indeed, it is
clear in case of i=1 by taking X" *'.=X"""* x'"l=X"
S_ipr =1ly-isr, t_;i=1y, and d"_;:=d_,. Next, by the property of a
multiplicative system, we have the following commutative diagram in 4:

d,

Xlw —i—1 XII —i

s:,,.l l

Xl—.-'—-l ” Xfi’
—i=1

where 57, €@(C). Since é_;°0_,_, =0, there exists t_,_ 1 X" 71>
X™i=1 such that s, ,o8", ot ;, ,€d(C) and s_;, od ;o
d”,_,ot_, ,=0. Then there exists ", ,: X" " '— X”’*"*‘egb(C) such
that d’,,-od',,-,lat’ ot =0 Let t_,_ ,i=s5", (ot _;_|°t";_|,
d_,_,:=d";_|s1l_ rt i1 s,,,, =5 _; ,°t_;_,. Then we have the
following commutatwe diagram in A:

d_j_

X!I*i*— 1 X" —1i

,_,,,1 l

r—i—1 -
_—
X o X

and we have s’,,—_1.=s_,-_lot,,-_le¢(C) and d'_,od’'_;_,=0. It is easy to
see that X" =(X"', d}) is a complex in D®(4) such that QX" ~ X", and
QX" ~X.
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(i) Q"% is full. (a) We first show that for every morphism f: X" — Y*
of complexes in K?(A/C), there exist a complex X" and morphisms
s X" =Y and f: X" - Y of complexes in K’(4) such that fo Qs = Qf
and Qs is an isomorphism in K®(4/C). By (i), f=(f;): X' = Y" is repre-
sented by the following diagram in A:

2

S | N G~ o L LN PULUIN €S
IL" ILML ] Ixo
X' n X’ —n+1 L. X/O
1/1» lflm 1 lf(’)

=0 YT —— y-"+! —— Y’ — 0,

where s,e ¢(C) for all i. By induction on i, we have the following
commutative diagram in A:

X 0 x i+!

SL,I ISL,H

Xn~—[ oL Xﬂ—[+|

f'f-il lf"—m'l

Y—l — Y—*i+l’
—i

where s'_,€ ¢(C), and we have f_,~Qs" ;=Qf" ;and 0"_,, ,d"_;=0 for all
i. Indeed, it is clear in case of =0 by taking s_,:=s_;, f~,;:=/f"_, and
0'_;:=0_,;. Next, by the property of a multiplicative system, we have the
following commutative diagram in A:

a_i_1

X-i'fl

X//// —i—] X:/ —1I

[

where s”; _, € ¢(C). Since f is 2 morphism of complexes in C?(4/C), there
exist #_,_ X" Vo x™-Vand ¢, X" '> X ~'~! such that
s”iqol i y=5_;_ qot_;_1€f(C)and such thatd_,_(of" _; \ot_; =
S0 oty Let 07, :=0", ot y, fTiyi=fi 4oty
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"

s,y i=8" <t =5_;,. -t ;. Then we have the following com-
mutative diagram in A4:

X i1 i X i
S ,—1] ]’\\L,
XIII i—1 ¢ X//—i
rl |-,
—i-1 —i
_—
Y — Y

where 57 ;,_,€¢(C) and we have f/_,_,<Qs”,_,=0Qf",_,. Since S v y°
000", | =0_;080_;_ ,o8", =0, there  exists ", X "l
X" ~ted(C) such that & _,»0”, ,-t", ;=0. Let & ,_ ,:=08", >
Vo S = et 8 i=8",_ot",;_,. Then we have the
following commutative diagram in A4:

X—i—l ot X
A'L,,,l[ I_v",
Xufifl Chimt X"’l

,1 l_/";,

Y—-i—l Y*i’

where s, €¢(C), and we have f_, -Qs_, ,=0f", , and
0" ;00" ,_,=0. It is easy to see that X" = (X"/, d) is a complex in K*(A)
and s’ = (s}), f" = (f}) are morphism in K°(4) such that fo Qs = Qf".

(b) Any morphism f: X' — Y in D’(A/C) is represented by the
following diagram in K?%(A4/C):

X
X Y,

where ¢ is a quasi-isomorphism. According to (a), it is easy to see that there
exist morphisms #: X, > X and s: X3 — X in K°(4) such that to Qs = Qr',
Qs is an isomorphism in K?(4/C), and Qtf is a quasi-isomorphism, and
that there exist morphisms f”: X3— Y and s: X3 - X, in K% A4) such
that "o Qs'=Qf" and QOs' is an isomorphism in K®(4/C). We have the
following morphism of distinguished triangles in K®(A4):



LOCALIZATION OF DERIVED CATEGORIES 473

X, 5> X3 —7Z—

S

Xo — Xy — 72—,

By 0Z =0 in K*(4/C), r and t" are isomorphisms in K%(4/C). Then
Q(1'>1") is a quasi-isomorphism in K®(4/C). Taking by the same symbols
induced morphisms from K®(4) into D®(A4), for and ¢ o¢" are morphisms
in D*(4) such that 1'o1" € $(D¥(A)) and fo Q?(f'ot") = f Rt Q¥(sot") =
R oQ%s’>r)=Q%f"or), where R:K%A/C)— D*(A/C) is a natural
quotient. Hence Q' is full.

(Il). The Case of *=—. Let X:...>X "X "*l, ...
X°>0- ... be a complex in D (4/C), and X;:--- 50>X"">
X' ... 5X°>50- --- a truncated complex in D?(4/C). Then, by
(I), there exists a complex X! in D®(A) such that s;:Q°X; ~X;.
Moreover, for a natural inclusion X;g X;,,, we have a commutative
diagram

QX Q"X

? ls,-u

X; &/ X,

Si

Hence Q'~ X" =1limQ'’X; ~ X", where X" =limX;. For any morphism
fi X' > Y in K~(4/C), we have a commutative diagram
Y:

Ji
i

> 3

_—
/

According to (I), there exist a complex Z; and morphisms s;: Z; — X; and
fi: X" > Y" of complexes in K?(A4) such that f;-Qs;=Qf; and Qs; is
an isomorphism in K?(4/C). Moreover, for all i, we have the following
commutative diagram:

X, —— z; L v,
X}+1‘i;+l Z}+l S ‘Y.H-l'
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Then we have f-Qs = Qf’, where Qs =lim Qs; is an isomorphism in
K%(A/C) and Qf =lim Qf ;. As well as (I), Q'™ is also full.

(II1). The Case of *= +. By (I) with the arrows reversed and the dual
of (II), it is trivial.

Remark. By the proof of Theorem 3.2, K*(4)-%> K*(4/C) is also a
quotient functor, where *= +, —, or b.

COROLLARY 33. Let 0> C - A —» A/C - 0 be a localization
{A/C; 0, T} of A. Assume that A/C has enough injectives. Then
0-DX(A)->D*(A)->D*(4/C)>0 is localization exact, that is,
{D*(A), Q*, R*T} is a localization of D*(A).

Proof. For any Y eD%'(A/C), there exists a complex
I'=(I''d)e K*(A/C) where all I' are injective such that Y ~I in
D*(A/C). Then, given any X' eD*(4) and Y eD*(A4/C), we have
Homp+(4,c(@* X, ¥) = Homy. ,(Q X, I) =~ Homy. (X', TI).
Since S is exact and T is the right adjoint of S, TT' = (TI, Td,) is a complex
in K*(A), where all TI' are injective. Then we have Hom . (X", TT') ~
Homy+ (X, @7 Y'). Then R™ T is the right adjoint of Q*. According to
Theorem 3.2 and Proposition 2.6, we are done.

4. LOCALIZATION OF DERIVED CATEGORIES OF MODULES

Equivalences of derived categories of modules were considered in
[8,4, 14]. For a ring 4, we denote by Mod A (resp., mod 4) the category
of right A-modules (resp. finitely presented right A-modules). According
to Theorem 3.2 for a finitely generated projective A-module P, we have
0 - Dg. o(Mod 4) - D*(Mod 4) 25 D*(Mod B)»0 is exact, where
B=End (P), Q=Hom,(P,?), and *= +, —, or b. Moreover, Q* (resp.,
Q™) is a localization (resp., a colocalization) cf. [5, Proposition 2.1]. Let
T be a right 4-module such that: (a) 0-P,—> --- > P, > P, >T—>0is
exact, where all P; are finitely generated projective; (b) Ext'(7, T)=0
for any i>0. Cline, Pasrshall, and Scott showed that
{D-(Mod B); L (?®3T), R Hom,(T,?)} is a colocalization of
D~ (Mod 4), where B:=End,(T), and that if pdimz T < oo, then
{D*(Mod B); L%?®5;T), R°Hom,(T,?)} is a colocalization of
D?(Mod A) (see [4, (4.2)]). In this section, we consider quotient and
localization of derived categories of modules categories for rings.

For a complex X := (X', d;), we define the following truncations [9, I,
Sect. 77:

a>n(X.): —>0—+Imd,,—>X"“—>X"+2_, N

G (X)) - s X" X" 'S Kerd, -0 ---
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For m <n, we denote by D'™")(Mod A4) a full subcategory of D?(Mod A4)
generated by complexes of which homology H =0 (i<m or n<i).

LemMa 4.1. Let F: C — D be a 0-functor between triangulated categories.
If there exists a family T of objects in C satisfying the following conditions:

(a) For every XeC, there exists an object Tye T and a morphism
Sy: Ty— X such that Z belongs to Ker F, where Ty—->X—>Z— is a
distinguished triangle;

(b) For X and YeC, there exists a morphism [T, — Y in C such
that f o Fsy=Ff' for any fe Hom ,(FX, FY);

(c) For every Y e D, there exists an object X & T such that Y ~ FX;;

then 0 > Ker F—» C— D —0 is exact.

Proof. 1t is clear by Lemma 3.1.

PROPOSITION 4.2. Let T be a right A-module with a finitely generated
projective resolution, B:=End ,(T), and F:=Hom 4(T,?): Mod A - Mod B.
Assume that T satisfies the following conditions:

(a) Ext'(T,T)=0(i=1),
(b) pdimT,<1.

Then 0 — Ker R°F - D*(Mod 4) —%£> D*(Mod B) - 0 is exact.

Proof. Let T be a family of complexes X*: --- 20—-X"> ... »
X" 'S5 X">0- --. (for all m<n)e K®(Mod A), where X € F-rac 4 and
X' is direct sums of T (m<i<n). It suffices to show that T satisfies the
conditions of Lemma 4.1. Since Ext’,(T, T)=0 (i>0) and pdim T< 1, if X
is generated by T, then Ext/ (7, X)=0. The condition (b) implies the exis-
tence of R°F. Since D*(Mod B) ~ K ~*(Free B), given Y" € DI™")(Mod B),
there exists 7" € K~ (Sum 7) such that FT" > Y" in D*(Mod B). Further-
more, Flo ., T )30,  (FT' )3 FT" (t<m—1). Since Imd, is generated
by T, 6.(T") is in T. Then (c) of Lemmad.l is satisfied. Given
X e DI"")(Mod A), there exists I' € K™+ )(F-rac A) such that X’ ~ I in
D*(Mod 4). For FI, there exist T'eK (Sum7) and f:T -7 in
K~ (Mod 4) such that Ff is an isomorphism in D~ (Mod B). Similarly,
f=T—>06.(T)-25 T and Fg is an isomorphism in D?*(Mod B)
(t<m—1). Then (a) of Lemma 4.1 is satisfied. Moreover, for every X" and
Y e D' "{(Mod A), there exist T- and 7’ K~ (Sum T) such that FT" ~ X"
and FT" ~ Y, and then

HomDh(Mod B)(R”F(X.), RhF( Y‘)) ol HomDh(Mod Bl(FT.’ FT”).
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Since FT° and FT'eD""+*'}Mod B), for r<m—1, we have
Hom - (moa s\ FT7, 0 < (FT")[i]) =0 (for all i), then

Hom - mod s (FT . FT")~Homp (voa s FT, 0. (FT"))
~ Hom g moa ) (FT, 65 (FT"))

and
HomKﬂMod B)(FT.3 a > r(FTI)) x>~ Home(Mod B)(G >f - 1(FT), a>l(FTI‘))

Hence we have

. I3
= HomK"(Mod .4)(6>t—— 1 T » U>IT )

The condition (b) of Lemma 4.1 is satisfied.

ProposITION 43. Let A and B be semiprimary rings and
F:Mod A - Mod B a left exact additive functor. Assume that R*°F has
image in D?(Mod B) and that R*°F: D°(Mod A)— D*(Mod B) is a
colocalization. Then there exists a right B-A-bimodule T such that. (a)
F~Hom (T, ?); (b) B~End (T); (c) Ext' (T, T)=0 (i=1); (d) pdim T,
pdim, T < . Furthermore, R*"°F ~ R°F and L*G is the left adjoint of R°F,
where G=1®, T.

Proof. There exists a left adjoint G of F such that
L~*G: D®(Mod B) —» D*(Mod A) is the left adjoint of R***F, by [4, (3, 1)
Lemma]. Let T := GB, then T is a B-A-bimodule such that
F~Hom (7,7 and G~7®,T. Let J, and J; be jacobson radicals of 4
and B, respectively. Since R*-*F has image in D®(Mod B), R**°F(4/J ) is
in D®(Mod A), and then there exists an integer #n such that R'F(A/J )~
Ext'(T, A/J )=0 (i>n). By [1, Proposition 7], pdim T, < co. Similarly,
pdimg T< oc. Then R*®F~ R*F and L~ °G ~ L*G. Next, since R°F is a
colocalization and since T~ L*G(B), B~ R°Fo L*G(B) ~ R°F(T), and T is
Ker R°F-coclosed, by the dual of Lemma22. Hence R'F(T)~
Ext’ (T, T)=0 (i #0), and B ~ End z(B) ~ End ,(T) as rings, by the dual of
Lemma 2.1.

COROLLARY 44. Under the condition of Propositiond.5, we have
gl dim B< gl dim 4 + pdim, T.

Proof. Since L°G:D?(Mod B)— D?(Mod A) is fully faithful, for any
B-modules M, N, we have :

EXtiB(Ms N) =~ Hom prmoa (M, N[iY)
=~ Hom piniod A)(LbG(M)a LbG(N)[i] ).
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Let pdimg T :=n, then L’G(M) and L°G(N) are in D! ~"°I(Mod B). Hence
we have Hom pinoq 4(L°G(M), L’G(N)[i]) =0 for i > gl dim A +n.

5. APPLICATION TO FINITE DIMENSIONAL ALGEBRAS

In this section, we consider only the case of finite dimensional algebras
over a fixed field k. Let D:=Hom,(?, k), then D is a duality between
mod 4 and 4-mod, where A-mod is the category of finitely generated left
A-modules. Then D induces the duality, which we use the symbol D,
between D*(mod 4) and D*(A-mod), where (%, #)=(+, —), (—, +),
or (b,b), by (DX'Y=DX "', where X" = (X", d,). For a finite dimensional
algebra A, we know that the Grothendieck group of mod A4 is isomorphic
to a free abelian group which has the complete set of non-isomorphic
indecomposable projective 4-modules as a basis. We denote by Grot(A4)
the Grothendieck group of A, where A4 is an abelian category or a
triangulated category. Here, we use Grot(mod A4) ~ Grot(D°(mod 4)) and
Proposition of Grothendieck (see [7] for details).

PROPOSITION 5.1. Let T be a finitely generated right A-module such
that: (a) Ext;gT, T) = 0; (b) pdimT, < 1. Then 0 — Ker R°F —
D’(mod 4) 25 D’(mod B) - 0 is exact.

Proof. It is trivial by Proposition 4.2.

Remark. According to Bongartz's lemma [3, 2.1 Lemma] and
-an equivalence of derived categories ([4, (2.1) Theorem] or [14,
Theorem 4.1.17), we get another proof of Proposition 5.1 by Theorem 3.2.

PrROPOSITION 5.2. Let A and B be finite dimensional algebras,
F:mod A - mod B a left exact additive functor. Then R*°F has image in
D%mod B) and R*"°F: D®(mod A) - D*(mod B) is a colocalization if and
only if there exists a finitely generated B-A-bimodule T such that:

(a) F~Hom,(T,?),

(b) B=~End(T),

(c) Ext'(T, T)=0 for all i>0,
(d) pdim T,, pdimg T < c0.

Proof. By Proposition 4.3 and [4, (4.2)], it is clear.
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ProPOSITION 5.3. Let n: A — C be a ring homomorphism between finite
dimensional algebras, £:=7®,C ;:mod C->mod 4, and E' := ,CQT:
C-mod — A-mod. Then the following are equivalent.

(a) E:D (mod C)— D (mod A) has a left adjoint G such that
{D~(mod C); G, E} is a localization of D~ (mod A).

(b) E:D*(rr)od C)—> D*(mod A) has a right adjoint F such that
{D*(mod C); E, F} is a colocalization of D*(mod A).

(¢) E':D {C-mod)— D (4-mod) has a left adjoint G' such that
{D~(C-mod); G', E'} is a localization of D~ (A-mod).

(d) E’:D*(C:-mod)—>D+(A-mod) has a right adjoint F' such that
{D*(C-mod); E', F'} is a colocalization of D*(A-mod).

(e) = is a ring epimorphism, and Tor{(C,C)=0 for all i>0.
Moreover, in this case, Ext'(C ,, C,)=Ext'(,C, ,C)=0 for all i>0.

Proof. 1t is well known that = is a ring epimorphism if and only if the
natural morphism C® , C— C is an isomorphism as an C-C-bimodule
morphism. If = is a ring epimorphism, then the natural ring morphism
C - End(C,) is an isomorphism (see [{5]).

(e}=>(a). Let G:=?7®,C., then G is the left adjoint of E. For
X e D~ (mod 4), there exists a complex P e K~ (free 4) such that X" ~ P
in D™ (mod A4). Given Y € D (mod (), we have

Hom p - (nod 4)( X', EY') = Hom k- noq 4)( P, EYY)
>~ Homk - (moa c(GP', Y7).

Since E is exact and G is the left adjoint of E, GP is in K ~(proj C), where
proj C is a category of finitely generated projective C-modules. Then we
have

Hom p- (mod 4y(X", EY') = Hom - jnoa (L™ G(X7), Y7).

And for Y e D "(mod C), there exists a complex Q€ K ~(free C) such that
Y'~ Q' in D™ (mod C). Since C, is left G-acyclic and C® , C ~ C, we have
EcL " G(Y))~E-G(Q')~ Q. Hence EoL™G>1p-(moda ¢

(a)=(e). By the above, we have G~ L~ G, where G=?® , C.. Then
L GoE(C)3C in D (mod C), and hence the natural morphism
C®, C— C is an isomorphism and Tor/(C, C)=0 for all i >0.

(c) < (e). This is similar to (a)< (e).

(a)<=(d) and (b)<>(c). Since DED~FE' and DE'D~E, they are
trivial by the duality. Since C3R* Hom,(C,,?)-E(C) and
Cx3 R Hom (,C, 7)o E'(C) in D*(mod C) and in D*(C-mod) by (b)
and (d), respectively, we have Ext’(C,, C,)=Ext,(,C, ,C)=0 for all
i>0.
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THEOREM 54. Let m: A— C be a ring homomorphism between finite
dimensional algebras, E:=?®,C,,:mod C—-mod A4, and E' = ,C®":
C-mod — A-mod. Then the following are equivalent.

(a) E: Db(r{lod C)— D*(mod A) has a right adjoint F such that
{D*mod C); E, F} is a colocalization of D*(mod A).

(b) E- Df’(C—mod) - D®A4-mod) has a left adjoint G’ such that
{D*(C-mod); G’, E'} is a localization of D*(A-mod).

(c) (i) The natural morphism C — End(C,) is an isomorphism as a
ring; (it) pdim C , < oo; and (iii) Ext'(C,, C ) =0 for all i>0.

(d) () = is a ring epimorphism; (ii) pdim C,<oo; and (iii)
Tor(C, C)=0 for all i>0.

Proof. (a)<«>(b)<(d) and (a)=(c). They are trivial by Proposi-
tion 5.3.
(c)=>(a). This is trivial by Proposition 5.2.

For a finitely generated right 4-module T,, let add T, be the full
subcategory of mod A4 generated by direct summands of finite direct summs
of T,.

COROLLARY 5.5. Let A be a finite dimensional algebra, T a finitely
generated right A-module, B := End(T ), and C :=End(gT)%. Assume that
T satisfies the following conditions:

(a) Ext'(T,T)=0(i=1),

(b) pdim T, < cc,

(c) there exists an exact sequence 0 >C ->Ty—»T,—» .- - T,-0
in mod A, where all T; are in add T ,.

Then R**°F has image in D®(mod B) and R*-*F: D*(mod A) - D*(mod B)
is a colocalization. In this case, gT is a left tilting B-module with finite

projective dimension, in the sense of [11], and C satisfies the conditions of
Theorem 5.4.

Proof. First, it suffices to show that pdim z7 < cc. By the condi-
tions (a) and (c), we have the following exact sequence in
B-mod: 0 - Hom 4(7,, T)— --- > Hom 4(T,, T) - Hom ,(C, T) - 0. It is
easy to see that 57 is a direct summand of Hom (C, T), and that all
Hom (T, T) are left projective B-modules. Then pdim z7=<n Next,
applying Homg(?, T) to the above sequence, we get

Hom z(Hom ,(C, T), T) » Homg(Hom (T,, T), T) = --- - Homz(Hom (7,. T), T)

| | |

0—C - T, . — T, — 0.
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Then Exti(Hom (C, T), T)=0, and Exty(7T, T}'=0 for all />0. By the
condition (b), we have a projective resolution of T in mod 4:
0-P,— - > P —P,—>T—-0. Applying Hom ,(?, T) to it, we get an
exact sequence in B-mod:

0 - Hom (T, TY— Hom ,(P,, T) > Hom (P,, T)—> --- - Hom ,(P,,, T)—0,

where B=Hom ,(T, T) and all Hom ,(P;, T) are in add T,. Hence ;T is
a left tilting B-module with finite projective dimension. Then it is easy
to see that {D’(mod C);?® , C¢, R Hom 4(C 4, 7)} is a colocalization of
D?(mod A).

COROLLARY 5.6. Under the condition of Proposition 5.2, we have
gl dim B< gl dim 4 + pdim, T.

Proof. 1t is trivial by Corollary 4.4.

For a finitely generated 4-module M, let n(M) be a number of non-
isomorphic indecomposable modules which are direct summands of M.

COROLLARY 5.7. Let T be a finitely generated right A-module such that:
(a) Ext,(T, T)=0 (i21); (b) pdim T, pdim ,T < o0, where B=End ,(T).
Then we have n(T) £ n(A).

Proof. According to Proposition 5.2, 0— Ker R°F — D’(mod 4) -
D%(mod B) - 0 is a colocalization. Then, by [7. Sect.3], we have the
following split exact sequence:

0 — Grot(Ker R’F) - Grot(D?(mod 4)) = Grot(D’(mod B)) - 0.

Since Grot(D?(mod A4)) ~ Grot(mod 4) ~ Z"*" and Grot(D?(mod B)) ~
Grot(mod B) =~ Z"", we have n(T)< n(A).

COROLLARY S5.8. Let T be a finitely generated right A-module such that:
(a) Ext'(T, T)=0 (i=1); (b) pdim T, < o0;(c) there exists an exact
sequence 0 »C Ty > T, — --- > T,->0inmod A4, with T,eadd T for all
i, where C = Biend(T ;). Then we have n(C)=n(,T)=n(T,) < n(A).

Cline, Parshall, and Scott studied relations between a derived category of
modules of a ring and the one of its residue ring [12, Theorem 2.7;
5, Sects.1, 2]. We consider relations between derived categories and
idempotent ideals.

PROPOSITION 5.9. Let A be a finite dimensional algebra, e an idempotent
of A, I mod A/AeA - mod A a natural inclusion, and Q: mod A — mod eAe
a natural quotient. Then the following are equivalent.
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(a) 0- D°(mod A/Aed) —> Db(mod 4) 2> D*(mod ede) -0 s
exact.

(b) Tor(A/AdeA, A/4eA)=0 for all i>0.

(c) Torj(ded, AeA)=0 for all i>0, (ii) AeA® , AeA ~ AeA.

Proof. (a)=(b). According to (a), I° is fully faithful. Then

Tor{(A/AeA, A/AeA) ~ DExt',(A/AeA ,, D(A/AeA) )
= DHomD”(mod A_/AeA)(A/AeAs D(A/AeA)[i])
=0 forall i>0.

(b)=>(a). By Proposition 5.3, I* is fully faithful. According to [5, (1.3)],
D*(mod A/AeA)~ D%, , 4, ...(mod 4). Then we are done by Theorem 3.2.

(b) <> (c). This is easy.

Remark. As well as [12, Theorem 2.7], it is easy to see that
0 - D~ (mod A/ded) -~ D~ (mod A) 2> D~ (mod ede) -0 is colocal-
ization exact if and only if (i) Tor¢**(Ae,e4)=0 for all />0, and (ii)
Ae®,4. €A ~ AeA. In this case, we have Tor/(4/Aed, A/Aed)=0 for all
i>0.

THEOREM 5.10. The following are equivalent.
(a) 0- D(mod A/ded) > D*(mod A) -5 D*(mod ede) =0 s
colocalization exact.
(b) (i) Tor{(A/AeA, A/AeA)=0 for all i>0, (ii) pdim ,AeA < co.
(c) (i) Exti(,A/AeA, ;A/AeA)=0 for all i>0, (ii) pdim ,AeA < co.
(d) (i) Torf(AeA, AeAd)=0 for all i>0, (i) AeA® , Aed ~ AeA,
(iii) pdim , Ae4 < c0.
(e) (i) Tor:*(Ae,eA)=0 for all i>0, (ii) Ae®. . eA~ Aed, (iii)
pdim , . ed < 0.

Proof. (a)<>(b)<>(c). According to Section2, this is trivial by
Theorem 5.4 and Proposition 5.9.

(b) <> (d). This is easy.

(a}= (e). See [12, Theorem 2.7].

COROLLARY 5.11. The following are equivalent.

(a) 0— D’(mod A/ded) -~ D*(mod 4) 25 Db(mod ede) -0 s
bilocalization exact (ie., {D’(mod 4/Aed), D’(mod 4), D*(mod ede)} is
recollement.)
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{b) (i) Tor(A4;4ed, AjAeA)=0 for all i>0, (ii) pdim ,AeA,
pdim deAd , < o.

(c) (i) Ext',(AjAed,, A/Aed,)=0 for all i>0, (ii) pdim ,AeA,
pdim AdeAd , < oC.

(c') (i) Ext'(,A4/Aed, ,A/Aed)=0 for all i>0, (i) pdim ,AeA,
pdim AeA ; < 0.

(d) (i) Tor/(AeA, AeA)=0 for all i>0, (ii) AeA®, Aed >~ AeA,
(iii) pdim , AeA, pdim AeA , < oC.

(e) (i) Tor¢*(Ae,eA)=0 for all i>0, (ii) Ae®,, . €A~ Aed, (iii)
pdim,,, e4, pdim Ae, < .

Proof. By Theorem 5.10 and its dual, this is clear.

Remark. (1) Under the condition of Proposition 5.2, global dimensions
of A or B are not necessarily finite. Indeed, let 4 be a finite dimensional
algebra over a field k& with the following quiver with relations

oa€

a2 bl iy

with §ca=a’=6cf =07 =0 Then gldmA4 = . Let T:=
I(c)® ({(c)/S(c)), where S(c) is a simple right 4-module corresponding
with a vertex ¢, and I(c) is an injective hull of S(¢). Then pdim T, =2 and
Ext',(T, T)=0 for all i>0. Next, B:=End,(7T) has a quiver with a
relation: e— f 0D ¢ with {*=0. Then we have gldim B=o and
pdim ,T=1. Hence R®Hom 4(T,?): D®(mod 4) —» D*(mod B) is a colo-
calization functor which has L°(?®, T) as a cosection functor.

(2) The above example satisfies the conditions of Corollary 5.5.
(3) Under the conditions of Proposition 5.2, when we know if Ker R°F is
not zero, then Grot(Ker R°F) is not zero (for example, 4 is hereditary),
D%(mod A) is equivalent to D*(mod B) if and only if n(T)=n(A).
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