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Tutte conjectured that every graph with no isthmus can be provided with an 
integral nowhere-zero flow with no absolute value greater than k = 5. As yet the 
result is established for k = 6, and it is used for proving that the existence of a 
triangular imbedding of a graph G in a surface S implies the existence of a 
triangular imbedding of G,,, in a surface s with the same orientability charac- 
teristic as S. G(,, stands for the composition of G by an independent set of m 
vertices. 

I. INTRODKJCTI~N 

Several papers published in recent years show that a graph G(,, can often 
be triangularly imbedded into a surface g if the base graph G is itself 
triangularly imbedded in a surface S with the same orientability charac- 
teristic as ,!?. Go,,, is a notation for the graph obtained by replacing each 
vertex x of G by m vertices x,, x2 ,..., 
only if [x, y] is an edge of G. 

x, and defining an edge [xi, yj] if and 

At the present time, such a construction is known to be possible in the 
following cases: G is eulerian [ 1, 31; G is arbitrary and m is relatively prime 
to some integer M depending on the chromatic number of G (Jackson and 
co-workers [5,6]); G is a complete graph and m is divisible by neither 2 nor 
3 (Jackson [4]). We shall prove here that the construction is possible for an 
arbitrary graph G and every positive integer m which is divisible by neither 
2, 3 nor 5. 

For proving that result we shall use a lifting technique similar to those 
which have been already employed in [ 1,4]; but that technique will be based 
on a nowhere-zero flow detined on G*, the dual of G in S. The interest is in 
the connection with Tutte’s well known conjecture [ 131 that every graph with 
no isthmus has a nowhere-zero 5-flow. This conjecture is still unproved but 
Jaeger [7] showed that it is true for the &flows, and Seymour [ 111 proved it 
recently for the 6-flows. 
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It is by using the result of Seymour as a final argument that we construct 
the triangular imbeddmg of G(,,,, for every m which is divisible by neither 2, 
3 nor 5. If Tutte’s conjecture is proved, then the result will immediately be 
improved to all the integers which are divisible by neither 2 nor 3. 

II. DEFINITIONS AND ELEMENTARY PROPERTIES 

Our terminology about graphs and their imbeddings into surfaces agrees 
with [ 10, 141. References [9, 121 can be consulted for further topological 
concepts. In order to deal only with combinatorial objects, we shall work 
with simplicial complexes considered from the abstract point of view rather 
than with the triangular imbeddings themselves which are defined within the 
frame of the analytical topology. 

Thus a simplicial complex K will be abstractly defined, finite, with a 
dimension lower than or equal to 2. The basic definitions about such a 
complex can be found in [ 121 but in order to avoid ambiguity, we state that 
a q-dimensional simplex is merely a set of q + 1 vertices. Hence K is a graph 
if the dimension of K is equal to 1. The sets V(K), E(K) and T(K) are the 
sets of vertices, edges and triangles, respectively. An edge with endpoints x 
and y will be denoted [x, y]; a triangle with vertices x, y and z will be 
denoted [x, y, z]. If x E V(K), the link of x is the graph Lk(x) defined by 

Wk(x)) = 1 Y I ix, ~1 E JW9h 
W&l) = { [ Y, zl I lx, Y, ~1 E Wi. 

If each link is an elementary cycle, then K will be called a triangulation; 
in this case each edge will be a common side to exactly two triangles. K is a 
triangulation if and only if the space of K is a closed 2-manifold (briefly 
called a surface here). We shall consider a triangulation as a means for 
describing a triangular imbedding of a graph G in a surface S; G will be 
equal to the l-skeleton K’ and S to the space of K. We shall meet inter- 
mediate simplicial complexes where each edge belongs to exactly two 
triangles; they will be called pseudo-triangulations. The links of a pseudo- 
triangulation are not necessarily connected, but each connected component 
of a link is an elementary cycle. 

A complex above K is a pair consisting of a simplicial complex i? and a 
simplicial mapping p: x’-, K preserving the dimension of simplexes. The 
mapping p is called the projection, and a simplex 2 E z is said to be above a 
simplex x E K if p(xT = x. We shall say that d is a covering of K if for every 
e E E(K), C E T(K), e’E r(E) such that e’ is above e and e is an edge of t, 
there exists one and only triangle Fwhich contains I? and is above t. We note 
here for the reader who is familiar with topology that the coverings which 
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are so defined may have branchpoints at some vertices of K, and our 
construction will actually make each vertex a branchpoint. It is easy to 
verify that if k is a covering of a triangulation K, then E is a pseudo- 
triangulation. 

The graph G(,,,, is defined in the Introduction. Our purpose will be to 
construct a triangular imbedding of G(,, into a surface S from a known 
triangular imbedding of G in a surface S. Moreover S and S must be either 
both orientable or both non-orientable; we shall say briefly that S and S 
have the same orientability characteristic. For that we shall consider the 
triangulation K associated to the imbedding of G in S (K is such that 
K’ = G), and we shall search for a covering triangulation K such that 
j?=K’ (m); a is the combinatorial model for a triangular imbedding of G,,, 
into a surface S. The orientability characteristics of S and S are the same 
owing to the following lemma which is a particular case of Corollary (VI.6) 
of [2]. 

LEMMA. If f is a covering triangulation of K such that I?’ = Kt,,,, then 
K and I? have the same orientability characteristic. 

III. THE MAIN THEOREM 

Let us first make precise the definition of a dual flow which plays a 
prominent part. 

If G is a given graph, then a directed edge of G is an ordered pair (x, y) 
such that [x, y] E E(G). The set of those directed edges will be denoted 
D(G). A flow on G with values in the ring R is a mapping f: D(G) -+ R such 
that f(x, y) = -f( y, x) for every (x, y) E D(G) and 

for every given x E V(G). f is a nowhere-zero flow if f(x, y) # 0 for every 
6, Y> E D(G). 

Let K be a triangulation. A dual of K is a graph K* with a l-l mapping 
t ct t* from T(K) into V(K*) and a l-l mapping e N e* from B(K) into 
E(K*), and these mappings are such that t’ * and t”* are endpoints of e* in 
K* if and only if t’ and t” share the common edge e in K. We shall say that 
the edge e* crosses the edge e. A flow on K* will be called a dual flow on K. 

THEOREM. Let K be a triangulation and p an odd prime number. A 
suficient condition for the existence of a covering triangulation R verifving 
x1 = K:p, is the existence on K of a nowhere-zero dual flow with values in 

ZP. 
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FIGURE 1 

From now on, and to prove this theorem, we put V(K) = {x,, x2,..., x,) 
and T(K) = {tl, f2,..., n t }. We define a m X n matrix F = (&), where fi, = 0 
if x, c?? t,. If x, E ts then f;:, is the value of the flow on the directed edge of K* 
originating at tf and crossing the edge of t, which does not contain x,-see 
Fig. 1 where t, is the triangle [x,, xi, xk]. 

We shall denote by g” (resp. $$,) the linear space whose vectors are the 
n x 1 (resp. m X 1) matrices with coefficients in ZP ; these coefficients are to 
be considered as values attached to the triangles (resp. vertices) of K. 

Our first property will be proved by using a lifting technique which is 
similar to those which are used in previous works by Jackson 141 and myself 
[Il. 

PROPERTY. The covering triangulation g can be constructed if there 
exists q~ E qm such that Fq is without null coeflcient. 

Proof: R is defined in the following way: 

(i) I@) = V(K) x Z,, ; 

(ii) 1(x,, a), (x,, b)] E E(E) e [x1, x,1 E E(K); 

(iii) [(x,, a), (xj, b), (x,, c)] E T(R) * t, = [Xi, xl, +I E T(K) and 
frsa +fj,b +f&= Psftsfjsfks- 

It is clear that 8’ = Kb, and that & is above K with the projection 
(x,, a) M xi. We verify that $? is a covering pseudo-triangulation of K. Let 

US take z= [(xl, a), (x,, b)] E E(f) above e = [Xi, Xi] E E(K). Since K is a 
triangulation, there are exactly two triangles f, = [x{, x), xk] and 
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t,, = [xi, xi, xk,] which contain e. Considering the first of these triangles, we 
notice that there exists exactly one value c verifying the equality in (iii); 
therefore there is exactly one triangle t’, above t, containing E Similarly we 
shall tind exactly one triangle t”,, above tst and containing L Thus I? is 
actually a pseudo-triangulation which covers K. 

Now let us take an arbitrary (xi, a) E V(@ and prove that L&x,, a) is 
connected. This will be done by considering a connected component r of 
Lk(xi, a) and proving that every vertex of g which is a vertex of Lk(xi) is 
also a vertex of r. 

Let us run along Lk(xi) and denote xi,, xj,,..., xjk-, the vertices which are 
successively met after a complete turn. For each s = 0, l,..., k - 1 considered 
modulo k, we put tp, = [xi, xi,, xj,+ ,], U, =hPs, W, =AfllFig. 2. Similarly 
we choose a sense for running along r in order to meet successively a 
sequence of vertices such as (xj,, b,), (xi,, b,) ,..., (xi,- I, 6, _, ), (xi,, b;). 

FIGURE 2 
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The definition of K implies the following equality for each s = 0, l,..., 
k - 1 considered modulo k: 

After dividing the two members of each (E,) by w,- I wS, and adding the 
resulting equalities, we obtain 

The first summation vanishes for the flow condition implying 
vs=w,-ww,-1 for each s. The second summation is the ith term of the 
column matrix Fq; therefore it is non-null, and the difference t9 = b; - b, is 
non-null too. Thus, while running along r, the vertices successively met 
above x,, will be (xi,, b,), (xi,, b, + 8) ,..., (xi,, b, + 40) ,.... These are all the 
vertices above x1, because f? is non-null and p is a prime integer. The result is 
similar for every x,,, s = 1, 2 ,..., k - 1; therefore r contains every vertex 
above a vertex of Lk(xi). 1 

Our task is now to find o E SY” such that Fu, has no null coefftcient. For 
that we consider the equation FX = w  with the second member w  E @m and 
the unknown X E gn. If w  has no null coefftcient, then any solution of the 
equation (if there exists at least one!) will be a feasible value for Q. Denoting 
by Z,,, the set of the 1 X m matrices considered as a vector space over Z,, a 
way for checking the existence of a solution is to determine a maximal set of 
linearly independent vectors P, , P, ,..., P, E Z,,, verifying P,F = 0 for each 
i= 1,2,..., o. The rank of F is then equal to m - v, and elementary 
arguments in linear algebra imply that FX = I,Y has a solution if and only if 
Piw = 0 for each i = 1,2 ,..., v. 

Thus the successive steps for proving the theorem are now: 

(i) to determine the rank of F (let it be m - u); 

(ii) to get a maximal set of independent vectors P,, P2,..., P, in Z,,, 
verifying P,F = 0 for each i = 1,2 ,..., V; 

(iii) to prove the existence of a v E @m without null coefficient and 
verifying P,t,u = 0 for each i = 1, 2 ,..., u. 

The first step will be achieved by the following: 

PROPERTY. The rank of F is equal to either m - 2 or m - 1. 

Proof. Let us add the lines of F. The value found in the sth column, 
s = 1, 2,..., n, is the sum of the fi, for i = 1,2 ,..,, m. It is the sum of the flows 
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coming from tf; therefore it is null, and the rank of F is at most equal to 
m- 1. 

Let us say that a sequence of triangles tj,, tj,,..., tj, is independent if there 
exists a sequence of two by two distinct vertices x1-, , xi,, xi,, xi2,..., xi, such 
that tjg = [xi,, xig, xi,] with a < q and /3 < q for every q = 1, 2 ,..., s. We prove 
inductively the existence of an independent sequence of triangles for every 
s = 1, 2,..., m - 2. The property is obvious for s = 1; thus we assume it for a 
given s such that 1 < s < m - 2 and we prove it for s + 1. We put 
xs = {xi-,, xi,,*“3 x,,}, The cardinality of X, is equal to s + 2 < m; therefore 
we can find a new vertex which does not belong to X, and a triangle t, which 
contains it. Since K is link-connected, there exists a sequence of triangles 
$7 tk, ,***, tk, beginning with t,, = ti, and ending with tkp = tk9 and such that 
any two successive triangles share a common side. Since t k.1 c X, and 
tkq &X,, there is a least integer q’ > 1 such that tkq, ~5 X,. Denoting by xis+, 
the vertex of t, , which does not belong to X,, we can extend the sequence of 
independent tri$gles with tj,+ , = tkq,. 

Let us consider now the submatrix of F whose lines are indexed by 
*. . 
11, Q,..., l,-2 and whose columns are indexed by j, ,j, ,..., j,-2. The 
expansion of the determinant of that submatrix yields a single non-null 
product which is equal to fi,j,J9iz ...hj;:m-Zim-2, except possibly for the sign. 
Thus F contains a submatrix of rank m - 2. 1 

For achieving step (ii), we can take P, = (1 1 a.. 1) when the rank of F 
is equal to m - 1; indeed it has been seen while proving the last property 
that the sum of the lines of F is null. We shall take the same P, when the 
rank of F is equal to m - 2, and choose an arbitrary P, = (a, a, ... a,) 
which is linearly independent with P,. 

PROPERTY. There are at least three of coeficients in P, which are two by 
two distinct. 

ProoJ There exists a triangle t, = [xi, xi, xk] such that the coefficients 
ai, a,, uk are not equal. Indeed if it was false, the connectivity of K would 
imply the equality of all the coefftcients in P, ; a contradiction with the linear 
independence of P, and P,. 

Suppose for a contradiction that a,, uj, uk are not two by two distinct; 
without loss of generality we can put a, = uk and a, # a,. Thus the equality 
P,F = 0 gives in column s 

ai.& + a,(f,, +fkJ = 0. 

The flow condition gives 

fi, +fjs ffks = OS 
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Multiplying the second equality by a,, and subtracting it from the first, we 
obtain 

which implies fr, = 0 because a, # a,, * a contradiction with the nowhere-zero 
condition. I 

Knowing this information about P, and eventually P,, the existence of 
II/E em which is needed for achieving step (iii) is a consequence of the 
following last property. 

PROPERTY. Over a field with at least three elements, let us consider the 
system of the two linear equations 

w1+w2+ . * * + ym = 0, 

alWl+a,W2+ - -. + a, vrn = 0. 

Suppose that at least three of the coeflcients of the second equation are 
two by two distinct; then there exists a solution (y,, w2,..., vi) where each vi 
is non-r& 

ProoJ We begin by assuming that all the coefficients of the second 
equation are two by two distinct. Thus we have n > 3, and we exhibit 
particular solutions for n = 3, 4, 5. If n = 3, then we take r~i = a3 - a2, w2 = 
a, -a3, I+V~ =a,--~,. If n =4, then we take ‘y, =a3 -a,, v/z =a1 -a4, 
~~=a,-aa,,~s=a2-aa3.Ifn=5,thenwetake~,=a,-a2,~2=a,-a,, 
VI~=a,-aa,,Ws=a2-aa,,Wg=a4-a3.Whenn~6,wepartitionthesetof 
coefficients into classes with three, four or five elements each, and we 
consider an independent solution for each class. 

In the general case, we consider the number k of the distinct values among 
the coefficients, and we assume that a,, a,,..., ak are actually two by two 
distinct. We prove the property by induction on q = k, k + l,..., m. If q = k, 
it is established by the preceding arguments. Thus we assume it for 
k ( q < m with a solution (I,u~, w2,..., w,), and we prove it for q + 1. Let 1 
(l&l<k)besuchthata,=a,+,. Since the field has at least three elements, 
there exists a non-null value z = vi. We define then a solution 
(43 W ; ,..., wi+i) by wf = yi for if 1 and i#q + 1, yi = y1 -z, 
w;+1 =z. I 

And the theorem is proved. 1 
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IV. APPLICATIONS 

Let k > 0 be an integer; one says that a graph G verities the property Fk if 
we can define a flow f: D(G) + Z such that -k <f(u) < k for every 
u E D(G). Tutte [ 131 conjectured that every graph G with no isthmus verifies 
F,. Jaeger [7] proved F,, and recently Seymour [ 1 l] proved Fe. If m > k, 
then it is clear that Fk implies F* and the existence of a nowhere-zero flow in 
Z rn’ 

COROLLARY. For every triangulation K and every positive integer m 
which is divisible by neither 2, 3 nor 5, there exists a covering triangulation 
I? such that i?’ = Kt,,,,. 

Proof: Let us suppose first that m is a prime integer. We have thus 
m > 7, and Seymour’s result implies the existence of a nowhere-zero dual 
flow with values in Z, for K* has obviously no isthmus. So the corollary is 
an immediate consequence of the theorem. 

In the general case we consider a decomposition m =p, p2 ... ps into 
prime factors. The corollary follows then from an obvious induction on s. I 

COROLLARY. If G is a graph which can be triangularly imbedded into a 
surface S and m a positive integer which is divisible by neither 2, 3 nor 5, 
then G(,,,, can be triangularly imbedded into a surface ,!? with the same orien- 
tability characteristic as S. 

Proof: It is only an equivalent formulation of the preceding corollary. 1 

If Tutte’s conjecture is proved, these results will obviously be improved to 
the values of m which are divisible by neither 2 nor 3, and it is actually the 
result obtained by Jackson [4] when G is a complete graph. If we are 
optimistic about the future settlement of Tutte’s conjecture, we can say that 
only the values p = 2 and p = 3 remain questionable for constructing K 
verifying f” = Kf,, . 

We proved in [3] that K must have only even degrees for constructing a 
covering triangulation #? verifying z’ = K:,, ; in this case the lifting is 
obtained from an m-valuation studied in [ 11. Hence the value p = 2 is 
elucidated for the coverings; but triangular imbeddings of G(,, can be lifted 
from G by using coverings with folds which are more general than the 
coverings which have been considered in that paper, and Jackson is 
constructing some imbeddings of that kind. 

So it remains to elucidate the case p = 3. It must be noticed that K will 
not be always constructible. Indeed Jungerman [B] verified by using a 
computer that K,(,, has no orientable triangular imbedding; therefore # 
cannot exist if K derives from the imbedding of K, into the sphere. It can 
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also be verified that Z? cannot exist if K derives from the imbedding of K, 
into the projective plane. 
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