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Abstract

A weaker Mackey topology, infra-Mackey topology, is introduced. For an infra-Mackey s
dual local quasi-completeness,c0-quasi-barrelledness, Ruess’ property (quasi-L) andC-quasi-
barrelledness are equivalent to each other. Inspired by the definition of Mazur spaces, locally
spaces are classified according to various conditions ensuring linear functionals continuous. In th
classification, every class of special locally convex spaces is characterized by some complet
the duals. From this, some new characterizations of quasi-barrelledness and barrelledness a
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, every space will be assumed a Hausdorff locally convex space ov
scalar field of real or complex numbers. Let(E, t) be a space; then(E, t)′, or briefly E′,
denotes the topological dual of(E, t) and E# denotes the algebraic dual ofE. Mazon
defined a spaceE to beC-[quasi-]barrelled [1, Definition 8.2.6] ifU := ⋂∞

n=1 Un is a
neighborhood of 0 whenever(Un) is a sequence of absolutely convex closed neigh
hoods of 0 such that any given singleton [bounded] set is contained inUn for almost alln.
According to Webb, a space(E, t) is called to bec0-[quasi-]barrelled if eachσ(E′,E)-
null [β(E′,E)-null] sequence ist-equicontinuous (see, [1, Definition 8.2.22] or [2]). A
increasing sequenceσ = {An: n ∈ N} of absolutely convex subsets of a space(E, t) is
said to be absorbing (bornivorous) if for everyx in E (every bounded subsetB of E) there
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is a positive integerm such thatAm absorbsx (absorbsB); see [1, Definition 8.1.15]
We denote bytσ the finest locally convex topology onE that induces the same topolog
as t on eachAn. The topologytσ is defined by the family of those seminorms who
restrictions to the setsAn are continuous for the topology induced onAn by t ; see [3].
Absorbing and bornivorous sequences of absolutely convex sets were considered
divia, De Wilde, Houet, Garling, Roelcke, Ruess, et al. (cf. [1, 8.9]). Ruess [4] defin
space(E, t) to have property ([quasi-]L) ift = tσ holds for each absorbing [bornivorou
sequenceσ , and to have the weaker property ([quasi-]LC) if(E, tσ )′ = (E, t)′ holds. In the
above definitions of Ruess’ four properties ([quasi-]L) and ([quasi-]LC), it makes no
ference whether the absorbing [bornivorous] sequences are required to be closed or not;
[1, Proposition 8.1.17(i)]. Obviously for a Mackey space(E, t), the property ([quasi-]LC
is equivalent to the property ([quasi-]L). Recall that a spaceE is locally complete if and
only if every bounded closed absolutely convex subset ofE is a Banach disk; see [1, Prop
sition 5.1.6]. A spaceE is said to be dual locally complete [5] if(E′, σ (E′,E)) is locally
complete and is said to be dual locally quasi-complete [6] if(E′, β(E′,E)) is locally com-
plete. For dual local [quasi-]completeness and Ruess’ property [quasi-]LC, we ha
following result (see [1, Proposition 8.1.29], [3,7,8]).

Theorem 1.1 (Ruess).For any spaceE, the following statements are equivalent:

(i) E is dual locally[quasi-]complete.
(ii) E has property([quasi-]LC).
(iii) If f ∈ E# such thatf |A is continuous, whereA is a [bornivorous] barrel in E, then

f ∈ E′.

We know that [1, Observation 8.2.7]

C-[quasi-]barrelled ⇒ property ([quasi-]L) ⇒ property ([quasi-]LC)

⇔ dual locally [quasi-] complete.

Also, we have [1, Observation 8.2.23]

C-[quasi-]barrelled ⇒ c0-[quasi-]barrelled ⇒ property ([quasi-]LC).

Saxon and Sánchez Ruiz [9, Theorem 3.2] proved that each Mackey dual locally
plete spaceE is C-barrelled. Their proof applies equally well to the quasi-inclusive c
Thus we have (see [9, Corollary 3.3] and [8, Theorem 4]):

Theorem 1.2 (Saxon and Sánchez Ruiz).For any Mackey spaceE, the following state-
ments are equivalent:

(i) E is dual locally[quasi-]complete.
(ii) E is c0-[quasi-]barrelled.
(iii) E has property([quasi-]L).
(iv) E is C-[quasi-]barrelled.

Thus a spaceE with dual local quasi-completeness, the weakest of the four “qu
properties, suddenly enjoys C-quasi-barrelledness, the strongest of the four, when the sp
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is endowed with its Mackey topology. In fact, the Mackey topology is not unique com
ible topology with the above equivalent relationship. In [8] the notion of quasi-Ma
spaces is introduced as follows.

Definition 1.1. A spaceE is called a quasi-Mackey space if it has its quasi-Mackey to
ogy; i.e., the topology induced by(E′′, τ (E′′,E′)).

Köthe [10, §23, 4(6)] noted that the quasi-Mackey topology is compatible with the
pair 〈E,E′〉 and may be strictly weaker than the Mackey topologyτ (E,E′).

Theorem 1.3 [8, Theorem 5].For a quasi-Mackey spaceE, the four statements wit
“quasi” in Theorem1.2 are equivalent to each other.

From this, we have

Theorem 1.4 [8, Corollary 2].A space whose topology lies between its Mackey and q
Mackey topologies isc0-quasi-barrelled if and only if it is dual locally quasi-complete.

For convenience we introduce the following notion.

Definition 1.2. A spaceE is called a generalized quasi-Mackey space if its topology
between its Mackey and quasi-Mackey topologies, or equivalently, if everyσ(E′,E′′)-
compact absolutely convex subset ofE′ is equicontinuous.

Thus, Theorem 1.4 can be rewritten as follows:

“A generalized quasi-Mackey space isc0-quasi-barrelled if and only if it is dual locall
quasi-complete.”

In this paper, we first point out that there exists another compatible locally convex
ogy (which is strictly weaker than the quasi-Mackey topology) such that four statem
with “quasi” in Theorem 1.2 are equivalent to each other. From this we obtain an imp
ment of Theorem 1.4. Inspired by the discussion on Mazur spaces (see [3,11]), we class
locally convex spaces according to various conditions ensuring linear functionals are co
tinuous. In the classification, every class ofspecial locally convex spaces is characteri
by some completeness of their duals. This leads us to obtain some new characterizat
of barrelledness and quasi-barrelledness.

2. Another kind of weak Mackey spaces

Definition 2.1. Let (E, t) be a space andE′ be its topological dual. DenoteC the collection
of all the absolutely convexβ(E′,E)-compact subsets ofE′ andC◦ the polar taken inE
for everyC ∈ C. Obviously{C◦: C ∈ C} forms a base of 0-neighborhoods for some loca
convex topology onE. We call the locally convex topology infra-Mackey topology a
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denote it byκ(E,E′), the notation is quoted from [12, p. 235]. The space(E, t) is called
an infra-Mackey space ift = κ(E,E′), i.e., {C◦: C ∈ C} is a base of 0-neighborhood
in (E, t). The space(E, t) is called a generalized infra-Mackey space if everyC◦ is a
0-neighborhood in(E, t), whereC ∈ C; or equivalently, every absolutely convexβ(E′,E)-
compact subset ofE′ is t-equicontinuous.

Clearlyκ(E,E′) is a locally convex topology onE which is compatible with the dua
pair 〈E′,E〉. Since the topologyβ(E′,E) is finer than oneσ(E′,E′′), a generalized quas
Mackey space is always a generalized infra-Mackey space. However, the convers
true, see the following:

Example 2.1. An infra-Mackey space which is not a generalized quasi-Mackey space
Let (E,‖‖) be an infinite-dimensional reflexive Banach space and(E′,‖‖′) =

(E′, β(E′,E)) be its strong dual. Letκ(E,E′) denote the topology of the uniform co
vergence on absolutely convex compact subsets of(E′,‖‖′), equivalently, the topology o
the uniform convergence on compact subsets of(E′,‖‖′); see [12, p. 235]. Then(E, t) :=
(E,κ(E,E′)) is an infra-Mackey space. We shall see that(E, t) is not a generalized quas
Mackey space. Remark that the dual ballB ′ := {f ∈ E′: ‖f ‖′ � 1} is σ(E′,E)-compact,
i.e., σ(E′,E′′)-compact, butB ′ is not relatively compact in(E′, β(E′,E)) = (E′,‖‖′)
sinceE′ is infinitely dimensional. ThusB ′ is not t-equicontinuous.

Now we give a new parallel to Theorem 5 in [8].

Theorem 2.1. For an infra-Mackey space(E, t), the following statements are equivalen:

(a) (E, t) is dual locally quasi-complete.
(b) (E, t) is c0-quasi-barrelled.
(c) (E, t) has property(quasi-L).
(d) (E, t) is C-quasi-barrelled.

Proof. We know that C-quasi-barrelledness implies bothc0-quasi-barrelledness an
Ruess’ property (quasi-L), either of which implies dual locally quasi-complete, res
tively (see [1, Proposition 8.1.29, Observation 8.2.7 and 8.2.23]). So it suffices to pro
that (a)⇒ (d).

Suppose that(Un)n∈N is a sequence of absolutely convex closed 0-neighborh
in (E, t) such that any given bounded set is contained inUn for almost all n. Put
U := ⋂∞

n=1 Un, we shall show thatU is a 0-neighborhood in(E, t). Taking any fixed 0-
neighborhoodV in (E′, β(E′,E)), without loss of generality we may assume thatV = B◦,
whereB is a bounded set in(E, t) andB◦ is the polar ofB in E′. SinceB is contained in
all mostUn, there existsp ∈ N such thatB ⊂ Un for all n � p. Thus for alln � p,

U◦
n ⊂ B◦ = V.

Since (E, t) is an infra-Mackey space, for eachn there exists an absolutely conv
β(E′,E)-compact subsetKn of E′ such thatUn ⊃ K◦

n , whereK◦
n denotes the polar ofKn
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in E. Obviously theβ(E′,E)-compact setKn is σ(E′,E)-compact and henceσ(E′,E)-
closed. By bipolar theorem,K◦◦

n = Kn, where the first polar is taken inE and the second
polar is taken inE′, and hence

U◦
n ⊂ K◦◦

n = Kn.

SinceKn is β(E′,E)-compact andU◦
n is a β(E′,E)-closed subset ofKn, we conclude

thatCn := U◦
n is β(E′,E)-compact. By the assumption (a),(E′, β(E′,E)) is locally com-

plete. Applying an interesting result of Saxon and Sánchez Ruiz [9, Lemma 3.1], we
thatΓ (

⋃∞
n=1 Cn) is β(E′,E)-compact, whereΓ (

⋃∞
n=1 Cn) denotes the closed absolute

convex hull of
⋃∞

n=1 Cn in (E′, β(E′,E)). Now the bipolar theorem implies that(
Γ

( ∞⋃
n=1

Cn

))◦
=

( ∞⋃
n=1

Cn

)◦
=

∞⋂
n=1

C◦
n =

∞⋂
n=1

U◦◦
n =

∞⋂
n=1

Un = U

is a 0-neighborhood in(E, t). �
Since the topology of a generalized infra-Mackey space lies between its Macke

infra-Mackey topologies, by Theorem 2.1 we obtain an improvement of Theorem 1
follows.

Theorem 2.2. A generalized infra-Mackey space is dual locally quasi-complete if and
if it is c0-quasi-barrelled.

Theorem 2.3. An infra-Mackey spaceE has property(L) if and only if it is dual locally
complete.

Proof. Obviously property (L) implies property (LC) and the latter is equivalent to d
locally complete (see [3, Theorem 2.3]). Conversely ifE is dual locally complete thenE
is dual locally quasi-complete andE has Banach–Mackey property (see [8, Theorem
By Theorem 2.1, dual local quasi-completeness is equivalent to property (quasi-L). O
other hand, by [3, Theorem 2.4]E having Banach–Mackey property is equivalent to thaE

has property (B), i.e., every absorbing sequence is bornivorous. ThusE having property
(quasi-L) means thatE has property (L). �
Example 2.2. A space with property (L) which is not a generalized quasi-Mackey spa

Take a space(E, t) as in Example 2.1, then(E, t) is an infra-Mackey space. Clear
(E′, σ (E′,E)) is locally complete since here(E′, σ (E′,E)) and(E′, β(E′,E)) have the
same dual and(E′, β(E′,E)) is locally complete. By Theorem 2.3,(E, t) has property (L)
but it is not a generalized quasi-Mackey space.

3. Characterizations of quasi-barrelledness and barrelledness

First we fix some notation. Let(E, t) be a space andE# an algebraic dual ofE. Put
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Eb := {f ∈ E#: f maps bounded sets into bounded scalar sets};
Es := {f ∈ E#: f is sequentially continuous};
Eq := {f ∈ E#: the restrictions off to any bounded set is continuous};
Eu := {f ∈ E#: f |U is continuous, whereU is a barrel in(E, t)};
Ev := {f ∈ E#: f |V is continuous, whereV is a bornivorous barrel in(E, t)}.

Obviously

E# ⊃ Eb ⊃ Es ⊃ Eq ⊃ Ev ⊃ E′ and Eu ⊃ Ev.

If Eb = E′, we call(E, t) a semi-bornological space [11, Problem 8-6-115].
If Es = E′, we call(E, t) a Mazur space [11, Definition 8-6-3].
If Eq = E′, we call(E, t) a quasi-Mazur space.
Also we have the following equivalent relationships (for example, see [3, Theorem

and [8, Theorem 2]):

Eu = E′ ⇔ (E, t) has property (LC);
Ev = E′ ⇔ (E, t) has property (quasi-LC).

In fact, every class of locally convex spacesdescribed above can be characterized by s
completeness of the duals.

Lemma 3.1. Let (E, t) be a space, then

(i) (E, t) is semi-bornological if and only if(E′,Tlc0) is complete, whereTlc0 denotes
the topology of uniform convergence on all the local null-sequences of(E, t).

(ii) (E, t) is a Mazur space if and only if(E′,Tc0) is complete, whereTc0 denotes the
topology of uniform convergence on all the null-sequences of(E, t).

(iii) (E, t) is a quasi-Mazur space if and only if(E′, β(E′,E)) is complete.
(iv) (E, t) has property (LC) if and only if(E′, σ (E′,E)) is locally complete, i.e.,(E, t)

is dual locally complete.
(v) (E, t) has property (quasi-LC) if and only if(E′, β(E′,E)) is locally complete, i.e.

(E, t) is dual locally quasi-complete.
(vi) (E, t) has property (LC) if and only if(E, t) has property (quasi-LC) and Banach

Mackey property.

Proof. In fact, [10, §28, 5(4)] gives the proof of (i). The statements (ii) and (iii) can
derived from Grothendieck’s completeness theorem (for example, see [10, pp. 269–
[11, Corollary 12-2-19]). Concerning the statements (iv) and (v), see [3, Theorem 2.
and [8, Theorem 2]. Keeping (iv) and (v) in mind, we see that the statement (vi) is no
but only repeating Banach–Mackey theorem (for example, see [8, Theorem 3]).�

The following implications are obvious:

semi-bornological ⇒ Mazur ⇒ quasi-Mazur ⇒ property (quasi-LC);
property (LC) ⇒ property (quasi-LC).
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But none of the converses of the above implications is true.

Example 3.1. A Mackey–Mazur space which is not semi-bornological.
By [11, Problem 9-5-108], we know that(l∞, τ (l∞, l1)) is a Mackey Mazur space

But it is not semi-bornological. Clearly(l∞, τ (l∞, l1)) and(l∞, β(l∞, l1)) = (l∞,‖‖∞)

have the same bounded sets. Since(l∞,‖‖∞)′ ⊃ l1 and(l∞,‖‖∞)′ �= l1, there existsf ∈
(l∞,‖‖∞)′ such thatf /∈ l1. Thus

f ∈ (l∞,‖‖∞)′ = (l∞,‖‖∞)b = (
l∞, τ

(
l∞, l1

))b

and

f /∈ l1 = (
l∞, τ

(
l∞, l1

))′
.

Hence(l∞, τ (l∞, l1))b �= (l∞, τ (l∞, l1))′.

Example 3.2. A quasi-Mazur space with Banach–Mackey property which is not a M
space.

Since (c0, β(c0, l
1)) = (c0,‖‖∞) is complete, we know that(E, t) := (l1, τ (l1, c0))

is a quasi-Mazur space. Obviously(c0, τ (c0, l
1)) = (c0, β(c0, l

1)) is complete, henc
(E, t) has Banach–Mackey property. Now we assert that(E, t) is not a Mazur space
If not, (E, t) is a Mackey Mazur space with Banach–Mackey property, which leads
(E′, σ (E′,E)) = (c0, σ (c0, l

1)) is sequentially complete (see [11, Problem 10-4-205],
Theorem 3.3]). But it is impossible (see [11, Problem 12-5-102]).

Example 3.3. A space with property (LC) which is not quasi-Mazur.
In fact, there exists a barrelled space which is not quasi-Mazur. Komura pointe

that there exist reflexive spaces which are not complete; see [14, p. 148] and [15].
over, Knowies and Cook [16] gave a separable, non-complete, reflexive space. Let(X,T )

be a non-complete, reflexive space and let(E, t) := (X′, β(X′,X)). Obviously (E, t)

is barrelled, hence(E′, σ (E′,E)) is quasi-complete and(E, t) has property (LC). Bu
(E′, β(E′,E)) = (X,β(X,X′)) = (X,T ) is not complete, i.e.,(E, t) is not a quasi-Mazu
space.

Example 3.4. A space with property (quasi-LC) which does not have property (LC).
It is easy to construct such examples. As is well known, there exists a quasi-ba

spacesE which is not barrelled (for example, see [1, Observation 4.1.2(c)], [12, p. 2
Clearly (E′, β(E′,E)) is quasi-complete. Certainly(E′, β(E′,E)) is locally complete,
i.e.,E has property (quasi-LC). Since a quasi-barrelled space is barrelled if and on
is dual locally complete (see [1, Corollary 5.1.35]),(E′, σ (E′,E)) is not locally complete
i.e.,E does not have property (LC).

We know that a spaceE is barrelled if and only ifE is a Mackey space an
(E′, σ (E′,E)) is quasi-complete (for example, see [1, Corollary 4.1.15], [10, p. 30
It seems that there exists a parallel result on quasi-barrelledness. It is easy to
that a quasi-barrelled spaceE is a Mackey space with the quasi-complete strong d
(E′, β(E′,E)). However, it is unexpected that the converse is not true.
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Example 3.5. A Mackey space with the quasi-complete strong dual which is not qu
barrelled.

Let(X,‖‖) be a non-reflexive Banach space andX′ be its topological dual. Put(E, t) :=
(X′, τ (X′,X)), then (E, t) is a Mackey space and(E′, β(E′,E)) = (X,β(X,X′)) =
(X,‖‖) is complete. Since(X,‖‖) is not reflexive, there exists a bounded setB in (X,‖‖)
which is not relatively compact in(X,σ(X,X′)). That is to say, there exists a bound
setB in (E′, β(E′,E)) which is not relatively compact in(E′, σ (E′,E)). By Alaoglu–
Bourbaki theorem,B ⊂ E′ is nott-equicontinuous and(E, t) is not quasi-barrelled.

In the following we shall give some new characteristics of quasi-barrelledness and b
relledness. To this end, we need the followingS̆mulian’s criterion for weak compactnes
see [17, pp. 142–143].

Lemma 3.2. Let (E, t) be a space,E′ be its topological dual andE# be its algebraic dual
An absolutely convexσ(E′,E)-closed subsetB of E′ is σ(E′,E)-compact if and only if
B◦ ⊂ E is absorbing and everyf ∈ E# which is bounded onB◦, is continuous onE.

Theorem 3.1. A Mackey space(E, t) is quasi-barrelled if and only if the following tw
conditions are satisfied:

(i) (E, t) has property(quasi-LC), or equivalently,(E, t) is dual locally quasi-complete;
(ii) everyf ∈ E# which is bounded on a bornivorous barrelW , is continuous onW .

Proof. Suppose that(E, t) is quasi-barrelled, then(E′, β(E′,E)) is quasi-complete an
certainly is locally complete. By Lemma 3.1(v),(E, t) has property (quasi-LC), i.e., th
condition (i) is satisfied. Letf ∈ E# be bounded on a bornivorous barrelW , then there
existsλ > 0 such thatf ∈ λW#, whereW# denotes the polar ofW taken inE#, i.e.,
W# = {f ∈ E#: |f (x)| � 1, ∀x ∈ W }. Without loss of generality, we may assume t
W = B◦, whereB is an absolutely convexβ(E′,E)-bounded andσ(E′,E)-closed sub-
set ofE′ andB◦ is the polar ofB taken inE. Since(E, t) is quasi-barrelled,B ⊂ E′
is t-equicontinuous. By Alaoglu–Bourbaki theorem,B is σ(E′,E)-compact and henc
it is compact in(E#, σ (E#,E)). By bipolar theorem,W# = B◦# is the closure ofB in
(E#, σ (E#,E)), which is exactlyB. Therefore

f ∈ λW# = λB◦# = λB ⊂ E′.

That is to say, the condition (ii) is satisfied.
Conversely suppose that a Mackey space(E, t) satisfies conditions (i) and (ii). LetB

be anyβ(E′,E)-bounded subset ofE′. Since theσ(E′,E)-closed absolutely convex hu
of a β(E′,E)-bounded setis still β(E′,E)-bounded, we may assume that theβ(E′,E)-
bounded setB is absolutely convexσ(E′,E)-closed. ClearlyW := B◦ ⊂ E is a bornivo-
rous barrel in(E, t). Let f ∈ E# be bounded onW = B◦, then by condition (ii),f |W is
continuous. Since(E, t) has property (quasi-LC), we know thatf ∈ E′. By Lemma 3.2,
we conclude thatB is σ(E′,E)-compact. HenceB is t-equicontinuous since(E, t) is a
Mackey space. Thus we have shown that(E, t) is quasi-barrelled. �
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Remark 3.1. For a Mackey space, property (quasi-LC) is equivalent to property (qua
Hence the condition (i) in Theorem 3.1 canbe replaced by the following condition:

(i) ′ (E, t) has property (quasi-L).

Similarly we can prove the followingcharacterization of barrelledness.

Theorem 3.2. A Mackey space(E, t) is barrelled if and only if the following two condition
are satisfied:

(i) (E, t) has property(LC), or equivalently,(E, t) is dual locally complete;
(ii) everyf ∈ E# which is bounded on a barrelW , is continuous onW .

Remark 3.2. For a Mackey space, property (LC) is equivalent to property (L). Hence
condition (i) in Theorem 3.2 can be replaced by the following condition:

(i) ′ (E, t) has property (L).

Since property (LC) implies Banach–Mackey property (see Lemma 3.1(vi)) an
latter says that every barrel is bornivorous (see [3, Theorem 2.4]), Theorem 3.2 can
written as follows.

Theorem 3.3. A Mackey space(E, t) is barrelled if and only if the following two condition
are satisfied:

(i) (E, t) has property(LC);
(ii) everyf ∈ E# which is bounded on a bornivorous barrelW , is continuous onW .

Next we give a variation of Theorem 3.1.

Theorem 3.4. A Mackey space(E, t) is quasi-barrelled if and only if the following tw
conditions are satisfied:

(i) (E, t) has property(quasi-LC);
(ii) for any β(E′,E)-bounded subsetB of E′ and anyε > 0, there exists an absolute

convexσ(E′,E)-compact subsetC of E′ such that

B ⊂ εΓ σ (C ∪ B),

whereΓ σ (C ∪ B) denotes theσ(E′,E)-closed absolutely convex hull ofC ∪ B.

Proof. Obviously the conditions (i) and (ii) are necessary for a Mackey space to be q
barrelled. We shall see that the condition (i) with (ii) is sufficient. LetW be a bornivorous
barrel in(E, t) and letf ∈ E# be bounded onW . Since(E, t) has property (quasi-LC), b
Theorem 3.1 we only need prove thatf |W is continuous at 0 (see [18, pp. 102–103]). L
λ > 0 such that|f (x)| � λ for all x ∈ W . PutB := W ◦, the polar ofW taken inE′, then
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ex

ly

ly

d,

8) 341–

.

B is β(E′,E)-bounded. By condition (ii), for anyε > 0 there exists an absolutely conv
σ(E′,E)-compact subsetC of E′ such that

B ⊂ ε

λ
Γ σ (B ∪ C).

Thus

W = W ◦◦ = B◦ ⊃ λ

ε

(
Γ σ (B ∪ C)

)◦ = λ

ε
(B◦ ∩ C◦) = λ

ε
(W ∩ C◦).

From this, we have

λ

ε
x ∈ W, ∀x ∈ W ∩ C◦.

Hence∣∣∣∣f
(

λ

ε
x

)∣∣∣∣ � λ, i.e.,
∣∣f (x)

∣∣ � ε, ∀x ∈ W ∩ C◦.

This means thatW ∩ C◦ ⊂ (|f | � ε). Remarking that(E, t) is a Mackey space andC◦ is
a 0-neighborhood in(E, t), we conclude thatf |W is continuous at 0. �

Similarly we can prove the following variations of Theorems 3.2 and 3.3.

Theorem 3.5. A Mackey space(E, t) is barrelled if and only if the following conditions(i)
and(ii) are satisfied, or equivalently,(i) and (iii) are satisfied:

(i) (E, t) has property(LC);
(ii) for any σ(E′,E)-bounded subsetB of E′ and anyε > 0, there exists an absolute

convexσ(E′,E)-compact subsetC of E′ such that

B ⊂ εΓ σ (C ∪ B);
(iii) for any β(E′,E)-bounded subset ofE′ and anyε > 0, there exists an absolute

convexσ(E′,E)-compact subsetC of E′ such that

B ⊂ εΓ σ (C ∪ B).
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