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Abstract

We give an explicit formula for the Faber polynomials and for generalized Faber polyno
introduced by H. Airault and J. Ren in [H. Airault, J. Ren, An algebra of differential operators
generating functions on the set of univalent functions, Bull. Sci. Math. 126 (5) (2002) 343–367
introduce a new family of polynomials related to the Faber polynomials of the second kind
allows us to give a generalized Cayley–Hamilton equation.
 2005 Elsevier SAS. All rights reserved.

Résumé

Nous donnons une formule explicite des polynômes de Faber et des polynômes de Faber
lisés introduits par H. Airault et J. Ren dans [H. Airault, J. Ren, An algebra of differential ope
and generating functions on the set of univalent functions, Bull. Sci. Math. 126 (5) (2002) 343
Nous introduisons une nouvelle famille des polynômes liés aux polynômes de Faber. Ceci co
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1. Introduction

The Faber polynomials introduced by Faber [3] play an important role in different
of mathematics and there is a rich literature [2,7,8,5] describing their properties an
applications. In this paper, our goal is to show that elementary linear algebra tech
can provide new tools for the analysis of Faber polynomials. Let us briefly recall the
definitions. LetK be a compact set inC, not a single point, whose complementĈ\K (with
respect to the extended plane) is simply connected. By the Riemann theorem on con
mapping there exists a unique functionz = ψ(w), meromorphic for|w| > 1, which maps
the domain|w| > 1 ontoĈ \ K and satisfies the conditions

ψ(∞) = ∞, ψ ′(∞) > 0.

This condition implies that the functionz = ψ(w), being analytic in the domain|w| > 1
without the pointw = ∞, has a simple pole at the pointw = ∞.

Thenth Faber polynomials of the first kindFn(z) and of the second kindGn(z) associ-
ated toψ can be given from the following generating function [3,7]

ψ ′(w)

ψ(w) − z
=

∞∑
m=0

Fm(z)w−m−1, (1.1)

1

ψ(w) − z
=

∞∑
m=0

Gm(z)w−m−1. (1.2)

In this paper, the Laurent expansion of the mappingψ is given by:

ψ(w) = w +
∞∑

k=0

bk+1

wk
, w → ∞. (1.3)

The variables(b1, b2, . . . , bn, . . .) are in the subsetM of C
N such thatψ is univalent

outside of the unit disk. From (1.1) and (1.2), we observe that the Faber polynomialsFn(z)

andGn(z) depend on the parametersb1, b2, . . . , bn. We write

Fn(z) =: Fn(b1 − z, b2, . . . , bn),

Gn(z) =: Gn(b1 − z, b2, . . . , bn)

and in particular we have:

ψ ′(w)

ψ(w)
=

∞∑
n=0

Fn(b1, b2, . . . , bn)w
−n−1, (1.4)

1

ψ(w)
=

∞∑
n=0

Gn(b1, b2, . . . , bn)w
−n−1, (1.5)

with

F0 = G0 = 1 and F1 = G1 = −b1.
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On the submanifoldM, we introduce the family of the partial differential operat
(Wn)n�1, the variables areb1, b2, . . . , bn, . . . , and ∂

∂bn
denotes the partial derivative wi

respect to thenth variablebn,

Wn(b1, b2, . . . , bn, . . .) = − ∂

∂bn

−
∞∑
i=1

bi

∂

∂bn+i

.

We prove that:

Theorem 1.1. The Faber polynomialsFn(b1, b2, . . . , bn) andGn(b1, b2, . . . , bn) verify the
following differential equations for anyn � 1 andm � 0:

Wn(b1, b2, . . . , bn, . . .)Fm = nδn,m, (1.6)

Wn(b1, b2, . . . , bn, . . .)Gm = Gm−n. (1.7)

If ψ(z) has the form

ψ(z) = z +
∞∑

k=0

bp(k+1)

zpk+p−1
, z → ∞, (1.8)

we obtain

Corollary 1.2. The following holds:

Wn(bp, b2p, . . . , bnp, . . .)Fm = mδn, m
p
.

The solutions of this system of differential equations are:

Theorem 1.3. For any k � 2, the polynomialsFk(b1, b2, . . . , bk) and Gk(b1, b2, . . . , bk)

are given by:

Fk(b1, b2, . . . , bk) =
[ k

2 ]∑
i2=0

. . .

[ k
k
]∑

ik=0

A(i2,i3,...,ik)b
i2
2 · · ·bik

k b
k−2i2−3i3−···−kik
1 , (1.9)

Gk(b1, b2, . . . , bk) =
[ k+1

2 ]∑
i2=0

. . .

[ k+1
k

]∑
ik=0

B(i2,i3,...,ik)b
i2
2 · · ·bik

k b
k−2i2−3i3−···−kik
1 , (1.10)

where

A(i2,i3,...,ik) := (−1)k+3i2+4i3+···+(k+1)ik
(k − i2 − 2i3 − · · · − (k − 1)ik − 1)!k
(k − 2i2 − 3i3 − · · · − kik)!i2! · · · ik! ,

B(i2,i3,...,ik) := (−1)k+3i2+4i3+···+(k+1)ik
(k − i2 − 2i3 − · · · − (k − 1)ik)!

(k − 2i2 − 3i3 − · · · − kik)!i2! · · · ik! .
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Remark 1.1. The Faber polynomialsFk(b1, b2, . . . , bk) can be written as:

Fk(b1, b2, . . . , bk) =
∑

i1+2i2+···+kik=k

A(i1,i2,i3,...,ik)b
i1
1 b

i2
2 · · ·bik

k ,

where

A(i1,i2,i3,...,ik) := (−1)k+2i1+3i2+···+(k+1)ik
(i1 + i2 + i3 + · · · + ik − 1)!k

i1!i2! · · · ik! .

The first Faber polynomialsFn are given by:

• F2 = b2
1 − 2b2

• F3 = −b3
1 + 3b1b2 − 3b3

• F4 = b4
1 − 4b2

1b2 + 2b2
2 + 4b1b3 − 4b4

• F5 = −b5
1 + 5b3

1b2 − 5b2
1b3 + 5b2b3 − 5b1(b

2
2 − b4) − 5b5

• F6 = b6
1 − 6b4

1b2 − 2b3
2 + 6b3

1b3 + 3b2
3 + b2

1(9b2
2 − 6b4) + 6b2b4

+ 6b1(−2b2b3 + b5) − 6b6

• F7 = −b7
1 + 7b5

1b2 − 7b4
1b3 + 7b3

1(−2b2
2 + b4) + 7b2

1(3b2b3 − b5)

+ 7b1(b
3
2 − b2

3 − 2b2b4 + b6) − 7(b2
2b3 − b3b4 − b2b5 + b7)

• F8 = b8
1 − 8b6

1b2 + 8b5
1b3 + 4b4

1(5b2
2 − 2b4) + 8b3

1(−4b2b3 + b5)

− 4b2
1(4b3

2 − 3b2
3 − 6b2b4 + 2b6) + 8b1(3b2

2b3 − 2b3b4 − 2b2b5 + b7)

+ 2(b4
2 − 4b2b

2
3 − 4b2

2b4 + 2b2
4 + 4b3b5 + 4b2b6 − 4b8)

• F9 = −b9
1 + 9b7

1b2 − 9b6
1b3 + 9b3

2b3 − 3b3
3 + 9b5

1(−3b2
2 + b4) + 9b4

1(5b2b3 − b5)

− 9b2
2b5 + 9b4b5 + 9b3b6 + 3b3

1(10b3
2 − 6b2

3 − 12b2b4 + 3b6) + 9b2(−2b3b4 + b7)

− 9b2
1(6b2

2b3 − 3b3b4 − 3b2b5 + b7) − 9b1(b
4
2 − 3b2

2b4 + b2
4 + 2b3b5

+ b2(−3b2
3 + 2b6) − b8) − 9b9

• F10 = b10
1 − 10b8

1b2 − 2b5
2 + 10b7

1b3 + 5b6
1(7b2

2 − 2b4) + 10b3
2b4

+ 10b5
1(−6b2b3 + b5) + 5b2

2(3b2
3 − 2b6) − 5b4

1(10b3
2 − 5b2

3 − 10b2b4 + 2b6)

+ 10b3
1(10b2

2b3 − 4b3b4 − 4b2b5 + b7)

+ 5b2
1(5b4

2 − 12b2
2b4 + 3b2

4 + 6b3b5 + 6b2(−2b2
3 + b6) − 2b8)

− 10b2(b
2
4 + 2b3b5 − b8)

− 10b1(4b3
2b3 − b3

3 − 3b2
2b5 + 2b4b5 + 2b3b6 + b2(−6b3b4 + 2b7) − b9)

+ 5(−2b2
3b4 + b2

5 + 2b4b6 + 2b3b7 − 2b10)

• F11 = −b11
1 + 11b9

1b2 − 11b8
1b3 + 11b7

1(−4b2
2 + b4) + 11b6

1(7b2b3 − b5)

+ 11b5
1(7b3

2 − 3b2
3 − 6b2b4 + b6) − 11b4

1(15b2
2b3 − 5b3b4 − 5b2b5 + b7)

− 11b3
1(5b4

2 − 10b2
2b4 + 2b2

4 + 4b3b5 + b2(−10b2
3 + 4b6) − b8)

+ 11b2
1(10b3

2b3 − 2b3
3 − 6b2

2b5 + 3b4b5 + 3b3b6 + 3b2(−4b3b4 + b7) − b9)

+ 11b1(b
5 − 4b3b4 + 3b2b4 − b2 − 2b4b6 + b2(−6b2 + 3b6) − 2b3b7
2 2 3 5 2 3
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+ b2(3b2
4 + 6b3b5 − 2b8) + b10) − 11(b4

2b3 − b3
2b5 + b2

3b5 − b5b6 − b4b7

+ b2
2(−3b3b4 + b7) + b3(b

2
4 − b8) − b2(b

3
3 − 2b4b5 − 2b3b6 + b9) + b11).

From Eq. (1.4), we deduce that

1+ b1w + b2w
2 + · · · + bkw

k + · · · = exp

(
−

+∞∑
k=1

Fk(b1, b2, . . . , bk)

k
wk

)
.

We differentiate this equation with respect tow, we obtain

b1 + 2b2w + · · · + kbkw
k−1 + · · · = (

1+ b1w + b2w
2 + · · · + bpwp + · · ·)

×
(

−
+∞∑
k=1

Fkw
k−1

)
and equal coefficients of equal powers ofw, it gives

Fn+1 = −b1Fn −
n−1∑
k=1

bn+1−kFk − (n + 1)bn+1. (1.11)

Remark 1.2. Consider the differential operator

L(b1, b2, . . . , bn, . . .) =
∞∑

k=1

kbk

∂

∂bk

.

From (1.11), we deduce that

−kbk =
∑

1�j�k

Fjbk−j .

ThusL = ∑
k�1 kbk

∂
∂bk

= −∑
j�1 Fj (

∑
k�j bk−j

∂
∂bk

) which gives

L =
∑
j�1

FjWj . (1.12)

From (1.7), we haveWjGm = Gm−j . SinceGm is homogeneous of degreem, we have
LGm = mGm. If we compare with (1.12), it gives that

kGk =
∑

1�j�k

FjGk−j .

Now, differentiating (1.4) with respect tob1 and Eq. (1.5) with respect tow we obtain
for k � 1:

Gk(b1, b2, . . . , bk) = − 1

k + 1

∂Fk+1

∂b1
(b1, b2, . . . , bk+1). (1.13)

We remark that 1
k+1

∂Fk+1
∂b1

(b1, b2, . . . , bk+1) is independent ofbk+1 sinceFk+1 is a homo-
geneous polynomial of degreek + 1 andbk+1 of weightk + 1.

The first Faber polynomialsGn are given by:
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• G1 = −b1

• G2 = b2
1 − b2

• G3 = −b3
1 + 2b1b2 − b3

• G4 = b4
1 − 3b2

1b2 + 2b1b3 + b2
2 − b4

• G5 = −b5
1 + 4b3

1b2 − 3b2
1b3 − b1(3b2

2 − 2b4) + 2b2b3 − b5

• G6 = b6
1 − 5b4

1b2 + 4b3
1b3 − 3b2

1(−2b2
2 + b4) − 2b1(3b2b3 − b5)

− (b3
2 − b2

3 − 2b2b4 + b6)

• G7 = −b7
1 + 6b5

1b2 − 5b4
1b3 − 2b3

1(5b2
2 − 2b4) − 3b2

1(−4b2b3 + b5)

+ b1(4b3
2 − 3b2

3 − 6b2b4 + 2b6) − (3b2
2b3 − 2b3b4 − 2b2b5 + b7).

On the other hand, from Eq. (1.5) we obtain:

1=
(

1+ G1

z
+ G2

z2
+ · · · + Gm

zm
+ · · ·

)
×

(
1+ b1

z
+ b2

z2
+ · · · + bm

zm
+ · · ·

)
.

We observe thatb1, b2, . . . , andG1,G2, . . . , play a symmetric role and they verify th
following recurrence formula:

G1 + b1 = 0,

G2 + b1G1 + b2 = 0,

G3 + b1G2 + b2G1 + b3 = 0,

...

Gn + b1Gn−1 + b2Gn−2 + · · · + bn−1G1 + bn = 0. (1.14)

Corollary 1.4. Let ψ(z) = z + b1 + bm

zm−1 , then the Faber polynomialsFk(b1,0, . . . , bm,

0, . . .) are given by:

Fk =
j∑

i=0

(−1)k+(m−1)i (k − (m − 1)i − 1)!k
(k − mi)!i! bi

mbk−mi
1

with k = jm + p and0� p < m.

For example, ifψ(z) = z + b1 + b3
z2 , one has:

F1 = −b1, F2 = b2
1, F3 = −b3

1 − 3b3,

F4 = b4
1 + 4b1b3, F5 = −b5

1 − 5b2
1b3, F6 = b6

1 + 6b3
1b3 + 3b2

3.

Let us consider as an other example the mappingψ defined by

ψ(z) = z + 1
m−1
(m − 1)z
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which is conformal in the exterior of the unit circle. The boundary of the associated
pact set

K = Ĉ \ {
z ∈ C: z = ψ(w), |w| > 1

}
is called am-cusped hypocycloid.

As consequence of Corollary 1.4, we have the following result proved by Mathe
He in [4]:

Corollary 1.5. The Faber polynomialsFk associated to an m-cusped hypocycloid are gi
by:

Fk(z) =
(

1

m − 1

)j

zp

j∑
i=0

(k − (m − 1)i − 1)!k
(k − mi)!i! (−1)i

(
(m − 1)zm

)j−i
,

with k = jm + p and0� p < m.

In [1], the authors introduced the generalized Faber polynomials(Hk
j ) associated to th

functionψ(w) = w + ∑∞
k=0

bk+1
wk by:

w
ψ ′(w)

ψ(w)

(
ψ(w)

w

)k

= 1+
∞∑

j=1

H
k−j
j w−j (1.15)

and the generalized Faber polynomials(F k
j ) associated to the univalent functionf (z) =

z(1+ b1z + b2z
2 + · · · + bnz

n + · · ·) by

z
f ′(z)
f (z)

(
f (z)

z

)k

= 1−
∞∑

j=1

F
k+j
j zj .

They showed that those Faber polynomials are linked to the coefficients in the asym
expansion of the function(ψ(w)

w
)p:(

ψ(w)

w

)p

= 1+
∞∑

n=1

K
p
n w−n. (1.16)

When ψ(z)
z

= zf (1
z
), then

Kk
j = 1

2

(
H

k−j
j − F

k+j
j

)
. (1.17)

In this paper, we give explicit formulas for the polynomials(Hk
j ), (F k

j ) and(Kk
j ).

For an indeterminateu, we set

s(u) =
+∞∑
j=1

bju
j

and

a1 = −b1, aj = 1 (
1+ s(u)

)j−1
j

, for j = 2,3, . . .

1− j
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he
such that(1 + s(u))
j−1
j stands for the coefficient ofuj in the Taylor expansion of(1 +

s(u))j−1. For simplicity, we setλ = i2 + i3 + · · · + im+n andγ = 2i2 + 3i3 + · · · + (n +
m)in+m. Using the explicit formula of the Faber polynomials, we will show that:

Theorem 1.6. The coefficientsKm
n are given by:

If n � m, we have

Km
n =

∑
n+i1+2i2+3i3+···+mim=m

L(n,i1,i2,i3,...,ik)(−1)i1+i2+i3+···+ik a
i1
1 a

i2
2 · · ·aim

m

and ifn > m we get:

Km
n =

∞∑
m=1

∑
γ=m+n

H(i2,i3,...,in+m)a
i2
2 · · ·ain+m

n+m

∑
nm=n

m∏
i=1

Gni
(b1, b2, . . . , bni

),

where

L(n,i1,i2,i3,...,im) := (n + i1 + i2 + · · · + im − 1)!m
n!i1! · · · im! ,

H(i2,i3,...,in+m) := −n
(λ − 1)!

i2! · · · in+m!

[
n+m∏
j=2

(
x − xj

1− x

)ij
]

n

such that[. . .]n denotes the coefficient ofxn in the expansion of the expression in t
bracket in power ofx and[(

x − xj

1− x

)ij
]

n

=
ij∑

k=0

(−1)k
(

ij

k

)(
ij − 1+ n − jk

ij − 1

)
.

Combining (1.4) with (1.15), we get(
1+

∞∑
n=1

Fn(b1, b2, . . . , bn)w
−n

)(
1+

∞∑
n=1

Kk
nw−n

)
= 1+

∞∑
j=1

H
k−j
j w−j

thus
∞∑

n=0

(
n∑

i=0

Fn−i (b1, b2, . . . , bn)K
k
i

)
w−n =

∞∑
j=0

H
k−j
j w−j

with

F0(b1, b2, . . . , bn) := Kk
0 := Hk

0 := 1.

It follows that:

Hk−n
n =

n∑
Fn−i (b1, b2, . . . , bn)K

k
i . (1.18)
i=0
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From (1.9) we get an explicit formula ofFn−i (b1, b2, . . . , bn) and if we combine Theo
rem 1.6 with (1.18) we get an explicit expression fromHk−n

n . When ψ(z)
z

= zf (1
z
) and

from (1.17), the polynomialsFk+j
j are expressed by:

F
k+j
j = H

k−j
j − 2Kk

j

which gives also an explicit formula forFk+j
j .

In the sequel, we give a generalized Cayley–Hamilton equation. To motivate our r
we consider the caseA ∈ SL2(C) := {X ∈ M2(C), detX = 1}. The Cayley–Hamilton
equation can be written as:

A2 − tA + I = 0, t = trace(A).

The functionψ(z) := z + 1
z

is the conformal map from the exterior of the unit disk o
the exterior of[−2,2]. Eq. (1.2) become:

w

w2 − wz + 1
=

∞∑
n=0

Gn(z)w
−n−1. (1.19)

We will show that for anyn � 1, we have

An = Gn−1(t)A − Gn−2(t)I (1.20)

which gives the following:

Proposition 1.7. If A ∈ SL2(C), then for anym1,m2 � 1, we have:

Gm2−1A
m1 − Gm1−1A

m2 = (Gm1Gm2−1 − Gm1−1Gm2)I.

Now, if we set

Gm1,m2 := Gm1Gm2−1 − Gm1−1Gm2, (1.21)

Proposition 1.7 can be written as:

G0,m2A
m1 − G0,m1A

m2 = Gm1,m2I.

Using Eq. (1.19), the polynomialsGm1,m2 verify:

ξ1 − ξ2

PA(ξ1)PA(ξ2)
=

∞∑
m1=0

∞∑
m2=0

Gm1,m2(t)ξ
−m1−1
1 ξ

−m2−1
2 .

More generally, we give a general Cayley–Hamilton equation with the help of the po
mialsGm1,m2,...,mp+1 defined as follows: letA ∈ SLp+1(C) := {X ∈ MP+1(C), detX = 1}
andPA(ξ) = det(ξI − A) its characteristic polynomial. We define these polynomials b

ap(ξ)∏p+1
PA(ξi)

=
∞∑

m =0

∞∑
m =0

. . .

∞∑
m =0

Gm1,m2,...,mp+1(t)

p+1∏
i=1

ξ
−mi−1
i (1.22)
i=1 1 2 p+1
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with

ap(ξ) =
∏

1�i<j�p+1

(ξi − ξj ), t = trace(A).

We will show that:

Theorem 1.8. LetA ∈ SLp+1(C), then for every no-negative integermi , 1� i � p + 1, we
get the following generalized Cayley–Hamilton equation:

p+1∑
i=1

(−1)i−1G0,m1,m2,...,m̃i ,...,mp+1A
mi = Gm1,m2,...,mp+1I,

where G0,m1,m2,...,m̃i ,...,mp+1 is defined by removing the indicemi of the polynomials
G0,m1,m2,...,mi ,...,mp+1.

In order to give a simplified expression of the polynomialsGm1,m2,...,mp+1, we associated
to the matrixA ∈ SLp+1(C) the polynomialsGp

k (t) defined by the generating function:

ξp

PA(ξ)
=

∞∑
k=0

Gp
k (t)ξ−k−1. (1.23)

If we consider the casep = 1 in (1.23) that isA ∈ SL2(C), puttingPA(ξ) = ξ2 − tξ + 1
into the expression (1.23) and comparing with (1.19), we obtain:

G1
n = Gn. (1.24)

Combining this with Eq. (1.21), we have:

G0,m+1 = G1
m, (1.25)

Gm1,m2 = G1
m1

G1
m2−1 − G1

m1−1G1
m2

. (1.26)

In general we have:

Theorem 1.9. The polynomialsGm1,m2,...,mp+1 are given in terms of the polynomialsGmi
,

1� i � p + 1, as follows:

Gm1,m2,...,mp+1 =

∣∣∣∣∣∣∣∣∣∣∣∣

Gp
m1 Gp

m2 . . . Gp
mp+1

Gp

m1−1 Gp

m2−1 . . . Gp

mp+1−1
...

... . . .
...

...
... . . .

...

Gp
m1−p Gp

m2−p . . . Gp
mp+1−p

∣∣∣∣∣∣∣∣∣∣∣∣
. (1.27)

Conversely, the polynomialsGp
m are given by:

Gp
m = G0,1,...,p−1,m+p. (1.28)
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2. Preliminary results

Set

ψ(w) = w +
∞∑

k=0

bk+1

wk
,

ψ ′(w)

ψ(w)
=

∞∑
k=0

Fk(b1, b2, . . . , bk)w
−k−1.

Lemma 2.1. The following holds:

log
(
1+ b1w + b2w

2 + b3w
3 + · · ·) = −

+∞∑
k=1

Fk(b1, b2, . . . , bk)

k
wk. (2.1)

Proof. Let f (w) = 1+ b1w + b2w
2 + b3w

3 + · · · . We have

f (w) = wψ

(
1

w

)
,

f ′(w) = ψ

(
1

w

)
− 1

w
ψ ′

(
1

w

)
and also

wf ′(w)

f (w)
= 1− 1

w

ψ ′( 1
w

)

ψ( 1
w

)
= 1−

+∞∑
k=0

Fk(b1, b2, . . . , bk)w
k.

It implies the formula:

f ′(w)

f (w)
= d

dw
log

(
1+ b1w + b2w

2 + b3w
3 + · · ·)

= −
+∞∑
k=1

Fk(b1, b2, . . . , bk)w
k−1. (2.2)

Integrating this equation with respect tow, the lemma is proved. �
Theorem 2.2. Let (x1, . . . , xk) be the roots of the polynomial

Q(ξ) = ξk + b1ξ
k−1 + · · · + bk

and

Πk = xk
1 + xk

2 + · · · + xk
k .

Then

Fk = Πk.
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Proof. We have that

1+ b1w + b2w
2 + b3w

3 + · · · + bkw
k =

k∏
i=1

(
1

w
− xi

)
wk =

k∏
i=1

(1− xiw)

and also

log
(
1+ b1w + b2w

2 + b3w
3 + · · · + bkw

k
)

=
k∑

i=1

log(1− xiw) = −
∞∑

j=1

k∑
i=1

(xiw)j

j
= −

∞∑
j=1

Πj

wj

j
,

with

Πj = x
j

1 + x
j

2 + · · · + x
j
k .

On the other hand, formula (2.1) shows that:

−Fk

k
= 1

k!
dk log(1+ ∑∞

i=1 biw
i)

dwk
(0)

= 1

k!
dk log(1+ ∑k

i=1 biw
i)

dwk
(0) + 1

k!
dk log

(
1+ wk+1

∑∞
i=1 bk+iw

i−1

1+∑k
i=1 biw

i

)
dwk

(0)

= 1

k!
dk log(1+ ∑k

i=1 biw
i)

dwk
(0)

= −Πk

k

which completes the proof of the theorem.�
Proposition 2.3. We consider the Faber polynomialsFn(b1, b2, . . . , bn). If the coefficients
bj of odd index vanish, one has

F2n+1(0, b2,0, b4,0, . . . , b2n,0) = 0, (2.3)

F2n(0, b2,0, b4,0, . . . , b2n) = 2Fn(b2, b4, . . . , b2n). (2.4)

Proof. We have:

ψ(z) = z + b2

z
+ b4

z3
+ · · · + b2n+2

z2n+1
+ · · ·

= 1

z

(
z2 + b2 + b4

z2
+ · · · + b2n+1

z2n

)
=: ψ1(z

2)

z
.

Then

log
ψ(z)

z
= log

ψ1(z
2)

z2
. (2.5)

Using the relation

log
ψ(z)

z
= −

∞∑ Fm

m
× 1

zm

m=1
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er
we obtain:
∞∑

m=1

F2m(0, b2, . . . ,0, b2m)

2m
× 1

z2m
=

∞∑
m=1

Fm(b2, b4, . . . , b2m)

m
× 1

z2m

which gives the result. �
More generally, ifψ(z) has the form

ψ(z) = z +
∞∑

k=0

bp(k+1)

zpk+p−1
, z → ∞, (2.6)

we get:

Proposition 2.4. The following holds:

Fk(0,0, . . . ,0, bp,0,0, . . . ,0, b2p,0,0, . . . ,0, bmp, . . . ,0) = 0

if k is not a multiple ofp,

Fpm(0,0, . . . ,0, bp,0,0, . . . ,0, b2p,0,0, . . . ,0, bmp) = pFm(bp, b2p, . . . , bmp).

Proof. We have:

ψ(z) = z +
∑
n�0

bp(n+1)

zpn+p−1
= 1

zp−1

(
zp +

∑
n�0

bp(n+1)

zpn

)
= 1

zp−1
ψ1(z

p) (18)

with

ψ1(z) = z + c1 +
∞∑

j�1

cj

zj
and cj = bpj

which gives:

log
ψ(z)

z
= log

ψ1(z
p)

zp
.

Using formula (2.1), the result follows.�
Remark 2.1. From Eq. (2.2), we get:

b1 + 2b2w + 3b3w
2 + · · · = (

1+ b1w + b2w
2 + b3w

3 + · · ·)(−
+∞∑
k=1

Fkw
k−1

)
.

By comparing coefficients of like powers ofw and using the Cramer formula, the Fab
polynomialsFk(b1, b2, . . . , bk) has the following representation:

Fk(b1, b2, . . . , bk) = (−1)k

∣∣∣∣∣∣∣∣∣∣∣

b1 1
2b2 b1 1
... b2

. . .
. . .

...
. . . 1

kbk bk−1 b2 b1

∣∣∣∣∣∣∣∣∣∣∣
.
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rom
s

3. Proof of the main results

Proof of Theorem 1.1. From Eq. (1.11), we observe that the polynomialsFk depend only
of the coefficientsb1, b2, . . . , bk . We obtain:

WnFm = 0 for m < n, (3.1)

WnFn = n. (3.2)

To end the proof, it remains to prove thatWnFn+p = 0 for every positive integerp. We do
it by induction onp. Combining (1.11), (3.1) and (3.2) we get:

WnFn+1 = −nb1 + F1 + (n + 1)b1 = 0. (3.3)

The proposition is true forp = 1, suppose it true forp − 1. Eq. (1.11) can be written as:

Fn+p = −b1Fn+p−1 −
n+p−2∑

k=1

bn+p−kFk − (n + p)bn+p. (3.4)

So that by the induction hypothesis and (3.1), (3.2), we have:

WnFn+p = −
n+p−2∑

k=1

Wn(bn+p−kFk) + (n + p)bp. (3.5)

It follows that

WnFn+p = −
n+p−2∑

k=1

(bn+p−kkδn,k − bp−kFk) + (n + p)bp, (3.6)

whereb0 = 1 andbk = 0 for k < 0. Hence

WnFn+p =
p∑

k=1

bp−kFk + pbp. (3.7)

And by using the recurrence formula (1.11), we get:

WnFn+p = Fp + b1Fp−1 +
p−2∑
k=1

bp−kFk + pbp = 0. (3.8)

Which ends the proof of the first part of this theorem. The proof of (1.7) is similar. F
Eq. (1.14) and by using the fact that the polynomialsGk depend only of the coefficient
b1, b2, . . . , bk , we obtain:

WnGm = 0 for m < n, (3.9)

WnGn = 1= G0. (3.10)

To end the proof, it remains to prove thatWnGn+p = 0 for every positive integerp. We
prove it again by induction onp. If we combine (1.14), (3.9) with (3.10), we get:

WnGn+1 = −b1 + G1 + b1 = G1.
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:
The proposition is true forp = 1, suppose it holds forp − 1. Eq. (1.14) can be written as

Gn+p = −
n+p−1∑

k=0

bk+1Gn+p−1−k. (3.11)

So that by the induction assumption and (3.9), (3.10):

WnGn+p = −
n+p−1∑

k=0

Wn(bk+1Gn+p−1−k). (3.12)

We then get

WnGn+p = −
n+p−1∑

k=0

(bk+1Gp−1−k − bk+1−nGn+p−1−k), (3.13)

with b0 = 1 andbk = Gk = 0 for k < 0. Hence

WnGn+p = −
p−1∑
k=0

bk+1Gp−1−k +
n+p−1∑
k=n−1

bk+1−nGn+p−1−k

= −
p−1∑
k=0

bk+1Gp−1−k +
p−1∑
k=0

bk+1Gp−1−k + Gp.

It follows that

WnGn+p = Gp. (3.14)

Then the result is true for allp � 1, which ends the proof. �
Remark 3.1. In [1], H. Airault and J. Ren introduced the family of operators

Zk = −
∞∑

n=1

nbn

∂

∂bn+k−1

and proved the following functional relations:

Z1Fn(b1, b2, . . . , bn) = −nFn(b1, b2, . . . , bn),

Z2F0(b1, b2, . . . , bn) = 0,

Z2F1(b1, b2, . . . , bn) = 0,

Z2Fn(b1, b2, . . . , bn) = −nFn−1(b1, b2, . . . , bn−1) for n � 2,

ZkFn(b1, b2, . . . , bn) = 0 for n � k − 2,

ZkFk−1(b1, b2, . . . , bk−1) = 0,

ZkFn(b1, b2, . . . , bn) = −nFn−k+1(b1, b2, . . . , bn−k+1) for n > k − 1.
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f

,

Proof of Corollary 1.2. It follows from Theorem 1.1 and Proposition 2.4.�
Proof of Theorem 1.3. Let p � 2 an integer, Waring’s formula relates thekth power
sumxk

1 + · · · + xk
p to the elementary symmetric functionssl(x1, x2, . . . , xp), 1� l � p, as

follows:

xk
1 + · · · + xk

p =
[ k

2 ]∑
i2=0

. . .

[ k
p

]∑
ip=0

E(i2,i3,...,ip)s
k−2i2−3i3−···−pip
1 s

i2
2 · · · sip

p ,

where

E(i2,i3,...,ip) := (−1)i2+2i3+···+(p−1)ip

× (k − i2 − 2i3 − · · · − (p − 1)ip − 1)!k
(k − 2i2 − 3i3 − · · · − pip)!i2! · · · ip! . (3.15)

If we combine it with Theorem 2.2 withbl = (−1)lsl , 1� l � k, we obtain the first part o
the theorem. The second part follows by using Eq. (1.13) .�
Proof of Corollary 1.4. It follows immediately from Theorem 1.3.�
Proof of Corollary 1.5. We haveFn(z) = Fn(b1 − z, b2, . . . , bn) and in the case of them-
cusped hypocycloid, one has:bi = 0 for i �= m andbm = 1

m−1 then by using Corollary 1.4
we obtain the result. �
Proof of Theorem 1.6. The inverse mapping ofψ in (1.3) is given by:

φ(z) = z +
∞∑

k=0

ak+1

zk
.

Now, we consider the Faber polynomials associated toφ:

φ′(w)

φ(w) − z
=

∞∑
m=0

Fm(z)w−m−1, (3.16)

1

φ(w) − z
=

∞∑
m=0

Gm(z)w−m−1. (3.17)

The Faber polynomials of the first kind verify [2]:

Fn

(
φ(z)

) = zn −
∞∑

m=1

αn,m

m
z−m

which gives:

(
ψ(z)

)n = Fn(z) +
∞∑ αn,m

m

(
1

ψ(z)

)m

. (3.18)

m=1
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Putλ = i2 + i3 + · · · + im+n andγ = 2i2 + 3i3 + · · · + (n + m)in+m. From [6], we have:
αn,m

m
=

∑
γ=m+n

H(i2,i3,...,in+m)a
i2
2 · · ·ain+m

n+m,

where

H(i2,i3,...,in+m) := −n
(λ − 1)!

i2! · · · in+m!

[
n+m∏
j=2

(
x − xj

1− x

)ij
]

n

such that[. . .]n denotes the coefficient ofxn in the power expansion (with respect tox) of
the expression inside the brackets.

Furthermore, using Eq. (1.9), the Faber polynomialsFm(z) = Fm(b1 − z, b2, . . . , bm)

associated toφ can be written as:

Fm(z) =
m∑

i=0

zi
∑

i+i1+2i2+3i3+···+mim=m

L(i,i1,i2,i3,...,ik)

× (−1)i1+i2+i3+···+ik a
i1
1 a

i2
2 · · ·aim

m ,

where

L(i,i1,i2,i3,...,im) := (i + i1 + i2 + · · · + im − 1)!m
i!i1! · · · im! .

On other hand, from (1.5) we find:(
1

ψ(z)

)m

=
∞∑

n=0

( ∑
n1+n2+···+nm=n

m∏
i=1

Gni
(b1, b2, . . . , bni

)

)
z−n−1.

Then by puttingnm = n1 + n2 + · · · + nm, Eq. (3.18) rewrites as:

(
ψ(z)

)m =
m∑

i=0

zi
∑

i+i1+2i2+3i3+···+mim=m

L(i,i1,i2,i3,...,ik)

× (−1)i1+i2+i3+···+ik a
i1
1 a

i2
2 · · ·aim

m

+
∞∑

n=0

( ∞∑
m=1

∑
γ=m+n

H(i2,i3,...,in+m)a
i2
2 · · ·ain+m

n+m

×
∑

nm=n

m∏
i=1

Gni
(b1, b2, . . . , bni

)

)
z−n−1

which implies that:(
ψ(z)

z

)m

= 1+
m−1∑
i=0

1

zm−i

∑
i+i1+2i2+3i3+···+mim=m

L(i,i1,i2,i3,...,ik)

× (−1)i1+i2+i3+···+ik

m∏
a

ij
j

j=1
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ls

any
+
∞∑

n=0

( ∞∑
m=1

∑
γ=m+n

H(i2,i3,...,in+m)

m+n∏
j=2

a
ij
j

×
∑

nm=n

m∏
i=1

Gni
(b1, b2, . . . , bni

)

)
1

zn+m+1
.

If we combine this equation with (1.16), the result is proved.�
Proof of Proposition 1.7. We start by the casep = 1, that isA ∈ SL2(C). The Cayley–
Hamilton equation can be written as:

A2 − tA + I = 0, t = trace(A).

For anyn � 1, we have

An = ln(t)A − jn(t)I.

Thus,

An+1 = ln(t)(tA − I ) − jn(t)A

= (
t ln(t) − jn(t)

)
A − ln(t)I

= ln+1(t)A − jn+1(t)I.

By identification, we obtain

ln+1(t) = t ln(t) − ln−1(t),

l0 = 0, l1(t) = 1

and

jn = ln−1.

Let Gn be the Faber polynomials associated to[−2,2]. From Eq. (1.19), the polynomia
Gn verify the recurrence relations

Gn+1(t) = tGn(t) − Gn−1(t), (3.19)

G−1 = 0, G0 = 1, G1(t) = t. (3.20)

Henceln = Gn−1 and the Cayley–Hamilton equation in this case can be written for
n � 1 as

An = Gn−1(t)A − Gn−2(t)I.

Thus,

Gm2−1A
m1 − Gm1−1A

m2

= (Gm2−1Gm1−1 − Gm1−1Gm2−1)A − (Gm2−1Gm1−2 − Gm1−1Gm2−2)I

= (Gm1−1Gm2−2 − Gm2−1Gm1−2)I.

Combining this formula with (3.19), we obtain:
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l
f

et:
Gm2−1A
m1 − Gm1−1A

m2 = {
Gm1−1(tGm2−1 − Gm2) − Gm2−1(tGm1−1 − Gm1)

}
I

= (Gm1Gm2−1 − Gm2Gm1−1)I

which gives the desired result.�
In what follows we set for simplicityGm := Gp

m.

Proof of Theorem 1.8. Without loss of generality, we can suppose thatA is a diagona
matrix. We start by proving the result forp = 2. Let λ1, λ2 andλ3 be the eigenvalues o
the matrixA. We have

∞∑
m1=0

∞∑
m2=0

∞∑
m3=0

(
G0,m2,m3λ

m1
1 − G0,m1,m3λ

m2
1 + G0,m1,m2λ

m3
1

) 1

ξ
m1+1
1

1

ξ
m2+1
2

1

ξ
m3+1
3

= 1

ξ1 − λ1

∞∑
m2=0

∞∑
m3=0

G0,m2,m3

1

ξ
m2+1
2

1

ξ
m3+1
3

− 1

ξ2 − λ1

∞∑
m1=0

∞∑
m3=0

G0,m1,m3

1

ξ
m1+1
1

1

ξ
m3+1
3

+ 1

ξ3 − λ1

∞∑
m1=0

∞∑
m2=0

G0,m1,m2

1

ξ
m1+1
1

1

ξ
m2+1
2

= 1

ξ1 − λ1

ξ2 − ξ3

PA(ξ2)PA(ξ3)
− 1

ξ2 − λ1

ξ1 − ξ3

PA(ξ1)PA(ξ3)
+ 1

ξ3 − λ1

ξ1 − ξ2

PA(ξ1)PA(ξ2)

= (
(ξ1 − λ2)(ξ1 − λ3)(ξ2 − ξ3) − (ξ2 − λ2)(ξ2 − λ3)(ξ1 − ξ3)

+ (ξ3 − λ2)(ξ3 − λ3)(ξ1 − ξ2)
)/(

PA(ξ1)PA(ξ2)PA(ξ3)
)

= (ξ1 − ξ2)(ξ1 − ξ3)(ξ2 − ξ3)

PA(ξ1)PA(ξ2)PA(ξ3)

=
∞∑

m1=0

∞∑
m2=0

∞∑
m3=0

Gm1,m2,m3

1

ξ
m1+1
1

1

ξ
m2+1
2

1

ξ
m3+1
3

.

Which ends the proof in the case ofp = 2. For the general case and in similar way we g

∞∑
m1=0

∞∑
m2=0

. . .

∞∑
mp+1=0

(
p+1∑
i=1

(−1)i+1G0,m1,m2,...,m̃i ,...,mp+1 λ
mi

1

)
p+1∏
j=1

ξ
−mj −1
j

=
∑p+1

n=1(−1)n+1 ∏p+1
j=2(ξn − λj )∆n∏p+1
P (ξ )

, (3.21)

i=1 A i
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e

where∆n is the Vandermond determinant det(ξ
p+1−j
i ) with 2� j � p + 1, 1� i � p + 1

andi �= n. On other hand,
∏

1�i<j�p+1(ξi − ξj ) is the Vandermond determinant

∏
1�i<j�p+1

(ξi − ξj ) =

∣∣∣∣∣∣∣∣∣∣∣∣

ξ
p

1 ξ
p−1
1 . . . 1

ξ
p

2 ξ
p−1
2 . . . 1

...
... . . .

...
...

... . . .
...

ξ
p

p+1 ξ
p−1
p+1 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣
.

Let si be the elementary symmetric polynomials ofλ2, λ3, . . . , λp+1. If we change the
columnc1 by c1 − s1c2 + s2c3 − · · · + (−1)pspcp+1, we find:

∏
1�i<j�p+1

(ξi − ξj ) =

∣∣∣∣∣∣∣∣∣∣∣∣

∏p+1
j=2(ξ1 − λj ) ξ

p−1
1 . . . 1∏p+1

j=2(ξ2 − λj ) ξ
p−1
2 . . . 1

...
... . . .

...
...

... . . .
...∏p+1

j=2(ξp+1 − λj ) ξ
p−1
p+1 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣
.

Expanding with respect to the first column, we find that

∏
1�i<j�p+1

(ξi − ξj ) =
p+1∑
n=1

(−1)n+1
p+1∏
j=2

(ξn − λj )∆n. (3.22)

Combining it with Eq. (3.21), we get:∏
1�i<j�p+1(ξi − ξj )∏p+1

i=1 PA(ξi)

=
∞∑

m1=0

∞∑
m2=0

. . .

∞∑
mp+1=0

(
p+1∑
i=1

(−1)i+1G0,m1,m2,...,m̃i ,...,mp+1λ
mi

1

)
p+1∏
j=1

ξ
−mj −1
j .

If is now clear in view of formula (1.22) that it implies the result.�
Proof of Theorem 1.9. From Eq. (1.23), we have:∏p+1

i=1 ξ
p
i∏p+1

i=1 PA(ξi)
=

∞∑
m1=0

∞∑
m2=0

. . .

∞∑
mp+1=0

Gm1Gm2 · · ·Gmp+1

p+1∏
i=1

ξ
−mi−1
i

and

1∏p+1
i=1 PA(ξi)

=
∞∑

m1=0

∞∑
m2=0

. . .

∞∑
mp+1=0

Gm1Gm2 · · ·Gmp+1

p+1∏
i=1

ξ
−mi−p−1
i .

Since
∏

1�i<j�p+1(ξi − ξj ) = det(ξp+1−j
i )1�i,j�p+1 is the Vandermond determinant, w

get
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show

t

∏
1�i<j�p+1(ξi − ξj )∏p+1

i=1 PA(ξi)

=
∞∑

m1=0

∞∑
m2=0

. . .

∞∑
mp+1=0

∑
σ∈Sp+1

ε(σ )Gm1+1−σ(1)Gm2+1−σ(2) · · ·Gmp+1+1−σ(p+1)

×
p+1∏
i=1

ξ
−mi−1
i

and by comparing it with Eq. (1.22) we connect the polynomialsGm1,m2,...,mp+1 andGmi

for 1� i � p + 1 as follows

Gm1,m2,...,mp+1 =
∑

σ∈Sp+1

ε(σ )Gm1+1−σ(1)Gm2+1−σ(2) · · ·Gmp+1+1−σ(p+1). (3.23)

Which gives the first part of the theorem. To prove the second part, we will need to
the following:

Lemma 3.1. For m � 0, the following holds:

p+1∑
i=0

(−1)isiG0,1,...,p−2,p−1,m+p+1−i = 0, (3.24)

with the starting valueG0,1,...,p−2,p−1,p−i = δi,0 for 0 � i � p ands0 := sp+1 = 1.

Proof. It enough to observe that for 1� i � p the power ofξi in the nominator of the lef
side of Eq. (1.22) isp + 1− i. Thus by multiplying both sides of (1.22) byξ i

i and letting
ξi → ∞ we get that

1

PA(ξp+1)
=

∞∑
mp+1=0

G0,1,...,p−2,p−1,mp+1ξ
−mp+1−1. (3.25)

Multiplying both sides of this equation byPA(ξp+1) and comparing the powers ofξp+1
we get Eq. (3.24). �

In the other hand, the polynomialsGp
m satisfy form � p + 2

Gm − tGm−1 + s2Gm−2 + · · · + (−1)p+1sp+1Gm−p−1 = 0 (3.26)

with the initial conditions

Gm − tGm−1 + s2Gm−2 + · · · + (−1)m−1sm−1G1 = (−1)msmG0

(1 � m � p + 1). (3.27)

Now, by comparing Eq. (3.26) with (3.24) the result is proved.�
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and
e to

t func-

2)

503–

ridge,
Remark 3.2. From (1.22), we find that the polynomialsGm1,m2,...,mp+1 verify the following
properties:

Gm1,m2,...,mi ,...,mj ,...,mp+1 = −Gm1,m2,...,mj ,...,mi ,...,mp+1, (3.28)

G0,1,...,p = 1. (3.29)

To prove (3.29), it suffices to observe that for 1� i � p+1 the power ofξi in the nominator
of the left side of Eq. (1.22) isp + 1 − i. Thus by multiplying both sides of (1.22) byξ i

i

and lettingξi → ∞ we get the result.
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