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1. Introduction

The minimum covariance determinant (MCD) estimator [14] is one of the most popular robust methods to estimate
multivariate location and scatter parameters. These estimators, in particular the covariance estimator, also serve as robust
plug-ins in other multivariate statistical techniques, such as principal component analysis [5,16], multivariate linear
regression [1,15], discriminant analysis [7], factor analysis [13], canonical correlations [17,18] and errors-in-variables
models [6], among others (see also [8] for a more extensive overview). For this reason, the distributional and the robustness
properties of the MCD estimators are essential for conducting inference and performing robust estimation in several
statistical models.

The MCD estimators have the same high breakdown point as the minimum volume ellipsoid estimators (e.g., see [1,11]).
The asymptotic properties were first studied by Butler, Davies and Jhun [2] in the framework of unimodal elliptically
contoured densities; they showed that the MCD location estimator converges at /n-rate towards a normal distribution
with mean equal to the MCD location functional. In the same framework, Croux and Haesbroeck [4] give the expression for
the influence function of the MCD covariance functional and use this to compute limiting variances of the MCD covariance
estimator. The asymptotic theory was extended and generalized by Cator and Lopuhad [3], who studied the MCD estimators
and the corresponding functional in a very general framework. They establish an asymptotic expansion of the type

Dby = —A'O0) '~ 3 (WX, 6) — EW (X, 00)) + 0p(n 1), (1.1)
n i=1
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where 5n and 6, denote vectors consisting of the MCD estimators and the MCD functional at the underlying distribution,
respectively, and ¥ (-, 6p) is a function that we will specify later on. In principle, from this expansion a central limit
theorem for the MCD estimator can be derived. However, the expansion requires the existence and non-singularity of A’ (6).
Moreover, a more explicit expression of its inverse is desirable from a practical point of view, since it determines the limiting
variances.

In this paper we show that A’(6y) exists as long as the underlying distribution P has a density f. Moreover, we provide
an explicit expression for A’(6p) in Theorem 3.1. The expression offers the possibility to estimate the limiting variances of
the MCD estimators in any model where P has a density. This extends the applicability of the MCD estimator far beyond
elliptically contoured models. We will also provide sufficient symmetry conditions on f for A’(6;) to be non-singular. This
includes the special case of elliptically contoured densities

fl0) = det(2) ™ h((x — W 27 (x — ),

for which we show that the MCD location and the MCD covariance estimator are asymptotically equivalent to a sum
of independent vector and matrix valued random elements, respectively. This exact expansion shows that at elliptically
contoured densities the MCD location and MCD covariance estimator are asymptotically independent and yields an explicit
central limit theorem for both MCD estimators separately, in such a way that the limiting covariances between elements of
the location and covariance estimators can be obtained directly from the covariances between elements of the summands.
Furthermore, the expansion for the MCD estimators is needed to obtain the limiting distribution of robustly reweighted
least squares estimators for (u, X'), if one uses the MCD estimators to assign the weights (see [12]).

The paper is organized as follows. In Section 2, we define the MCD estimators and MCD functionals and discuss some
results from [3] that are relevant for our setup. In Section 3, we establish the expression for A’(6) in terms of a linear
mapping and show that this mapping is non-singular under suitable symmetry conditions. The special case of elliptically
contoured densities is considered in Section 4, where we obtain an explicit expression of A’(6)~!. From this we derive
an asymptotic expansion for the estimators, prove asymptotic normality, and derive the influence function of the MCD
functionals. As special cases we recover results from [2,4] under weaker conditions.

All proofs have been postponed to an Appendix at the end of the paper.

2. Definition and preliminaries

For a sample X1, X3, ..., X, from a distribution P on R¥, the MCD estimator is defined as follows. Fix a fraction 0 < y <1
and consider subsamples S C {Xj, ..., X;} that contain h, > [ny] points. Define a corresponding trimmed sample mean
and sample covariance matrix by

L= YX,

m X;eS

~ 1 ~ ~
() = 1= X =TS X = Ta(S).

n X;es

(2.1)

Note that each subsample S determines an ellipsoid E (ﬁ S), a, (S),7n(S)), where, for each i € R¥, ¥ symmetric positive
definite, and p > 0,

E. Z,p) = {x e R : (x =)' =27(x — ) < p?}, (22)
and
7u(S) = inf{s > 0: P, (E(Ta(5), Cu(S), 9)) = v}, (2.3)

where P, denotes the empirical measure corresponding to the sample. Let S, be a subsample that minimizes det(fn S))
over all subsamples of size h,, > [ny]; then the pair (T, (S;), C,(S,)) is an MCD estimator. Note that a minimizing subsample
always exists, but it need not be unique. In [3], it is shown that a minimizing subsample S, always has exactly [ny ] points and
is contained in the ellipsoid E(T,,(S;), C1(Sa), Tx(S»)), which separates S, from all other points in the sample. Note that in [2]
(among others) one minimizes over subsamples of size [ny |. This is somewhat unnatural, since it may lead to subsamples
S for which P,,(S) < y.Moreover, it may lead to situations where the trimmed subsample does not contain the majority of
the points; for example, if y = 1/2 and n is odd, then |ny | = (n — 1) /2. By considering subsamples S of size h,, > [ny] in
definition (2.1), we always have P, (S) > y, and for any 1/2 < y < 1, the subsample contains the majority of points.
We define the MCD functionals in a similar fashion. Define a trimmed mean and covariance as follows:

1
Tp(¢p) = W /X¢(X)P(dx)a

1
Cr(9) = Todp /(X — Tr($) (x — Tp(¢)) p(X)P(dx)

and define
rp(¢) = inf{s > 0: P (E(Tp(), Cp(¢),5)) > ¥}
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for measurable ¢ : R — [0, 1], such thatfd)dP > y and f Ix|I2¢ (x)P(dx) < oco. Note that, for P = P, and ¢ = 1g, we
recover (2.1) and (2.3). If ¢p minimizes det(Cp(¢)) over all ¢ considered above, then the pair (Tp(¢p), Cp(¢pp)) is called an
MCD functional. In [3], it is shown that such a ¢p always exists, and a characterization of a minimizing ¢ is provided. From
this characterization (Theorem 3.2 in [3]) it follows that, if P has a density, then

¢p =1g, and P (Ep) =y, (2.5)

where Ep = E(Tp(¢p), Cp(¢pp), rp(¢pp)). This means that the MCD functional defined by (2.4) coincides with the definition
through minimization over bounded Borel sets given in [2].

Throughout the paper we will assume that the MCD functional at P is uniquely defined, and we write (uq, Xo) =
(Tp(¢p), Cp(¢pp)) and pg = 1p(¢pp). This holds, for instance, if P has a unimodal elliptically contoured density (see Theorem 1
in [2]). We will also assume that P has a density f that satisfies the following condition:

(B) f is continuous and strictly positive on a open neighborhood of the boundary of E(14q, X, 0o)-
In that case, it follows from Theorem 4.2 in [3] that 5n — 6 with probability 1, where
On = (Ta(50). Ba(Su). Tu(Sn)),  With By(S1)? = Ca(Sn),
6o = (/1«07 I, Po), with I = .
Moreover, Theorem 5.1 in [3] implies that expansion (1.1) holds, where ¥ = (¥, ¥,, ¥3) is defined as
V10, 0) = Ljg-1gomy<nG ' —m)
W(y,0) = ]l{HG*l(y—m)Hfr}(G_](y —m)(y—m)G" — Ik) (2.7)

V3, 0) = Lje-14-my<ry — V>
and A = (A], Ao, A3), with

(2.6)

A;(6) =/‘1’j(% O)P(dy), forj=1,2,3, (2.8)

for® = (m, G, r), withy, t € R, r > 0and G € PDS(k). Here, PDS(k) denotes the space of all positive definite symmetric
k x k matrices.

3. Existence and non-singularity of A’ (6)

Let 6p = (wo, I, po) be the MCD functional at P. Due to the indicator function in the expression of ¥ (x, 6p), it can be
seen that the existence of a derivative of A(0) at 6y cannot be expected in general if P does not satisfy condition (B). If P does
satisfy (B), then the derivative will depend on the behavior of f on the boundary of E (g, X0, po). For p > 0and i € R¥,
define

B(w, p) = {x € R: [lx — pull < p}.
The derivative of A(0) at 6 turns out to be an integral over the boundary of B(0, pg). In order to keep things tidy in describing
the derivative, we denote og as the Lebesgue surface measure on 9B(0, pg) and introduce the measure

v(dw) = det(Io)f (Tow + 10)o0(dw) for w € 3B(O, po). (3.1)

This can be interpreted as the image measure of P restricted to dE (g, X9, po), after the affine map that transforms the
ellipsoid to the ball around 0 with radius po. Note that our parameter 6 is an element of ® = R* x PDS(k) x R. This means
that the derivative of A at 8, if it exists, can be described as a linear mapping on the tangent space of ® in 6y, which is given
by R* x S(k) x R. Here, S(k) denotes the space of all symmetric k x k matrices. The derivatives of A;, A, and A3 are given
as linear mappings by the following theorem.

Theorem 3.1. Suppose that P satisfies (B) and let the MCD functional 6y = (w9, I, po) be uniquely defined at P. Forj = 1, 2, 3,
the derivatives of A; are given by the following linear mappings, with (h, A, s) € R x S(k) x R:

A (0o)(h, A, 5) = —Vl"o*]h+/

9By

o'y 'h N o' (I '"A+ A Ho
Po 2p0

+ s) wv(dw)

Ty'h o' (Ty A+ ALY
A;(@o)(h,A,s):—y(Fo’lA—f—AI"o’l)—i—/ (w o @y A+AL )w+s> (o —1)v(de)

9B Lo 200
'~ 'h '(LT'A+ AL
A;wo)(h,A,s):/ oy h Ty ATAL Do L Y,
3Bo Po 20

where By = B(0, po) and v(dw) is defined in (3.1).
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Note that Theorem 3.1 also has practical implications. According to Theorem 5.1 in [3], the MCD estimator 5,1 = @(Sn),
B,,(S,,),'r}(sn)), represented as a vector, is asymptotically normal, with mean zero and limiting variance given by the
covariance matrix of Z = A’(6y) " 'W¥ (X4, 6y). This means that the expression for A’(6,) enables one to estimate the limiting
variance of the MCD estimators in any model where P has a density, which goes far beyond the traditional elliptically
contoured densities. In the expressions of Theorem 3.1, the parameters (o, I'y and pg can be estimated by the MCD estimators
T,.(S;), B(Sy) and 7,,(S,) from (2.6). To estimate the density f on the boundary of B(0, p,), one can use a nonparametric

estimatef e.g., a histogram or kernel type estimate. Finally, the surface measure oy on dB(0, pg) can be estimated by the
surface measure o, on dB(0, 7,(S,)) and the measure v(dw) by

D(dw) = detBu(S))F (Ba(Sw)@ + Tu(Sn) Gu(dw), € B0, Tu(Sy)).

The integrals over dB(0,T,(S,)) with respect to V(dw) can be approximated numerically by means of Riemann sums. It
follows that the expressions in Theorem 3.1, with the parameters replaced by their estimates as just described, provide an
estimate A’(6,) for the derivative as a linear mapping of (h, A, s). Being a linear mapping, A’(6,) can be represented by a
matrix. The columns of this matrix can be determined by inserting first of all (h, A, s) = (e;, 0, 0), where the vector e; has
all elements equal to zero except for a 1 at position i, then inserting (h, A, s) = (0, Ej;, 0), where the symmetric matrix E;;
has all entries equal to zero except for a 1 at positions (i, j) and (j, i), and finally inserting (h, A, s) = (0, 0, 1). These vectors
form a canonical orthogonal basis for R x S(k) x R. As long as Z/(/Q\n) turns out to be non-singular, the limiting covariance
matrix of \/n (/9\:1 — 6p) can be estimated by the sample covariance of the Z; = Z/(@\n)‘1 v (Xi, 5,1).

We proceed by finding sufficient conditions for A’(6p) to be non-singular. We would have non-singularity if, for all
(h,A,s) € RE x S(k) x R, A'(6p)(h, A, s) = 0 implies that (h, A, s) = (0, 0, 0). Although it does imply that Tr(FO’1A) =0
(see Lemma A.2), from the expressions in Theorem 3.1 it can be seen that it cannot be expected that A’(6p)(h, A,s) = 0
implies that (h, A, s) = (0, 0, 0) without further assumptions on f. Suitable symmetry assumptions on f will simplify the
expressions for the derivative, in which case non-singularity can be established. Point symmetry with respect to the center
OfE(l,Lo, 2o, ,00), ie.,

f(—=Tyw + o) = f(Tow + o), forw € 3B(0, po), (3.2)

allows us to express s in terms of A and if, foralli=1,2...,k,

/ W v(dw) £ ¥ po, (33)
9By

then A’(6y)(h, A, s) = 0 implies that h = 0 (see Lemma A.3), but this will not be sufficient to conclude that A = 0 from
A'(6p)(h, A, s) = 0. The slightly stronger condition of half-space symmetry will suffice, i.e.,

flow—iy + o) = f(Tow + o), where oy = (w1, ..., Wi—1, —Wi, Oit1, ..., W), (34)
foralli=1,2,...,kand w € 9B(0, po). To describe sufficient conditions for non-singularity, we define the matrix M with
elements

1

M = / wl-zwjz v(dw) — — / w,z v(dw) a)j2 v(dw) — 2y poliizj,
3B(0, p0) Yo J9B(0,p0) 3B(0,0)

(3.5)

fori,j=1,2,...,k where vy = v(dB(0, pg)) and v(dw) is defined by (3.1). We then have the following theorem.

Theorem 3.2. Suppose that P satisfies (B) and (3.4), and let the MCD functional 6y = (w0, Io, po) be uniquely defined at P.
Suppose that (3.3) holds, that foralli,j = 1,2..., kwithi # j,

[ atetvo) # v, (36)
2B(0.pp)

where v is defined in (3.1), and that the matrix M defined in (3.5) is such that, for any x € R,
Mx=0andx;+---+x=0=x=0. (3.7)
Then, for 6y = (1o, I, po), the derivative A’(y) is non-singular as a linear map on R* x S(k) x R.

Example of densities that satisfy (3.4) are elliptically contoured densities. However, also affine transformations of
densities that have independent marginal densities that are symmetric around zero, i.e.,

f@) =g "(x—w), whereg(xy,...,x) = gi(x1) - g(x) and gi(x;) = gi(—x;),
satisfy (3.4).
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4. Elliptically contoured densities

Suppose that P has an elliptically contoured density, i.e.,
f(x) = det(2)"?h((x — W)X '(x — u)) where u € R¥, ¥ e PDS(k), 4.1

and h : [0, 00) — [0, 0o) is decreasing so that P is unimodal. In this case, it follows from the characterization for the ¢
function that minimizes det(Cp(¢)) (see Theorem 3.2 in [3]) that our definition of the MCD functional coincides with the
one used by Butler et al. [2], who show that the MCD functionals are unique:

r(y)?
mo=p.  So=a@lE, and pi=_lo. (42)
a(y)
where
Zﬂk/z r(y)
2 — h 2 k+ld , 4.3
a(y) kK2 J, r)r r (43)
and where r(y) is determined by
27 k/2 r(y)
L haHrktdr = y. (4.4)
rk/2) Jo

The next proposition shows that for elliptically contoured densities the derivative A’(6,) exists and is non-singular.

Proposition 4.1. Let P have an elliptically contoured density as defined in (4.1) with h non-increasing such that P is unimodal.
Then all conditions of Theorem 3.2 are satisfied.

We proceed by obtaining asymptotic expansions for the MCD estimators in the case of elliptically contoured densities.
Because the estimators are affine equivariant, it suffices to consider the spherically symmetric case (u, X) = (0,1). The
next theorem provides the expressions for A’(6y) and its inverse at spherically symmetric densities.

Theorem 4.1. Let P have an spherically symmetric density f(x) = h(||x||?) with h decreasing such that P is unimodal. Let
r =r(y) and o = a(y) be defined in (4.4) and (4.3), respectively, and let D = A’(0y), for 6y = (1o, 1o, po) = (0, al, /).
Then the linear mapping D is given by

Dq:(h,A,s) — Bih
Dy : (h,A,8) > BA+ B3Tr(A) - 1+ Bas- 1
D3 : (h, A, s) — BsTr(A) + Bes,

and the inverse linear mapping D™ is given by

[D™],: (g.B.0) > Bi'g

D™]. : (g.B, ~1p a(B3Bfs — BaBs) Te(B) - I apy r

D7) i B0 By B = I gt
inv . aIBS _ a(ﬂz + k/s:;)

[D™],: (g.B.t) 27 e Tr(B) ok t,

where
2

1 /po P
,31=&<*V0—)/)<0, Ba = —"vo — v,

k k
2pgvo 2y PoVo
= — < 07 = -,
P2 ak(k + 2) o Ps ko
3
Po Vo PoV
B3 = . -== Bs = vo > 0,

ak(k +2) ka ’
with By = B(0, pg) and

k/2

Ir'(k/2)

vo = v(dBy) = h(Hr* e,

An immediate consequence of Theorem 4.1 is the next corollary, which shows that the MCD estimators of location and
covariance are asymptotically equivalent to a sum of independent identically distributed vector and matrix valued random
elements, respectively.
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Corollary 4.1. Suppose that P has a spherically symmetric density f (x) = h(||x||?) with h decreasing such that P is unimodal.
Let r = r(y) and o = «(y) be as defined in (4.4) and (4.3), respectively. Then, for n — oo,

o 1 ¢
Vi, = 7 > Tipgr=nXi + 0p(1);
i=1
Vi, — o’ = Z axil=ry (k1 - T4 X7 - T+ k3XiX) + k4 - 1] + 0p(1);

T
vn (,On - *) =— Z [ L <n IXG 1% + AT <r + As] + 0p(1),
o Vs

where t = —(af1) "' and
r? afy +2y 2 2 — ka?
k1 =——, Ky = —F—"7—, K3 =——"", kg =
ky kyoaps, af; k
r r3 1 y r
M=y M= ——, A=t —— (ka2 — 1),
! 2kya’ 2 2kya® B ? Bs + ka3 ( ¢ )

with B4, B, and Be defined in Theorem 4.1.

We proceed by obtaining the limit distribution of the MCD estimators. To describe the limiting distribution of a random
matrix, we use the operator vec(-), which stacks the columns of a matrix M on top of each other, i.e.,

VEC(M) = (Mlla ooy Miq, oo, Mg, . Mkk)/-

We will also need the commutation matrix Cy , which is a k? x k? matrix consisting of k x k blocks: Cy. = (A,])” 1» Where
each (i, j)-th block is equal to a k x k-matrix A, which is 1 at entry (j, i) and zero everywhere else. Finally, for matrices M
and N, the Kronecker product M ® N is a k* x k* matrix consisting of k x k blocks, with the (i, j)-th block equal to miN.

Theorem 4.2. Suppose that P has a spherically symmetric density f (x) = h(||x||/2\) with h decreasing such that P is unimodal.
Let r = r(y) and o = a(y) be as defined in (4.4) and (4.3), respectively. Let [i,, X, and p, be the MCD estimators. Then

(i) Tn and (En, 0n) are asymptotically independent, the diagonal elements of fn are asymptotically independent from the
off-diagonal elements and p,, and the off-diagonal elements of X, are asymptotically mutually independent;
(ii) ~/nfi, is asymptotically normal with mean zero and covariance matrix £I, where
_ Ky at
T (kya —rvg)?’
where vy is defned in Theorem 4.1;
(iii) +/n (vec(En) — o vec(l)) is asymptotically normal with mean zero and covariance matrix

o1(I + G ) (I @ 1) + o vec(Ivec(l)',

where
2
———FE1 nlIX
T kK +2) wxan=n Xl
2 ! yrt = 2kyria® + Kya* + 2kra? — 1
~Zo1 + Bl <n X
02 = = 01 + k22 LI <) Xl = -

where k3 is defined in Corollary 4.3;
(iv) «/n(p, — r/a) is asymptotically normal with mean zero and variance
2k%vora’y — vikrie? + 4k?y2a® — 4kr3veady + r®vd

2 _ 42 4
oy = MELjx<n X1l 4k2abvgy

where A4 is defined in Corollary 4.1 and vy is defined in Theorem 4.1.

Note that, at the multivariate normal, the asymptotic relative efficiency of the location MCD estimator equals t =
1/(ya?), which can be seen to be greater than 1 and tending to 1 as y tends to 1. For values of asymptotic efficiencies at
specific distributions, we refer to [4], who provide an extensive account of asymptotic and finite sample relative efficiencies
for the MCD covariance estimator at the multivariate standard normal, a contaminated multivariate normal and at several
multivariate Student distributions, for a variety of dimensions k = 2, 3, 5, 10, 30 and y = 0.5, 0.75, as well as a comparison
with S-estimators and reweighted versions. One should note however that they compute efficiencies for a Fisher consistent
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version of the MCD covariance estimator, i.e., fn /a(y)?. Taking this into account, our expressions coincide with the ones
in [4]. This follows from the fact that the expressions in Theorem 4.2 are derived from the expansion given in Corollary 4.1, of
which the right-hand side coincides with the expressions for the influence function given in Corollary 4.3. Our expression for
the influence function of the covariance functional is identical to the one in [4] (see the comments right after Corollary 4.3).

With Theorem 4.2(i) we recover Theorem 4 in [2]. Note however, that the assumption of h being differentiable (see [2])
is not required in our approach. Furthermore, it can be seen from the expression of the limiting variance of X, that, in the
spherically symmetric case,

V(Zyi — a?) — N(0, 201 + 07)
VX, i — N, o1)

-~

En,ii - O[2 0 20’1 + (o)) (%)) . .
AT (O (77 ) 1

fori,j=1,2,...,k __

Because 7i, and X, are affine equivariant, the limiting distributions for the MCD estimators in the case of general
i € R¥and ¥ e PDS(k) can be obtained easily. When Xj, ..., X, are independent with density (4.1), then, because of
affine equivariance, it follows immediately that /n(it, — w) is asymptotically normal with zero mean and covariance
matrix I'(zI)I" = tX, where I'> = X. Similarly, «/n(vec(X;) — a? vec(X)) is asymptotically normal with mean zero
and covariance matrix Evec(I"'MI")vec(I"'MI")’, where the covariance matrix of vec(M) is given in Theorem 4.2(iii). The
expression of Evec(I'MI")vec(I'MTI") follows from Lemma 5.2 in [9]. This means that we have the following general
corollary of Theorem 4.2.

Corollary 4.2. Suppose that X, ..., X, are independent with an elliptical contoured density
fOo =det(Z) " 2h((x — w272 (x — ), p eRY, T e PDS(K),

where h : [0, 00) — [0, 00) is non-increasing such that f is unimodal. Let (1L, fn) be the MCD estimators. Then i, and fn
are asymptotically independent, /n(it, — w) has a limiting normal distribution with zero mean and covariance matrix t X and
Jnvec(X,) — a? vec(X)) has a limiting normal distribution with zero mean and covariance matrix o1(I + G )(X ® X) +
o, vec(X)vec(X), where t, oy and o, are given in Theorem 4.2.

Another corollary of Theorem 4.1 is the expression for the influence function of the MCD functional. The influence
function of a functional @ (-) at P is defined as

O(1—¢e)P +¢eé) —O(P)
. )

IF(x, ®, P) = lim (4.5)
el0

if this limit exists, where 8, is the Dirac measure at x € R¥. Denote by (P) = Tp(¢p), X (P) = Cp(¢hp), and p(P) = rp(¢p)
the MCD functionals at distribution P. We then have the following corollary.

Corollary 4.3. Suppose that P has a spherically symmetric density f (x) = h(||x||?) with h decreasing such that P is unimodal.
Let r = r(y) and a = a(y) be as defined in (4.4) and (4.3), respectively. Then, for x € R¥ such that ||x|| # r, the influence
functions of the functionals (P), X (P) and p(P) are given by

IF(x; i, P) = 1l <nX
IF(x; ¥, P) = Lyjx=n (k1 - T+ 2lIXI* - T4 k3xx') + kg -
IFG 0, P) = A Ljazn) %12+ AoLpg<ry + A3,

where t, k1, k2, k3, kg and Aq, Ay, A3 are defined in Corollary 4.1.

Clearly, all the expressions in Corollary 4.3 are bounded uniformly for [|x|| # r(y). For x € R¥ with ||x|| = r(y), itis not
clear whether the limit in (4.5) exists, not even in the case of a unimodal spherically symmetric density. As a special case
of Corollary 4.3, we recover Theorem 1 in [4]. However, we do not need the assumption that h is differentiable (see [4]). In
order to see that our expressions coincide with the ones in [4], note that their quantities g, «, g, and ¢, correspond to our
h,1—y,r(y)? and 1/a(y)? respectively, and that they consider the Fisher consistent version of the covariance functional,
i.e., ¢, x X (P). Moreover, their expression b; — kb, is simply equal to 1. For further discussion on IF(x; X, P) at spherically
symmetric densities and corresponding graphs, we refer to [4].

Appendix
A.1. Proofs for Section 3

The proof of Theorem 3.1 requires the following lemma, which helps to describe the derivative of A when (ug, I, s) =
(0,1, 1), in terms of a linear mapping. Let M (k) be the space of all k x k matrices.
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LemmaA.1. Let r > 0and ¢ : R¥ — R™, which is continuous on dB(0, r). Define the mapping L : R* x M (k) x R — R™ by

L(h,A,s) = / o) dy.
E(h,(I+A)(I+A)’ ,r+s)

Then, the derivative of L at (hg, Ao, So) = (0, 0, 0) is given by the continuous linear mapping
<w/h o' (A+A)w
R + - @
r 2r

'(0,0,0)(h, A, s) = /

aB(0,r)

+ S) ¢ (w) op(dw),

with (h, A, s) € R x M(k) x R.

Proof. The derivative can be found as the sum of the derivatives of

60) dy, / $0)dy, and / () dy. (A1)
B(h,r) E(0,(I+A)(I+A),1) B(0,r+s)

For the first integral, consider

¢w®—/

B(0,r)

¢y dy = / (Lo — Lao.r) ¢ dy,

B(h,r)

for ||h|| — O.In first order this reduces to integration over dB(0, r). Let w € dB(0, r),letv = (14 §)w € dB(h, r),and let o
denote the angle between w and h. Then the law of cosines yields that

/

wh\? .
r> = |lv|l” + [|hlI* = 2[lv]| - ||l cos & = (Ilvll - 7) + IRl (sina)?.

el

Since ||@|| = r, in first order we find that r> = (14 8)r> — w'h, or § = (w'h)/r?. This means that, for each w € 3B(0, r), the

length over which we integrate ¢ (w) is ||v|| — |lw|| = §|lw|| = (@’h)/r. Since ¢ is continuous at w € 3B(0, r), we get, for
Al — O,
w'h
¢(y)dy — ¢y dy = — ¢(@) oo(dw) + o([|hl).
B(h.r) B(0,r) ao.r) T

For the second integral in (A.1), we consider

f (L. a+ma+ar.n — Laon) @) dy,

for ||A]| — 0, which reduces to integration over w € dB(0, r). Let v = (1 4 §)w be such that ||(I + A)~'v|| = r. Then

T2

2 _
(+or= oA +A) T +A) o

Since, for ||A|| — 0, we have (I + A)~'d +A)~' =1 —A — A" + O(J|A||%), it follows that
o' A+ A)w
b= —— 5 +O0UAP)

This means that, for each w € 9B(0, r), the length over which we integrate ¢ (w) is

oA+ A)w
vl = llwll = Sllwll = — + O(JIAl1%).
This implies that
o' (A+A)w
/ (Leo.a4matay.n — Laon) ¢0) dy = / T(ﬁ(w)ﬁo(dw) + o(||All).
3B(0.r)

Finally, for the third integral in (A.1) we obtain

/ (1p0.r+5) — Lao.r) PW)dy = S/ d(w)oo(dw) + o(s).

9B(0,r)

Summing the three linear mappings yields the desired result. O
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Proof of Theorem 3.1. First note that everything can be rescaled to the situation with uo = 0 and Iy = I; i.e., for any
function g(y), we have

/ LE(ug-+h, (To+A) (To+AY , po+5) )& WP (dy) = det(Ip) / LG (4792, pors) @) (T0Z + wo)f (Toz + o) dz, (A2)
where i = Fo’lh andA = FO’]A. To compute A%(6), take g(y) = 1in (A.2), and for n = (h, A, s) — (0, 0, 0), consider
A3l + 1) — Az(6) = / LE(ug-+h, (To+A) (To+4Y , po+5) WP (dy) — / LE (g, 20,00 WP (dy)

= dEt(Fo)/ (Ui a4 1y ot @ — Le©.1.p0) (@) F(T0Z + p10) dz

= L'(0,0,0)(h, A, 5) + o(||(h, A, ),
by taking ¢(z) = det(Jo)f (Ioz + (o) in Lemma A.1. We conclude that

o' Ty 'h N o' (Iy 'A+ AT, Ho

A5(60) = det(Ip) (
3B Po 200

+ S) f(Iow + po)oo(dw).

For the location functional, with & = (m, G, r), we have

, d _ 9 7
A1(60) = — (/ Gly— m)P(dy)> + = </ Iy 'y - uo)P(dy)) (A3)
360 \JE(10.%0.00) o=g, 99 \JEmc2.n) 0=
The first term on the right-hand side of (A.3) can be decomposed as
] - B] 1
%0 G (y — no)P(dy) t 35 Iy (y —m)P(dy) ) (A4)
Eo 0=0p Eo =6y

where Eg = E(uo, X0, po). Because of (2.4) and (2.5), it follows that

P(E(it0, o, po)) =y and / (y — o)P(dy) =0, (A5)
E(1o.%Z0.00)

so the first derivative in (A.4) is equal to zero. To determine the second derivative in (A.4), write
| I~ o =~ ey - [ 10— 1oP@) = —y Iy 'h,
E(io.%0.p0) E(1o.Z0.00)

which yields

a —1
— Iy (y —m)P(dy)
360 \JE(u0.%0.00)

For the second term on the right-hand side of (A.3), for (h, A, s) — (0, 0, 0), consider

= —)/1“07111.
0=6o

/ LE(ugth, (Fo+A) To-+AY 0+ O Ty (V — 10)P(dy) — / Le(ug. 50,000 W Ty ' (v — 120)P(dy)

= det(I7) / (Lot 700t @) — L0y (2)) 2F (T + i) dz

=1(0,0,0)(h. A, 5) + o(l|(h. A, 5)I)).
by taking ¢(z) = det(Ip)zf (Ioz + o) in Lemma A.1. It follows that

9 oh o A+A)w
= det(Ip) — + ——— +5 | of (Tow + po)oo(dw)
6=6 9By 1Y

— ry' (v — mo)P(d ))
a0 (/E(m,GZ,r> 0 U~ HoP(dy 0 200

o' Ty'h o (T 'A+AT; Ho
= det(/p) + + 5 ) of (Iow + po)oo(dw).
0By

Po 200
We conclude that
a)/Fo_lh n a)’(Fo_lA —I—A’Fo_l)w
£o 200

Ay(Bp) = —y Ty 'h+ det(I) ( + s) of (Fyw + o)oo(dw).
9By
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Then, similar to (A.3), we have

a
A;(6 G 'y—my-—m'G ' —1|Pd )
( V= 89 </E(/to,)fo,po)[ v =m—m ] (@)

6=6o
0 -1 ' =1
+ [0 = w0 = o) 1 = 1]P(dy) (A6)
E(m,G2,r) 0=65
The first term in (A.6) can be decomposed as
9 —1 /=1
— Gy — o)y — po) Iy~ —I{P(dy)
a6 E(po.%0.00)
a _ _
([ [me-mo-umn ‘—1P<dy>)
90 \JE(uo, 50,00 6=6o
a
([ [ne-mo- m)rl—mdy))
a6 E(uo,X0.0)
0 _ _
+ = ( / [0 = 00— o'c™ —1] P(dy)) (A7)
0 E(ro,Z0.00) =6,
For the first term in (A.7), for ||A|| — 0, consider
/ (R +A7 0 = o)y — o) Ty = 1]Pey) — f [0 =m0 — o) 15" = 1]P(y)
E(ro,Z0,00) E(po,Z0.00)
= f [0 = 17 A6 = 106 = o) Ty = 1]Py) + o(JAID
E(uo.Z0.p0)
= —Fo_1A/ Iy 'y = o)y — o) Ty 'P(dy) + o([|All) = —y Iy A+ o([|A]),
E(po.Zo.00)
where in the last two steps we use
/ Iy 'y = o)y — o) Ty 'P(dy) = 1, (A.8)
E(io.%0.p0)

which follows from (2.4). For the second term in (A.7), consider

f [Fo‘l(y — o — )y — o) Iy ' — I]P(dy) - f
E(no,%0,p00)

E(uo,Z0,00)

[0 =m0 — o) 13" 1] P(dy)
= [ - PEn =0
E(uo,X0.00)

where we use (A.5) and (A.8). Because G and I are symmetric, the last two terms in (A.7) are the transpose of the first two
terms in (A.7). This leads to the following derivative for the first term in (A.6):

0 —1 /~—1
= [ —me—mc —1]py
a6 E(po,X0.00)

For the second term on the right-hand side of (A.6), for (h, A, s) — (0, 0, 0), consider

=—y(Iy'A+ATY .
6=6p

/ LE(ug-+h, (Fo+A) (To+AY s po+5) V) [1"071(}’ — o)y — o) Iy ' — 1] P(dy)
- / Lo, 50.000 ) [T O = 1) — o) Ty — 1] P(dy)

= det(I}) / (Ui aaaay oot @ — Le1.p0) (@) [22' — 1] f (Toz + o) dz

=1'(0,0,0)(h,A,s) + o(|(h, A, s)|),
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by taking ¢(z) = det(1})[zz' — I1f (I'pz + o) in Lemma A.1. It follows that

a . o
6 (/E(m,cz’r)l:ro ¥ —no)y—wpo) iy — I]P(dy)>

= det(Ip) / (a)h + w@+o + 5) (a)a)’ — I)f(Foa) + wo)oo(dw)
9By \ £0 200

0=60

/I—v—lh / F_]A A/I—v—l
— det(Ip) wly b oy ATAT, o (0w — 1) f(Fow + 120)00(dw).
By £o 200

We conclude that

Ay(Bo)(hA,s) = —y(Ty '"A+ ATy ) + f

' 'h '(LTA+ AT !
(a) 0 +C!)( 0 + 0 )w+5) (a)a)/—l)v(da)).
9By

Po 2po

Noting that we take A symmetric, this finishes the proof. 0O

Lemma A.2. Suppose that P satisfies (B) and let the MCD functional 8y = (o, Ip, po) be uniquely defined at P. Let A be defined
by (2.8) and suppose that A’(6y)(h, A, s) = 0. Then Tr(FO_]A) =0.

Proof. From Theorem 3.1,

0 = Ay (6o)(h. A, )

/I—V—lh / F_lA Ar_l
(0) o 1, W Iy A+AlL o +S> (wa)/—l)v(dw%

= —y(IT'A+ATY +f
0 0 Po 2p0

3Bo
where By = B(0, pp). Taking traces yields
o' Ty 'h o (T 'A+ AT Do
+
Po 2po

0= -2y Tr(Iy 'A) + (0§ — k)/ ( +s) v(dw).
9B

Because A4(6p) = 0, it follows from Theorem 3.1 that the second term on the right-hand side is zero, which proves the
lemma. O

Lemma A.3. Suppose that P satisfies (B) and (3.2), and let the MCD functional 6y = (o, I, po) be uniquely defined at P. Let
A be defined by (2.8) and suppose that A’(6y)(h, A, s) = 0. Then

s = / a)/(l"oflA —}-AI"Oq)a) v(dw), (A9)
3Bo

B 2p0vo
where By = B(0, po) and vy = v(9By), with v defined in (3.1). If, in addition, (3.3) holds, then h = 0.
Proof. If f satisfies (3.2), then
/ wiwjwn v(dw) = / wiv(dw) =0, foralli,jjm=1,2,...,k, (A.10)
3By 9Bo

where v(dw) is defined by (3.1). Hence, from Theorem 3.1, we get

1
0= A5(6p) = 7/ a)/(FoqA +AF071)a) v(dw) + sv(9By),
200 Jos,

which yields the first statement. Moreover, (A.10) and Theorem 3.1 also yield that

, -1 w/Fo_lh 1 / -1
0=A5060) =—yIy h+ ——owv(dw) = — ww v(dw) — ypel | Iy h.
9By Lo Lo 3By

Because f satisfies (3.2), the matrix on the right-hand side is a diagonal matrix with elements
/ a)i2 v(dw) — y po.
By

Therefore, from (3.3), it follows thath = 0. O
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The proof of Theorem 3.2 requires the following lemma.

Lemma A.4. Let A be a k x k matrix and suppose that ’'A+ AI" = 0, for some k x k positive definite symmetric matrix I". Then
A=0.

Proof. Since I is positive definite symmetric, there exists a basis of eigenvectors of I". Choose v to be an eigenvector with
eigenvalue A > 0. Then I'(Av) + A(Av) = 0. This means that either Av is an eigenvector of I" with eigenvalue —A < 0,
which is impossible since I" is positive definite, or Av = 0. This holds for all eigenvectors of I", and therefore A= 0. O

Proof of Theorem 3.2. Suppose that A;(@o)(h, A,s) = 0forj = 1, 2, 3; then it suffices to show that (h, A, s) = (0, 0, 0).
Because (3.4) implies (3.2), it follows from Lemma A.3 that h = 0. Furthermore, A}(6p) = 0 and A5(6y) = 0 imply that

0= A)(0) = —ys+f
9By

's
<‘° © +s> 0w v(dw), (A11)
2po

where By = B(0, pp) and S = FO_IA + AFO_1 is symmetric. Condition (3.4) implies that

/ a)iza),f1 v(dw), form=n;i=j,
3B

/ Wi@jwmw, V(dw) = (A.12)
9By

/ wioiv(dw), form #n; {i,j} = {m,n},
3B
0, ’ otherwise,

where v(dw) is defined by (3.1). Consider the (m, n)-th element of equation (A.11) for m # n. Then it follows from (A.12)
that

0= =2y poSmn + 25mn/
3Bo

a),znwﬁ v(dw) = 2 </ a)rzna)ﬁ v(dw) — ypo> Sn.-
9By

The factor in front of S, is non-zero by assumption (3.6), so Sp,; = 0 for all m # n. Finally, consider the (m, m)-th element
of (A.11) and insert (A.9), which is obtained from Lemma A.3. Then we get

k 1
0= —2y00Smm + Z (/ a),za),zn v(dw) — — / a)i2 v(dw)/ cuﬁ1 v(dw)) Sii.
P 3By Vo JaB, 9By

i=1

The right-hand side is of the form Mx, where x = diag(S) and M is defined in (3.5). However, since Tr(S) = 0 according
to Lemma A.2, from (3.7) we conclude that S, = Oforallm = 1, 2, ..., k. It follows that S = Fo_lA + AF0_1 = 0, and
consequently, by (A.9), we have s = 0. Furthermore, from Lemma A.4, we conclude thatA=0. O

A.2. Proofs for Section 4

Proof of Proposition 4.1. Conditions (B) and (3.4) are immediate. From (4.2), we find that f (Ijw + (o) is constant on 0Bg:
f(Now + po) = det(2) " *h(a(y)?[wl?) = a(y)* det(Ip) ""h(r(y)?),

and
v(dw) = a()*h(r(y)*)oo(dw), (A13)

for w € 0By. One can easily check that, foralli,j =1, 2, ..., k(e.g., see Lemma 1in [10]),

f 2(cl)—lf 2(d)—ﬂh(( Hripy)*
aBOwiv ®) = lwll” v(dw =k k/2) r(y)Hry)" po,

9By
/8 i wto? v(dw) = % 5 lol* v(dw)
0 o o (A.14)
= (1+ zawmh(r(ﬁ)r(m"p&,

B0) = 22 ()Tt = £ / 2 (do)
I (77 K A A= P
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Because h is decreasing and non-constant on [0, r(y)), conditions (3.3) and (3.6) are fulfilled:

an/Z r(y) ok 27Tk/2 '
y = 7F(k/2) h(r5)r*'dr > Ir(k/z)h(r(y) ry)”, A15)
r(y) 2711(/2 )
2 2y k1 e 2 k42
yay)? = kr(k > / I dr > (),

Finally, from the equations above, it follows that the matrix M defined in (3.5) can be decomposed as M = ¢;1+c,11’, where
1=(1,1,...,1),and

el - 2
= r r — ,
'S kk+2) k2 YT Po eV o
4rr/2
=-——————hr))ri)*oe;
2= ekt DIk I e
Because Mx = c1x + ¢ (x1 + - - - + x,) 1, it follows that, if x; 4+ - - - + x, = 0, Mx = O implies thatx = O aslongas c; # 0, i.e,,
25 k/2
h 2 k+2 2
Kkt 2T (k/2) TIr(Y)T #yaly)

which follows from (A.15). O
Proof of Theorem 4.1. From (A.13), it follows that

/ wjwjv(dw) =0, fori##j
3By (A.16)

/ w;v(dw) =0 and f wiwjok v(dw) =0, foralli,j, k,
9By 9By

Hence, from Theorem 3.1, we find that
1
AL (6o)(h, A, s) = —yFO_lh + —/ wa/]‘o_lh v(dw) = Bih,
Po JaB,
where, according to (A.14) and (A.15),

1 p
pr= f ol vide) = = = (%00~ y) <0
koo S, k

Next, consider A(6p). From (A.16), we find that

1
A (Bp)(h, A, 5) = — / o' Ty "Aw v(dw) + svg.
0By

From (A.14), the first term on the right-hand side is
1
— wva(dw) —/ el Tr(A)v(dw) = MT A).
P Je 9By
This means that A%(6;)(h, A, s) = B5 Tr(A) + Bes. Finally, from (4.2) and (A.16),

w’(FO—lA —I—AFO—l)a) +s (a)w’ _ I) »(dw)
20

AyO0)(h A ) = —y (I A+ AT + /
0By

2 1
- _lA Ay T+ — | (@Aw)ww v(dw) +s / wa' v(dw)
®Po Jap, 9Boy
2y 1 :00
= ——"A—(BsTr(A) + Bss) - | + — (0'Aw)we’ v(dw) + —vo sl.
o ® 0o Jag,

Consider the (m, n)-th element of the third integral on the right-hand side. From (A.12) and (A.14), it follows that this integral
is equal to

k

1 ,031’0
— Aj i dw) = —2—— (Tr(A) Ln=n) + 2Am) »
apo ,21:]2: u/ wiwjwmwy V(dw) ak(l<+2)( (AL jmen) + 2Amn)
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which means that

1 , P4 Vo
— (0'Aw)ww v(dw) = ————— (Tr(A) - 1 + 2A) .
apo Jos, ok(k +2)
Summarizing, in the expression of A’ (6p), the coefficient of A is
2,03 Vo 2y
pr=—"20
ak(k +2) o
the coefficient of Tr(A) - I is
g, = _Fo%__ povo
T ak(k+2) ke
and the coefficient of sl is
2
Ba = ?Ovo — Vo.

From (A.14) and (A.15), it can be seen that 8, < 0.

To determine the expression of the inverse mapping, put D(h, A,s) = (g, B, t) and solve for (h, A, s). For the vector
valued component of D, we have g = D(h, A, s) = B1h. Since 8; < 0, this immediately gives h = ﬁfg. For the remaining
mappings, put

B = Dz(h,A,S) = /32A + ,33TF(A) I+ ,345 -
t =Ds3(h,A,s) = Bs Tr(A) + Bes.

By taking traces in the first equation, we can solve for Tr(A) and s:

(A17)

cTr(A) = Bg Tr(B) — kf4t
s = (B2 + kB3t — Bs Tr(B),
where ¢ = 286 + kB38s — kBafis = —2y Bs/a. Since B, < 0 and Bg > 0, from (A.17) and (A.18), it follows that

A=B"(B—PBsTr(A) -1 —Pus-1I)

=B, 'B— L (Bs Tr(B) — kpat) - 1 — Ll (—Bs Tr(B) + (B2 + kB3)t) - 1
B2 cha

_ ptp, 2(B3Ps — BaPs) L oPaps

=P B 2y B2Bs TrB) -1 2y B2 Bs

(A.18)

t-1

and
— Tr(B) — Mt.
2y Bs 2y Bs

s:—%Tr(B)+ﬂ2tk'B3t— aps

Proof of Corollary 4.1. Since A(6y)~! is a linear mapping and E¥ (X;, 6y) = 0, we obtain from (1.1)

o~

1<, _ _
On =00 = —— > A'(B0) "W (X;, 60) + 0p(n" "), (A.19)
i=1

where ¥ is defined in (2.7). In particular, we have

. 1
n = ——
NG N

o~ 1 . inv
i (P - g) =~ ; [D™], @ (X;. 60) + 0z(1).

> [D™], ¥ (X, o) + 02 (1),
= (A.20)

According to (4.2), 6y = (o, I, po) = (0, oI, r/), SO

W1(x, 00) = Lyj=rot” X,
Wy (X, 60) = Lyju<r) (o *xx' — 1), "2
W3(x, 60) = Lxj<r} — V-
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Insert go = ¥;(x, 6y), By = ¥, (x, 6p) and t; = W5(x, H) in the expressions for D™ (g, B, t) given in Theorem 4.1. Then we
find that

[Dinv]] U (x,0p) = (aﬂl)—]]l{uxHSr}X

i ofBs [1x]1* a(f + kB3) (A.22)
D™ |, w(x,0)) = —1 — — k) - ———— (Lyxy<ry — ¥) -
[D™], ¥ (x. 6o) 2y Bg LlIxI=r ( 2 27 fo (L= — v)
Together with (A.20), this immediately yields the expansion for /i, and the expansion for 4/n (o, — r/c) with
Bs r
A=— = - ;
20y B 2ky a3

L_ Bt kpstkps) 1

o 2y Bs T 2kyad Bs

k
Ay = _aBatkpy) _ v n (ka® —1?).
Zﬂe ﬂe 2k0{3

To obtain the expansion for the covariance estimator, note that P satisfies the conditions of Theorem 4.2 in [3]. This means
that I';, — «l with probability 1, so

Sy — o2l = (T + al)(Ty — al) = 2a(T, — al) + o(1),

with probability 1. Hence, from (A.19), we obtain

- 20 In

Vi (S — o) = —j’% 3 [D™], ¥ (X, 60) + 0s(1), (A23)

i=1

where
inv - xx' (:3 - IB ) ||X||2
[D™], ¥ (x. 60) = B, "Lipi=n <§ - I) + %Muxng} <? — k) -

apfy
25 \Lwi=n =) 1. A24
+2yﬁe( (li<r) = ¥) (A24)

This yields the expansion for /11 (2, — &®[) with

_ 20 ka*(BsPs — PaPs)  oPBy TP

“T B ¥ B2Bs yBs  ky’
_ BaPs — BsPs _ aBr+2y
T yBBs  kyap
_ 2
K3 = _057,327
a?By r2 — ko
“T T8 Tk

Proof of Theorem 4.2. The expansion for 4/nji, given in Corollary 4.1, together with the fact that E{||X;|| < r}X; = 0,
yields that \/nJi, is asymptotically normal with mean zero and covariance matrix

2
, T
TE{IX || < rIXiX] = + BUXill = rHIXq || - 1.

Since T = —(a8;) !, together with (4.3), we find that

2

T Kyt
§ = LE(IX| = rHIXq |I? =

(kya —rvg)?’

which proves part (ii). To prove (iii), first note that, from Corollary 4.1, it follows that
XiX!
[1X:112

~ 1 &
vz, —ao’l) = — Z <€(||Xi||) + m(|IXi]]) - I) + op(1), (A25)
\/E i=1
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where £(y) = k31yj<ny? and m(y) = Ly <r (k1 + k2¥*) + ka. Note that, according to (4.3),

2 2aky
EE(IX:1 1) = ——E{IX: 1| < r}lIXq 1> = ———,
aBs B2
r? Ol,B +2)/ 2 — ko 20()/
Em(IX:]) = ——E{IX; | < r}+ —"E{X;]| < r}IX; |2 + —— = =,
ky kya B, K B,

so E[£(|IX1]1) + km(||X1]])] = 0. Since also E€%(||X;]|) < oo and Em?(||X;||) < oo, it follows from Lemma 5 in [10] that
the sum on the right-hand side of (A.25) is asymptotically normal with mean zero and covariance matrix o1(I + Cyx) +
o, vec(I)vec(l)’, where

_ ECAX)
k(k+2)
2= sl +Em* (X)) + %EZ(Hxln)m(”Xl -
k(k + 2) P
If we fill in the expressions for £(||X;]|) and m(||X;]]), we get
2
K3 \
= o o Elix=n IX
7 k(k+2) I<r X1l

2
k3 2 2K9K3 4

=\ 2 ) Bl < 1X
7 (k(k+2)+’(2+ K ) i<y Xl

2
+ (2(K1 + k4K + EKa(Iﬁ + K4)> EL g, 1 <ry 1X1 112 + k1 (k1 + 260)EL 1, <1y + K -

Substituting the expressions for «1, k>, x4 given in Corollary 4.3 together with (4.3) and (4.4) proves (iii). For part (iv), note
that

E [MLpzn IXi + AaLy<n + 23] = Akya? + Aoy + 43 = 0.

Therefore, from the expansion given in Corollary 4.1, it follows that ,/n(p, — r/«) is asymptotically normal with variance

2
O—/? =E ()‘1]1{\\Xillfr) ||Xl||2 + )‘Zﬂ{l\xi\lsr} —+ A3)
= )\%E]l[”)(iufrl”Xi“4 + )\.1()\,2 + )\3)IE]]‘{HX{H§r}”Xi”2 + )\2()\2 + )\'3)E1[”Xiusr] n )\g

Substituting the expressions for A;, A3 given in Corollary 4.3 together with (4.3) and (4.4) proves (iv). Finally, for part (i),
first note that, according to Theorem 5.1 in [3], ii,, X and p, are mutually asymptotically normal. Hence, it suffices to prove
that the quantities considered in part (i) are asymptotically uncorrelated. However, this follows directly from the expansions
given in Corollary 4.1 together with the symmetry properties of spherically symmetric densities. O

Proof of Corollary 4.3. According to Theorem 1 in [2], the MCD functional 6y = (w9, 10, o) as defined in (2.6) is unique,
and since P has a density, all conditions of Theorem 5.2 in [3] are satisfied. It follows from this theorem that the influence
function for the functional ® (P) = (u(P), I'(P), p(P)), where I'(P)* = X (P), is given by

IF(x; ©,P) = —A"(6p) "W (x, 60), (A26)

where ¥ is defined in (2.7). The expressions for IF(x; i, P) and IF(x; p, P) follow directly from (A.22). To obtain the influence
function for the covariance functional, first note that, according to the continuity of the MCD functional, I"(P; x) — I'(P) =
al,as ¢ | 0, where P, x = (1 — )P + &6y. This means that

Z(Pey) = Z(P) = (I'(Peye) + I'(P))(I'(Pex) — I'(P)) = 2a(I" (Pe.x) — I'(P)) + 0(e).
It follows that
IF(x; ¥, P) = 20 - IF(x; I", P) = =2 [D™], ¥ (x, 60).

The expression then follows from (A.24). O
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