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Résumé

An elementary proof is given that the projection from the space of all symmetric p X p matrices
onto a linear subspace is positive if and only if the subspace is a Jordan algebra. This solves a problem
in a statistical model.
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1. Introduction

The result of the paper gives a solution to a problem in a statistical model. In [7,
Theorem 3.1], it was proved that the orthogonal projection of the set S, of symmetric
p X p-matrices onto a Jordan subalgebra M is a positive projection (the ‘if part’ of
Theorem 1), and a conjecture of the opposite statement was presented (the ‘only if part’ of
Theorem 1). The concept of a Jordan algebra goes back to Jordan [8]; see also [1,5].

It turns out that the validity of the conjecture follows from a more general result in [2,
Theorem 1.4]. And in fact, the conjecture follows directly from the inequality of Kadi-
son [9] in the finite dimensional case; see Remark 1. For further information, see [4,10].
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Although the theorem seems to be well known (Stgrmer, personal communication), we
have not been able to find the theorem explicitly stated in the literature. Concerning the ‘if
part’ it is proved in [2, Lemma 2.3] that the orthogonal projection is positive if M is a spin
factor, and our proof of the ‘if part’ in the general finite dimensional case is essentially the
same.

We shall present an elementary proof also of the ‘only if part’ of Theorem 1. A major
step is the reduction to the commutative case. Our proof is furthermore based on the
concept of an hyperorthogonal p-tuple of vectors in R” (Definition 1, see also Theorem 2
in the closing section of the paper).

We thank Professor Erling Stgrmer for valuable comments to the manuscript.

2. The main result

For given p € N we denote by S, the linear space of all symmetric p x p matrices with

real entries. The dimension dimS, = N equals % p(p + 1). An inner product on S, is
defined by

(A, B) = Tr(AB) = Tr(BA), A,B € S,.

Consider a (linear) subspace M of S, containing the unit matrix / = (&;;), and write
dim M = m (<N). By Ppq we denote the operator of (orthogonal) projection from S,
onto M. The positive cone S;‘ consists of all positive semidefinite matrices in S,,. We say
that P is positive and write Prq > 0if PAq(S;) € S, that is if

Pym(S) € S;’ forevery S € S;. €))]

Theorem 1. Py > 0 holds if and only if M is a Jordan algebra, that is, A> € M for
every A e M.

This is obvious for m = 1 because, on the one hand, 12 = I € M, so M is Jordan,
and on the other hand, Px4(S) = p~ ' Tr(S)I € S[',“ if § e S[“,L. Henceforth we assume that
m > 2 and hence p > 2.

For any matrix S = (s;;) € S, we denote by S(x),x € RP, the quadratic form
associated with S:

p
S(x) = Z sijxixj, x=(x1,...,xp) € RP.
ij=1

The condition Ppq > 0 is then characterized as follows.

Lemma 1. Let (Ay, ..., Ay) be an orthonormal base of M. Then Py > 0 holds if and
only if

D A AK(y) =0 forx,y e RP. )
k=1
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Proof. For S € S;; write

S = Xp:)»iE,',
i=1

where A; > 0 are the eigenvalues of S, and E; are pairwise orthogonal 1-dimensional
projections. This spectral decomposition of S shows that it suffices to verify (1) for all
1-dimensional projections S. Any 1-dimensional projection has the form

E = (xixj)i j=1,...p

where x = (x1,...,xp) € R” has norm |x| = )cf+~-~+x[27 = 1. Note that
PM(E) = Y 4L Tr(AE)Ay. For any A = (a;j) € S, we have

p
Tr(AE) = Zaijxixj = A(x).
k=1

It follows for y € R? that

PM(E)(y) = ) Tr(AE)Ak(y) = ) Ar(x) Ax(y), 3)
k=1 k=1

which indeed is >0 for all rank 1 symmetric matrices £ = (x;x;) (x € R”) and for all
y € R?, if and only if (2) holds. O

3. An elementary result

Proof of the ‘if part’ of Theorem 1. Supposing that M is a Jordan algebra (and that
m, p > 2) we shall prove that P4 > 0. For given S € S;‘ the projection Ppq(S) €
M C S, is determined by

Tr((S — Pm(S))B) =0 forall B € M.
When M is Jordan and A € M we may take B = A? to obtain
Tr(APp(S)A) = Tr(Ppg(S)A?) = Tr(SA?%) = Tr(ASA). 4

This leads to Pa(S) € S[‘,“ as follows.

Let Pp(S) = U 'AU where U € O(p) is an orthogonal matrix and A =
diag(A1, ..., Ap) is the diagonal matrix of eigenvalues of Pa((S), Ay = --- = Ay being
the smallest eigenvalue of PyqS and of multiplicity d. If A; were the only eigenvalue
of Pp(S), that is if d = p, then Ay > 0, for if Ay < 0 then Pp(S) = X1/ and
hence Tr(APr(S)A) = MmTr(A%) < 0 for non-zero A € M (for example A = I),
in contradiction with (4) because Tr(ASA) > 0 (since S € S;‘). Thus actually d < p.

Let L be the Lagrange interpolation polynomial over R given by

X =Aag1) - (X = 2p)

L(X) = .
(A1 = Ag+1) -+ - (A1 — Ap)

&)
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Then L(A1) = 1 and L(Aj) = 0,j = d + 1,..., p. Because M is Jordan and
contains / we have U"'L(A)U = L(U'AU) = L(Pap(S)) € M, and by (4) applied
toA=U"'L(N)U

0<Tr(U'LLHUDYSWU'L(DHU)) = Tr(U'L(DHUYU AU WU L(A)U))

)4
= Tr(U ™' LY AL(N)U) = Te(L)AL(A) = D (LG)) A = dAy.

i=1

Since the smallest eigenvalue A; of Ppq(S) = U~!AU is non-negative, it follows that
Pp(S) € S[‘,". ]

For the proof of the ‘only if part’ of Theorem 1 we begin by reducing it to the case
where M is commutative, by application of the following expression for the projection on
the intersection of two (not necessarily orthogonal) subspaces of R”.

Lemma 2. Let P and Q be two subspaces of a finite dimensional Hilbert space H, and let
P and Q denote the operators of orthogonal projection from H onto P and Q, respectively.
The operator R of orthogonal projection on R := P N Q is then given by

Rx = lim (PQ)"x = lim (OP)"x, x € H.
n— o0 n— 00

Proof. Write x = y + z with y € R and z € R*. The restrictions P’ and Q' of P
and Q, respectively, to R+ are the orthogonal projections from R onto P & R and
Q & R, respectively, and these two subspaces of R+ have only 0 in common. In terms

of the operator norm || - || it follows that ||P'Q’|| < 1, for if ||P’Q’|| = 1 there would
exist z € R+ with z # 0 and |[PQz| = |P'Q'z| = |z|. It would then follow that
lz] = |PQz| < |Qz| < |z| hence that |PQz| = |Qz|, and so Qz € P and of course

Qz € Q. Thus Qz € R and also Qz = Q'z € R*, so Qz = 0, in contradiction with
|PQz| = |z| # 0. This shows that indeed ||P'Q’|| < 1, and since y € R = PN Q we
obtain PQy = Py = y and hence

(PO)'x=(PO)'y+(PQ)'z=y+ (P'Q)'z—>y=Rx asn—o0. O

Proof of the ‘only if part’ of Theorem 1. Supposing that Pry > 0 (and dim M =
m > 2) we shall prove that the (linear) subspace M of S, is a Jordan algebra. Denote by
D, the subspace of S, consisting of all diagonal p x p matrices, and by D;‘ =D,N S;‘
the positive cone in D,,. For any subspace N of S, let Ny = N'ND,, denote the subspace
of NV consisting of all diagonal matrices in N. As before, P4 denotes the projection from
S, onto M, and we write Pyq > 0 if PM(S;) C 8;.

In particular, for any S € Sp, Pp,(S) is the diagonal matrix S; formed by the diagonal
entries of S. Clearly, PDP > 0. Furthermore, M, is Jordan if M is so. It is therefore to be
expected that

Paqr >0 implies Py, > 0. ©6)

And this is indeed the case because My = M N D, and hence by Lemma 2 applied to
H=S,
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Pat,(S) = lim (P Pp,)"(S) € Sy forany S € S,

S being closed in S,.

Now suppose that the remaining ‘only if part’ of Theorem 1 has been established for the
particular case that M consists solely of diagonal matrices (this is essentially equivalent
to M being commutative). For an arbitrary subspace M of S, let A € M be given, and
let us prove that A> € M. There is an orthogonal matrix U € O(p) such that U1 AU is
diagonal. Then U ~!' MU is a subspace of U_lSpU = S, containing . For any S € S;‘
the projection §" = Py-1,y(S) satisfies USU™' = PyUSU™Y) € S;; because
Py > 0and USU™! € S;;. Thus S’ € S;, and so Py-1 4y > 0. It follows by (6)
applied with M replaced by U~' MU that Py-1pmu)y, = 0. By hypothesis, U~TMU)4
is therefore Jordan, and consequently the diagonal matrix U~'AU € (U~'MU) has the
square (UTAU)? = U 'A2U € (U"'"MU); C U " MU, that is A2 € M, as claimed.

For the completion of the proof of the ‘only if part’ of Theorem 1 it thus remains to
show that if M denotes a subspace of S, consisting entirely of diagonal matrices (that is,
if M C D)) and if Poq > O then M is Jordan. The restriction of Py from S, to D), is
of course likewise positive. Furthermore, D, = R” when we identify a diagonal matrix
diag(sy, ..., sp) € D, with the vector (s,...,s,) € R”. From now on we therefore
change the previous notation by replacing M C D, with M C RR” and by replacing
(Dp)+ with R‘i, the positive cone in R”. Denote by M- the orthogonal complement of
M in RP. As before, dimM = m > 2, and we now write dim M+ = n, whereby
m +n = p. Theorem 1 is trivial for M = R”, and we may therefore assume that n > 1
and hence p > 3.

Consider an n x p matrix whose rows b; = (by1, ..., bp) are linearly independent
vectors in M=L. The corresponding columns are denoted by v; = (v;y, ..., Vi), Where
vj; = by;. For any vector s = (s1, ..., sp) € M we have

p P
(s.b) =) sibii =Y _sivy=0 forle{l,....n},
i=1 i=1

that is,
p
Zs,»vi=0 forevery s = (s1,...,5p) € M. 7
i=1
Now suppose that (by,...,b,) is even an orthonormal base of ML, Extend the
normalized identity vector
1
ag=—(U,....,)eM
NI
to an orthonormal base (ay, ..., a,,) for M, and write
aj = (akl,...,akp) GRP, k e {1,...,m}.
We then have the orthonormal base (ay, . . . , dm, b1, - . . , by) for M@® ML = RP. Consider
the orthogonal p x p matrix {2 withrows ay, ..., an, b1, ..., b,. Fori € {1, ..., p} write

ui = (aii, ..., ami) € R, vi = (bii, ..., bpi) € R". 8)
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The i’th column of {2 is formed by u; followed by v;,i =1, ..., p. Then
(u,-,uj)—l—(vi,vj):Sij, i,jell,...,p},

and hence by Lemma 1 applied to Ay = diag(ax1, ..., axp) and to x = e;, y = e; (where
ey, ..., e, denote the standard basic vectors in R?), noting that A (e;) = ay;:
m m
— (v, vj) = (ui, uj) = Zakiakj = ZAk(ei)Ak(Ej) >0 fori #j. ©
k=1 k=1
Thus the p-tuple (vi, ..., v,) in R" is hyperorthogonal in the following sense.
Definition 1. Let p,n € N. A p-tuple (vy,...,vp,) of vectors in R" is said to be
hyperorthogonal if (v;,v;) < O for any distinct i, j € {1,..., p}, that is, if the angle

between any two distinct non-zero v; and v; (if there are such) is no less than 7 /2.

Thus the vectors v; are neither required to be distinct nor to be non-zero. However, the
non-zero vectors v; must clearly be distinct, and at most two of them can be real multiples
of the same vector. Any orthogonal p-tuple is of course hyperorthogonal. The 2n-tuples of
non-zero hyperorthogonal vectors in R” are explicitly described in Theorem 2 at the end
of the paper (but that description is not used in the present proof).

Lemma 3. For any subspace M of RP, the projection from RP onto M is positive if and
only if the p-tuple (v1, ..., v)) from (8) is hyperorthogonal.

Proof. The ‘only if part’ of this lemma was established in (9) as a consequence
of Lemma 1. Conversely, suppose (vi,...,vp) is hyperorthogonal, that is by (9),
ZZL] axjarj = Ofori, j € {1,..., p}, the case i = j being trivial. It follows that

m

m P
Y AWA() = ) (Zakiakj) xfy; 20
k=1

i,j=1 \k=1
for x, y € R”, and this implies Py > 0, again by Lemma 1. [
Returning to the proof of the ‘only if part’ of Theorem 1, the hypothesis is that

(v1, ..., vp) is hyperorthogonal. Not all v; can be O because the corresponding rows b;
are normalized and in particular non-zero. We may therefore assume for example that
v, # 0. By projecting vy, ..., v, onto (Rvp)J- within R"” we obtain another p-tuple
(v}, ...,v;) in R”, whereby v; = 0. Put w = v,/|vp|. Then v; = v; — (v;, w)w and
v} = v; — (vj, w)w, and for distinct indices i, j € {I,..., p — 1} we have (v;, v;.) =
(vi, vj) — (vi, w){v;, w) < 0, because (v;, v;) <0, {v;, w) <0, and (v;, w) < 0. Hence
the (p — 1)-tuple (v}, ..., v;_l) is hyperorthogonal in R", and so is therefore the p-tuple
(v}, ..., v)) because v/, = 0. From (7) we get by projection on (Rv,)*

P

Zsivlf:O for every s = (s1,...,sp) € M. (10)

i=1

If (v, ..., v;_l) # (0,...,0) in R", say v;_l # 0, we project the hyperorthogonal p-
tuple (vy, ..., v},) (where v}, = 0) onto (Rv}kl)L within R” and obtain a hyperorthogonal
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p-tuple (vy, ..., v}) in R". Note that v;_l = v}, = 0. This process of repeated projection
ends after at most p — 1 steps with a hyperorthogonal p-tuple (z1,...,zp) # (0,...,0)
in R", say with z; # 0, such that the projections of zy,...,z, on (Rz j)J- are all zero.
Hence there are numbers ¢; € R such that z; = ¢;z; fori # j. Asin (10) we obtain

)4
Zsiz,-zO for every s = (s1,...,5p) € M. an
i=1
Since the p-tuple z1, ..., z, is hyperorthogonal, the inequality ¢; # 0 holds for at most
one index i # j. Actually, ¢; # 0 holds for precisely one index i # j in view of (11)
applied to s = (1, ..., 1). For simplicity of writing we assume that this index i is 1 and
that j =2.Thenz3 =0, ...,z, = 0and (11) reads s1z1 + s2z2 = 0 for every s € M. For
s =(1,...,1) this becomes z; + zo = 0. Since (z1, z2) # (0, 0) it therefore follows from
(11) that

sy =52 foreverys =(sy,...,5p) € M. (12)
Defining the injective linear map T = (71, ..., T)p) : RP~! — RP by
T(x1,x2, ..., xp—1) = (X1, X1, X2, ..., Xp—1)

we thus have M C T(RP~!), and the pre-image N = T~!(M) is a subspace of RP~!
and is mapped bijectively by T onto M. We show that Ppq > O implies Ppnr > O (this is
to be expected because N obviously is Jordan if M is so). Since dim N = dim M = m
we have dimAN~+ = p—1—m = n—1. Letb], ...,b:_l be an orthonormal base
of N1 (cRP~1), and write in coordinates bf = (b}, ..., bf p—l)' Define new vectors
by = (0,0}, ..., bl*,p—l) forl € {1,...,n — 1}. Clearly, (b;, T (s)) = (b}, s) = 0 for any
§=(851,.-.,8p-1) e N, thatis, for T(s) € M, andso b; € ML forl e {1,...,n—1}.

Like the b} in N L, the b; form an orthonormal (n — 1)-tuple in M=, and since
dim M = n an orthonormal base of M is obtained from (b1, ..., b,_1) by adjoin-
ing a single normalized vector b, = (by1, ..., byp) € Mt orthogonal to by, ..., b,_1. By
Lemma 3 the new (column) vectors v; = (by;, ..., byi), i € {1, ..., p}, cf. (8), satisfy (9),
that is

(v, Uj) =b1ib1j +~-~+bm'bnj <0 fordistincti, j € {1,..., p}. (13)

For j = 1 andi > 1 this implies that b,;b,1 < 0 since byy,...,b,—1,1 =0.

Suppose first that b,; = 0 and hence b;; = 0 for all/ € {1, ..., n}, which means that
the first basic vector e; = (1,0, ..., 0) in R” is orthogonal to by, ..., b, and thus belongs
to M+L = M in contradiction with (12).

Hence b, # 0 and it follows from (13) with j = 1 that b,; fori € {2, ..., p} all have
the same sign (if unequal to 0), and hence b,;b,; > 0 for (distinct) 7, j > 1. Corresponding

to (8) (now with p replaced by p — 1) we define
v =Y by 1) = briv1, oo bao1it1) € R

fori € {1, ..., p — 1}. Consequently,

(v, v}) = (Wit1, V1) — bnjit1bn,jp1 <0
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for distinct i, j € {1, ..., p—1}, and the (p —1)-tuple (v}, ..., v;_l) on R"~! is therefore
hyperorthogonal along with the new p-tuple (vy, ..., v,) in R". According to Lemma 3
this shows that indeed Pxr > 0. By induction with respect to p we may again assume that
the ‘only if part’ of Theorem 1 holds when p is replaced by p — 1. Thus N is Jordan, and
so is therefore M = T(N). O

Remarks.

Remark 1. As in [2], the proof of the ‘only if part’ can be obtained right away by the
inequality of Kadison [9], which asserts that if the orthogonal projection P, is positive,
then

Pr(A%) > (PAp(A)? forevery A € S,. (14)
For if A € M, then Py((A) = A and Py(A?) > A2. Since

Tr(Pap(A?) = (Ppq(A%), ) = (A%, ) = Tr(A?)
it follows that A2 = Ppq(A?) € M.

As noticed by Kadison [9, p. 500], the inequality (14) is the ordinary Schwarz inequality
in the commutative case.

Remark 2. Let H, denote the R-linear space of all hermitian p x p matrices with complex
entries. In a natural way, H , is a Jordan subalgebra of S;,. Hence the orthogonal projection
of Sy, onto H, is positive, and a complex version of Theorem 1 is obtained for a real
subspace M of H,,.

The representation of a Jordan algebra as symmetric p x p-matrices with real entries
is given in [6], and based on this representation an explicit expression of the orthogonal
projection is obtained.

In the special case of a spin factor the same representation is given by Jacobson [5].

Hyperorthogonal p-tuples on the unit sphere in R".

We propose to determine all hyperorthogonal p-tuples (see Definition 1) of non-zero
vectors, or just as well of normalized vectors, in R”, in the particular case where p = 2n.
Let X, denote the unit sphere in R” (n > 1), and d the standard distance on X,.
Hyperorthogonality of a p-tuple (vi,...,v,) on X, then amounts to d(v;,v;) > /2
for distinct i, j € {1, ..., p}. Every l-tuple is of course hyperorthogonal, so we assume
that p > 2.

A pair (v, v2) of points of Y}, is termed an antipodal pair if vi = —v;, in other words
ifd(vy, v) =m.

Theorem 2. (a) Every hyperorthogonal 2n-tuple on X, consists of n mutually orthogonal
antipodal pairs. In other words, every hyperorthogonal 2n-tuple is obtained from an
orthonormal base (vy, ..., v,) for R" by adjoining the opposite base (—vy, ..., —vp).

(b) There exists a hyperorthogonal p-tuple on X, if and only if p < 2n.

Thus, for n = 3, the only hyperorthogonal 6-tuple on the 2-sphere X3 consists of
the vertices of a regular octahedron inscribed in the unit ball in R3. For an explicit
determination of all hyperorthogonal p-tuples on X, for arbitrary p < 2n, see [3].
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Proof of Theorem 2. For n = 1, (a) is obvious, so assume that n > 2. For the inductive
proof suppose that (a) holds for smaller values of n.

As shown in the paragraph containing (10) the orthogonal projection of (v, ..., v2,—1)
on (Ruvy,)"t is a hyperorthogonal (2n — 1)-tuple (vi, R vén_l). At most one of the
vectors vi, ..., vp,—1 could be proportional to vy,. Therefore, at most one of the vectors
v}, ..., vy, ; is 0. We may assume for example that v; # Ofori =1,...,2n —2.

Letw; = v;/|lvjll,i =1,...,2n—2.Then (wy, ..., wz,—2) is a hyperorthogonal 21 —2
tuple on the ‘equator’ X* = X, _| corresponding to the ‘pole’ vy,:

Y¥={xe X, dx,vy) =mr/2}. (15)

By induction, this hyperorthogonal (2n — 2)-tuple consists of n — 1 mutually orthogonal
antipodal pairs, say (wi, wy),..., (Wy—1, wWy—2), where (wi,wy,...,w,—1) 1S an
orthonormal base for (Rvp,)+ and —w; = Witn—1, i =1,...,n— 1.

Since (vj, ;,v) < Ofori = 1,...,2n — 2, it follows that (v}, |, £w;) < 0 for
i = 1,...,n — 1 and therefore that vén_l = 0. Since (vy,_1,v2,) < 0 it follows
that vo,—1 = —wy,, and (v;, £vy,) < Ofori = 1,...,2n — 2. Thus (v;,vy,) = 0
fori = 1,...,2n — 2, and (v,...,v2p-2) = (V],..., V), ,) = (W,..., W2_2),
and it follows that (vy,...,v2,) = (Wi, ..., Wa—2, V2y—1, V2,) consists of n mutually
orthogonal antipodal pairs.

The ‘if part’ of (b) is of course a consequence of (a). For the ‘only if part’ of (b),
suppose that (vy, ..., v2,+1) is an hyperorthogonal (2n + 1)-tuple of normalized vectors
in R". According to (a) we may suppose that (vy, ..., vy,) is as described in (a) (the latter
description). Then (v2,41, £v;) < 0 fori < n, and so vy, is orthogonal to each v;, in
contradiction with |v,41| = 1. This completes the proof of Theorem 2. [J
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