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1. Introduction

Let 44, (n) be the class of functions of the form

o0
f@ =2+ a7, @eN={1,2,3.)
j=p+n
which are analytic in open unit disk
U={z:zeCand|z| < 1}.
In particular,

A1(n) = A(n).
A function f (z) € Ap(n) is said to be starlike of order « in U if and only if it satisfies the condition
zf'(2) }
Re >a (zeU; 0<a <p).
{ f@)

We denote by 47 (n, ), the subclass of 4, (n) consisting of all functions f(z) which are starlike of order @ in U and in
particular, 87 (n, 0) = $*(n, 0) and 47 (1, 0) = $*.

A function f (z) € » is said to be convex of order « in U if and only if it satisfies
zf"(2)
f'@

Also we denote by C,(n, «), the subclass of 4, (n) consisting of all functions f(z) which are convex of order « in U and
in particular, C;(n, 0) = €(n, 0) and C;(1, 0) = C.

Re{1+ }>a (zeU;0<a <p).
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2. Conditions for starlikeness of order o

We need the following lemma due to Mocanu ([1]; see also [2]) in order to consider the starlikeness of order « for

f@) € Ap(n).

Lemma. If f(z) € 4(n) satisfies the condition
n+1

4 _1 -
e eI

(ze U, neN),

then
f(z) € 8*(n, 0).

Theorem 1. If f(z) € A, (n) satisfies

f@)\ 7 i f'(z) aop) n+1 B
() (50 ) el < e eev

for some real values of «(0 < o < p), thenf(z) € /S;(n, o).

Proof. Let us define a function h(z) by

h(z):<f<z>)ﬁ Ly T,

ad p—«o
for f(z) € A,(n). Then h(z) € A(n).
Differentiating (2.1) logarithmically, we find that
Wz 1 [f’(Z) a]

hz) p—olf@ 2z

which gives

1
p—«

(fo) (2D o) pra
z f@ .

Thus using the condition given with the theorem, we get

(@) —1| =

n+1
Vin+1D2+1

Hence using the lemma, we have h(z) € $§*(n, 0).
From (2.2), we infer that

zh'(z) 1 (zf’(z)_a>
hz) p—a\ f@2) '

W@ —1| < (z € U).

Since

h(z) € §*(n,0) = R Zh%z)) 0
(2) € n,0) = e(h(z) > 0,

therefore from (2.5), we get
! ke (zf @) _a> —Re (Z’“(Z)) -0,
pP—« f@ h(z)

Re (ié?) >a 0<a<p, zel).

Thus f(z) € Jg(n,a). O

or

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Theorem 2. Let a function h(z) be defined by

h(z) = (f(z))lﬁ’ O<a<p,zel)

ZO[
for f(z) € Ap(n). If h(z) satisfies
n+1

v+ 1)2+1

thenf(z) € 5;(11, o).
Proof. From (2.1), we have h(z) € A(n). Also

/ ’ h’ (t)dt

] A
[ I (0e)|dp
n+1

< —_—
T+ D2 +1

n+1

- Vin+1)2%+1

Ih"(2)] < (zeU, 0<a<p),

(@)~ 1| =

IA

|z| (by the given condition (2.7))

(neNzeU).

This shows that h(z) satisfies the condition of lemma. Thus h(z) € §*(n, 0), which leads to f (z) € 5;(n, o).

Setting « = 1/2 in Theorems 1 and 2, we obtain the following results.

Corollary 1. If f(z) € A,(n) satisfies

fz)\*@" '@ 1 20 1
() (e %) s

(n+DEp—-1
<

2/ (n+1)2+1

thenf(z) € 5;(n, 1/2).

Corollary 2. Let f(z) € A,(n) and a function h(z) is defined by
h(z) = (igﬁ)z/(zp ! (zeU,peN).
If h(z) satisfies
n+1)
Jin+1)2+1

thenf(z) € /S;(n, 1/2).

In(2)| <

(zeU,peN),

1995

(2.7)

(2.9)

Remark. Putting p = n = 1in Theorems 1 and 2, we get Theorems 2.1 and 2.2 established recently by Uyanik et al. [3].

Further for « = 0, Theorem 1 gives a Lemma 2.1 by Mocanu [4].

3. Conditions for convexity of order o
In this section we obtain conditions for f (z) € +4p(n) to be convex of order o in U.

Theorem 3. If f(z) € Ap(n) satisfies

1

} '@+ (1~ @] ~p+a| < TP

Vin+ 1241

4 o+1—
{ (f'@)* zeU)

pzP~!

forsomereala(0 < a < p), thenf(z) € Cp(n, o).
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Proof. Let us define a function h(z) by

_ O\ p4m
hg)_l Qﬂ4> E=2t e ™ T G2

Further, let

1
/Z —a
f()) =74 P+n ap+nzn+1+“_. (33)

s =i =2 (5 o

Obviously h(z) and g(z) € A(n).
Now

f'@ )

pzP~!

g(Z)zZ(

Differentiating logarithmically, we find after some computation that

’ a+1—p ﬁ 1
g2 = { ren” } [z @ + (1 - )f @],
pz p—«
or
1
’ 1 f'@)ettP e, , n+1
lg'@) — 1| = T a { = } [#"@+ 0 -—a)f @] -p+a| < W (z € V).
Therefore, application of the lemma gives us that
g(z) =zh(2) € 8*(n,0) = h(z) € C(n, 0).
Since
zh" (2) 1 zf" (2)
= —(p—1y, 34
@ ~ p-a { o P )} G4
therefore
' @2)\ 1 B zf"(2)
Re<1+ e > _Re|:p_a (1 o+ e )} (zeU, 0<a<p)
which imply that
Re (1 —o+ Zf%z)) >0 (ash(z) € C(n,0))
p—o (@)
or
zf"(z)
Re <1 + 5 ) > . (3.5)
It follows from above that f (z) € C,(n, ). This completes the proof of Theorem 3. O
Theorem 4. If f(z) € A, (n) satisfies
s (F@HNTE =1 (@ \7 | p-a)@+ D)
ro(To) -0 () “Warnirt oY 36

forsomereal(0 < a < p), thenf(z) € Co(n, a).

Proof. Let

() \ e
h(z)=/0 (ptpl) dt. (3.7)
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Then
1
' —a
zhW(z2) =z <f @ > .
pzi~!
Further, suppose that g(z) = zh’(z). Then we obtain
p +n n+1
Z) =24+ ———0ppZ coo € AN
gD =7+ o g™ (n)

and

lg'@) — 1] = |W(@2) +zh"(2) — 1]
< |W(@) — 1]+ |zh" (2)]

V4
/ R’ (t)dt
0
1 1

L, (FOTTNTE o= 1) (F(©) P
Sfo p—a f(t)( ptr-1 ) o (pt”*‘> a
f/(Z)1+°‘P)"1“’ -1 (f/(z) )

pzP~!

+ 121" (@)]

) f”(Z)<
p—a

n+1)

E S —
v+ 1241
n+1)
-
V412 +1
Thus, using the lemma, we obtain that g(z) € 8*(n, 0) that is
zh' (z) € 8*(n, 0).
This means that h(z) € C(n, 0). Consequently, we infer that
f@)ec(n o). O

4

(z € V).

Setting @ = 1/2 in Theorems 3 and 4, we get the following corollary.

Corollary 3. If f(z) € A,(n) satisfies

n+1D2p—-1)

Jn+1D2+1

’ (3/2)—
{(f(z))l’ (zeU,peN),

2
2p—1
- } 24" @ +f @1 —2p+1| <

thenf(z) € Gy(n, 1/2).

Corollary 4. If f(z) € A,(n) satisfies

el),

£ (2) <<f’<z>><3/2>—P)2fl e (f/(Z) > _ @4n@p-1
per- 2 \pzr INICESV=Y
thenf(z) € Cy(n, 1/2).
Putting p = 1and e = 0 in Theorem 4, we have the following corollary.
Corollary 5. If f(z) € 4(n) satisfies
n+1)

2)/(n+ 12 +1

then f(z) € C(n, 0).

f"(@@)] < (z e,

1997

(3.11)

(3.12)

(3.13)

(3.14)

Remark. Settingn = p = 1inTheorems 3 and 4, we get Theorems 3.1 and 3.2 obtained recently by Uyanik et al. [3]. Further

for « = 0, we get a result by Nunokawa et al. [5].
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4. Generalized Alexander integral operator

For f(z) € Ap(n), define

_ z f(t) 4 _ Y n+1

Here note that g(z) € 4(n), and for p = 1and y = 1 we obtain the well-known Alexander integral operator [6].
Our next theorem provides us the sufficient conditions for starlikeness for the generalized Alexander operator.

Theorem 5. If y > :; and f (z) € Ap(n) satisfies

¢@) [Zf/(z) - ]’ «— "l Gev (4.2)
27+ | f(2) 2/t 2+ 1
then f(z) € /X; (n, 0).
Proof. From (4.1), we get
g = (g?)y . (4.3)

Now, differentiating (4.3) logarithmically and multiplied by ‘z’, we get

'@ _ [Zf/(Z) B } (4.4)
g'@) f@
Therefore,
vl — o | F@) [Zf’(Z) 3 ” n+1 U 45
e T [EPW e B (42)

Since g(z) € A(n), therefore by Corollary 5 we find that g(z) € C(n, 0)
From (4.4), we obtain

'@\ _ #f'@
Re<]+ g'@) ) B yRe( z p>+1

f@)
<Zf/(2) )
= yRe —pl+1>0, (g echn0))

2)
= Re(j{é?) >p— % >0, (zel

which proves that f (z) € 5;‘(11, 0).
Forp = n = y = 1in Theorem 5, we get a result recently obtained by Uyanik et al. [3, Theorem 4.1]. O
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