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Abstract

In this paper, we introduce a new inversion free variant of the basic fixed point iteration method for obtaining
a maximal positive definite solution of the nonlinear matrix equalion A*X 1A = Q. It is more accurate than
Zhan's algorithm (J. Sci. Comput. 17 (1996) 1167) and has less number of operations than the algorithm of Guo
and Lancaster (Math. Comput. 68 (1999) 1589). We derive convergence conditions of the iteration and existence
conditions of a solution to the problem. Finally, we give some numerical results to illustrate the behavior of the
considered algorithm.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

We consider the nonlinear matrix equation
X+A'XtA=0, (1.1)

whereA, Q e C"™*" with Q positive definite matrix. It is easy to see that the matrix equation (1.1) can
be reduced to

X+AXtA=1, (1.2)

* Corresponding author. Tel.: 00 966 6382 6148; fax: 00 966 6381 1569.
E-mail addressms4elsayed@yahoo.cof8.M. El-Sayed).
1 permanent address: Department of Mathematics, Faculty of Science, Benha University, Benha 13518, Saudi Arabia.

0377-0427/% - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2004.11.025


https://core.ac.uk/display/82039215?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/cam
mailto:ms4elsayed@yahoo.com

S.M. El-Sayed, A.M. Al-Dbiban / Journal of Computational and Applied Mathematics 181 (2005) 148—-1389

where/ is the identity matrix, se¢8,12]. This type of nonlinear matrix equations often arises in the
analysis of ladder networks, dynamic programming, control theory, stochastic filtering, statistics and
many applications, sd#&,6] and the references therein. The equation can be viewed as a natural extension
for the scalar equatiomn + a?/x = 1. This scalar problem is equivalent to equatiofx) = a2, where

»(x) =x(1— x). This equation has a positive solutierso that O< x < 1 if < maxe(x) = ¢ (%) The
equation can also be viewed as a special case of a discrete-time algebraic Riccati equation

0=Q+ F*XF — X — (F*XB+ A")(R + B*XB) " Y(B*XF + A),

whereQ is a positive definite matrix, s¢6]. The discrete-time algebraic Riccati equation can be reduced
to (1.2), by settingF =0, B =1 andR =0.

Eqg. (1.2) has been studied recently by several autfisss,7—13] Anderson et al[1] discussed the
existence of the positive solution to the matrix equation (1.2) with right-hand side an arbitrary matrix,
while Engwerda et al[2] established and proved theorems for the necessary and sufficient conditions
of existence of a positive definite solution of same matrix equation &k ifThey discussed both the
real and complex case and established recursive algorithms to compute the largest and smallest solutior
of the equation. Engwerd8] proved the existence of the positive definite solution of the real matrix
equation (1.2) and also found an algorithm to calculate the solution. El-Sayed&i1 8k13]obtained
necessary and sufficient conditions for existence of a positive definite solution of matrix equations with
several forms instant af ~! in (1.2). Zhan and Xig¢13] were proposed several numerical algorithms
for finding solutions for (1.2). Ii12], Zhan was proposed an algorithm that avoids matrix inversion for
every iteration called inversion free variant of the basic fixed point iteration.

Take Xo=Yp=1,
Xn+1:I _A*YnAa
Ypi1=Ya(2l — X,Y,), n=0,1,2 ... (1.3)

Guo and Lancast¢4] modified Zhan'’s algorithm (1.3) to find the maximal positive definite solutions of
Eg. (1.2) as the following:

Take Xo=Yp=1,

Yny1 =Y, 2l — XpYy),

Xpp1=1—A"Y,1A, n=012 ... (1.4)
He were gave more deep discussion of the convergence of the inversion free variant of the basic fixed
point iteration method for Eq. (1.2) than the algorithnjig].

The our goal of this paper is to discuss the matrix equation (1.2) with a new inversion free variant of
the basic fixed point iteration method.

Take Xo=Yp=1,
Y11+1:(1_Xn)Yn+I,
Xp1=1—A"Y,41A, n=0,12.... (1.5)

The suggested algorithm also avoid matrix inversion. Furthermore the algorithm requires only three
matrix multiplications per step, whereas Zhan’s algorithm (1.3) and Guo et al. algorithm (1.4) requires
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four matrix multiplications per step. We use the algorithm to obtain numerically the maximal solution of
Eg. (1.2) under some additional conditions. We obtain the rate of convergence for the sequence generatec
by our suggested algorithm. Some numerical examples are given to show the behavior of the considered
algorithm.

The paper is organized as follows. In Section 2, under some conditions on mavobtain the rate
of convergence of the iterative sequence of approximate solutions. Section 3 illustrates the performance
of the method with some numerical examples. Conclusion drawn from the results obtained in this paper
are in Section 4.

The following notations are used throughout the rest of the paper. The nofati@n(A > 0) means
thatA is positive semidefinite (positive definited; denotes the complex conjugate transposé,@nd’
is the identity matrix. Moreoverd > B (A > B) is used as a different notation far— B >0 (A — B > 0).
We denote by the largest eigenvalue af* A. The norm used in this paper is the spectral norm of the
matrix A, i.e.,||A|| = /p(AA*) unless otherwise noted.

2. Conditions for existence of the solutions

In this section, we introduce an inversion free variant of the basic fixed point iteration method to avoid
the computation of the matrix’s inverse for every iteration. We will discuss some properties of Eq. (1.2)
and obtain the conditions for existence of the solutions of Eq. (1.2).

We will prove that the sequend&,,} is monotone decreasing and converges to the maximal solution
X+.

Theorem 2.1. If Eg. (1.2) has a positive definite solution and the two sequerd&gg and {Y,,} are
determined by the Algorithr{iL.5), then{X,} is monotone decreasing and converges to the maximal
solutionX 4 . If matrix A is nonsingular an&,, > 0 for every nthen(1.2) has a positive definite solution.

Proof. First,wewillprovethal =Xo>X1>Xo>--- 22X, > X andI=Yg<Y1<Yo< - <Yy, ngLl.
SinceX, is solution of (1.2), i.e.,

Xy =1-A"X71A,
thenXg=1>X,.Also

X1=1—-A*"A>1 - A*X'A=X,,
i.e.,Xo>X1>Xy. For

Xo=1—A"Y2A=1—A*A — A*A% = X1 — A*2A2,

this implies toXo < X1, i.e., Xo> X1> X».
For the sequencg,,} we haveYo = Y1 = I and sinceX;*>1, then¥p = V1 < X'

Yo=Y1=I<Yo=(UI—-X)V1+1=A"A+1,

i.e.,Yg=Y1<Y>.
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We also have
Yo=( - X)Yi+I1<(I - X)X +1=X1
i.e., Y1 <Y2< Xt Concerning Xo}, we get
Xo=1—A"V2A>1 — A*X7PA =X,

e, Xo=>X1>2X2>X,.
That means that the inequalities are trueifes 0, 1, 2. So, assume that the above inequalities are true
forn =k, i.e.,

I=Xo2X12X02---2Xk 22X
and
[=Yo<V1<Yo< - <Y< X h
Now we will prove inequalities at = k + 1, then
YVipi=U - XV +1>2U — XD Y1+ 1 =Y.
We also have
Yipr=( — XY+ 1< = X)X + 1 =X
i.e., Y < Yk+1<X;l. Concerning the sequen¢k, }, we have
Xk — Xip1=A"Yiy1 — YA,
sinceYy41> Y, henceXy > X;41. Therefore,
Xip1=1— AV A>T — A" X TA= X,

e, Xk >Xp1> X4,

This completes the induction far=k + 1. Therefore] = Xo>X1>X2>--- > X, > X, andl =
Yo<Y1<Yo< - gYnngrl are true for allz, and lim,_. ., X, and lim,_, » ¥, exist. Taking limit in
the Algorithm (1.5) leads t& = X1 andX = I — A*X~1A. Moreover, as each, > X, thenX = X ..

If matrix A is nonsingular an&,, > O for everyn. Hence the above proof of the monotonicity{f, }
remains valid (monotone increasing). It follows that sequéigé is monotone decreasing and bounded
from below by the zero matrix. So, lifn, . X,, = X exists. SinceA is nonsingulary,, .1 = A™*(I —
Xn41) AL Thus lim,_ o Y, = Y exist. AsYp = I and{Y,,} is monotone increasing, > I. Taking limit
in the Algorithm (1.5) implies

Y=>U-X)Y +1,

X=1-A"YA. (2.1)
SinceY>1, X =Y 1>0, and henc& = I — A*X1A. So Eq. (1.2) has a positive definite solution.
O

Lemma 2.1. Assume that Eq1.2) has a positive definite solution arfjdi || < % then the sequend#’,}
satisfieq|Y, A|| < 1foreveryn =0,1, ... .
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Proof. SinceYg=Y; =1, itis clear thal|YoA| = ||[Y1A| < % < 1. ForYo we haveYo = (I — X1)Y1 +

I =A*A+ I, thus||Y2A| = | A*A? + A| <||A*A?|| + || A < 3 < 1. That is means that the inequality
holds forn = 0, 1, 2. So, assume that the inequality satisfiesk, i.e., || Yz A|| < 1. Now we will prove
inequality whem =k + 1.

Yer1A =[(I — XY, + T1A
=[(I — I — AV A)Yr + 1A
=AY AY A+ A. (2.2)

Then we get

1YV 1Al < |A*YAY LA + (A
<IA*IYZ A2 + A
<IA*I+ 1Al < 1. (2.3)

This completes the induction far=k + 1 and the lemma. O
We now establish the following result to obtain the rate of convergence for the Algorithm (1.5).
Theorem 2.2. If Eq. (1.2) has a positive definite solution afjdi || < % then the sequende, } satisfies
Y1 — XTHI<TAXTHIY, — X2, (2.4)
and
1Xn+1 = X I<IAIPNYS — X3, (2.5)

for all n large enough. If the matrix A is nonsingujave also have

I1Xns1 — X4 I <IXTFANIX 0 — X l. (2.6)
Proof.
Yn+l = —-X)Yy +1
= A*Y,AY, + I
=AYy + Xt - XTHAY, + 1
=A*(Y, — X7HAY, + A XTPAY 4+ Y, — Y+ 1
= A*(Y, — X7HAY, — (I — A* XA, + Y, + 1
= A*(Y, — X7HAY, — X4 Y, + Y, + 1. (2.7)
Then we get

X7 = Y= X 4+ AN = VDAY, + Xy Y, — Y, — 1
=(I = X)X = Y,) + A*(Y, — X7 HAY,
= A*XTPAXTE - V) + AY(Y, — XTHAY,, (2.8)
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i.e., we have

IXTY = Yol S NA*XTRANIX Y = Yol + A IAY I X2 = 1,
SUIXTAI 4 IAY DA XY = Yol (2.9)

Since lim., » ¥, = X%, then

1Yi1 — X <21A*IAX Y, — X322
<NAXTHNY, — X2 (2.10)

Then the inequality (2.4) is true. The second inequality (2.5) holds directly from the following equality.
Xpy1— X4 = A*(Xll — Yut1)A.
To prove the last inequality (2.6), we have from Eg. (2.8) the following:

X:t— Yo = AXTPAXT - V) 4+ AT — xTHAY,
= A*XTTAAT (AP X A — ATV, A AT (AT A - A XA,
= A*XTTAAT (X, — XA (X, — XY (2.11)

Therefore,

Xor1— Xy =A"(X{ =Y 0)A
= (A"2XTPAAT (X, — X4) + A*(X, — XY, A. (2.12)

Taking norm for the above equation, we get

X1 — X I <IAMPIX T AIA T IIX ) — Xl + AT YR AIX, — X4 |
SUXTHAN+ 1Y AIDIA* N X0 — X 4. (2.13)

Since lim.. o ¥, = X%, then

X1 — X 2AA X AN X0 — X4
<IXTANIX, — X7 (2.14)

Then the inequality (2.6) is fulfilled. O

We note that from the Algorithm (1.9) — X, Y,, = Y,,.1 — Y, — 0, asn — oo. Then one stopping
criterion may be|I — X, Y, || <e, for smalle > 0. The effect of the stopping criterion can be seen from
the following Theorem.

Theorem 2.3. If the Eq.(1.2) has a solution and after n iterative steps of the Algoritfind), we have
Il — X, Y, <eé, thus

1X, + A*X; LA — T <el AP XA
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Proof. Since,

Xo+ AX, A — I =Xy — Xy + AY(X, = Yas1)A
= A*(Yps1— YA + A*(X, t = Vi) A
=AY — X, + X, P = Y)A + AX, = Y 0)A
=A*X 1 = X, Y,)A. (2.15)

Take norm in both sides,

X, + A* X EA — T <IAIPIX I = X Yl
el AIZIXH. (2.16)

3. Numerical experiments

In this section the numerical experiments are given to display the flexibility of the new inversion
free variant of the basic fixed point iteration methods. The maximal solution are computed for some
different matricest with different orders. We will compare the suggested Algorithm (1.5) with Algorithm
(2.3) and Algorithm (1.4). The numerical experiments were carried out on an IBM-PC Pentium IV
2000 MHz computer. Double precision is used in the following calculations. The machine precision
approximately 111022 - 1016, For the following examples, we use the practical stopping criterion
X +ATXx1A—1|| <1016

Example 3.1. Consider Eq. (1.2) with normal matrix

02 -01 -05 01
~1|-01 06 -05 07
~ 32| -05 -05 01 08

01 07 08 05

A

For this matrix the spectral norm|jigi || =0.0412375. The exact maximal solution can be found according
to the formula

Xp =311+ 447 4)Y3,

which is valid for any normal matri¥ with || A|| g% (se€[13]). Therefore the exact maximal solution is

0.999697 —0.234558 103 0.195301- 104  0.391194 103

. _ | —0.234558 103 0.998915 —0.254492. 103 —0.352352. 103

7| 0195301 104 —0.254492 103 0.998876 —0.784171. 104
0.391194- 103 —0.352352. 103 —0.784171. 10 0.99864

Algorithm (1.3) needs 9 iterations to find the above maximal solution, Algorithm (1.4) needs 5 iterations
and the suggested algorithm needs 5 iterations as Algorithm (1.4) but the number of operations is less
than Algorithm (1.4).
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Example 3.2. We consider Eq. (1.2) with nonnormal matrix
1 (0.2 —-0.1 04 )
A=—107 06 -05].
100304 08 06

For this matrix the spectral norm jisA|| = 0.00796591. We will obtain the maximal solutidf, (with
first fifteen digits) by any iterative algorithm. Therefore the maximal solution is

0.999931 —0.72008- 104  0.299962- 10 °
Xy = (—0.72008- 104 0.999899 —0.140023 10—4) )
0.299962- 10° —0.140023 104 0.999923

Algorithm (1.3) needs 5 iterations to find the maximal solution, Algorithm (1.4) needs 3 iterations and
the suggested algorithm needs 3 iterations as Algorithm (1.4) but the number of operations is less than
Algorithm (1.4).

4. Conclusions and remarks

In this paper we considered the nonlinear matrix equations than (1.2). We suggested a new inversion
free variant of the basic fixed point iteration method. We achieved the conditions for the existence of
a positive definite solution. We discussed an iterative algorithm from which a solution can always be
calculated numerically whenever the equation is solvable. Moreover, two numerical examples are given
to show the algorithm suggested is more accurate than Algorithm (1.3). We observe that our suggested
algorithm also avoid matrix inversion and involves only matrix—matrix multiplication. Furthermore the
algorithm requires only three matrix multiplications per step, whereas Algorithm (1.3) and Algorithm
(1.4) requires four matrix multiplications per step.

References

[1] W.N.Anderson, Jr., T.D. Morley, G.E. Trapp, Positive solutiorte= A — BX~1B*, Linear Algebra Appl. 134 (1990)
53-62.

[2] J.C.Engwerda, On the existence of the positive definite solution of the matrix eqiation! X 1A =1, Linear Algebra
Appl. 194 (1993) 91-108.

[3] J.C. Engwerda, A.C.M. Ran, A.L. Rijkeboer, Necessary and sufficient conditions for the existence of a positive definite
solution of the matrix equatio + A*X 1A = Q, Linear Algebra Appl. 186 (1993) 255-275.

[4] C.-H. Guo, P. Lancaster, Iterative solution of two matrix equations, Math. Comput. 68 (1999) 1589-1603.

[5] Ivan G. Ivanov, Salah M. El-Sayed, Properties of positive definite solutions of the equatiod* X —2A = I, Linear
Algebra Appl. 279 (1998) 303-316.

[6] P.Lancaster, L. Rodman, Algebraic Riccati Equations, Oxford Science Publishers, 1995.

[7] SalahM.El-Sayed, Two iterations processes for computing positive definite solutions of the matrix ekjuatibthi " A=
I, Comput. Math. Appl. 41 (2001) 579-588.

[8] Salah M. El-Sayed, Two sided iteration methods for computing positive definite solutions of a nonlinear matrix equation,
J. Aust. Math. Soc. Ser. B 44 (2003) 1-8.

[9] Salah M. El-Sayed, Andre C.M. Ran, On an iteration methods for solving a class of nonlinear matrix equations, SIAM J.
Matrix Anal. Appl. 23 (2001) 632—645.

[10] Salah M. El-Sayed, Mohamed A. Ramadan, On the existence of a positive definite solution of the matrix equation

X — A* 2/X=TA = I, Internat. J. Comput. Math. 76 (2001) 331-338.



156 S.M. El-Sayed, A.M. Al-Dbiban / Journal of Computational and Applied Mathematics 181 (2005) 148—-156

[11] Salah M. El-Sayed, Mahmoud El-Alem, Some properties for the existence of a positive definite solution of matrix equation
X + A*X~2" A = I, Appl. Math. Comput. 128 (2002) 99-108.

[12] X. Zhan, Computing the extremal positive definite solution of a matrix equation, Siam J. Sci. Comput. 17 (1996)
1167-1174.

[13] X. Zhan, J. Xie, On the matrix equatidh -+ ATXx=1A =1, Linear Algebra Appl. 247 (1996) 337-345.



	A new inversion free iteration for solving the equation X+AX-1A=2pt=Q
	Introduction
	Conditions for existence of the solutions
	Numerical experiments
	Conclusions and remarks
	References


