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(injective) modules (Enochs et al., 2005 [12]). Special attention is
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1. Introduction and preliminaries

Auslander and Bridger [2] introduced the G-dimension for finitely generated modules. Enochs and
Jenda [7] defined Gorenstein projective modules whether the modules are finitely generated or not.
Also, they defined the Gorenstein projective dimension for arbitrary (non-finitely generated) modules.
It is well known that for finitely generated modules over a commutative Noetherian ring, the Goren-
stein projective dimension agrees with the G-dimension. Along the same lines, Gorenstein injective
modules were introduced in [7]. Since then, various generalizations of these modules are given over
specific rings (see, e.g., [9,10,12,22]).

In Section 2 of this paper, we define and study WW-Gorenstein modules for a self-orthogonal class
W of left R-modules. A left R-module M is said to be WW-Gorenstein if there exists an exact sequence
We=---— W; > Wg—> W% - W! — ... of modules in W such that M = ker(W® — W) and
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W, is both Homg (W, —) and Homg(—, W) exact. For different choices of W, the class G,, of W-
Gorenstein modules encompasses all of the aforementioned modules, and some results existing in
the literature for the modules above can be obtained as particular instances of the results on W-
Gorenstein modules.

Section 3 is devoted to investigating WWp-Gorenstein and WW;-Gorenstein modules for a faithfully
semidualizing bimodule sCg over associative rings R and S, where Wp = {C ®g P | P is a projective
left R-module} and W, = {Homs(C, E) | E is an injective left S-module}, and we simply call them C-
Gorenstein projective and C-Gorenstein injective modules respectively. We prove that Wp = Add sC
and W, =Prod C*, where C* = Homgs(C, Q) with sQ an injective cogenerator. We also prove that the
subcategories of C-Gorenstein injective left R-modules (Gorenstein projective left R-modules in the
Auslander class Ac(R)) and Gorenstein injective left S-modules in the Bass class B¢(S) (C-Gorenstein
projective left S-modules) are equivalent under Foxby equivalence. For a commutative Noetherian
ring R and a semidualizing R-module C, it is shown that a finitely generated R-module M is add C-
Gorenstein if and only if it is Add C-Gorenstein. This result generalizes [5, Theorem 4.2.6].

Next we shall recall some notions and definitions which we need in the later sections.

Let C be a class of left R-modules. We define

oo

tc=(*c. wheretic={X|Ext'(X,C)=0forallCec}, i>1,
i=1
© .

ct=("\cH. whereCt ={X |Ext'(C,X)=0forallCeC}, i>1.
i=1

A C resolution of a left R-module M is an exact sequence Cq =--- — C; — Cop > M — 0 with
C; € C for all i > 0; moreover, if the sequence Hom(C, C,) is exact for every C € C, then we say that C,
is proper. The C resolution dimension resdimc (M) of M is the minimal nonnegative integer n such that
M has a C resolution of length n. Dually we have the definitions of a (coproper) C coresolution and
the C coresolution dimension coresdime (M) of M. We say that resdime (M) < oo (coresdime (M) < o0)
if resdime (M) =n (coresdime (M) = n) for some nonnegative integer n.

Let R and S be rings. Following [16], an (S, R)-bimodule C = sCy is semidualizing if:

) sC admits a degreewise finite S-projective resolution.

1

EZ) Cr admits a degreewise finite R-projective resolution.

(3) The homothety map sSs L1¢ Homg (C, C) is an isomorphism.
(4) The homothety map gRg L4 Homgs(C, C) is an isomorphism.
(5) ExtZ'(C,C) =0.

(6) Extz'(C,C) =0.

A semidualizing bimodule C = sCy is faithfully semidualizing if it satisfies the following conditions
for all modules sN and Mg.

(1) If Homs(C, N) = 0, then N = 0.
(2) If Homg(C, M) =0, then M =0.

Let C = sCg be a semidualizing bimodule. The Auslander class Ac(R) with respect to C consists of
all left R-modules M satisfying

(1) Tor% (€, M) =0 =ExtZ' (C.C ® M) =0, and
(2) the natural evaluation homomorphism p; : M — Homs(C, C ®g M) is an isomorphism.

The Bass class B¢ (S) with respect to C consists of all left S-modules N satisfying
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(1) Ext'(C. N) =0=Tor® , (C, Homg(C, N)) =0, and
(2) the natural evaluation homomorphism vy : C ® g Homs(C, N) — N is an isomorphism.

The class Ac(R) contains the flat left R-modules and the class B¢(S) contains the injective left
S-modules [16, Lemma 4.1].

Throughout this paper, all rings are associative with identities and all modules are unitary.
RM (Mg) denotes a left (right) R-module. M! (M) is the direct product (sum) of copies of a mod-
ule M indexed by a set I. As usual, pd(M) (id(M)) denotes the projective (injective) dimension of an
R-module M, and Addg M (addg M) stands for the category consisting of all modules isomorphic to
direct summands of (finite) direct sums of copies of M and Prodg M the category consisting of all
modules isomorphic to direct summands of direct products of copies of M.

2. W-Gorenstein modules
We start with the following

Definition 2.1. Let WV be a class of left R-modules. W is called self-orthogonal if it satisfies the
following condition:

Ext(W,W')=0 forallW,W’eWandalli> 1.

In what follows, VW always denotes a self-orthogonal class of left R-modules which is closed under
finite direct sums and direct summands.

Definition 2.2. A left R-module M is said to be W-Gorenstein if there exists an exact sequence

W.:-~-—>W1—>W0—>W0—>W1—>---
of modules in W such that M = ker(W? — W1) and W, is Homg(W, —) and Homg(—, W) exact.
In the following, we denote by G, the class of WW-Gorenstein left R-modules.

Remark 2.3. (1) It is clear that each module in W is W-Gorenstein. If Wy =--- > W; > Wy —
W% — W' — ... is a Homg(W, —) and Homg(—, W) exact exact sequence of modules in WV, then
by symmetry, all the images, the kernels and the cokernels of W, are YV-Gorenstein.

(2) If R is commutative and Noetherian and W = addg R, then W-Gorenstein modules are ex-
actly modules with G-dimension zero [2] which coincide with finitely generated Gorenstein projective
modules. If W = Addgr R (Prodg E with E an injective cogenerator), then JV/-Gorenstein modules are
exactly Gorenstein projective (injective) modules [7].

(3) If W =add(sC) for a semidualizing bimodule sCg, then WW-Gorenstein modules are just w-
Gorenstein modules (w = C) [22] by noting that faithfully balanced self-orthogonal modules in [22]
are precisely semidualizing modules in [16].

(4) Let sCg be a semidualizing bimodule, and let Wp = {C ®g P | P is a projective left R-module}
and W; = {Homs(C, E) | E is an injective left S-module}. Then Wp and W; are self-orthogonal and
closed under finite direct sums and direct summands by Corollary 3.2 and Theorem 3.1 below. If R
and S are right and left Noetherian rings respectively and sCg is a dualizing bimodule, then Wp-
Gorenstein (W;-Gorenstein) modules are just V-Gorenstein projectives (injectives) (V = C) [12,13];
if R=S is a local Cohen-Macaulay ring admitting a dualizing module C, then Wp-Gorenstein (W-
Gorenstein) modules coincide with £2-Gorenstein projective (injective) modules (£2 = C) [10,11].

(5) We note that the class G, of W-Gorenstein left R-modules is just the class G(W) in [19]
when the abelian category A is taken to be the category of left R-modules. So Gy, = G(Gy) by [19,
Corollary 4.10].
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The following proposition is immediate by definition.

Proposition 2.4. A left R-module M is W-Gorenstein if and only if M € 1YW N W+ and M has a proper W
resolution and a coproper VV coresolution.

Remark 2.5. If M is a left R-module with resdimyyM < oo, then M € 9$~ In fact, let resdimyyM =
n < oo, then therg is an exact sequence 0 — Wy — --- — Wy — Wo — M — 0 with W; e W for
0<i<n. So Ext{e(G, M) = Ext{:”(G, Wy) =0 for all j >1 and all G € Gy, by Proposition 2.4. Du-
ally, if M is a left R-module with coresdimyyM < oo, then M € +G,,. Similarly, if resdimg, N < oo
(coresdimg, N < co), then N e W+ (N e tW).

Corollary 2.6. Let 0 > M’ — M — M” — 0 be an exact sequence of left R-modules with M € G,,.

(1) If M’ € Gy, and M” € 11W, then M” € G,y.
(2) IfM” € Gy and M’ e W1, then M’ € G,

Proof. (1) Since M’ € G,,, there is an exact sequence 0 - M’ — W% — L — 0 with W% e W and
L € Gy . Consider the following pushout diagram

I’
L

[en)
o<—h<—§o<—§<—o
O<—t~m=<=<—U=<—=<<—o0

%.M//%_O

—= M’ —=0

From the middle column, we get that D is W-Gorenstein by Remark 2.3(5) and [19, Corollary 4.5].
Note that the middle row splits since Ext}q(M”, W% =0 by hypothesis. So M” is W-Gorenstein by
Remark 2.3(5) and [19, Corollary 4.11].

(2) The proof is dual to that of (1). O

Recall that a class of modules is called resolving (coresolving) if it is closed under extensions and
kernels of surjections (cokernels of injections), and it contains all projective (injective) modules. By
Corollary 2.6, we get that the class of Gorenstein projective (injective) modules is resolving (coresolv-
ing).

Proposition 2.7. Let W, =--- —> W; - Wg — W% — W1 — ... be an exact sequence of modules in W
such that M = ker(W% — W1) is W-Gorenstein. Then W, is Homg W, —) and Homg (—, W) exact if and
only if every kernel and cokernel is VV-Gorenstein.

Proof. Let K; = coker(Wi;1 — W;) and L' = ker(W! — Witl) for i > 1. Then the left half ... —
Wi —> Wg— M — 0 is Homg(—, W) exact since M € W+ by Proposition 2.4, and it is Homg (W, —)
exact if and only if Ext}z(W, K;) =0 for all i > 1 if and only if each K;j is WW-Gorenstein by Corol-
lary 2.6. Similarly, the right half 0 > M - W% - W! — ... is Homg (W, —) and Hompg(—, W) exact
if and only if each L' is W-Gorenstein for i > 1. This completes the proof. O
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Proposition 2.8. Let G be a VW-Gorenstein left R-module.

(1) If pd(G) < o0 orid(G) < oo, then G € W.
(2) Ifresdimyy G < oo or coresdimyy G < oo, then G € W.

Proof. (1) Since G is W-Gorenstein, there exists an exact sequence --- — Wi — Wy — W% —
W1 — ... in W such that G = ker(W? — W1). Suppose that pd(G) =n < oo or id(G) =n < co. Let
K; = coker(Wi 1 — W;) and L' = ker(W' — W+1) for i > 1, then Extk(G, K1) = Exts™ (G, Kpy1) =0
or Exth(L!, G) = Exth™ (L"*1, G) = 0 since G € YW N W by Proposition 2.4. It follows that the se-
quence 0 > K1 —> Wg—> G —00r 0— G— W?%— L1 — 0 splits. So G e W.

(2) If resdimyyG < oo, then there is an exact sequence 0 - K - W — G — 0 with W € W and
resdimyy K < oco. So this sequence splits by Remark 2.5, as desired.

A dual argument gives the result for coresdimyyG < oco. O

Corollary 2.9. Every Gorenstein projective (injective) R-module with finite projective dimension or finite in-
jective dimension is projective (injective).

Proposition 2.10. Let M be a left R-module. Then M has a WV resolution if and only if M has a G, resolution.

“ws

Proof. It is enough to show the “if” part. Let 0 - N — Go —> M — 0 be an exact sequence with
Go € Gy and N having a G,, resolution. Then we have the following pullback diagram

0 0

o

G =

o
0—H—Wyp—M—0

oo
00— N—>Gy—> M —0

oo

0 0

with Wo € W and G’ € G,,. Consider the following pullback diagram

00— G —

0—G —H

i

2%9%7\%0

!

!

<~ MN=<—XR=<—0

l

-
O <—
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where K has a G, resolution and G; € Gy. So L € G, by Remark 2.3(5) and [19, Corollary 4.5], and
then H has a G, resolution. Note that 0 > H - Wy — M — 0 is exact. By repeating the preceding
process, we have that M has a W resolution. O

Remark 2.11. Let M be a left R-module with resdimg, M =n>1, and let 0 - N - Go > M — 0 be
an exact sequence with Go € Gy and resdimg, N =n — 1. By the proof of the proposition above, we
have an exact sequence 0 — H — Wo — M — 0 such that Wy € W and resdimg, H = resdimg,, N.

Proposition 2.12. Let M be a left R-module with a finite G, resolution and n a nonnegative integer. Then the
following are equivalent:

(1) resdimg, M < n.

(2) There is an exact sequence0 - G — Wy_1 — --- > W1 — Wg— M — 0 with W; e W for 0 <i <
n—1andG e Gy.

(3) M has a proper G, -resolution of length n.

(4) Thereis an exact sequence 0 > W, > W1 —> -+ > W1 > G—> M —>0with Wie Wfor1<i<n
and G € Gy.

(5) There is an exact sequence 0 > Wy — -+ > Wiy 1 > G — Wi_1--- > Wo—> M—> 0with Wj e W
for1<j<n j#i,0<i<nand G € Gy,.

(6) Exty (M, W) =0forall j>1andall W e W.

(7) Exty ™ (M, N) =0 for all j > 1 and all left R-modules N with finite V resolutions.

(8) Ext’}{H (M, N) =0 for all left R-modules N with finite VV resolutions.

Furthermore, we have that

resdimg, M = sup{n € N | Exty (M, W) % 0 for some W € W}
=sup{n € N | Exty (M, N) # 0 for some N with resdimyyN < oo}.

Proof. We first prove the equivalences of (1) through (5). The case n =0 is trivial. We may assume
n>1.

(1) = (2): By (1), there exists an exact sequence 0 —- N — Gg — M — 0 with Gy € G,, and
resdimg, N <n — 1. By Remark 2.11, we have an exact sequence 0 - H - Wo — M — 0 such that
resdimg,, H = resdimg,, N. By repeating this process, we have an exact sequence 0 — G, — Wyp_1 —
o> Wi > Wop—>M—0with Wi;eW forall 0<i<n—1and G, € Gy.

(2) = (3): Suppose M satisfies (2). Since G is VW-Gorenstein by (2), there is a Homg(—, W) exact
exact sequence 0 > G — W0 —» ... > W1 — G/ - 0 with each Wi € W and G’ € G,,. So the
diagram

0—G—>W0— -+ —wn1—g —0
[ .
0o—G6—>W,{—:-—Wyg—M—>0

can be completed to a commutative diagram. Then we have a mapping cone 0 - G — G @ W° —
Wisi®dW!l s ... 5> Wi e W1 5 Wy @ G — M — 0 which gives an exact sequence W, =0 —
Wl WiieW!l ... > Wi eW" 1 - Wo@® G — M — 0. Note that each cokernel of W, except
M has a finite W-resolution. So W, is Homg (G, —) exact by Remark 2.5. It follows that W, is just
a proper G, resolution of M of length n.

(2) = (4): Note that W, in the proof of (2) = (3) is just the desired exact sequence.

3)= (1), (4)= (1) and (5) = (1) are obvious.

(1) = (5) is immediate by Remark 2.11 and the equivalence of (1) and (4).
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Next we show the equivalences of (1), (6), (7) and (8).

(1) = (6): By assumption, there exists an exact sequence 0 > Gp —> -+ —> G > Go > M —> 0
with G; € G, for 0 <i < n. So Ext'}zﬂ(M, W)= Ext{e(Gn, W)=0 for all j>1 and all W € W by
Proposition 2.4.

(6) = (7) follows from the usual dimension shifting argument.

(7) = (8) is clear.

(8) = (1): By hypothesis, let resdimg, M = s < oo. If s <n, there is nothing to prove. So we assume
s > n. Then there is an exact sequence 0 > W5 — --- - W7 —- G — M — 0 with W; e W for 1 <
i<s and G € Gy, by the equivalence of (1) and (4). Let K; = coker(W;11 — W;) for 1 <i<s—1.

If n=0, then Ext’}?“ (M, K1) =0 by (8) since resdimyy K1 < co. Thus the exact sequence 0 — Ky —
G — M — 0 is split, and so M € G, as desired.

Let n > 1. Since resdimyy Kp4+1 < oo, we have that Ext}g(l(n, Knt1) = Ext'};r] (M, Kn+1) =0 by Re-
mark 2.5 and (8). So the exact sequence 0 — K,+1 — W, — K, — 0 splits. Thus K, € W, and so (1)
follows.

The last claim is an immediate consequence of the equivalences of (1), (6) and (7). O

Remark 2.13. By an argument similar to the proof of the equivalence of (1) and (6) in Proposition 2.12,
we have that if resdimyyM < oo then

resdimyyM = sup{n € N | Ext} (M, W) # 0 for some W € W}.
So let M be a left R-module, if resdimyyM < oo, then resdimg,, M = resdimyy M.

Remark 2.14. We note that all the foregoing results on resolutions and resolution dimensions (from
Proposition 2.10 to Remark 2.13) have the dual versions on coresolutions and coresolution dimensions.

Let C be a class of R-modules and M an R-module. Following [6], we say that a homomor-
phism ¢ : X — M is a C-precover of M if X € C and the abelian group homomorphism Hom(X’, ¢) :
Hom(X’, X) — Hom(X’, M) is surjective for every X’ € C.

Let C = sCg be a semidualizing bimodule over associative rings R and S, and let (—)* =
Hompg (—, C) (or Homg(—, C)). A finitely generated right R-module M is said to have generalized Goren-
stein dimension zero (with respect to sCg) [3] if the following conditions are satisfied: (1) M = M**;
(2) Exth (M, C) = 0= Ext, (M*, C) for all i > 1.

We conclude this section with the following theorem.

Theorem 2.15. Let R be a commutative Noetherian ring and C a semidualizing R-module, and let W = add C.
Then the following are equivalent for a finitely generated R-module M:

(1) M € Gy,.
(2) M has generalized Gorenstein dimension zero with respect to C and M € B¢ (R).
(3) There exists an exact sequence Wy = --- — Clt — Clo — " — €™ — ... such that M = ker(C" —

C™) and W, is Homg (C, —) and Homg (—, C) exact, where l; and n; are positive integers for all i, j > 0.

Proof. (1) = (2) is immediate by Proposition 2.4, Remark 2.3(3) and [22, Proposition 2.2].

(3)= (1) is clear.

(2) = (3): Since M has generalized Gorenstein dimension zero with respect to C by (2), there
exists an exact sequence

0>M—->C"—=(C"—... (b)

which is Homg(—, C) exact by [17, Theorem 1] and Homg(C, —) exact since Extk(C, M) =0 for all
i>1, where n; (j > 0) are positive integers.
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Next, we prove that there exists an exact sequence

s ChscbsM—0 (bb)

which is Homg(C, —) exact, where [; (j > 0) are positive integers.
Let f1,...,fl, be a system of generators of the R-module Homg(C, M). Taking the direct
sum of fi,..., fi,, we construct a homomorphism f : cl — M. It is easily seen that f is

an addC-precover of M. Let K = kerf. Then we have the exact sequence 0 — Homg(C, K) —
Homg(C, C'9) — Homg(C, M) — 0. Since TorlR(C, Hompg (C, M)) =0 for all i > 1 (for M € B¢(R)) and
Torf(C, Homg (C, C’O)) =0 foralli>1, Torf(C, Homg(C, K)) =0 for all i > 1. Furthermore we have
the following commutative diagram with exact rows

0 — C Qg Homg(C,K) — C ®g Homg(C, Cl) — C ®g Homg(C,N) — 0

| |= f |=

0 K Clo M.

Thus f is epic, and hence C ® Homg(C, K) = K and Ext’k(C, K) =0 for i > 1. Therefore K is finitely
generated (for R is Noetherian) and K € B¢ (R). Repeating the foregoing process, we have the desired
exact sequence.

Since Extp(M,C) =0 for all i > 1, the sequence (bb) is also Hompg(—, C) exact. By pasting the
sequences (b) and (bb) above we get the desired complex W,. O

Remark 2.16. We note that [5, Theorem 4.1.4] is a particular case of Theorem 2.15 where C =R.

3. Wp-Gorenstein and VV;-Gorenstein modules

Let C = sCg be a semidualizing bimodule, Wp = {C @& P | P is a projective left R-module} and
W, = {Homgs(C, E) | E is an injective left S-module}. In this section, we shall particularly investi-
gate Wp-Gorenstein and W,;-Gorenstein modules which will be called C-Gorenstein projective and
C-Gorenstein injective modules respectively. Accordingly, the YWp-Gorenstein (Gorenstein projective)
resolution dimension is called C-Gorenstein projective (Gorenstein projective) dimension and the W;-
Gorenstein (Gorenstein injective) coresolution dimension is called C-Gorenstein injective (Gorenstein
injective) dimension simply.

We start with the following descriptions of the classes WWp and W, which may be of independent
interest.

Theorem 3.1. Let sCg be a semidualizing bimodule. Then:

(1) Wp =AddsC.
(2) W =ProdC™, where C* = Homs(C, Q) with sQ an injective cogenerator.

Proof. (1) It is clear that WWp C Add sC. Conversely, for any left S-module X, the evaluation homo-
morphism vy : C ®g Homg(C, X) — X is defined by vx(c® f) = f(c) for c € C and f € Homs(C, X).
We claim that v« is an isomorphism for any index set K.

Since sC is finitely generated, there is an isomorphism Homs(C, C%)) — Homgs(C, C)®) defined
by f > (i f), where 7y : C®) — C is the kth projection for k € K. Thus we have an isomorphism

a1 : C ®g Homg (C, C) — € ®g Homs(C, )%

given by ¢ ® f > ¢ ® (i f) for f € Homg(C, C0).
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Note that C ® g — commutes with direct sums, so there is an isomorphism

@z : € ® Homs (C, )% — (C ®g Homs (C, €)™

given by ¢ ® (g) — (c ® gx) for c € C and (gi) € Homs(C, €)X,
Since sCp is semidualizing, the homothety map yr : R — Homgs(C, C) is an isomorphism. Hence
there is an isomorphism

(K) = (C®g R)(K)

a3 : (C ®g Homs(C, C))
defined by (cx ® gx) — (cx ® yR’] (gx)), where ¢, € C and g € Homs(C, C) for k € K.
Finally, the natural isomorphism C ®g R — C induces an isomorphism

o4 (C®g K - c®

given by (cx ® ry) — (ckrk), where cx € C and 1, € R for k € K.

Let c € C and f € Homs(C,C®)). Then apar1(c ® f) = aa(c ® (i f)) = (¢ @ i f). By [1, Propo-
sition 4.10], the homothety map yg : R — Homs(C, C) is defined by yr(r)(c) =cr for r € R and
ceC. letry = yR_](nkf), then 7wy f = yr(ry), and so my f(c) = yr(rx)(c) =cry for c € C and k € K.
Thus sz (€® f) = asa3((c @i f)) = aa((c @ 1)) = (c11e) = (W f (©)) = f(€) = v (€ ® f). This
shows that vea = agazopcrq is an isomorphism.

Suppose sM € AddsC and M & N = CO for some left S-module N and some index set K. Then
there is a split exact sequence 0 —> M 2 c® B N 0 which induces the following commutative
diagram with exact rows

1A« 1®p«
0 —— CQ®g Homg(C,M) —— C ® Homg(C,C®)) ——— C ®g Homg(C,N) —— 0

i UM i Ve(K) \L UN

0 M c® N 0.

The Five Lemma shows that vy, is monic. Thus vy is also monic, and so vy is an isomorphism by
the Five Lemma again.

Note that Homs(C, M) is a projective left R-module since Homs(C, M) & Homs(C, N) = Homs(C,
CTy=R® S0 sM = C ® Homs(C, M) € Whp.

(2) It is clear that WW; € Prod C*. Conversely, for any left R-module X, the evaluation homomor-
phism @y : X — Homs(C, C ®g X) is defined by ux(x)(c) =c® x for x € X and c € C. We claim that
Hc+y  (CT)) — Homg(C, C ®g (C*)/) is an isomorphism for any index set J.

Since Cy is finitely presented, there is an isomorphism « : C ®g (C1t)/ — (C @& C1)/ defined by
c® (fj) = (c® fj) for c e C and (f;) € (C*)J. Thus we have an isomorphism

B1 =@, : Homs (C, C @ (C*)”) — Homs (C, (C ® CT)?).
Note that Homs(C, —) commutes with direct products, so there is an isomorphism
Ba : Homs(C, (C ®¢ C)’) > (Homs(C, C @z 1))’
given by f > (p;f), where p;: (C®g CT)/ — C®g C* is the jth projection for j € J.

Since sCpg is semidualizing, the homothety map sy : S — Homg(C, C) is an isomorphism and sy is
defined by sy (s)(c) =sc for s € S and c € C by [1, Proposition 4.10]. Note that C is finitely presented
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and sQ is injective, and so, by [18, Lemma 3.60], the evaluation map vq : C ®¢ C™ — Q given by
Vo (c® f)= f(c) for ce C and f € CT is an isomorphism. Hence we have an isomorphism

Bz = ((vg).)’ : (Hom(C, C @k 1))’ — (c*)’.

It is easy to verify that B38281 U +x =id(c+)s, and so W+ is an isomorphism.
Suppose RkM € Prod C*t and M@ N = (C*)/ for some left R-module N and some index set J. Then

. . A Lo . .
there is a split exact sequence 0 — M 5 (Ct)/ 2 N = 0 which induces the following commutative
diagram with exact rows

0 M (cHJ N 0

\LMM ¢/’L(c+)] J/U—N
(1®A)« (1®p)s«
0 — Homg(C, C ®¢ M) —— Homs(C, C ®g (CT)/) —— Homs(C,C ®g N) ——= 0.

By the corresponding proof in (1), iy is an isomorphism. Note that C ®g M is an injective left
S-module since C@r M@ C®r N=C® (CH) = (C®r ct)! = QJ. So xM = Homs(C,C Qg M) €
W[. O

Corollary 3.2. Let sCg be a semidualizing bimodule. Then:

(1) Ac(R) < +w.

(2) Be(S) S Wh.

(3) Wi S Ac(R) N (Ac(R)™:.
(4) Wp € Bc(S) N H(Bc(S)).

Proof. (1) For any A € Ac(R) and any index set J, by [18, Theorem 7.14] and [8, Theorem 3.2.1], we
have

Exty ' (A, (")) = (Extz " (A, 1))’ = ((Tork, (c, 4)) ") =o0.

So Ac(R) € +W; by Theorem 3.1(2).
(2) For any B € B¢(S) and any index set K, by [18, Theorem 7.13], we have

Extfl(cm)’ B) = (EXt?l(C, B))K —o.

So Bc(S) € Wi by Theorem 3.1(1).
(3) and (4) follow from (1), (2) and [16, Lemma 4.1 and Proposition 4.1]. O

In what follows, we assume that C = sCp is a faithfully semidualizing bimodule. Note that all
semidualizing modules are faithfully semidualizing over a commutative ring [16, Proposition 3.1].
The following lemma is needed frequently in the sequel.

Lemma 3.3. (See [16, Corollary 6.3].) The classes Ac(R) and Bc¢(S) have the property that if two of three
modules in a short exact sequence are in the class then so is the third.

Proposition 3.4. Let W, =--- —> W1 — Wg —> W® — W1 — ... be an exact sequence of modules in W,
and M = ker(W® — W1). Then the sequence W, is Homg (—, W) exact if and only if M € Ac(R).
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Proof. Suppose M € Ac(R). By Corollary 3.2(3) and Lemma 3.3, every kernel and cokernel of W, is
in Ac(R), and so W, is Homg(—, W) exact by Corollary 3.2(1).

Conversely, if W, is Homg(—, W) exact then C Qg W, is still exact by the adjoint isomorphism.
Since Tor,R(C, W)=0 for all W eW, and all i > 1, Tor,R(C,M) =0 for all i > 1. So using a projec-
tive resolution of M we have an exact sequence X, =--- — Py — Pg > W% — W! — ... of left
R-modules with P; projective for i > 1 such that C ®g X, is exact. Hence M € A¢(R) by [16, Theo-
rem 2]. O

A dual argument of the proof of Proposition 3.4 gives the following proposition.

Proposition 3.5. Let U, = --- — Uy — Uy — U% — U — ... be an exact sequence of modules in Wp and
N =ker(U® — U?). Then the sequence U, is Homg \Wp, —) exact if and only if N € Bc(S).

The next proposition shows that C-Gorenstein projectives and C-Gorenstein injectives defined here
are different from those defined in [23] ([15]) when S =R is a commutative (Noetherian) ring.

Proposition 3.6. An R-module M is C-Gorenstein projective (C-Gorenstein injective) defined here if and only
if M is C-Gorenstein projective (C-Gorenstein injective) defined in [23] ([15]) and in B¢ (R) (Ac(R)) when
S = R is a commutative (Noetherian) ring.

Proof. We only prove the case for C-Gorenstein projectives.

“=" Let M be C-Gorenstein projective defined here. Then M is C-Gorenstein projective given in
[23] ([15]) and M € B¢(R) by Propositions 2.4 and 3.5.

“<" Let M be a C-Gorenstein projective modules given in [23] ([15]) and M € B¢(R). Then M €
LWp and M has a coproper Wp coresolution by [23, Proposition 2.2] (or [15, Definition 2.7]), and
M e W,% by Corollary 3.2. On the other hand, there exists an exact sequence

Ug=--—>U; —-Up—>M—=0

with each U; € Wp such that U, is Homg(C, —) exact by [16, Theorem 6.1]. Thus U, is Homg (Wp, —)
exact by Theorem 3.1(1), and so M has a proper Wp resolution. Therefore M is C-Gorenstein projec-
tive defined here by Proposition 2.4. O

Let M be a module over a commutative ring R admitting a semidualizing module C. The Wp-
projective dimension and W;-injective dimension of M, denoted by Wp-pd(M) and W;-id(M), are de-
fined in [21]. By [21, Corollary 2.10], Wp-pd(M) < oo (W;-id(M) < oo) if and only if resdimyy, M < co
(resdimyy, M < 00). So the following corollary generalizes [21, Corollary 2.9] to noncommutative rings.

Corollary 3.7. Let M be a left R-module.

(1) If M has finite C-Gorenstein injective dimension, then M € A¢(R).
(2) If M has finite C-Gorenstein projective dimension, then M € B¢ (S).

Proof. By Propositions 3.4 and 3.5 respectively, all C-Gorenstein injective modules are in Ac¢(R) and
all C-Gorenstein projective modules are in B¢(S). So the results are immediate by Lemma 3.3. O

Remark 3.8. If a left R-module M has a finite C-Gorenstein injective resolution, then M is C-
Gorenstein injective. In fact, let 0 — G, — Gy—1 — --- — Gop — M — 0 be an exact sequence with G;
C-Gorenstein injective for 0 <i<n, and let L; = coker(Gj+; — G;) for 0 <i<n—1, where Lo = M.
Then each L; € Ac(R) by Proposition 3.4 and Lemma 3.3. So each L; is C-Gorenstein injective by
Corollaries 3.2(1) and 2.6(1) for 0 <i <n — 1. Thus M is C-Gorenstein injective. Similarly, if a left
S-module N has a finite C-Gorenstein projective coresolution, then N is C-Gorenstein projective.
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The following lemma is stated in [21] for a commutative ring, but the proof there also works in
the present context.

Lemma 3.9. (See [21, Theorem 2.8].)

(1) Let M be a left R-module, then M € Ac(R) if and only if C g M € Bc¢(S).
(2) Let N be a left S-module, then N € B¢(S) if and only if Homs(C, N) € Ac(R).

Remark 3.10. (1) In what follows, we denote by G¢-Proj (G¢-Inj) the class of C-Gorenstein projective
left S-modules (C-Gorenstein injective left R-modules). G-Proj (G-Inj) stands for the class of Goren-
stein projective left R-modules (Gorenstein injective left S-modules).

(2) Let R and S be right and left Noetherian rings respectively admitting a dualizing bimodule (see
[13, Definition 3.1]). Then all Gorenstein projective left R-modules are in A(R) [13, Proposition 3.9]
and all Gorenstein injective left S-modules are in B(S) [13, Proposition 3.8]. Furthermore, if each flat
left R-module has finite projective dimension, then a left S-module N € B(S) only if N has finite
Gorenstein injective dimension by the proof of [13, Lemma 3.15], and hence N € B(S) if and only if
N has finite Gorenstein injective dimension by [13, Proposition 3.13]; dually, we have that a left R-
module M € A(R) if and only if M has finite Gorenstein projective dimension. The following theorem
is the counterpart of [13, Theorem 4.5] in the present context.

Theorem 3.11. There are equivalences of categories:

CRr—
Ge—Inf ——————————= G—InjNn Bc(S),
Homs (C,—)
CRr—
G — ProjN Ac(R) G¢ — Proj.
Homgs(C,—)

Proof. It suffices to prove the first assertion. The second has a dual argument. We first show that the
functor C ®g — maps Gc¢-Inj to G-InjN B¢ (S). Let M € G¢-Inj, then there exists an exact sequence

W, =---— Homs(C, E1) — Homs(C, Eg) — Homs(C, E°) — Homs(C, E') — - --

with E;, EJ injective for i,j > 0 and M = ker(Homs(C, E®) — Homs(C, E!)) such that W, is
Homgz (W}, —) and Homg(—, W}) exact. So M € Ac(R) by Proposition 3.4, and hence every kernel
and cokernel of W, is in Ac(R) by Lemma 3.3. Thus C ®g W, is exact, moreover, C g M € B¢(S) by
Lemma 3.9. On the other hand, we have

CRRW.=-.->E; > Ey—E">Fl' - ...

with C ®g M = ker(E® — E). For each injective left S-module E, we have

Homg (E, C ®g W,) = Homg (Homs (C, E), Homs(C,C ®g W,)) (by [16, Theorem 6.4])
= Homg (Homs (C, E), W,).

So Homgs(E, C ®g W,) is exact. Therefore C ®g M is Gorenstein injective.
The proof that Homs(C, —) maps G-Inj N B¢(S) to Gc¢-Inj is similar. Finally, we note that if M €

Gc-Inj and N € G-Inj N B¢ (S), then there exist natural isomorphisms M it Homg(C,C ®g M) and
C ®g Homg(C, N) = N. Now the desired equivalences of categories follow. O
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Let n be a nonnegative integer. In the following, we denote by G-Proj¢, (G-Inj¢,, Gc-Proj¢,, Ge-
Inj¢,) the class of modules with Gorenstein projective (Gorenstein injective, C-Gorenstein projective,
C-Gorenstein injective) dimension at most n.

Corollary 3.12. There are equivalences of categories:

. C®R7 .
Ge—Ijgn ———————> G —Injg, N Be(S),
Homgs (C,—)
C®r—
G— Projgn NAc(R) Gc — Projgn.
Homgs(C,—)

Proof. We only prove the first part and the second is dual. Let M € G¢-Inj¢,. Then there exists an
exact sequence 0 > M — Gg — --- —> Gp—1 — Gp — 0 with G; € G¢-Inj for 0 < i <n, and so every
kernel is in Ac(R) by Corollary 3.7. So we have the exact sequence 0 - C ®g M — C ®g Go —
-++—> C Qg Gp—1 — C®g Gy — 0 with each C ®g G;j (0 <i < n) Gorenstein injective and in B¢ (S) by
Theorem 3.11. Hence C ®g M € G-Inj¢, N Bc(S).

Conversely, let M € G-Inj¢, N Bc(S). If n =0 then Homs(C, M) € Gc-Inj by Theorem 3.11. Next
we assume n > 1, then by the dual of Proposition 2.12, there is an exact sequence 0 —> M —
G — E' - ... — E" — 0 such that G is Gorenstein injective and E/ is injective for 1 < j < n. Let
L = coker(M — G), then id(sL) <n —1, and so L € B¢(S) by [16, Corollary 6.2]. Thus every ker-
nel of the sequence above is in B¢(S). Therefore the sequence 0 — Homs(C, M) — Homs(C, G) —
Homs(C, E') — .- — Homs(C, E") — 0 is exact. Note that in the exact sequence 0 - M — G —
L — 0, we have M, L € B¢(S). So G € B¢(S) by Lemma 3.3, and hence Homs(C, G) € G¢-Inj by Theo-
rem 3.11. Thus Homs(C, M) € Gc-Inj¢, by the dual of Proposition 2.12 again. The rest of the proof is
similar to that of Theorem 3.11. O

Remark 3.13 (Foxby equivalence). Let gProj (sInj) be the class of projective left R-modules (injective
left S-modules). By [16, Theorem 1], Theorem 3.11 and Corollaries 3.7 and 3.12, there are equivalences
of categories

COr—
rProj Wp
Homs (C,—) J
CRr—
G —ProjN Ac(R) Gc — Proj
Homg(C,—)
. CRr— .
G — Proj¢c, N Ac(R) Gc — Proj¢,
vr Homg (C,—) J
CRr—
Ac(R) Bc(S)
Homg(C,—)
/[/ . CRr— .
Gc—Injgy G —Inj¢y N Bc(S)
Homg(C,—)
CQr—
Gc —Inj G—InjN Bc(S)
Homg(C,—)
/L CRr— t
Wi sinj.

Homs (C,—)
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Theorem 3.14. Let R be a commutative Noetherian ring. A finitely generated R-module M is C-Gorenstein
projective if and only if there exists an exact sequence

We=—>CQrF1 >CQrFo—>C®F' > C®grF' — .-

with F;, FJ finitely generated free for all i, j > 0 and M = ker(C ®g F® — C ®g F') such that W, is
Homg (C, —) and Homg (—, C) exact.

Proof. “=" Let M be a finitely generated C-Gorenstein projective R-module. Then M € B¢(R) by
Proposition 3.5 and Homg(C, M) € Ac(R) is (finitely generated) Gorenstein projective by Theo-
rem 3.11. So there is a finitely generated free resolution

Fe=---— F1 - Fg— Homg(C,M) — 0
of Homg(C, M) such that every kernel is in A¢(R) by Lemma 3.3. Thus
CRQRFe=---—>CQ®rF1>CQrFp—>M—>0 @)

is exact and every kernel is in B¢ (R). Note that B¢ (R) C Wf; by Corollary 3.2(2), so every kernel of
the sequence (f) is C-Gorenstein projective by Corollary 2.6(2).

On the other hand, since Homg (C, M) is finitely generated Gorenstein projective, by an argument
similar to the proof of [5, Theorem 4.2.6], there exists a short exact sequence 0 — Homg(C, M) —
F® — L — 0 with FO finitely generated free and L finitely generated Gorenstein projective, moreover,
L € Ac(R) by Lemma 3.3 again. So we have that the sequence 0 — C ®g Homg(C, M) - C ®g FO —
CQrL—>0, ie, 0> M—>C®g F® > C®rL— 0is exact, and C Qg L is finitely generated C-
Gorenstein projective by Theorem 3.11. Repeating the foregoing process, we obtain an exact sequence

0>M—>CQrF' > CQrF' — - )

with FJ finitely generated free for all j > 0 such that every cokernel is C-Gorenstein projective. By
pasting (f) and (1), we get the desired complex W, which is Homg WVp, —) and Homg(—, Wp) exact
by Proposition 2.7. In particular, W, is Homg(C, —) and Homg(—, C) exact.

“<" Because Wp = AddC by Theorem 3.1(1), W, is Homgr(Wp, —) exact if and only if it is
Homg (C, —) exact, and W, is Homg(—, Wp) exact if and only if it is Homg(—, C) exact since W,
is a complex of finitely generated modules. This completes the proof. O

By Theorems 2.15 and 3.14 we immediately obtain the following corollary which generalizes
[5, Theorem 4.2.6].

Corollary 3.15. Let R be a commutative Noetherian ring and C a semidualizing R-module. A finitely generated
R-module M is add C-Gorenstein if and only if it is Add C-Gorenstein.

Let R be a commutative Noetherian ring and C a semidualizing R-module. The add C-Gorenstein
resolution (add C resolution) dimension of an R-module M is denoted by G¢-dimM (C-dim M). By
[14, Fact 8] and [4, Corollary 3.2(a)] and Remark 2.13, we immediately obtain the following

Corollary 3.16. Let R be a commutative Noetherian local ring and M a nonzero finitely generated R-module.
Then:

(1) If Ge-dim M < oo, then G¢-dim M + depth M = depth C.
(2) IfC-dim M < oo, then C-dim M + depth M = depth C.
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Remark 3.17. (1) Let R be a commutative Noetherian local ring and M # 0 a finitely generated R-
module with finite G-dimension. Auslander and Bridger [2] proved that M satisfies an analogue of
the Auslander-Buchsbaum formula: G-dim M + depth M = depth R. Note that depthC = depthR by
[4, Corollary 3.2(a)], so Corollary 3.16(1) bears strong analogy with the Auslander-Buchsbaum for-
mula.

(2) Corollary 3.16(2) was obtained by J.R. Strooker in [20].
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