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Abstract

Using the method developed by Cherkis and Hashimoto we construct partially localized D3⊥ D5(2), D4 ⊥ D4(2) and
M5 ⊥ M5(3) supergravity solutions where one of the harmonic functions is given in an integral form. This is a genera
of the already known near-horizon solutions. The method fails for certain intersections such as D1⊥ D5(1) which is consisten
with the previous no-go theorems. We point out some possible ways of bypassing these results.
 2003 Elsevier B.V.Open access under CC BY license.
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1. Introduction

There has been considerable interest in constr
ing intersecting brane solutions in the past (see [1
for review). The problem is completely solvable
one assumes that the solution depends only on ov
transverse directions. However, relaxing this condit
complicates it considerably. If the metric is chosen
be in some specific form (which is inspired by ha
monic function rule [4–6]) then it is easy to see th
one of the brane has to be delocalized [7], i.e., its h
monic function is independent of the directions alo
the other brane’s worldvolume. This is not a restr
tion if the smaller brane is contained in the bigger o
otherwise these type of solutions are said to bepar-
tially localized (see Fig. 1). Explicit intersections hav
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been found by further restricting to the near-horiz
of the delocalized brane [8–11]. Recently Cherkis a
Hashimoto [12] were able to remove this restriction
D2 ⊥ D6(2) intersection which allowed them to an
lyze the system in the near-horizon region of D2
stead of D6 which has some important application
AdS/CFT duality. This method has been further a
plied to construct D1⊥ NS5(0) intersection in [13]
and D4⊥ D8(4) intersection in [14].

The approach of [12], which we adopt in this Le
ter, is similar to the technique used in [15–17] to pro
no-hair theorems forp-branes. It is a generic featu
of intersecting brane configurations that the differ
tial equations involving the metric functions are li
ear and separable. This lets one to apply Fourier tr
formation techniques which allows the construction
the harmonic function as an integral expression. T
can be evaluated numerically if desired and it is a g
eralization of the near-horizon solutions given in [1
(See also [18–20].)
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Fig. 1. Delocalized (a) versus partially localized (b) brane intersections. The first brane has the world-volume coordinates(x, y) and the
second one is oriented along(x, z) directions (x coordinate is suppressed in the figure). In (a), branes are smeared alongz andy coordinates,
respectively. In (b), only the first brane is smeared and the second brane is located aty = 0.
n

e
ric
tary

the
her.
r a

es

-
are

c-
in-

ne

as-
the

ized

n-

n

ther
ke
try,

tion
first
se

.

en
on

y,
As we will discuss below, this method fails whe
the overall transverse space,(n+ 2), is four or higher-
dimensional. Whenn > 2, for instance, as in the cas
of D0 ⊥ D4(0), the radial dependence of the met
functions cannot be determined in terms of elemen
or known functions. On the other hand, forn = 2
there is a generic spontaneous delocalization when
branes are forced to be placed on top of each ot
This is consistent with the previous no-go results fo
full localization in such brane systems [15–17].

2. Solutions

Let us start with an intersection of two D-bran
which has the following metric

ds2 = H
−1/2
1 H

−1/2
2 dxµ dxµ +H

−1/2
1 H

1/2
2 d �y . d �y

(1)

+H
1/2
1 H

−1/2
2 d�z . d�z+H

1/2
1 H

1/2
2 d�r . d�r,

where(xµ, �y) and(xµ, �z) are the world-volume coor
dinates of the first and the second branes which
characterized by the “harmonic” functionsH1(�z, �r)
and H2(�y, �r). Changing the powers of metric fun
tions the same metric can be thought to describe
tersection of two M-branes. We follow the usual bra
terminology;x is a common brane coordinate,�y and
�z are relative transverse directions and�r coordinates
parameterize the overall transverse directions. We
sume that the brane functions do not depend on
corresponding brane coordinates. To have a local
solution one should have

(2)lim
|�z|→∞

H1 → 1,

(3)lim
|�y|→∞

H2 → 1.

The harmonic functions satisfy the following differe
tial equations [7]

(4)
(
∂2
�r +H2∂

2
�z
)
H1 = q1δ(�r)δ(�z),

(5)
(
∂2
�r +H1∂

2
�y
)
H2 = q2δ(�r)δ(�y),

(6)∂�zH1∂�yH2 = 0,

where the branes are assumed to be located at�r =
�z = 0 and�r = �y = 0, respectively. The last equatio
indicates that either∂�zH1 = 0 or ∂�yH2 = 0, i.e., one
of the branes should be delocalized along the o
brane directions. Without loss of generality we ta
it to be the first brane. Assuming spherical symme
(4) gives (up to an irrelevant numerical factor)

(7)H1 = 1+ q1

rn
,

where (n + 2) is the dimension of the�r-space and
q1 is the brane charge. For the special intersec
where the second brane is located inside the
one, �z coordinates should be ignored. For this ca
H1 depends only on�r and (6) is satisfied trivially
This corresponds to a full localization. WhenH1
is solved as in (7), the solutions of (5) has be
studied in certain limits. For instance, near horiz
geometries where one can takeH1 ∼ r−n were con-
structed in [10]. Following [12], to solve (5) exactl
we use a Fourier transformation in the�y space to
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H2 = 1+ q2

∫
dmp ei �p.�yHp(r),

= 1+ q2

∞∫
0

dp

π∫
0

dθ (sinθ)m−2pm−1

(8)×Ωm−2e
ipy cosθHp(r),

where q2 is the brane charge,m denotes dimen
sion of the�y space, andΩm−2 is the volume of the
unit (m − 2)-dimensional sphere withΩ0 = 1. The
above formula is valid whenm > 1 and form = 1
the second step is unnecessary. For technical co
nience, we first locate the second brane at�r = �r0 and
then take�r0 → 0 limit. Then, from (5) and (8) one
finds

[
d2

dr2 + n+ 1

r

d

dr
− p2

(
1+ q1

rn

)]
Hp(r)

(9)= q2
δ(r − r0)

rn+1 .

For eachm, the θ integral in (8) can be carried ou
easily. Therefore, if one can solve (9)H2 can be de-
termined in an integral form which can be evalua
numerically if wanted. Now let us discuss possible
lutions of (9):

n � 3: It turns out (9) cannot be solved in term
of elementary functions (at least to our knowledg
Recalling that(n + 2) is the dimension of the overa
transverse space, this corresponds to the intersec
like D0⊥ D4(0) or M2⊥ M2(0).

n = 2: The prototype of this case that we w
consider is D1⊥ D5(1) intersection. However, sinc
our arguments are based on ther-dependence o
the harmonic functions (which is fixed byn), our
conclusions apply intersections like D2⊥ D4(1) and
M2 ⊥ M5(1) as well. Even though, there are n
go theorems for the existence of a localized solut
[15–17], for completeness we will investigate this ca
too in order to emphasize the origin of the difficul
We will also propose some possible ways to reso
this. The solution to (9) which is both regular atr = 0
andr = ∞ can be written as (we demand regularity
-

s

r = 0 since we are mainly interested inr0 → 0 limit)

(10)Hp(r) =
{
cp(r0)r

−1Kν(pr), r > r0,

dp(r0)r
−1Iν(pr), r < r0,

whereKν andIν are the modified Bessel function wi
ν = √

1+ q1p2 and [cp(r0), dp(r0)] are constants
The continuity atr = r0 gives

(11)cp(r0)Kν(pr0)= dp(r0)Iν(pr0).

Using this in the condition imposed by the presence
the delta function source atr = r0 one obtains

(12)cp(r0)pW
{
Iν(pr0),Kν(pr0)

} = q2r
−2
0 Iν(pr0),

whereW is the Wronskian with respect to the a
gument which is equal to−1/(pr0). This implies
cp(r0)= −q2Iν(pr0)/r0. In ther0 → 0 limit cp(r0)∼
r
(ν−1)
0 → 0 which indicates spontaneous delocali

tion. This is the essence of the trouble in D1/D5 lo-
calized solution. Physically, as the separation goe
zero the D1-brane charge spreads over the D5-bra

Now we would like to point out two possibl
ways of resolving this difficulty although we cou
not establish a clear cut result. Firstly, there m
be a subtlety in takingr0 → 0 limit. Namely, a
localized intersection when branes are coincident m
not be continously reached from a separated br
configuration. If so, then one should solve (5) direc
without assuming any separation between the bra
In this case, one finds thatHp(�r) in (8) obeys

(13)

[
∂2
�r − p2

(
1+ q1

|�r|2
)]

Hp(�r) = q2δ(�r).

Fourier expandingHp(�r) as

(14)Hp(�r) =
∫

d4v ei�r.�vhp(�v),

(13) gives

(2π)4
(|�v|2 + | �p|2)hp(�v)

(15)+ 4π2p2q1

∫
d4v′ hp( �v′)

|�v − �v′|2 = −q2.

Unfortunately, we could not solve this integral equ
tion. However, in principle, there may exist we
behaved solutions which might have important imp
cations for the moduli space of the D1/D5 syste
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One possible way is to find a series solution by ite
tion which would be identical to an expansion in po
ers ofq1. Secondly, there may be a smooth solut
away from the delta function source. For this purpo
we set the right-hand side of Eq. (9) to zero. Then
ing the solution forHp(r) which decays asr → ∞,
(8) becomes

(16)H2 = 1+ q2

∞∫
0

dp cp(yr)
−1J1(py)Kν(pr).

At this point, the constantcp is completely arbitrary
(which may also depend onq1). However, it should
satisfy the following two conditions for a localized s
lution. Obviously, (16) should yield a finite D1-bran
charge which can be calculated from

(17)
∫
Σ

∗(
dt ∧ dx ∧ dH−1

2

)
,

where∗ is the Hodge dual and the integral is taken o
a 7-dimensional closed surfaceΣ surrounding the
D1-brane which can be taken as (limy→∞ y3Ω3d

4r +
limr→∞ r3Ω̂3d

4y), whereΩ3 and Ω̂3 are the unit
spheres in�y and�r spaces, respectively. The other co
dition oncp is that forq1 = 0, i.e.,ν = 1, (16) should
give a single D1-brane solution. However, it turns o
to be quite difficult to satisfy both conditions. For e
ample, it is easy to see that choosingcp = p3, (16)
givesH2 ∼ 1 + 1/(y2 + r2)3 whenq1 = 0 which is
precisely the harmonic function for a single D1-bra
Moreover, D1-brane is localized inside the D5-bra
i.e.,H2 → 1 asy → ∞. Nevertheless, the metric has
pathologic divergence as one approaches the D5-b
horizon atr = 0. To see this let us consider the integ
(16) for largep. In this case,ν ∼ p

√
q1. For fixedr,

the modified Bessel function has the following lim
ing behavior

(18)lim→∞Kp(pr) =
√

π

2p

(
1+ r2)−1/4

e−pη(r),

whereη(r)= √
1+ r2 + ln r − ln(1+ √

1+ r2 ). One
can see that there is a positive constantb (which
depends on the D5-brane chargeq1) such thatη > 0
whenr > b, η < 0 whenr < b andη = 0 whenr = b.
Therefore, the integral (16) converges forr > b but
diverges whenr � b. Note that this is similar to a
delta function type singularity. Due to this patholog
behavior, the total D1-charge diverges.

n = 1: Eq. (9) can be solved in terms of conflue
hypergeometric functionsU(a, b, r) andM(a,b, r).
The solution which decays at larger and regular a
r = 0 can be written as

(19)Hp(r) =



cp(r0)e

−prU(1+ q1p/2,2,2pr),
r > r0,

dp(r0)e
−prM(1+ q1p/2,2,2pr),

r < r0.

The continuity and discontinuity conditions atr = r0
give

(20)cp(r0)U = dp(r0)M,

(21)cp(r0)(2p)W {M,U} = q2r
−2
0 epr0M,

whereU andM have the same arguments given in (1
andW is the Wronskian. From the last relationcp(r0)
can be fixed as

(22)cp(r0)= −q2(2p)Γ (1+ q1p/2)Me−pr0.

Unlike D1/D5 case, the constantcp has a smooth
r0 → 0 limit in which it becomes (up to an irreleva
numerical factor)

(23)cp = q2q1p
2Γ (q1p/2).

Now we focus on specific examples. For D3⊥
D5(2) it is possible to delocalize D3 or D5 brane
When D5-brane is delocalized inside D3-brane, D
brane has the world-volume coordinates(�x, �y) and
D3-brane has(�x, �z). H1 is the harmonic function o
the D5-brane. In this case,m = 3 and theθ integral in
(8) can be calculated easily, which results

H2 = 1+ q2

∞∫
0

dpp3q1Γ (q1p/2)y−1 sin(py)e−pr

(24)×U(1+ q1p/2,2,2pr).

Note that, asy → ∞, H2 → 1, which means that D3
branes are localized inside D5-branes. On the o
hand, asq1 → ∞ we have

H2 = 1+ q2

∞∫
0

dpp2y−1 sin(py)e−prU(1,2,2pr)

(25)= 1+ 2q2

(r2 + y2)2
,
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Fig. 2. Log–Log plot of the functionf (r) (28) for D3⊥ D5(2)
intersection when D5-brane is delocalized along D3.

which is precisely the single D3-brane solution.
obtain the near horizon geometry, we use the fact

lim
a→∞Γ (1+ a − b)U(a, b, z/a)

(26)= 2z
1
2− 1

2bKb−1(2
√
z ),

and the three-dimensional Fourier transform ofK1.
Defining a new radial coordinateρ2 = q1r and send-
ing q1 → ∞ while keepingρ fixed (which is the nea
horizon limit) we obtain

(27)H2 = q1
6πq2

(y2 + 4ρ2)5/2 .

The overallq1 factor can be scaled away in the met
(this is standard in taking near horizon limits) a
this is exactly the near horizon solution constructed
[10,20]. Therefore, (24) gives a background smoot
interpolating between the asymptotically flat and n
horizon regions. To see this more explicitly, one c
numerically integrate (24). Let us define

(28)f (r)= kr5/2 [
H2(y = 0, r)− 1

]
,

wherek is a normalization constant. From Fig. 2,
is possible to see the behavior of the functionH2(y =
0, r) both in the near horizon and asymptotic infin
which is clearly consistent with (27) and (25).

In the D3⊥ D5(2) intersection when D3-brane
delocalized instead of D5-brane,H1 in (7) becomes
the harmonic function of the D3-brane which has
world-volume coordinates(�x, �y). It is easy to see tha
the space transverse to D5-brane located inside
D3-brane is one-dimensional thus we havem = 1.
From the first line of (8) one obtains

H2 = 1+ q2

∞∫
0

dpp2q1Γ (q1p/2)cos(py)

(29)× e−prU(1+ q1p/2,2,2pr).

In this solution, delocalization of D5-branes insi
D3-branes, i.e., the fact thaty → ∞, H2 → 1, is
guaranteed by the Riemann–Lebesgue theorem
the other hand, it is easy to see that asq1 → 0
one obtainsH2 = 1 + q2/(y

2 + r2) which gives the
solution for a single D5-brane. To obtain the ne
horizon limit, we defineρ2 = q1r, let q1 → 0 while
keepingρ fixed and use (26) to get

(30)H2 = 2πq2

(y2 + 4ρ2)3/2 .

In this expression an overall factor ofq1 is ignored.
Thus (29) gives a solution which interpolates betwe
the asymptotically flat and near horizon regions.

Finally, we consider M5⊥ M5(3) intersection in
D = 11. (The same results also apply to D4⊥ D4(2)
intersection of type IIA theory). Let us remind that o
of the harmonic functions is given by (7) withn = 1
corresponding to a smeared M5-brane. The rela
transverse space of the other M5-brane located in
the smeared one is two-dimensional. Thusm = 2 and
H2 can be calculated from (8) to give

H2 = 1+ q2

∞∫
0

dpp3q1Γ (q1p/2)J0(py)

(31)× e−prU(1+ q1p/2,2,2pr).

As y → ∞, H2 → 1 hence one of the M5-branes
localized inside the other one. On the other hand,
easy to see that asq1 → 0 we haveH2 = 1+q2/2(r2+
y2)3 which is the solution for a single M5-bran
Taking the near horizon limit by keepingρ2 = q1r

fixed asq1 → ∞ we obtain (ignoring an overallq1
factor)

(32)H2 = 8q2

(y2 + 4ρ2)2
.

This shows that the solution given by the integral (3
smoothly interpolates between the asymptotically
and near horizon regions.
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From these examples we see that when the o
all transverse space is three-dimensional (which co
sponds ton = 1) it is possible to obtain smooth sol
tions in an integral form for partially localized bran
intersections. Therefore, for higher dimensions w
n > 1, it is possible to smear some directions in
overall transverse space and reduce the problem to
n = 1 case. For instance, in D1/D5 system smearin
one direction we get

H2 = 1+ q2

∞∫
0

dpp4q1Γ (q1p/2)y−1J1(py)

(33)× e−prU(1+ q1p/2,2,2pr).

In the near horizon limit defined byq1 → ∞ with
fixedρ2 = q1r, we get

(34)H2 = 32q2

(4ρ2 + y2)3

which is in agreement with the previously construc
solution given in [10].

Another way of reducing the power ofr in H1 is to
consider other Ricci flat spaces in the transverse p
however this may not be sufficient alone. For exam
for D1/D5, one can replace four-dimensional fla�r
coordinates in (1) with a Taub-NUT space. Note t
no-go theorem does not apply with this modificatio
In this case, the field equations (4)–(6) become

(35)∇2
TNH1 = q1δTN,

(36)
(∇2

TN +H1∂
2
�y
)
H2 = q2δ(�y)δTN,

where∇2
TN is the Laplacian andδTN is the covariant

delta function of the Taub-NUT space which has
metric

ds2 =
[
1+ 2m

r

](
dr2 + r2(dθ2 + sin2 θ dφ2))

(37)

+
[
1+ 2m

r

]−1

(4m)2
(
dψ + 1

2
cosθ dφ

)2

.

ForH1 = H1(r), away from the source (35) become

(38)

[
1+ 2m

r

]−1( ∂2

∂r2 + 2

r

∂

∂r

)
H1 = 0.

This has the solution

(39)H1 = 1+ q1
,

r

which precisely obeys (35) with the source term. No
recall thatr dependence ofH1 was 1/r2 when the
transverse space was flat. So we achieved our goa
reduced the its power by one. To find the harmo
functionH2, we first put D1-brane atr = r0 in Taub-
NUT space. WritingH2 as in (8), (36) becomes
[
d2

dr2 + 2

r

d

dr
− p2

(
1+ q1

r

)(
1+ 2m

r

)]
Hp(r)

(40)= q2
δ(r − r0)

r2 .

This can be solved in terms of confluent hypergeom
ric functions, and the solution which decays at largr
and regular atr = 0 can be found as

Hp(r)

(41)

=



cp(r0)e

−prr−1+µ
2 U

(
mp + q1p+µ

2 ,µ,2pr
)
,

r > r0,

dp(r0)e
−prr−1+µ

2 M
(
mp + q1p+µ

2 ,µ,2pr
)
,

r < r0,

whereµ = 1 + √
1+ 8mp2q1. Using the conditions

imposed by the delta function source, it is easy
obtain

(42)

cp(r0)= q2
Γ [mp + q1p+µ

2 ]
Γ [µ] r

−1+µ/2
0 pµ−1Me−pr0.

In the r0 → 0 limit, we have cp → 0 implying
spontaneous delocalization. So, even though thr
dependence ofH1 in (39) is lowered by using Taub
NUT space, still it is not possible to construct
localized D1⊥ D5(1) intersection.

3. Conclusions

In this Letter we obtained partially localized supe
gravity solutions for D3⊥ D5(2), D4 ⊥ D4(2) and
M5 ⊥ M5(3) intersections where the overall tran
verse space is three-dimensional. It is clear that, a
the case ofD2/D6 intersection studied in [12], our so
lutions exhibit richer behavior in the decoupling lim
compared to the completely delocalized or partially
calized but near-horizon solutions [10].

When n > 2, we could not succeed in solvin
the radial differential equation. Yet the delocalizati
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phenomenon is expected to occur [16,17]. For th
cases smearing the overall transverse dimensions
n = 1 is an option. In principle, intersections withn�
0 can also be analyzed as above. However, since
asymptotic geometry is not flat they are not conside
in this paper.

For intersections with four-dimensional transve
space, the primary example being D1⊥ D5(1), we ob-
served that the method fails, implying a delocalizat
which is consistent with the no-go theorems [15–1
To overcome this problem we highlighted two pos
ble ways. Namely, one can solve the integral eq
tion (15) or find a suitablecp in (16). However, these
seem to be quite difficult to come up with. On the oth
hand, smearing one transverse dimension we obta
a valid supergravity solution (33). The field theore
meaning of neither this nor the near horizon vers
given in [10] is not clear to us. This needs further
vestigation. We also tried to construct a localized so
tion by replacing the flat transverse space with Ta
NUT which unfortunately did not improve the situ
tion. It would be interesting to consider other Ricci fl
manifolds.

Recently D3⊥ D5(2) intersection has received
lot of interest after [21]. In the approach that w
employed we were forced to delocalize one of
branes. Although this may still be useful for th
purposes of [21], a fully localized solution wou
probably be more appropriate.

Finally, in [12], D2/D6 intersection was obtaine
by starting from an M2-brane which contained Tau
NUT space in the transverse part. Similarly, D4/D6
system can be studied by considering an M5-br
whose two of the world-volume coordinates embed
holomorphically into a Taub-NUT space [9,22].
would be interesting to construct this solution whi
might give some clue for a more general intersect
ansatz.
l
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