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1. Introduction

Fractional calculus is a rapidly growing subject of interest for physicists and mathematicians. The reason for this is that
problems may be discussed in a much more stringent and elegant way than using traditional methods. Fractional differential
equations have emerged as a new branch of applied mathematics which has been used for many mathematical models
in science and engineering. In fact, fractional differential equations are considered as an alternative model to nonlinear
differential equations [1-7].

The class of fractional differential equations of various types plays important roles and tools not only in mathematics
but also in physics, control systems, dynamical systems and engineering to create the mathematical modeling of
many physical phenomena. Naturally, such equations required to be solved. Many studies on fractional calculus and
fractional differential equations, involving different operators such as Riemann-Liouville operators, Erdlyi-Kober operators,
Weyl-Riesz operators, Caputo operators and Griinwald-Letnikov operators, have appeared during the past three decades
with its applications in other fields [8-15]. Moreover, the existence and the uniqueness of holomorphic solutions for
nonlinear fractional differential equations such as Cauchy problems and diffusion problems in complex domain are
established and posed [16-20].

The present paper deals with a nonlinear singular fractional differential equation, in sense of the Riemann-Liouville
operators, in the analytic category. The Riemann-Liouville fractional derivative could hardly pose the physical interpretation
of the initial conditions required for the initial value problems involving fractional differential equations. One of the most
frequently used tools in the theory of fractional calculus is furnished by the Riemann-Liouville operators. Moreover, this
operator possesses advantages of fast convergence, higher stability and higher accuracy to derive different types of numerical
algorithms (see [21-23]).

Definition 1.1. The fractional (arbitrary) order integral of the function f of order o > 0 is defined by
t (f _ t)a—l

I7f(t) = Wf(f)df-
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When a = 0, we write I7f (t) = f(t) * ¢ (t), where (*) denoted the convolution product,

a—1

t
ff’a(t):ma t>0

and ¢, (t) =0, t <0and ¢, — 8(t) asa — 0 where §(t) is the delta function.
Definition 1.2. The fractional (arbitrary) order derivative of the function f of order 0 < @ < 1 is defined by

t
D) = o (m 20 (e —1‘—“f<t)

Remark 1.1. From Definitions 1.1 and 1.2, we have

r 1
Dttt = ﬁt“_”, u>-10<a<1
'@m—a+1)
and
r 1
at#:ﬁ#ﬁa, M>—]§C¥>O-
'p+a+1)

Sufficient conditions to have a unique holomorphic solution for the equation

a*u(t, z) ou
t*———2 =F(t,z,u, — |, (1)
at® 0z

subject to the initial condition u(0, 0) = 0, where t € J := [0, 1], z € U, u(t, z) is an unknown function and F(t, z, u, v) is
a function with respect to the variables (t, z, u, v) € J x U x C? are given. The result is applied to obtain solution for well
known problems.

We need the following assumptions and lemma which will be useful for the proof of the main result.

(H1) F(t, z, u, v) is a holomorphic function defined in a neighborhood of the origin (0, 0,0, 0) € ] x U x C2.
(H2)F(0,z,0,0) =0nearz = 0.
Thus the function F(t, z, u, v) may be expressed in the form:
F(t,z,u,v) =A@)t +B@)u+ C(2)v + Ry(t, z,u, v), (2)

where
oF oF oF
A(z) = —(0,2,0,0), B(z) .= —(0,2,0,0), C(z) .= —(0,2,0,0),
at du v

and the degree of R, (t, z, u, v) with respect to (t, z, u, v) is greater than or equal to 2.
(H3) C(2) := zc(z), c(0) # 0.
Lemma 1.1 ([24]). Let R > 0 and f (x) be a holomorphic functionon Dy = {x € C : |x| < R}. Ifforanyr > 0,0 <r <R, f(x)
satisfies
o
max |f(X)| < ——
max IF )| < R_1r
for some p > 0 and u > 0 then we have
of (x) (1 + Dep
X < .
0x |~ (R—r)nrt1

[x|<r

2. Existence of unique solution

We have the following result.

Theorem 2.1. Let the assumptions (H1)-(H3) hold. If

rk+1)
@) - T (k+1—c)

c(2)
satisfies that 0 < || Bkll; < oo and N(Bx(0)) > Oforallk € Nand 0 < « < 1, then the Eq. (1) has a unique holomorphic
solution u(t, z) near (0, 0) € ] x U withu(0, 0) = 0.

P(2) = , keN
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Proof. We realize that Eq. (1) has a formal solution

ut,z) =Y w@t*, (te). (3)

Then introduce the formal series (3) into the Eq. (1) and compare the coefficients of t* in two sides of the equation yields

@) 2 = AG) + B @) + C2) D
"re-a ! 3z
ra 2( ) Iu1(2)
uz(Z)m B(z)uz(z) + C(2) + ¢ ( s ) ) @
r4 3(2) du1(z) dux(z)
U3(Z)m = B(2)u3(z) + C(2) + ¢ (Ul, Uy, 9z oz ) ,
Thus we obtain the following formula
Buk(z) r'k+1) _ dui(z) Jdux(z) ou_1(2)
C( ) |:B(Z)— 71_'(’(_*_1 _a)i|Uk(Z) = ¢k_1 (ul,uz,...,uk_1, 9z y 9z ey 9z ) (5)
where C(z) = zc(z) and ¢o(z) = —A(2). Eq. (5) is equivalent to
OIS e (10, 42 2 )
z u(2)
0z c(2) c(2)
ad RITT
::<I><u1,...,uk,1, u8]§Z),..., UkaZI(Z)>. (6)
Now since
| [B(O) ~ Ta+o ] i
c(0)

then the Eq. (6) has a unique holomorphic solution u(z) near z = 0. Moreover, u,(z) is bounded for all k € N such that

21l-
Bl

where || @], = maxp <, |®(.)] and

(7)

llullr <

I (k+1)
(@) - I (k+1—a)

c(2)
To prove inequality (7); From Eq. (6) we have
a [ef(f B as o uk(z)] — ol a5 7@(2).
dz z
Thus

Br(2) = , keN.

/ [efg PiPas uk(y) dy = / el e 2Dy,
o dy y

that is
2 Br( 0] o]
elo P57 ds o () — u(0) = / elo 757ds ﬂdy
0 y

which equivalents to

Jz Bk y ﬂk(s) <1>(y)
Uk(z) — S dS f dS y
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Therefore,
2 B g f ol B Bie(s) a5 o, B dy
y
lugll; < max x || @]l
lzl<r |Bk(2)]
()

» l ”r'

I Bl

Now we proceed to prove that the formal series solution (3) is convergent near (0, 0) € (J, U). We expand the remainder
term Ry (t, z, u, v) of (2) into Taylor series with respect to (t, u, v), i.e.

Ry(t,z,u,v) = Z U.n,p(2) " U VP

m+n+p>2
such that

. am,n,p(z)
1) =5

.. am,n,p(2)
(ii) =55 < Amnp, Amnp > Oon U.

(iii) Zm+n+p22 An.npt"V™P converges in (t, V) where V > 0 satisfies [u| <V and |v| < V.

is holomorphicin U.

From the Eq. (5), we observe that

, a LB @ —A(2)
— u1(z) = ,
0z Y c(2)
(8)
a a z ou ou
[Za+ﬁk]uk(z)=— 3 3 MXUI<1X"'XHI<,1XTHX"'X a’v
z minTp=2 | miky btttk @) z z
Without loss of generality we may assume that there exists a constant K > 0 such that
ou(2)
lu1(z)| <K, and |——| <K.
Denoting C := TRl ﬂ B then we pose the following formula:
_ C Amva my,nysp
V(e)=Ke+ — > T VVP, (9)

m+n+p>2

where r is a parameter with 0 < r < 1. Since the Eq. (9) is an analytic functional equation in V then in view of the implicit
function theorem, the Eq. (9) has a unique holomorphic solution V (t) in a neighborhood of t = 0 with V(0) = 0. Expanding
V (t) into Taylor series in t we have

vty =) Vit (10)
k>1
where
Vo= S > > Ay x 01(eVy,) x -+ x (p— DI(eV;)
S (1 —pymemp2 tn X O:EW eV,
m+n+p>2 | m4kq+-+knp+lj+-+lp=k
G
=k kenN
(1= r)k1
> 0, (11)

with C; = K
Next our aim is to show that the series Y, ; Vit* is a majorant series for the formal series solution Y, ., uxt* nearz = 0.
For this purpose we will show that

luy(@)| <Vy onlU,={ze€C:|z|<r,r<1} (12)
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and
duk(z
@) _ (k— 1)!(eVy) onU,. (13)
90z
Since (1 —r) < 1implies
1

(] _ r)m+n+p—2 =21 r<1

then we have

uy, (2) duy, (2)
w@ <C Y. > Annp X |t @] X -+ X [ug, (2)] x ‘ X x| — =
m+n+p>2 _rn+k1+-~+kn+11+-~+lp:k z z
<Cc > > Amnp X Vig X -+ X Vig, x 01(eVy,) X -+ x (p — 1)!(eV,,)
m+n+p>2 _m+k1+-~+I<n+11+-~+lp=k
<C Z Z %xv X -+ X Vi x0l(eV),) x---x(p—1)!(eV)
= (1 — pymtntp—2 kq kn Hevy p Hevi,
m—+n+p>2 _m+k1+-~+kn+11+»~+lp:k

Cy Cy
< <
T (1=r)k2 7 (1 =r)k1
Hence we obtain the inequality (12). Next by using Lemma 1.1, we pose that
() ——— < (k—1D——-—=(k— D!(eVy)
3z (1—r)k1 = (1= )kl D
This completes the proof of Theorem 2.1. O

= Vi.

E‘Ck ECk

=k-1

3. Briot-Bouquet equation

As a special case of Eq. (1) is so call the Briot-Bouquet equation. The fractional Briot-Bouquet equation has wide
applications in geometric function theory (see [25-30]).
Let us recall the theory of nonlinear ordinary differential equations of the form

du
rE =f(t7 U), f(o, O)=0,

which was first studied by Briot-Bouquet and its generalization to partial differential equations takes the form

au(t, x) ou
t =Fl|t,xu—|,
at ax

where F satisfies the assumptions (H1) and (H2) with C(z) = 0 (see [31]).
In this section we establish the existence of unique holomorphic solution for fractional Briot-Bouquet equation

o 0%u(t, z) u
t*———=F|(t,z,u,— ), zel. (14)
at® 0z
Thus F can be expanded into the following formula:
F(t,z,u,v) =A@)t + B(z)u+ Ry(t, z,u, v), (15)
where

oF oF
A(Z) = 7(0725 O’ 0)7 B(Z) = 7(03 Z, 07 0)
ot au
and the degree of R, (t, z, u, v) with respect to (t, z, u, v) is greater than or equal to 2. Then we have the following result.

Theorem 3.1. Let the assumptions (H1), and (H2) hold. If
N(B(2)) # & Vk e Nandz € U
' rk+1-—a)’ ’

then the Eq. (14) has a unique holomorphic solution u(t, z) near (0, 0) € J x U withu(0, 0) = 0.
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Proof. Consider that Eq. (14) has a formal solution

u(t,z) =Y w@t*, (te)). (16)
k=1

Then Eq. (16) can decomposed into two equations

re)

uy(2) |:F(2 —a)

- B(z)] = A(2), k=1

and

r'k+1) ol auy,
Uk(Z) [1"(’(—{-1—0{) — B(Z)} = Z aijp(z) |: Z Unt...Upj X 9z s azp:| s k > 2,

2<itj+p<k i+|m|+In|=k

where [m| = my + --- +m;and [n| = n; + - - - + ny,. Therefor, if R(B(z)) # Fﬁffﬂl), Vk € Nand z € U then (16) has a
unique holomorphic solution u(t, z) near (0,0) € (J,U). O

4. Applications
In this section, we illustrate two examples of singularity in ¢t and u to apply Theorem 2.1.

Example 4.1. Consider the following equation

£05 905y(¢, 2) ou(t, z) (10+2)t +2zt%, te]=10,1]
= z zt, = ’
1128 9105 0z .

u(0,z) =0, inaneighborhoodofz =0

where u(t, z) is the unknown function. By putting
u(t,z) = @t +v(t,z2) (v(t,z) = 0(t?))
as a formal solution. Computations give

05 0%°u(t, 2)

Sos = 1128u@) + t%%v4(t, 2)
and
ou(t, z)
0z

Therefore, 11(z) satisfies

z =zu'(2) + zv,(t, 2).

w(z) +4zp'(z) —10 —z = 0.
Now by letting
n@) =p+¢Q),

where p is a constant and ¢(z) = O(z) we obtain that p = 10. Hence we have the following equation:

42¢'@)=z—¢(2), p=10
¢(0) =0,

such that the holomorphic solution ¢ (z) exists uniquely and converges in a neighborhood of the origin.
Example 4.2. Assume the following equation

u(t,z) o50%u(t,z) ou(t, z) ,
t 16. =zt 1 t, te]J=][0,1
1.128 pros 162 — =k (142 J=10.1]

u(0,z) =0, inaneighborhoodofz =0

where u(t, z) is the unknown function. By putting

ut,z) = p@t +v(t,z) (v(t,z) = 0(t?))
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as a formal solution. Therefore, u(z) satisfies
w@?*+16zu'(z) —1—2z=0.

Now by assuming
wz) =q+ @),

where q is a constant and ¥ (z) = O(z) we obtain that ¢ = £1. Hence we impose the following equations:

1629(2) +2¥(2) =z — ¥*(2), q=1

{t/f(O) =0, (20)
1629/ (2) =2y (1) =z — ¥*(@2), q=—1

{W(O) =0 (21)

where the holomorphic solution v (z) exists uniquely and converges in a neighborhood of the origin.
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