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We consider the asymptotic behaviour of solutions to the p-system with linear
damping on the half-line R, =(0, o),

v, —u, =0, U+ p(v)y= —ou,

with the Dirichlet boundary condition u|,_,=0 or the Neumann boundary condi-
tion u,|,—o=0. The initial date (v, uy)(x) has the constant state (v,,u,) at
x = o0. L. Hsiao and T.-P. Liu [ Commun. Math. Phys. 143 (1992), 599-605] have
shown that the solution to the corresponding Cauchy problem behaves like diffu-
sion wave, and K. Nishihara [J. Differential Equations 131 (1996), 171-188; 137
(1997), 384-395] has proved its optimal convergence rate. Our main concern in
this paper is the boundary effect. In the case of null-Dirichlet boundary condition
on u, the solution (v, u) is proved to tend to (v,,0) as ¢ tends to infinity. Its
optimal convergence rate is also obtained by using the Green function of the diffu-
sion equation with constant coefficients. In the case of null-Neumann boundary
condition on u, v(0, 7) is conservative and v(0, 1) = v,(0) by virtue of the first equa-
tion, so that v(x, ¢) is expected to tend to the diffusion wave o(x, ¢) connecting vy(0)
and v, . In fact the solution (v, u)(x, t) is proved to tend to (o(x, t),0). In the
special case vy(0)=v,, the optimal convergence rate is also obtained. However,
this is not known in the case vy(0) #v,. © 1999 Academic Press
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1. INTRODUCTION

In this paper we consider the initial-boundary value problem for the
p-system with linear damping

v,—u,=0

(1.1)

u,+ p(v), = —ou, xeR,=(0,0), >0,
with the initial data
(v, u)(x, 0) = (vo, uo)(x) = (04 uy), vy >0, as x—oco, (12)

and with the Dirichlet boundary or the Neumann boundary condition.
Eq.(1.1) models a one-dimensional compressible flow through porous
media. Here, v>0 is the specific volume; u is the velocity; the pressure p
is a smooth function of v with p >0, p’ <0; and « is a positive constant.
For the Cauchy problem to (1.1), the solutions were shown by Hsiao
and Liu [4, 5] to time-asymptotically behave like those of Darcy’s law,

v,—iu,=0

(1.3)

or

(1.3")

A better convergence rate and the optimal convergence rate when v( oo, 0)
=uv(—o00,0) were obtained by Nishihara [14, 15] by the enegy method
and the pointwise estimate. For a related problem, see [ 3, 6] and references
therein. See also the book [2] by Hsiao.

Although the initial-boundary value problems on R, to the equations of
viscous conservation laws have been recently investigated by several
authors [ 7-9, 12, 13, 16], there are few works on (1.1) as far as we know.
Our results discussed below show that even for the case with boundary
condition, the Dirichlet or the Neumann boundary condition at x =0, the
solutions of (1.3) capture the time-asymptotic behaviour of the solutions to
(1.1). In the case of the Dirichlet boundary condition

u(0, 1) =0, (1.4)
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we show that the solution (v, u)(x,?) converges to (v,,0) as ¢— 0.
Futhermore, since the solution converges to a constant state, the analysis
of [ 14, 15] can be applied and the optimal convergence rate is obtained. In
the case of the Neumann boundary condition

u,(0, 1) =0, (1.5)

(1.1); (the first equation of (1.1)) heuristically yields (d/dt) v(0, t) =0 and
v(0, t) =v0(0). Hence, when vy(0)#v_, the solution (v, u)(x,t) will be
shown to converge to the profile (v, i) of (1.3) in the form of v=y(&),
E=x//t+1, with y(+o0)=v, and Y(0)=uv,(0). Eventually, if v,(0)=
v,, 0(x,t)=v,, then the analysis in [ 14, 15] can also be applied and the
optimal convergence rate is obtained.

Both problems are reformulated to the perturbed problems from the
diffusion wave (7, &7)(x, t) and the auxiliary function (&, @)(x, t), which are
defined in a similar fashion to those in Hsiao and Liu [4]. These will be
stated in later sections.

Here, we briefly mention the condition (1.5), which corresponds to the
Dirichlet condition v(0, ) =v_ (given constant) on v from the discussion
above. Recently (1.1), with (1.2) and v(0, #)= g(¢), g(¢) = v, has been
considered by Marcati and Mei [ 10]. However, the case g(¢)=v_(#v,)
or g(t) > v_( #v,) is not treated there.

The content of our paper is as follows. After we state the notations, in
Section 2 the problem with the Dirichlet boundary condition is reformulated
and the results will be stated. In Subsection 2.2 the proofs of theorems will be
given; much of that subsection is based on the papers [ 14, 15]. In Section 3
the Neumann boundary problem will be considered.

Notations. We denote several positive constants depending on «, b, ...
by C,, .. or only by C without confusion. For function spaces, L?=
LP(R,) (1 <p< ) is a usual Lebesgue space with the norm

1/p
flo=(f wrra) " 1<p<o and ifle=sup o)

R,

The L*norm on R, is simply denoted by |-||. H' (/= 0) denotes the usual
/th order Sobolev space on R, with its norm

1 _ 1/2
|f|1=< > Iaif|2> ) - =1llo=II]l 2
j=0
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2. THE CASE OF THE DIRICHLET BOUNDARY CONDITION

2.1. Reformulation of the Problem and Theorems

We first reformulate the problem (1.1), (1.2) with the Dirichlet boundary
condition (1.4). Expecting

(v, u)(x, t) > (v,,0), t— o0, (2.1)

we put u, =0 to have (1.3) or (1.3)" with u(0, t)=v,(0,1)=0, v(+ o0, t)
=v, . Approximating this by the solution o(x, ¢) of

Et_KﬁxeO: Ex(o’ Z)ZO, ﬁ(+00, t)=U+9 (22)
or explicitly,
S x?
g = _— —_ 2.3
%, 1) ”++4mkmt+1f“p< 4m¢+19’ (23)
where x:= —p'(v,)/a>0 and J, is defined by
o u
0o =2 <L (vo(x)—v+)dx—;>. (2.4)
We set
IZ(X, l) = _p (U+) 7x(xa t) :Kﬁx(xa [)
o

so that |, _,=0 because v, |,_o=0.
Thus, (0, u)(x, t), called the diffusion wave, satisfies

7, —ii,=0
P(0,) b= —ai (25)
I’Z|x:O=09 (ﬁs g)'x:ooz(v+’0)'

ot

Next, expecting u(+ o0, t)=u_ e~ *, we define the auxiliary function

(0, 4)(x, t) by

U, mo(Xx)

(&, 2)(x, 1) = < e~ [ mo(p) dy- e“’>, (26)

—

where m, is a smooth function with compact support such that

J, mo»dy=1. suppmy=R.. (27)
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Therefore, (&, @)(x, t) satisfies
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By virtue of (2.9); and (2.4),

[T == ndy=] " (egr—v,) de—22 =g,

and hence we reach the setting of perturbation

* (2.10)
z(x, )y=u(x, t) —u(x, t) —d(x,t)

and the reformulated problem, after the integration of (2.9); once over
(x, 00),

V,—z=0
b (PUV ot 54 0) = pl0)) oz =~ (P (0, ) — 7)) 5,
(Ve2)im0= (Vou 2)(x) (RP)
= (=] )= 320) = 65 00) o) . 0) . ) )
lemo =0,
or the linearized problem around

V,—z=0
z,+(p'(0) V), +oz=—F (LP)
(Va Z)|t=0:(V07ZO)(x)9 Z|x=O:05
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where
_plvy) , oy o I
F= o Uxt_(p (U+)_P(U))Ux+(P(Vx+U+U)_P(U)_P(U) Vx)x'
(2.11)
Noting that, by (2.4),
|u+|
100l <2( llvg—vy [+ . ) (2.12)

we obtain the following first theorem.

THEOREM 2.1 (Dirichlet boundary). Suppose that vy—v, is in L',
(Vo, zo) € H?> x H* and that both |vo—v , | g+ | Volls+ 1202 and |u_. | are
sufficiently small. Then there exists a unique time-global solution (V, z)(x, t)
of (RP), which satisfies

Ve Cl[0, ) H>7Y), i=0,1,2,3
ze CY([0, o0); H*9), i=0,1,2

and moreover

3 2
Y (L0 %V, 0P+ Y (T+ )2 o%kz(-, )
k=0 k=0
3

t 2
+ [ Y (40 IV, P+ Y (14 [2l2(-, 1)1 | de
0 X

j=1 Jj=0

<C(IVol3+ lzo 13+ 10)), (2.13)
and
A+0)* Iz OIP+ T+ 0 (lzl -, DI+ 12205 0)]17)

+fot [(1+2)* 25 DI+ (1 +12)° |z, D)II*] dr

S CVol3+ lzo 13+ 1961)- (2.14)

The solution (V, z) obtained in Theorem 2.1 satisfies V|,_,=0 by the
first equation of (RP) and the boundary condition z|,_,=0, and hence
(RP) or (LP) can be rewritten as the problem to the second order wave
equation of ' with linear damping

Vtt+(p,(ﬁ) Vx)x+th= —F
(Va Vt)|t=O:(VOaZO)(x)’ V|x=0:O'

(2.15)



BOUNDARY EFFECT 445

Moreover, we rewrite (2.15), to the linearized parabolic problem around v __,

1 ~ 1 o
Vim V= = (Vat Pt (0(0) = p(0) 6 = =P,
(2.16)

to use the Green function of the parabolic equation with null-Dirichlet
boundary

1 2 2
E WA — —(x—y)* /A4t _ ,—(x+y) /4Kt’ 21’7
(x, 15 ») W(e e ) (2.17)
where
F=P ) (V404 80— p(0) = p0) V)= (00— () V),

Hence we have the explicit formula of V:
V)= EGx.t:9) Valy) dy
—fj | NVt Py, ) dy de

1 pt poo
o[BG = ) (0 = @) By, 1) dy de. (219)
X Jo Yo
Define ¢(x, t) by

o= [ B 5 V) 2ol d

1 pt poo
+&fo L E(x, t—7; y)(p'(vy) — p'(9)) 0y, 1) dy dr (2.20)

or the solution of

1
¢t_K¢xx:&(p/(U+)_p/(5)) ﬁxs (xa Z)61{4— XR+
| (220')
P(x, 0) = Vo(x) + = zo(x), $(0,2)=0.

Then we have the asymptotic profile ¢ of V as t —> oo in the sense of the
following theorem.
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THEOREM 2.2 (Asymptotic Profile). Define ¢ by (2.20) or (2.21) and
suppose that (Vy, zo) € LY x L. Then the solution (V, z) of (RP) obtained in
Theorem 2.1 satisfies

IV =, (V=0)ss (V=0) ), )z =0(t""Int,t=**Int,t72In¢) (221)
as t— 0.

Remark 2.1. Since ¢ satisfies

(8, fs d ), D)l o = Ot =12, 171, 1732, (2.22)

¢ is generally an asymptotic profile of V as ¢ — oo, which is on the same
line of assertions in [ 15]. However, in tlle present case we have the slightly
worse term — ((p'(v,)— p'(0)) V), in F and hence In ¢ in (2.21) are added.

Remark 2.2. All results are obtained under the condition that any data
are small. For large data the singularity will generally develop after a finite
time and the weak solution must be considered. In such cases the
asymptotic behaviour of the solutions of (1.1) is unknown in general even
for Cauchy problem.

2.2. Proofs of Theorems

First, applying the L?-energy method we prove Theorem 2.1, which is
established by the combination of the local existence result with a priori
estimates. For the local existence of the solution (V, z) to (RP) see, e.g.,
Matsumura [ 11] and references therein.

We now devote ourselves to the a priori estimates of the solution
(V,z)(x,t), 0<t<T, to the linearized equation (LP) under the a priori
assumption

3
N(T):= sup {Z( + 0 05V, 1))+ z (14002 0% =(, >|2}<e.

0<t<T =0

(2.23)

Since it suffices to establish the estimates for sufficiently smooth solution,
the equations in (RP) and z|,_,=0 give the following boundary condi-
tions for higher order derivatives:

(0, 2) =V (0,1) = V0, 1) = V., (0, 1) =0, etc.

Therefore, estimates obtained below are formally quite similar to those in
Section 3 of [14]. The difference between (LP) in [14] and (LP) in this
paper is the second term of F:

h(x, 1) :==(p'(vy) = p'(0)) Uy (2.24)
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Since h(x, t)=O(1)(v —v ) 0,, the decay properties

jw Ih(x, )]? dx < C84(1 + 1)~
0
(2.25)
j ho(x, )2 dx < COH1+0)772, et
0

hold, the decay rates of which are the same as those in (LP) of [ 14]. Note
that the first term decays faster than those in (2.25). Hence, we briefly
repeat the lemmas.

Multiplying (LP), by z+ AV(0 <A << 1) and using (LP),, we have the
first lemma.

Lemma 2.1. If N(T)<e& and |0,| are small, then
t
IVIT+ [12(2)]1> + L (VO + 12(0))1%) de < C(I Vo |1 + 120117 + [Jo1).

Multiplying (LP), by (1+4¢)z and applying Lemma 2.1, we have the
second lemma.

LEMMA 2.2. Ife+|0,| << 1, then
(LA +1z(0)]1?) +f0 (1+72) z(2) 1> de < CI Vo 17 + 120112 + 196 ])-
Next, differentiate (LP), with respect to x to obtain
Zxt + (p,(ﬁ) Vx)xx+azx = _Fx‘ (226)
Multiplying (2.26) by (1 +1)¥(z,—AV,,) (0<i<<1), k=0, 1, we have
t
(L+ OV (DT + 2(0)]12) +£)(1 + )V (D)2 + lIz,(2)]1?) dr
SCIVol3+ lzol1F+ 1J01). (2.27)
Again, multiplying (2.26) by (1 +¢)? z, and applying (2.27), we have
t
(T+ 02 (1 V(D) + HZX(I)HZ)+IO (1+7)? |z())|1* dr

S CUVoll3+ 1120l + 160 1), (2.28)

which gives the third lemma together with (2.27).
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Lemma 23. If e+ |0y <1, then

(142 (VD> + I\Zx(l)\|2)+f0t [(1+7) [V )+ (1 +12)% [|lz(7)[?] dr

S CUVoll53+ 11201+ 100 -

A similar procedure applied to the equation obtained by differentiating
(2.26) with respect to x once more yields

LEmMMA 24. If e+ 1|0,| << 1, then
(L+ 0> IV (O + [ 2:(D1?)
+£: [(1+2)? [V (D) 2+ (14 7) |z,(2)117] dr
S C(IVol3+1Izo /13 +1010)-
Applying the same procedure as above to
Zp+(P'(0) V) oz, = —F,, (2.29)
we have the following two lemmas.
LemMmA 2.5. If e+ |d,| << 1, then
(L0 |22+ (1402 (D] + [z0)]1?)
[ L0407 20 + (10 o)1) e
<SC(IVol3+ Izl + 100 1)-

LEMMA 2.6. If e+ |0,| << 1, then

t
(L+0* (2D + 22 D11%) + fo [(1+2)° zx(D)I2+ (1 +0)* |z,(2)|?] dr
S CIVol3+ lzoll3+ 100 1).
The estimates obtained in the series of the above six lemmas show (2.13).
To obtain (2.14), we differentiate (2.29) with respect to ¢ once more:

Zi + (P'(0) Vi)sut oz, = —F,
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or

Ze + (P'(ﬁ) th)x + Az = _th - (217”(5) Etzx + (P”(E) Ett + pw(ﬁ) 5?) Vx)x
i=—F,—P,_. (2.30)
We apply the same procedure as above to (2.30), that is, multiply (2.30) by

(I+0)*(z,,+72,) (0<i<<1), k=0,1, .. 4 and use Lemmas 2.1-2.6. Then
we have

(L+0* (DT + z4(D]?) +fot (1+0)* (el D + ze(2)]1?) dr

S CIVol3+lzoll53+ 100 ). (2.31)

Since {4 (1+71)° [ |Fy+ Py |? dx dr < C(| V|3 + 2613 + |36 |) is shown by
(2.31) after tedious calculations, multiplying of (2.30) by (1 +1¢)°z, and
using of (2.31) yield

(1+0)° Izl ) I + 12(D]%) + Jot (147)° z4(7)] do

S CUVoll3+ 1120153+ 100 1),

which shows (2.14) together with (2.31). Thus we have completed the proof
of Theorem 2.1.

We now turn to the L®-estimate assuming that (V,, zo) € L' x L'. The
proof is very similar to that in [15].

First we show (2.22). The first term of right-hand side in (2.20) clearly
satisfies (2.22) since (V,, zo) € L' x L. The last term is estimated by (2.3)
as follows:

|the last term in (2.21)]
< P'(s) ds), (y.7) dy de

v

T B o |

+CJ J Ex,t—1ty)|0—v,| |0, dydr
/270

t/2
<C| B —0) e (0= )(0) | de

+C[ B =)o 15 o 15— 0,)(0)] 2 o

/2

t

SCU[/Z(Z—T)_I (1 +T)—1/2df+f

0 12

(t—7) Y2 (147)! d‘[)

<C(1+1)~"2

Derivatives of ¢ are also estimated similarly.
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Since

1 rt/2 poo
— [ Bt ) Vily 1) dy e
xXJ0 Yo

1 (e 1 e
—— [ EGx 6 p) 2ol dy =~ [ B 1/2: ) 20, 12) dy

o Jo o Jo
1 rt/2 poo

— [ B =)y v dy de, (2.32)
oA Yo 0

(2.19) and (2.20) with (2.32) give the expression

1 peo
(V=9)x, )= — | ECx 1/ ) 23, 1/2) dy

1

t/2 po0
—fj I E(x,t—7p)z(y,7)dydr
xJo Yo

1 rt o
— [ [ Exi—n sy dyde
A Jg2 Y0

1 /2 t [ee) -
—= <J +J >J E(x,t—1; y) F(y,t)dydr
a \’o 2/ 70
=1+ 0+ 1T+ IV, +1V,). (2.33)
Since the Green kernel E is given by (2.17), the following estimates hold:
1| < CUE@2)] 12(2/2) < C(1+6) 7147,

/2
IUISf [E(t—7)| [z(7)] dr
0
/2
<j (I+t—7)"*(1+0) " tde<C1+1)"1n2+1)
0
t
< C [ B =) |z(0)] de
t/2

<Cj (1+1—17)" Y (14+1)2de<C(1 +1)"2+34, (2.34)
t/2
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For IV, and IV, we recall that F given by (2.18) has the form F=f,.
Hence

t/2 poo
<] B —m o)l dy de

<[P =0 (0@ 1)+ 1V + [0
FIVARILS 10— 0, )(0) | 2) de

/2
<Ct™! f (1+7) T +e ™+ (14+7) ¥ de<C(1 +1)73* (235)
0
and

V| < CL:Z HEE =) (o) + 18L0) |+ 1V Ve + 86,)()])
+IE(t =D V()| = 1T —v (D) }} dr

< Cf (t—1) V(1 +1) e ™)+ (t—1) ¥ (1 +1) AV dr
t/2

<C(1+1)=%4, (2.36)
Combining (2.33) with (2.34)-(2.36) shows that [(V—¢)(?)],»=
O(t~>*). Estimates of [[(V—¢), (t)]»=O0(t~%*) and [(V—¢), ()] 1=
O(t~"%) are obtained in a similar fashion to the above. In particular,
[(V—=¢)s (t)|z»=0(t=>*) and (2.22) show that |V (t)]z»=0(t"").

Applying this to (2.35) and (2.36) again, we have
[V <C(1+1)"'In(2+1) (2.35)

and

IV, < C(1+1)7, (2.36)’

which gives the estimate ||(V —¢)(¢)] .« = O(¢t ! In ¢). Derivatives of V —¢
are also obtained, which yields the desired estimate (2.21).
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3. THE CASE OF THE NEUMANN BOUNDARY CONDITION

We now turn to the problem with the Neumann boundary condition (1.5)

v,—u,=0, (x,t)eR,_ xR,
u,+ pv),= —ou (3.1)
(U, u)|t:0=(UO: uO)(x)r ux|x:0=0'

As in the preceding section we first reformulate (3.1). Heuristically, (3.1),
yields (d/dt) v(0, t) =u, (0, ) =0 and v(0, t) =v,(0) for any ¢ > 0. Hence, we
can expect that

(v, u)(x, 1) = (0,0)(x,7)  as 71— oo, (3.2)
where 0(x, t) is a diffusion wave connecting v4(0) and v .
In the case of vy(0) # v, putting u,=0 in (3.1), we have

1
u=——p(v), and U, += p(0)=0. (3.3)
o o

To construct the diffusion wave (7, @), it is known that for any constant
v_ >0 we have a self-similar solution 7=1(x/\/t+ 1) satisfying

1
T,+— p(7),, =0, xeR=(—o00, w), t>0
* (3.4)

Tye oo =V

Therefore, for v,(0) >0 between v_ and v, there exists a unique 9(x, ¢) in
the form of Y(x/\/t+1)|,5, satisfying

1

U, += p(0) =0, (x,)eR, xR
x (3.5)
6|x=O:UO(O)a 17|x=oo:v+'
For these results see [ 1]. Moreover, # is defined by
ux, 1) = ——p(v),
so that
_ _ . X
lylymo=0,lyco=V'(x/\/1+1) <—> =0. (3.6)
2 /t+1(t+1)/Ix=0
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Thus we have had
v,—u,=0
p(0),= —aut (3.7)

(17! ﬂx)|x:0=(l)0(0)r O)’ (ﬁr Ij)'x:ooz(v+’0)'

Similar to that in the Dirichlet boundary problem, the auxiliary function
(0, @)(x, t) is defined by

+ mO(x) e >

(6, 4)(x. 1) = <uo<0>u at
o

o) =) [T dyru [ ) 8)

where m, is a smooth function satisfying (2.7). Hence (7, &) satisfies

0,—14,=0
,= —oil
o . (3.9)
(u’ ux)|x=O:(uO(O)e_at>O)’ v x=0:0
(0, )| =00 = (0, 1, €7*).
Combining (3.1) with (3.7) and (3.9) we have
(v—0—0),—(u—u—a),=0
u—u—1ua),+ —p(0)=—a(u—u—i)—u
( )i+ (p(v) — p()) ( )—, (3.10)

* (3.11)
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we have the reformulated problem, after the integration of (3.10); once
over (x, o0),
V,—z=0
+(p(Vi+040) = p(0) = —az—1,
Zx|x=0:O (Or Vx|x=0) (NRP)

(V. 2)i—0= Vo, 20)(X)

= (=[] @l = 80300 8. 0) i o) — . 0) . 0) ).

or the second order wave equation of V' with damping
Vit (p(Vit+0+0)— p(0))+oV,=—u,
Vx|x:0=0> (V’ Vz)|t:0=(V0920)'

(3.12)

Note that, if (V, z) is sufficiently smooth in x, ¢, (3.10) or (3.12) yields
the boundary conditions at x =0

Vi=Viu=Viux=p(Vi+0+0) = p(0) =(p(Vi+0+0) = p(0)) =0, etc.

Therefore, once we have the smooth solutions, we can treat them formally
the same as those in the Cauchy problem in [14]. The diffusion wave ¢
defined in (3.6) has the same behaviour as the self-similar solution 7 defined
n (3.5). For the diffusion wave see [1] and [4, 14]. Hence, the same
L*-estimates for the local smooth solution (¥, z) to (NRP) are obtained.
Thus we have the following theorem.

THEOREM 3.1 (The Case of vo(0) #v ). Suppose that vy—v . isin L'(R )
and both |Vyls+ zolla and 61 :=1|(ve(0) —v ., u, —uy(0))| are small.
Then, there exists a unique time-global solution (V, z)(x, t) of (NRP), which
satisfies

Ve CH[0, c0); H>7Y), i=0,1,2,3

ze CY([0, o0); H>7), i=0,1,2
and moreover
3
Z Yok V-, )+ Z (14 0)+20%z(-, 1)|1?
= k=0

2
+H (L4 1oLVC, D+ Y (L)1 0120, 1)1 | de

j=0

C(IVo 15+ lIzo 13 +04), (3.13)
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and
(I+0*z - DIP+ A+ 0Nzl - O+ llz( - DIP)

+ [ LA+ 0 Lz D+ (140 Lzl 1] e
<AVl + 7013 +01). (3.14)

The derivation of (3.14) is similar to that of (2.14) and so the proof of
Theorem 3.1 is omitted.

Remark. The L'-property of vy—v, is a sufficient condition for the
definition of Vy(x). The decay rates in (3.13)—(3.14) will be optimal in
L?-setting. In L'-setting the optimal decay rates are not known, different
from Theorem 2.2. However, when vy(0)=v_, optimal decay rates are
obtained as shown below.

We now treat the case of vy(0) =v, . Taking

(& )05 )= (0..,0) (315)
and
(0. 1) = (= ey e
o) =) [Tyt [ e ). a0
we have

(3.17)
(U—)xlx—o=0  (or (v—v, —D0)]_0=0)

(v—v, =0, u—a)|,—o=(vo— v, Uo)(x) — (4, &)(x, 0).

The definition

(V,z)(x, t)= <—Jw (v—v,—0)(y,t)dy, u(x, t)—i(x, t)) (3.18)

X



456 NISHIHARA AND YANG

gives the reformulated problem
V,—z=0
2+ (p(Ve+v,+0)—ploy))=az

(3.19)
Zx|x=0:0 (Or Vx|x=0:0)

(V2o = Vo 20000 = (= (03 =0, = 600, 0)) o) .0
or the linearized wave equation of ¥ around v,
Utt+p,(v+) Vxx+<XVt= _F
== (p(Vitv, +0)=poy) = p'(vy) Vix (3.20)
Vx|x:0=()a (Va Z)|t:0=(V07ZO)(x)'

Therefore, if (Vy, zo) € H> x H?, then we can obtain the following theorem
on the same line as Theorem 3.1.

THEOREM 3.2 (The Case of vy(0)=v,). Suppose that vo—v, is in
LY (R ,) and both |Vylls+ |zoll» and 52 =|u, —uo(0)| are small. Then,
there exists a unique time-global solution (V, z)(x, t) of (3.19), which satisfies

Ve CH[0, c0); H>7Y), i=0,1,2,3
ze CI([0, o0); H*>™Y), i=0,1,2
and moreover
3
Z (I+0* 05V, 0>+ Z (L+0)**2)0%=(-, )2
+f { Y (T4 oLV )P+ Y (T+)/* 1 odz(-, 1)?
0l j—1 j=0
CUIVol3+ llzol3+02), (3.21)
and
(T+0D* Iz O+ T+ 0zl - O + 2ol O1P)
t
+jo [(1+0)* |zl D2+ (1 4+7)% 2, 0) ] de

CUIVol3+ lzoll5+05). (3.22)
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Moreover, the same line to Theorem 2.2 can be applied. In the Dirichlet
problem, since 1/a(p'(v,)— p'(D)) 0, in (2.16) has not enough decay order,

¢ was defined by (2.20)" with a sourcing term. However, in the present
case, since v =v_, we define an asymptotic profile ¢,(x, ¢) by

o 1
Bilx0)=] B ) (Vo) zo(0) dy (3.23)

or the solution of the corresponding parabolic equation

¢lt7K¢1xx:07 K/-pr (v+)
o
. (3.24)
Pixlx=0=0, ¢1|,:0=V0(x)+&20(x),
where
E(x, t;y)= (@™ Ot ??/ant | o= (x—y)2/dnty (3.25)

/ dxmt

Then we have the expression
1 peo
(V=) )= — |~ B, 1/2: ) 205 1/2) dy

1 pt/2 po
B m s dy e

1

t [e'e)
—ff J Eix,t—1y)z{y, 1) dydt
A Je2 Yo

1
o
We note that F, in (3.26) does not include the bad term likely

—((p'(vy)—p'(0)) Vy), in (2.18). Thus, applying the decay properties
obtained in Theorem 3.2, we can estimate (3.26) to reach the final theorem.

/2 t e -
f +j )f E(x,t—7 ) F\(y, t)dyd.  (3.26)
0 t/2 0

THEOREM 3.3 [ Asymptotic Profile]. Define ¢, by (3.23) or (3.24) and
suppose that (Vy, zy) € L' x LY. Then, the solution (V, z) of (3.19) obtained
in Theorem 3.2 satisfies

H(V_qbl’ (V_¢1)xa (V_¢l)t)(’ Z)HLOO: 0(l_19 l_3/2’ l_z)'



458 NISHIHARA AND YANG

M

ACKNOWLEDGMENT

The ideas for this paper arose when K. Nishihara visited City University of Hong Kong in
arch 1998, being invited to the Special Program on Partial Differential Equations at the Liu

Bie Ju Centre for Mathematical Science. He expresses his sincere gratitude to the director of
the Centre, Professor Roderick Wong, for his kind invitation and hospitality.

12.

13.

14.

15.

16.

REFERENCES

. C. T. Duyn and L. A. Van Peletier, A class of similarity solutions of the nonlinear diffusion
equation, Nonlinear Anal. TMA 1 (1997), 223-233.

. L. Hsiao, “Quasilinear Hyperbolic Systems and Dissipative Mechanisms,” World Scientific,
Singapore, 1997.

. L. Hsiao and D. Serre, Global existence of solutions for the system of compressible
adiabatic flow through porous media, SIAM J. Math. Anal. 27 (1996), 70-77.

. L. Hsiao and T.-P. Liu, Convergence to nonlinear diffusion waves for solutions of a
system of hyperbolic conservation laws with damping, Commun. Math. Phys. 143 (1992),
599-605.

. L. Hsiao and T.-P. Liu, Nonlinear diffusion phenomena of nonlinear hyperbolic system,
Chinese Ann. Math. Ser. B. 14 (1993), 465-480.

. L. Hsiao and T. Luo, Nonlinear diffusive phenomena of solutions for the system of
compressible adiabatic flow through porous media, J. Differential Equations 125 (1996),
329-365.

. T.-P. Liu, A. Matsumura, and K. Nishihara, Behavior of solutions for the Burgers
equations with boundary corresponding to rarefaction waves, SIAM J. Math. Anal. 29
(1998), 293-308.

. T.-P. Liu and K. Nishihara, Asymptotic behavior for scalar viscous conservation laws
with boundary effect, J. Differential Equations 133 (1997), 296-320.

. T.-P. Liu and S.-H. Yu, Propagation of stationary viscous Burgers shock under the effect
of boundary, Arch. Rat. Mech. Anal. 139 (1997), 57-82.

. P. Marcati and M. Mei, Convergence to nonlinear diffusion waves for solutions of the
initial boundary problem to the hyperbolic conservation laws with damping, preprint.

. A. Matsumura, Global existence and asymptotics of the solutions of the second-order

quasilinear hyperbolic equations with the first-order dissipation, Publ. RIMS Kyoto Univ.

13 (1977), 349-379.

A. Matsumura and M. Mei, Asymptotics toward viscous shock profile for solution of the

viscous p-system with boundary effect, Arch. Rat. Mech. Anal., to appear.

A. Matsumura and K. Nishihara, Global asymptotics towar the rarefaction wave for

solutions of viscous p-system with boundary effect, Q. Appl. Math., to appear.

K. Nishihara, Convergence rates to nonlinear diffusion waves for solutions of system of

hyperbolic conservation laws with damping, J. Differential Equations 131 (1996), 171-188.

K. Nishihara, Asymptotic behavior of solutions of quasilinear hyperbolic equations with

linear damping, J. Differential Equations 137 (1997), 384-395.

T. Pan, H. Liu, and K. Nishihara, Asymptotic stability of the rarefaction wave of a

one-dimensional model system for compressible viscous gas with boundary, Jpn J. Ind.

Appl. Math., to appear.



	1. INTRODUCTION 
	2. THE CASE OF THE DIRICHLET BOUNDARY CONDITION 
	3. THE CASE OF THE NEUMANN BOUNDARY CONDITION 
	ACKNOWLEDGMENT 
	REFERENCES 

