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1. Introduction and Notation

Let N and Ny stand respectively for the sets of natural numbers and nonnegative integers. Define the generalized harmonic
numbers by
1
Hém> =0 and H™ = Z o form, n e N.
k=1

The case m = 1 reduces to the classical harmonic numbers: H,, := H,ﬁ”.
One of the hardest challenging harmonic number identities is the following identity conjectured by Weideman [16, Eq
20]. For all n € N, it holds that

S04 (2) (30— Ho® + (52 + 5] = o0 (1)
k=0

It has been confirmed by Driver, Prodinger, Schneider and Weideman [12] through the computer algebra package Sigma. The
partial fraction decomposition method has recently been utilized to prove this identity by Chu [5,7], where more identities
involving binomial coefficients and harmonic numbers were found.

By expressing Dixon’s classical formula as a formal power series identity in an appropriate variable x and then extracting
the coefficients of x™, we shall establish several finite and infinite series identities involving harmonic numbers and the
Riemann zeta function. The main tools consist of the two expansion formulae of the I'-function in terms of the exponential
function as well as two expressions connecting binomial coefficients to Bell polynomials.

Throughout the paper, the shifted factorials are defined by

*X)o=1 and K),=x(x+1)---(x+n—1) forneN
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which are connected to the I'-function
o0
C(x) = / " le7"dr  with®R(x) > 0
0

via the following two relations

C(x+n) I'(x)
— = (%), and ———
I'(x) F(x—n)
Then Dixon'’s theorem (cf. Bailey [1, Section 3.1]), which is well known in the theory of classical hypergeometric series, may
be reproduced as

= (=D"(1 = X)n. (2)

F a, b, c
3n2 1+a—-b, 14+a-c

- ad (@)n(b)n(C)n
1] - Zn!(l +a—bp(1+a—o),

n=0
a a
1+5, 1+a-b, 1+4+a-—c, 1+5—b—C

=T a a
1+a, 1+5_b’ 1+5_C’ 1+a—b—c

where R(1 + % — b — ¢) > 0is assumed for convergence and the multivariate I'-notation reads as
a,b,...,c F'(@r(b)---I'(c)
r =V
AB,....C]  T@ATI®B)---TI'(C)
Furthermore, we shall utilize the power series expansions of the I'-function [4]
['(1—x) =exp Z%x" and T 1—x =/ exp ZEX"
= k 2 = k
where oy and 7, are defined respectively by
o=y and o, =¢(m) form > 2;
1=y +2In2 and 1, =Q2"-1)¢(m) form > 2;

with y being the Euler-Mascheroni constant defined by y = lim,,_, o, (H, — Inn) and ¢ (x) the usual Riemann zeta function
givenby ¢ (x) = Y 02 .

For the sequence of indeterminates y := {yx}en, the Bell polynomials §2,,,(y) (or the cyclic indicators of symmetric
groups [ 10, Section 3.3]) are defined by the generating function

k
3 QX" = exp {Z ’j{yk} . 3)

m>0 k>1
There is the following explicit expression

m Lk

. _ Z Yk
Qm(y) — Qm()’u)’z,.u,J/m) - E,!kl" (4)
w(m) k=1 "k
where the multiple sum runs over w(m), the set of m-partitions represented by m-tuples of (¢4, £3, ..., £y) € N subject

to the condition ) ,_, k¢, = m.
Let [x"]f (x) stand for the coefficient of x™ in a formal power series f (x). By means of the generating function method, it
is not hard to show that these relations hold:

n—+ Ax _
(") = 2, we= (CDEHY (52)
n—ax\"!
[xm]( . ) = Qu(v), = AHWN, (5b)
In order to facilitate further applications, we display the first few Bell polynomials:
20(y) =1, (6a)
210) =y1, (6b)

1
2,0 = 50/% +¥2), (6¢)
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1
23(y) = g(V? + 3y1y2 + 2y3), (6d)
1
24() = i(y? + 6y3y2 + 8y1y3 + 3y5 + 6ya), (6e)
1
25() = 5 07 + 1032 + 20y7ys + 15915 + 30y1ya -+ 20y2y5 + 24y5). (61)

2. Reformulation of Dixon’s classical identity

Introducing an indeterminate x and the parameters X, 6, ¥, €, § subject to condition A = 6 + ¥ = ¢ + §, we may
equivalently consider Dixon’s formula as the following formal power series equation

—AX—n,—0x—n,—&x—n . 1—9x, 1-—6x
3F2|: 1—09x,1—68x 1:|_F[l—kx—n,l—kx+0x+ex+n:| (7a)
Ax+n Ax — 3n
1-— 5 ,1— 5 + 0x + ex
x T AX—n AX—n (7b)
1-— +6x,1— + ex

Let k be the summation index for the last 3F,-series. Observing the two relations

(1—x),<=(k;X)k! and (—y—n)k=(—1)’<(”;:y)k!

we may reformulate the general hypergeometric terms in (7a) as
AxnY (Ox+nY (ex+
(_1)k ( xk n) ( xk n) (ka n)
k—19x k—éx
( k ) < k )

In view of (2), we can rewrite the I"-function fraction in (7a) as

(Ax+n71)
n r |: 1—0x, 1-—6x :| .

R Vi e prere
( X+ex Ax+n) 1—Xxx,1—Ax+6x+ ex
n
For n = 2m, the I"-function fraction in (7b) can be restated as

pr AX AX
(—nm ey (3””"";1”‘ 2) 1= 21— 2 4 Ox+ex

r
g Hox— X ex— X AX AX
(mm2><m;‘12)(msﬁr{12) 1—2—|—9X,1—2-|—8X

When n = 2m + 1, we can similarly reformulate the I"-function fraction in (7b) as

m(1eax 1—Ax 1—2Xx 0
D" (- 0x+ex),, 5 + 0x + ex
(Ax;l)m(l—zkx_’_gx) 1—Ax+8x) r 1—Ax 1—Ax

m+1( 2 m+1 5 + 6x, 5 + ex

which can further be expressed in terms of binomial coefficients as

44+6m—Ax+20x+2ex 1+m—%x+0x 1+m—}‘7’(+sx
(_1)m 4+4+-6m 1+m 1+m

(AXTH) (2+3m— %+9x+sx) <2+2m4x+2ex> <2+2m7)»x+25x)
m

(10a)
24+3m 242m 2+2m

X 1—Ax l—Ax+9 n
, X+ ex
X m) (3+Ez;m)! R : (10b)
21+2mL(1 + 2m)'}2 (1 + 3m)! 5 +6x, 5 + ex
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Dividing both sides of the equation (7a) and (7b) by (*") (") (*") and keeping in mind the two relations
Ax+2m—1 Ax+2m
2m 2m
%ﬁ—m—] - %+m ’
m m

(Ax +2m )
14 2m mi2?Mx (24 m\
(2, (142m)! m ’
we may finally express the resulting equation as follows

G o
()" FUe, n=2m;

n 3
3 k(M _ !
X W(X) + ;(_1) (k) Tk(X) = (_1)m+l )\‘X(3 + 6m)'(m’)3V(x)
2 {(A4+2m)!1B3A +3m)V’
where T (x), U(x), V(x) and W (x) are the formal power series explicitly given by

k—9x k — 8x Ax+n—k Ox+n—k ex+n—k -
no={ (7))
k k n—k n—k n—k

AX AX
1—Ax+0x,1—kx+sx] 1_7’]_7"‘97“"8"

n=2m+1;

Ux)=r
® |:1Ax,1kx+0x+ex O S N
2 ’ 2
AX

(3m+0x+8x—7>

3m

X = >
m+ 4% m+6x— )TX mex—5¢ Ox+2m ex42m Ox+ex—ax+2m)
m m m 2m 2m 2m

44+-6m—Ax+20x+2 N
v _( " atem EX) m+ 2N (m— 2 40x\ (m— & +ex
(X) - 2+3m—)‘7x+9x+sx m m m
2+3m
T1—Ax 1—Xxx
1—Ax+60x,1—Ax+ex ) +0x+ ex
1—xx,1—Ax+0x+ex 17}“"4_9&1*)"‘_}_“
« 2
1+2m+ax\ (1+2m+6x\ (1 +2m+ex\ [14+2m —Ax+20x\ [14+2m — Ax+ 2ex\ (1 +2m — Ax + Ox + ex
142m 14+2m 14+2m 14+2m 14+2m 14+2m
(k—Ax)(k—&x)(k—sx)
-t & k)3 k k k
W(x)=ws( ) > &) .

(n+13 & (n+2); (n+k+1fﬁx>(n+k+178x)
n+k+1 n+k+1

By means of (5a) and (5b), we can compute without difficulty the coefficients
F"ITe(x) = 2m(t) witht = @'+ 8HH + (=)' + 0"+ eHH

and
m ni1 i (k))®
X" IW(x) = (=1)"" " Abe ————— 2 (wy)
=0 (n+ D "
where
wy = @+ 8VH )y — W+ 0"+ e)H.

(11)

(12a)

(12b)

(12¢)

(12d)

(12e)

(12f)

Recalling the two expansion formulae of the I'-function mentioned before, we have the following two further coefficients

X"UX) = 2n(u)
where

u = ()\—0)1‘+(A—5)"+<A>i+<k—9—a>i oi — (A—0>i+(k—g>i+)&'+(x—9—5)" oi
2 2 : 2 2 :

+(_1)i {(A>' + (9 _ )\>i+ (8 _ )\>,] H(i) 4 (_1)1' {9i+8i—|— (9 +e _}L)i}Hm _ ()\ -0 _E)iH@
2 2 2 m 2m 2 3m
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and
X"V (%) = 25 (v)
where

V= -0'+—e) =2 - —0—9)}o; — (k—9>i+<A—e)i—@)i—(’\—e—e)i T

' 2 2 2 2 1
N A\ A\ . o ) )
—(—1)'l<2> +<9—5> +<s—5> }H,5;>+(—1)1 (M +0'+6 4+ 20— )"+ @26 — )

i
+ @+e—NH,, + Y o) H, — (20— 26y,
14+2m 2 2+43m 4+6m

Equating the coefficients of X™ on both sides of (11), we establish the following formula.

Theorem 1 (Harmonic Number Identity). Let {ty, wy, u, v} be the four sequences just defined above. Then for m, £ € N, there
holds the algebraic identity:

> (k3
(=)™ ey —2
kg(; (n+ ])£+1

m (3m)! ]
(=1 (ml)? £2,(u), n=2m;

=) =™t AB +6m)i(m!)?
2 {1+ 2m)!13( + 3m)!

n 3
Qs+ Y =04 (1) @it
-3 (W ; (k> AUy

2¢_1(v), n=2m+1.

When one of the parameters A, ¢ and 6 equals zero, this theorem gives numerous finite sum formulae on harmonic numbers.
Instead for Ae@ # 0, Theorem 1 will lead to several infinite series identities involving both harmonic numbers and the
Riemann zeta function. For further identities of finite and infinite series of similar type, the reader can refer to [5-8,12-14]
and [4,9,11,17], respectively. In addition, it is pointed out by an anonymous referee that the expansion of hypergeometric
sum expressions, as carried out in this paper, has applications in particle physics (cf. Vermaseren [15]).

3. Examples: Harmonic number identities

As applications of Theorem 1, this section will display several interesting finite and infinite series identities involving
harmonic numbers and the Riemann zeta function.

31.£=0

In this case, we recover Dixon’s classical identity on alternating sums of cubic binomial coefficients
(3m)!

n 3 m
(—1)k n\” _ ) (=1 TER n=2m;
; (k> 0, (mb) n=2m+ 1.

32.¢6=1

The corresponding identity displayed in Theorem 1 reads as
n 3
DD ) A@ + OH = G40+ ) Hyi)
k=0
(3m)! 0 2 H 2H H =2m;
(m!)3 +8_5 (Hm + 2Hym — H3pm), n=2m;
(=)™ (3 +6m)!(m!)?
2 (14 3m)!{(1 +2m)!1}3’
Under the involution k — n — k, this identity can be simplified as [12, Eq 2]

(=)™ 3m)!
2 (m)? (Hp + 2Hym — H3p), n=2m;

n /M3
20 () He= 1 ™ 5 4 emytmyy? (13)
k=0 , n=2m+ 1.

6 {(1+2m)13(1 + 3m)!

(_-l)nH—l

n=2m+ 1.
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33.¢=2

When n = 2m, we have the following general identity.

> D4 k) {07+ DH + (02 + 62 + DHD, + (0 + Oy — 6.+ 0 + o)H, 1)) (14a)
k=0
_(_1)m(3m)‘ )\'2_*_(9_}")2_}_(8_)\’)2 H(z)—|—{92+82+(9+8_)\)2}H<2)
- mH3 || 4 2 2 m
2 2
A 2 A\ Lo

It is trivial to check that for A = 4and ¢, 6 = 1 & +/—3, the last identity becomes Weideman’s (1). Furthermore, we can
deduce, by specifying the parameters X, € and 0, the following harmonic number identities.

Example 1 (A =0ande, 6 = +1:[12,Eq 3] and [14, Eq 1.12]).

B () = oS )

Example2 (A =4ande, 0 = 1+ 34/—1:[6, Example 8]).

_1\ym+1
Z( (%) e~ Han? = %% {H2 +Hi ).

Example 3 (A =0,¢ = 1and 6 = +/—1:[6, Example 6] and [12, Eq 23]).

2m

S =H() e+ Han)? = (=" (Hn + 2Hop — Hap)” + Hip) — Hi» 1
P k (m!)?

=

According to linear combinations, the last two examples are equivalent to the following two identities (cf.[12, Egs. 22 and 23]
and [14, Egs. 1.10 and 1.11]).

2m
2m\3 (=D" Bm)!
Z(—l)"( p ) H = i [3(Hm + 2Hom — Hsm)? — H® + 202 — 3H§ﬁf] : (15a)
=D" Gm)!
Z( 1)"( ) Hion -y =~ 5 |3t + 2Ham — Hsn)? + HP + 4HE) — 3H[)|. (15b)

Instead, for £ = 2 and n = 1 4 2m, the corresponding identity reduces to
n 3
S EDH() {2+ OHT + 62+ 07+ R, +{© + HH— + 0 + e)Hy i
k=0

ZAG MM (5 -0 —¢)
- (_1) {(1 + 2m)y}3(1 + 3m)| {Hm - 4Hl+2m - H2+3m + 2H4+611’l} .

Under the replacement k — n — k, this identity simplifies to the following one.

Example 4 (Schneider [14, Section 3.3]).

& 1+2m (=™ (3 +6m)!(m!)3
kX(;( 1) ( ) {3H; +H ) = 2 [+ 2mP( + 3m)! {Hn — 4H140m — Hoq3m + 2Hay6m) -

However, when the factor 3H,f + H,§2> is split into two terms, the corresponding sums do not have closed expressions.
Schneider [14, Eq 1.15] has verified this fact by showing the following interesting identity
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142m m 3 m i i2){(20)!}12{(3i)!}?
k(14+2m\° o (=1 (3+6m)!(m!) B (5 + 36i + 72i5){ 2D {G)!)
kZ;( 1) ( )Hk =12 [A+2mPa +3m) 2*; 2i(1 + 2i)(1 + 6i)!(i!)®

In order to reduce lengthy expressions, the following two abbreviated notations will be utilized in the rest of the paper:
@y = Hy + 2Hym — H3p  and Wy = Hy — 4H11om — Hay3m + 2Hagem.

34 =3

By specifying the parameters A, € and 6 concretely in Theorem 1, we can derive the following seven harmonic number
identities.
Example5 (A =4ande, 0 =1+ 4/-3).

- (k)? _(=D" Bm)!
; (1+2m)?,, + Z( 1 ( ) ch =2 )y [25(3) —Hze,z —|—Hr<n3>] .

Example6 (A =4ande,0 =1+ /—3).
0 2(k')3 1+2m 1+ 2m , , ,
+ 1 ( ) {9H3+HH<’ — 9H? + 3HDH _+2H<>}
Z (2+2m)k+1 ;( ) (Hy H™) (Hy iOH12m—k k
(34 6m)!(m!)3

— __1\m+1
=21 {1+ 2m)1}3(1 + 3m)!

¢(2).

Example7 (A =4ande, 0 =1+ 34/—1).
o 5(I<')3 2 142m 3)
+ ( 1)( ) {9H3—4H — 27H?H, 5 _k]
_(=pm! (3+6m)!(m!)3
T2 {(42m))3(1 4 3m)!

[10;(2) +3H? — 15H1+2m}.

Example8 (A =0,e =1and0 = /—1).

2m m
k(2m\? [ 3 (=D"Cm)! 4 @ 2 3, 43 3
§ :(_1)(< k ) [Hk - Hk + 3H’< 2m— k} - 2 (m!)3 [(pm - 3(pm(H3m - HZm) - 2HB.m +Hy, — Hr<n>} .
k=0 °

Example9 (A =2,¢ =1+ +/—3and6 = 0).

2m
S (3 )3 { BHan- = 2HOHE + (Han- — 2HOH |
k=0

_(=D" Gm)!

5 ) {¢;+q>m(H,<,$>+4H2<fn> 3HZ)) —2HY) +2H3}
m!

Example 10 (A =2,¢ =1+ /-3 and 6 = 0).
1+2m

142m
Z( 1)’(< ) [HkHl(i)zm—k + 3H’<H12+2m7k]

_(=D™ @ +6m)!(m)?
T24 {(142m)1)3(1 4+ 3m)!

2 (2) 2)
{3‘1’m + 3Hy 3y + 8H Ly — HyY — 12H4+6m} :

Example 11 (A =2, = 1and 6 = 0).

1+2m 1 + m
Z - 1)"( ) [3H,§ +5HHP +2HY — (9H? + 5H£2>)H1+2m_k}

k=
(=™ 3+6ml(m)?
T3 {(142m)!3( + 3m)! { mo 5H1+2m] .
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We remark that the last identity can also be obtained by combining Example 6 with Example 7 and canceling the parts
containing ¢ (2).

35 £=4

For ¢ > 4, the identities specialized from Theorem 1 are generally quite complicated. We limit ourselves to present only
four summation formulae for exemplification.

Example 12 (L. =0and¢e, 0 = £1).

Z( 1)( ) {Hk +HPH? + P HP k}: (—;)m%{ HO 4 HY 4 (1O +H2<;)}2}'

Example 13 (A =1, =0andf = —1).

1+2m\3
>0 +1< ™) {10H,§“> +30HH? + THPHP + 24HHP + 12H2HP,, ,(+9H,‘(‘}

m 3
_ _(=D"G+6m)!(m!) [3w3+6H< — 64H
4{(1+2m)1>(1 + 3m )' "

- {11H,<n —64H?, —9H?, + 36Hﬁ€m}] .

— 6H,,,, + 48H,

l+2m 4+6m

Example 14 (. =4ande, 0 = 1+ 4/-3).
0 3 1+2m
(k")*(Hx — Ha2m+k) kf(14+2mN\3 [, @ 3)
+ —1( ){H+H—H ,H}
; (2+2m)z+1 kg{;( ) k k ( k 1+2m k) k
(=™ (3+6m)!(m!)’
6 {(142m13(1 + 3m)!

{4+ 1 70}

Finally, by combining the two special cases of Theorem 1 specified with A = £+4,¢,0 =4+ (1 + +/—1)y/6 4+ 6+4/—1 and
2+ (1+4/—1)v/6 4 124/—1, we find the following strange looking identity.

Example 15 (Harmonic Number Identity).

00 3 2m
(k') {Hk + H1+2m+k} K 2m 3 (4) (3)
30T HE + et Haoon? ]
2w, g U)o

( 1™ (3m)!
2 (m!)3

{3;(4)+2q>m;(3)+H — 20 + ¢, (HP ;f,f)].

When m = 0, it recovers the identity (cf. [2, Eq 4], [4, Eq 1.3], [9, B7a] and [11, Eq 7])
4

ii ="
Ly~ 400 T

Further infinite series identities of this type have been derived by Zheng [ 17]. Moreover, analogous multiple Euler sums are
heavily used in physics [3,15], where highly non-trivial computations have been accomplished.
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