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Abstract

We present the Dy x Z, flavor symmetry, which is different from the previous work by Grimus and Lavoura. Our model reduces to the standard
model in the low energy and there is no FCNC at the tree level. Putting the experimental data, parameters are fixed, and then the implication of
our model is discussed. The condition to realize the tri-bimaximal mixing is presented. The possibility for stringy realization of our model is also
discussed.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction

It is the important task to find an origin of the observed hierarchies in masses and flavor mixing for quarks and leptons. Neutrino
experimental data provide us an important clue for this task. Especially, recent experiments of the neutrino oscillation go into the
new phase of precise determination of mixing angles and mass squared differences [1,2]. Those indicate the tri-bimaximal mixing
for three flavors in the lepton sector [3]. Therefore, it is necessary to find a natural model that leads to this mixing pattern with good
accuracy.

Flavor symmetries, in particular non-Abelian discrete flavor symmetries, are interesting ideas to realize realistic patterns of mass
matrices. Actually, several types of models with non-Abelian discrete flavor symmetries have been proposed [4]. Furthermore,
non-Abelian discrete flavor symmetries can be realized in the simple geometrical understanding of superstring theory [5,6] as well
as extra dimensional models. The D4 symmetry can appear typically in heterotic string models on factorizable orbifolds including
the Z, orbifold. Indeed, several semi-realistic models with D4 flavor symmetries have been constructed in Refs. [5,7] and in those
models three families correspond to a singlet and a doublet under the D4 flavor symmetry. Therefore, taking D4 symmetry as the
flavor symmetry of quarks and leptons, these mass spectra and the flavor mixing matrix should be carefully examined to establish
the realistic model of quarks and leptons [8,9].

The D4 flavor symmetry was at first proposed for the neutrino mass matrix by Grimus and Lavoura [8]. In this model, the
atmospheric neutrino mixing is maximal while the solar neutrino mixing is arbitrary. They introduced three electroweak Higgs
doublets together with two neutral singlets in the scalar sector to reproduce the large flavor mixing angles. Then, the tree level
flavor changing neutral scalar vertices do not vanish. Moreover, when we consider supersymmetric extension of this D4 flavor
model, such a supersymmetric model would have three pairs of up and down Higgs fields. That would violate the gauge coupling
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Table 1
Dy and Z, charges given for leptons and scalars
le (l/ult) €R (1, TR Ne (Ny, Nt) h X X—+ X1 x2)
Dy Lyt 2 Ly 2 Ly 2 Ly Ly 14 2
Zy + + — — + + + — — +

unification, which is one of important aspects of the minimal supersymmetric standard model, unless one introduces extra colored
supermultiplets.! In this Letter, we propose alternative D4 flavor model with one Higgs doublet, which reduces to the standard
model in the low energy. There is no tree level flavor changing neutral current (FCNC) in our model. The higher dimensional
operators provide the charged lepton and neutrino masses. Putting the experimental data, our parameters are fixed, and then the
implication of our model is discussed.

The Letter is organized as follows: we present the framework of the D4 model and discuss the neutrino masses, flavor mixing
angles and Higgs potential in Section 2. In Section 3, the numerical results are discussed. Section 4 is devoted to the summary and
discussion.

2. D4 flavor symmetry and Yukawa couplings

We present the framework of our D4 flavor model. The D4 symmetry has five irreducible representations, that is, a doublet 2
and four singlets, 144, 14, 1_4 and 1__, where 14 is a trivial singlet and the others are non-trivial singlets. Their products are
decomposed as

2x2=11 +14-+1 4 +1 -, Lap X 1ca = lef, (1)

where a, b,c,d = £, e = ac and f = bd. Here, the left-handed lepton doublets are denoted as l, (o = e, i, T) and the right-
handed charged leptons and right-handed neutrinos are denoted as eg, (g, Tr, Ne, Ny, Ny, respectively. The first family leptons
are assigned to Dy trivial singlets, while second and third family ones are to D4 doublets. The electroweak Higgs doublet / is a
Dy trivial singlet. We summarize charges of flavor symmetry in Table 1, where new gauge singlet scalar fields x, x—+, x1, x2 are
introduced and additional Z; charges are assigned for leptons and scalars.

2.1. Charged lepton mass matrix

We write down the Yukawa interactions, which are invariant under the gauge group of the standard model and the flavor symmetry
Dy x Z3, by using the multiplication rule of D4 in Eq. (1),
Ly = yeelehyx + yr (il + TlhX + yo (=l + Tl )h R4

+ Yereu it + L RDMR + yereWu Xy — e XDhX—+ + yre(AX1 + TReh X + Yr (X1 + TR)Ih -+
F YO AR+ TR Rt + e ZDh R + Y (k1 — TR U1 — e X2)h R
5 (B2 + TR R + L RORR + yh (AR2 — TR k2 — 1 R1)AR
F Y5 AR+ TR Ut — L RDh R+ Y o (AR — TRt + L R2)h R
+ (ke + TR — L RO K=+ + Y (AR2 — TRO U R + e 2R R+
+---+hec, 2)

where x and ¥_, denote x /A and x_y /A, respectively, and A is the cutoff scale. The scale A is taken to be the Planck one in our
numerical study. The ellipsis in Eq. (2) denotes higher order contributions but they are negligibly small in our considerations.
We take the vacuum expectation values of scalar fields as follows:

(h) =, (Oas x2)) = V1, V), (x)=Va, (X—+)= Vb, 3)

where v = 174 GeV and others are taken to be D4 symmetry breaking scale. After spontaneous symmetry breaking, the mass matrix
of charged lepton becomes

YeQq ()’ep,aa - yéﬂah)a (yeuaa + yéﬂab)a
My=v| (Yuea = ¥},00) Yoo = Vi@h  (Vur@a + Vyra)a? |, )
(Vue®a + Y, 0)&  (Yur@a = Yy 0p)a>  yraa + Yyt

1 We would study a supersymmetric D4 model in a separate paper [10].
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where o, = V,, /A and o, = V), /A and we assume the vacuum alignment in the D4 doublet scalar field, Vi = V>, so that ((x1, x2)) =
(V, V). The parameter « is defined as « = V /A. This vacuum alignment is important for the masses and mixings in the neutrino
sector. Since the value of « is sufficiently small as discussed later, the charged lepton mass matrix can be approximately regarded
as diagonal. The masses of charged leptons are given by

/ /
Me = YeQq, My = yrogV — Y Qpv, My = Yr0gU + Y 0p. (@)

We need the fine-tuning to obtain the difference between the masses of the muon and the tau, m, /m.; < 1, as discussed in Ref. [8].
2.2. Neutrino mass matrix

Let us consider the neutrino sector. We can write down the possible Dirac mass terms up to the dimension five operators by the
same prescription as the charged lepton sector,

—Lp = yiNeleh + y2(Nuly + Nelo)h + yioNey {1 + e 320+ y21 (N f1 + Ne 32)leh
+ Y53 (Nu Rt + NeZ) G n + L R + y55 (N i = Ne ) ki = e Xk + ¥53 (ko + TR0 Guo + L Ak
+ 353k = TRV — L AR+ +he, 6)
where h = itoh*. The Majorana mass terms are given as
Lr=MN/C'Ne+My(N}C'Ny+ NJ CT'Nz) + ya N €™ (Nyx1 + Nexa)
V(NI + N ) 7 (Nt + Nex) /A + v (N xa = NI x2) €7 (Npxi — Nexa) /A
+ 35N x2+ N xa)C7 (Npxa + Nex) /A + 3 (NL xa = NP x1) €7 (Nwxa — Nexa) /A
+ - 4hec. (7)
Then the neutrino mass matrices of Dirac Mp and Majorana Mg are given by
3| yia Yo M, yoAa  y,Aa
Mp=v (yzla 2 y23a2> , Mg = (yaAa M, ybAOlz) . ()
e yna® oy Yoda ypAa? My

Similarly to the case of charged leptons, the ellipses in Eqs. (6) and (7) correspond to higher order contributions but they are
negligible.
The neutrino mass matrix is given by the see-saw mechanism,

M, =MpMz'M}. )

The neutrino mass matrix has the following structure,

A B B
MUM)Z(B C D), (10)
B D C
where
_ VM3 _ V1yaaAM
MiM3? — 202 A2My? MiM3? —202y2 A2 M,
V(M My — y2a? AY) Do y3yaa? A2 an
MiM3 —202y2A2M, M M3 —202y2A2M,
In these expressions, higher order terms are neglected under the assumption of
MiM;>a*A3, Ma>a?My, My oPA, A M. (12)

These assumptions are justified by the numerical analyses as discussed later. The neutrino mass matrix is diagonalized by the
following mixing matrix,

c s 0
V=<—s/ﬁ c/V2 1/ﬁ>, (13)
—s/V2 ¢/N2 —1/V2
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where ¢ = cos 07 and s = sinfq»> and 6 corresponds to the solar mixing angle [8]. Then the neutrino mass matrix (10) is repre-
sented by the solar mixing and neutrino mass eigenvalues m; (i = 1-3) such as M, = Vdiag(m1, m2, m3)V T, which is

A B B mi + s2my —cs(my —m)/v2 —cs(mi —m) /2
(B C D) V= —es(my —m2) /N2 (sPmy+cEmy+m3)/2  (sPmy +cEmy —m3)/2 |, (14)
B D C —cs(my —m2) /2 (s®my +cPmy —m3)/2  (s2my + cPmy +m3)/2

and we have the relations,

cs
Av2=czm1+s2m2, Bv2=——(m1 —my),
V2
1 1
Cv’ = E(szml +cmy + m3), Dv? = E(s2m1 +cPmy — m3). (15)
For neutrino masses, we find
2
mi+ms = (A + C+ D)2, mip —my = —£Bv2, m3 = Cv> — Dv>. (16)
cs

Then, the mass squared differences and the solar mixing angle are expressed by
1 2 \* 2
Amly, = -7 <A +C+D~— —*/_B> vt 4+ (C — D)2, Am2, = (A+C + D)£Bv4,
cs cs

1
cot20jp = ——(C — A+ D). 17
12 ZﬁB( ) (17)

2.3. Potential analysis
Here, we analyze the scalar potential and discuss the assumption of vacuum alignment, V| = V;. The relevant scalar potential of
(Xs X—+> X1, x2) is given by
—Lo=—pix* = 1302y — i3 (6 + x3)
2 2
+oaaxt +roxty Fraa(xi +13) "+ ra(xf — x3)” + Asexind

a2k Fax (xd + x3) + rasxl (i + x3) + rsax—+ (xi — x3)- (13)
The minimum conditions are
oL Vi
BXU =2V, <—M% +2X Va2 —H»]szz +)»13(V12 + V22) —H»mW(Vlz — sz)) =0,
a
0y _ v (240, v2 2 2,2 Va y2 2y =
=2Vp| —p3 + 202V, + A2V + Az (Vi + Vz) + A123 (V1 Vz) =0,
IX—+ 2V
oL
aX” =2Vi (=3 + 2230 (VP + V) + 2235 (VP = V) + 23eVE + 213V2 + 223 VE + M3V Vi) =0,
1
oL
BX; =2Va(—p3 + 2230 (V7 + V3) = 2035 (V¥ = V&) + A3 VE + A3 V2 + 23 V2 — A123Va V) = 0. (19)

Since there are sixteen parameters ({123, A1,2,32.36.3¢> A12,13.23,123> Va.b.1,2) While there are four equations, these equations can
be solved. For this analysis, the following relation is important,

(hs3p — A3e) (V2 = V) + 20123V, Vi, = 0, (20)

which is derived from 9L,/dx; =0 and dL,/d x> = 0. To align the vacuum of V| = V5, one requires 1123 = 0, which is an
assumption in our model. We may impose additional symmetry to realize A123 = 0. Inserting A123 = 0, we have

V2o (a3 — 2A3) 7 + (2h13A23 — A12A3) i3 + (2h12h23 — 4Aoh3) 13

“ 4x1A2h3 + 4h12A13h03 — 4hA35 — 4harl, — Asrd,

V2 (A 13423 — Ai2A3)ud + Qh1Az — 2233 + (Qhi2h13 — 4h 1 A3) 3

b Ah122A3 4 4h12h13h03 — 4AA3y — 4dahds — A3Ad,

~ (M2223 — 20013 + (ki2d13 — 2h1A03) 3 + (Ahid — A3, 3
4r1dor3 + 4l 12h 1303 — 4)\.])\,%3 — 4)»2)&% — )\3)&2

where A3 = 4A3, + A3c. It is found that we can take V, ~ V},, which is necessary to obtain muon and tau masses by adjusting
parameters.

)

)

V2

; 21
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3. Numerical discussion

Let us discuss our numerical results. We define the following two dimensionless parameters, which are the ratios of M, and o A

to My, respectively,
M, _aA
r=—, k=—. 22)
M

By using these parameters and Eq. (11), the mass squared differences and the solar mixing angle are rewritten as

_ —Ort 4 y3r + N 2y1yayakr/cs)? /A + y3 (r — 2y3kD)? v

Am? C—,
atm — (r2 _ 2y3k2r)2 M12
A —V2y1y2y0kr (y}r? + y3r) o
Mg = (r2 — 2y2k2r)2cs Y
a i
2 2
r—
cot2, = L "0 (23)
23V2y1y2yak

The neutrino masses are given as

1oy’ + yir +V2y1y2yakr/cs 02
my = X —,
2 —2y2k>r M,
1 oygr? +y2r —V2yivavekr/es v
my=—- —_—,
) —2y2k2r M,
r—2 k2 2
y2( ;’az ) « (24)
—2yzk=r M
When we put the best fit values of mass squared differences and the solar mixing angle as Amgt =24x1073eV?, Amso] =
7.6 x 1075 eV2, and sin? 61, = 0.32 [1], we have typical values of parameters in this model,
r=0.12, k=-080, M;=49x10" GeV, (25)

where we take all Yukawa couplings as y; = y = y, = y, = 1. By taking the cutoff scale A as the Planck scale 2.43 x 10'® GeV,
we find

la| =1.6 x 1073. (26)
Therefore, the assumption to regard the diagonal mass matrix (4) are justified. The assumption of Eq. (12) turns to

rl>> e, P> ekl > lakl, k> el 27)
which are also justified by the result in Eq. (25). The neutrino masses are given as

mi ~ 3.4 meV, my ~ —9.4 meV, m3 ~ 49 meV, (28)

which indicate the normal mass hierarchy.

In the above numerical results, we have assumed all Yukawa couplings to be 1. Now let us consider how much the above results
change by varying Yukawa couplings. Following the above results, we assume that |r| < 1 and ky, = O(1) for y;, y» = O(1).2
Then, we approximate Eq. (23) as

4 4 N
v 2 yiy, v 2
Am? ~ = Ams, ~ — —, cot20jp ~ —————. 29)
g L Ayikes M} 2V2y1y0k
Hence, the parameters &, r, and M| are obtained as
2 2
ko~ —— 22 tan26;5 ~ 0.9 x 22 I (2) ~0.2 x <¥> ,
2«/— 2 V1Ya YiYa Ami, \ 31 yi
3201, /2
My~ 27202 212) 02 03 5010% % 2 GeV, (30)
cs Am? ! !
sol

2 Note that either k or Ya can be small because only their product ky, appears in Eq. (23).
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Fig. 1. Semilogarithmic plots for « versus y;.
which leads to
Mk
=25 0.001 x 222 G1)
A Ya

The ratio y;/y; must be of O(1) in order that the above approximation is valid, i.e. y,k = O(1). Thus, values of k, r and M
are of the same order as those in Eq. (25). However, the value of & would change its order in some region even if we vary yi, y»
and y, by O(1), because « depends basically on a cube of O(1) parameters, i.e. 2°> ~ 10 and 0.5° ~ 0.1. Let us investigate this
behavior numerically. We use Eq. (23) and vary y1, yz, and y, in the range of 0.5-1.4 and taking account for the 30 error-bar of
input experimental data Amﬁtm, Amgol, and 012. We show the random plots of « versus y; in Fig. 1. It is found that the value of «
is predicted around 10~#~1072. The dependences of the value of & on other Yukawa couplings such as y; and y, are similar to the

case of yj. Thus we obtain small « as long as Yukawa couplings are of O(1).
4. Summary and discussion

We have presented the D4 x Z; flavor symmetry, which is different from the previous work by Grimus and Lavoura. Our model
has one Higgs doublet although the neutrino mass matrix has the same structure as the one in the model by Grimus and Lavoura.
Our model reduces to the standard model in the low energy and there is no FCNC at the tree level.

In order to realize the tri-bimaximal mixing, the condition cot261, = ﬁ must be satisfied. Then, we have the condition ylzr —

y% = y1y2Yqk. Taking Yukawa couplings to be order one, this condition turns to simple one r >~ k + 1, which is easily realized by
adjusting parameters in our model.

It would be interesting to study supersymmetric extension of our model. In such a supersymmetric D4 model, we would have a
specific pattern of superpartner mass matrices. We would study it in a separate paper [10].

Finally, we comment on the possibility for stringy realization of our model. The D4 flavor symmetry can be derived e.g. from
heterotic string models on factorizable orbifolds including the Z, orbifold like Z> x Zj; orbifolds [5,6]. Indeed, several semi-
realistic models have been constructed with three families [5,7], where three families consist of Dy trivial singlets and doublets.
From this viewpoint, our D4 flavor structure would be natural. However, such orbifold models include only Dj trivial singlets and
doublets, but not D4 non-trivial singlets as fundamental states. The D4 non-trivial singlet x_ plays an important role in our model.
We need to assume that y_ is a composite scalar of doublets, in order to obtain y_4 from the Z, orbifold. Another possibility
would be factorizable heterotic orbifold models including the Z4 orbifold like Z4 x Zj; orbifolds, because such orbifold models
can lead to the D4 flavor symmetry, where non-trivial singlets as well as trivial singlets and doublets can appear as fundamental
modes [6]. Thus, it would be interesting to consider the realization of our D4 model from Z4 orbifold models.
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