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1. Introduction

In this paper we will consider real and complex vector bundles which are modules over bundles of quaternion algebras.
Our interest in such bundles began when we were working on the account [5] of obstruction theory on 8-manifolds. In
the last sections of that paper we examined necessary and sufficient conditions for an 8-dimensional real vector bundle
over an 8-manifold to have an almost quaternionic structure (which means that its structure group admits a reduction
to Sp(1) xz, Sp(2)). For this we needed some facts concerning bundles of quaternion algebras and K-theory of their modules.
In the present paper we establish not only these facts and their generalizations (Theorems 3.1 and 5.8, Proposition 5.3), but
we make a systematic study of algebraic and topological properties of modules over quaternion bundles.

Following classical ring theory we study Morita equivalence of bundles of quaternion algebras. For a given bundle of
quaternion algebras we compute the Grothendieck group of left modules as a classical KO-group. For modules over a bundle
of quaternion algebras we define characteristic classes and show that they behave as well as the Chern classes for complex
vector bundles. We also characterize those complex vector bundles which are bundles over quaternion algebras. In the final
section we examine bundles of complexified quaternion algebras and their Morita equivalence.

Topologically, our results extend the results obtained by Atiyah and Rees in [2] on complex quaternionic vector bundles
and their K-theory and by Marchiafava and Romani [13-15] concerning characteristic classes. Geometrically, there are close
connections to quaternionic geometry. The tangent bundles of Kaehler and almost hyper-Kaehler manifolds are modules over
bundles of quaternion algebras (see Remark 1.6). The characteristic classes have been used in [18] to compute, in particular,
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the index of Salamon'’s elliptic complex of a quaternionic manifold. A possible application in algebraic geometry is outlined
in Remark 6.9.

All bundles will be considered over a compact Hausdorff space X. Since the structure group of a bundle of quaternion
algebras has to be Aut(H) = SO(3), every such bundle of quaternion algebras over X is of the form R & « where R is a
trivial real line bundle and « is an oriented 3-dimensional orthogonal vector bundle over X.

Definition 1.1. Let o be an oriented 3-dimensional vector bundle over X with a positive-definite inner product. We write H,,
for the bundle of quaternion algebras R1 @ o with the multiplication given in terms of the inner product (—,—) and vector
product x by

(s,u) - (t,v) = (st — (u, v),sv+tu+uxv).
Alternatively, thinking of the group of automorphisms Aut(H) of H =R1 & Ri @& Rj & Rk as the special orthogonal group
SO(3) of R3 =imH, we have

Hy =P xauemy H and o =P xsp(3) R3,
where P — X is the principal SO(3) = Aut(H)-bundle given by «.

It is clear that different inner products on « define isomorphic bundles of quaternion algebras. Conjugation ~ : H — H
gives an isomorphism from H to the opposite algebra H° compatible with the action of Aut(H). Hence H, and HY, are
isomorphic as bundles of algebras. Notice that ~ : o« — « (that is, —1) is an orientation-reversing isomorphism.

Definition 1.2. Let £ be a real vector bundle over X. We say that & is an Hy-bundle if it has a left H-module structure,
that is, a bundle map Hy ®g & — & that restricts to a module structure in each fibre.

Remark 1.3. An Hy-bundle & has a canonical orientation. To orient the fibre & at x € X we choose a basis eq,...,e, as
Hyg, -vector space and choose an oriented orthonormal basis i, j, k of a. Then ey, ieq, je1, keq, ..., en, ey, jen, ke, orients &.
In particular, the orientation of Hy is determined by the orientation of «.

Remark 14. If £ has an H,-structure, we may (using a partition of unity to glue together local metrics) choose a positive-
definite real inner product on & such that the structure homomorphism
0 :Hy — Endg(§)

is a x-homomorphism, that is, p(r)* = p(r) for r € Hy.

Given a 4n-dimensional real inner product space V with a left H-module structure compatible, as above, with the inner
product, we write O(V) and Sp(V) for the orthogonal and symplectic groups of V and define

TSp(V) = {g € O(V) | g(rv) =k (rg(v) for some k € Aut(H) and all v e V, r € H}.

(The ‘T’ is intended to indicate ‘twisted’.) It is evidently a subgroup of the special orthogonal group SO(V) and we have an
extension

1— Sp(V) — TSp(V) — Aut(H) — 1.

Since automorphisms of H are inner, we may equivalently describe TSp(V) as the subgroup Sp(1) - Sp(V) = (Sp(1) x
Sp(V))/{£(1,1)} of orthogonal maps of the form v + a - g(v), where a € Sp(1) C H and g € Sp(V). The group TSp(V)
acts (orthogonally) on H and on V.

Lemma 1.5. Let & be a 4n-dimensional orthogonal real vector bundle. Then & admits an Hy,-structure for some « if and only if the
structure group of & reduces from O(H") to TSp(H").

Proof. If the structure group of & reduces from O(H") to TSp(H"), there is a principal TSp(H")-bundle P — X such that
& = P xtspamy H". Then we have an oriented orthogonal 3-dimensional vector bundle o = P xtspm) imH, with an asso-
ciated quaternion algebra Hy = P xtsp@ny H having an obvious left action on &. The real vector space H" has a canonical
orientation as a left H-module. Then the choice of a TSp(H")-principal bundle gives orientations to the bundles & and «
such that the orientation of & is canonical with respect to Hy, -structure.

If & admits an H, -structure for some «, then the bundle of frames

Fr(¢) = {f € Hom(H", £) | f is a real isometry, f(rv) = p(r) f (v)
for some p € Iso(H, Hy) and allv e H", r € ]HI}
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is a principal TSp(H")-bundle. As above, & = Fr(§) xtspam) H" and Hy = Fr(§) xtspm) H. Hence the structure group of &
reduces from O(H") to TSp(H"). O

Remark 1.6. In quaternionic geometry [16,17] a smooth 4n-manifold M is said to be almost quaternionic if its tangent
bundle is associated to a principal GL(n, H) - Sp(1)-bundle. After a choice of compatible metric this principal bundle reduces
to a principal TSp(n)-bundle P. The sphere bundle S(c) of the vector bundle a = P xtspm) imH is called the twistor space
of M.

Considering H as a 2-dimensional complex vector space with multiplication by complex numbers from the right and
with the standard left action of Sp(1), denote by SéH the second symmetric power with the induced action of Sp(1). One
can show that o« ® C is isomorphic to the complex vector bundle S?H = P XTSp(n) S2H. The isomorphism is induced by the
Sp(1)-invariant homomorphism of real representations ¢ : imH — S?H, ¢(u) =j® u — 1 ® uj. Formally, S*H is the second
symmetric power of a vector bundle H. Such a bundle H exists globally if w,() =0. Then « is associated to a principal
Spin(3) = SU(2)-bundle Q, H = Q xsy(2) H, and the twistor space is the complex projective bundle CP(H) [16].

As a specific example we have the quaternionic projective space HP (H"*!) where « is the Lie algebra bundle.

For any H -vector bundle £ one can form the associated projective bundle, which we denote by H, P (§).
2. Quaternionic line bundles and Morita equivalence

Since TSp(H) = SO(4), every oriented 4-dimensional real vector bundle w has an Hy-structure for some «. In this section
we describe all such structures and their properties and define the notion of Morita equivalence of bundles of quaternion
algebras.

Recall the double covers

Sp(1) x Sp(1) — SO(4) = SO(H) L= 50(3) x SO(3)

given by mapping (a, b) € Sp(1) x Sp(1) to the map g: v~ avb in SO(H) and g to (p+(8), p—(g)) = (p(a), p(b)), where
0 :Sp(1) = SO(3) maps a to v — ava (the adjoint representation).
This leads to a complete description of the twisted quaternionic line bundles.

Proposition 2.1. Let  be an oriented 4-dimensional orthogonal vector bundle over X. Write « = p4 () and 8 = p_ (). Then p is
an Hy-line bundle and a right Hg-line bundle, and there is a canonical isomorphism (of bundles of algebras)

Hy ®r H = Endr (1)

Conversely, if o is an oriented orthogonal 3-dimensional vector bundle and w is an orthogonal Hy, -line bundle, then w acquires an
orientation under which p (w) is identified with o and 8 = p_ () is characterized by an isomorphism (of bundles of algebras)

% = Endm, ().
Moreover, we have

wa(a) = wa(B) = wa ().

Proof. Let u be an oriented 4-dimensional orthogonal vector bundle. There is a principal SO(H) = TSp(1)-bundle P such
that u = P xsoq H. From the definition, Hy = P x,, H and Hg = P x,_ H, where p; and p_ determine the respective
actions of TSp(1) on H. Then u is a left Hy-line and a right Hg-line. Next

Endgr (1) = P xsom) Endr (H),
where the action of SO(H) on Endg(H) is (a,b) - f : v — af (@vb)b. Similarly,

Hy ®r Hf = P X, 0p_ (HOR H°),

where o, ® p_ acts on H® H° by (a,b) - (h1 ® hy) =ahia ® bhsb. Since the isomorphism of algebras H ®g H° — Endg (H)
given by h1 ® hy — (v hqvhy) is invariant under the actions of SO(H) described above, we get H, ® ]HI% =Endgr(@).

Conversely, suppose that p is an orthogonal Hy -line. On @ consider the canonical orientation given by the Hy, -structure.
As in the proof of Lemma 1.5 we can construct a principal TSp(1)-bundle P such that u = P xtsp1) H and Hy = P x,, H.
(This gives p the canonical orientation with respect to Hy.) Hence a = p4 (1).

Further, we have the monomorphism of algebras Hg — Hy ®r ]HI% = Endgr(w). Its image is Endp, (t). Consequently,
]HI% = Endg, ().

Without loss of generality we can assume that X is a finite CW-complex. Every 4-dimensional real vector bundle u over
the 3-skeleton of X has a section. If it is an Hy-line and a right Hg-line, then over the 3-skeleton u =Hy =R @ o and
uw=HS =R B. Consequently, wo (i) = wa(a) = wy(8). O
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Lemma 2.2. The vector bundles o and 8 defined in the previous proposition are isomorphic to the bundles of eigenspaces of the Hodge
star operator on A2 corresponding to the eigenvalues 1 and —1, respectively, and consequently

a@ﬂ:/\zu.

Proof. On H consider the real inner product (u, v) = Re(uv). The inner product enables us to define the isomorphism of
real vector spaces H ® H = Endg(H) : h1 ® hy — (v — (h1, v)hy). Under this isomorphism the space A2H maps onto the
subspace of all skew-symmetric endomorphisms on H. Since the left multiplication L, and the right multiplication R, by
a pure imaginary quaternion h are skew-symmetric endomorphisms of H, we get two inclusions A% : imH — A%H and
A~ :imH — A2H which are isometries (up to a multiple). It is easy to show that

AT(h)=1Ah+inhi+jAhj+kAhk, A(h)=1Ah+iAih+jAjh+kAKkh.

Put w =1 AiAjAk Then one can check that

AT (hy) A AT (hp) = 8(h1, hy)w, A7 (h1) A A7 (hp) = =8(hy, hp)w, At (h1) A A™(hp) =0,

which means that AT (imH) and A~ (imH) correspond to the perpendicular eigenspaces for eigenvalues 1 and —1, respec-
tively, of the Hodge star operator. Hence we get an isomorphism A*(imH) @ A~ (imH) = A2H.

We have associated vector bundles A% = P X SO(H) APH, o0 =p () =P X p, ImH, B =p_(u)=P x,_imH. Since the
inclusions AT, A~ are invariant with respect to actions of SO(H) given on imH by p, and p_, respectively, we may define
AT o — A%, A~ : B — A%u. The considerations above imply that AT (o) ® A~ (8) = A%2u. O

Corollary 2.3. Every 4-dimensional oriented orthogonal vector bundle y is a (left) module over just two (up to orientation preserving
isomorphism) quaternion algebras, namely Hy and Hg where o = p, (i) and B = p_ (). The orientation of u is canonical with
respect to the Hg-structure and is not canonical with respect to the Hpg-structure. If —u is the same vector bundle with opposite
orientation then

p+(=p)=p—(W),  p—(—w) = p+(U).

Proof. An orientation of u is determined by the choice of the SO(H)-principal bundle P such that = P xsom) H and by
the standard orientation of H. The standard orientation of imIH gives an orientation to & = P x,, imH and 8 = P x,_ imH.
Hence  has the canonical orientation as an Hy-module which coincides with the canonical orientation of p as a right Hg-
module (given by the multiplication by i, j, k from the right). Using the previous proposition there are no other (up to
orientation preserving isomorphisms) left and right quaternion structures on p with compatible orientations. Since the left
action of Hyg is given by the right action of Hg and by the orientation reversing conjugation ~ : Hg — Hp, the orientation
of 1 is not canonical with respect to the left Hg-structure. This implies the formulas. O

Lemma 2.4. The first Pontryagin classes of o and B are
pi(@) =p1(u) +2e(n),  p1(f) =pi1(n) —2e(u).

Proof. Let H be the Hopf Hy-line bundle over the quaternionic projective bundle Hy P(H3). Since any Hy-line bundle p
is a summand of a trivial Hy-bundle over X, there is a section s: X — HyP(HS®) such that u = s*(H). So it is enough
to check the formulas for the bundle H. By the Leray-Hirsch theorem, H*(H P(HS")) = H*(X)[e], where e is the Euler
class of H. Further, the pullback of H to the sphere bundle S(HS) is Hy. So we have pi(H) = p1(Hy) + ae, where a € Z.
Restricting H to a point in X we get Hopf bundle over HP*° and determine that a=—-2. O

Definition 2.5. Two bundles H, and Hyg are said to be Morita equivalent if there is a 4-dimensional real vector bundle u
and an isomorphism of bundles of algebras

He, ®x HY = Endg (1),

Such an isomorphism defines a morphism in the following category M (X). The objects of M(X) are the oriented 3-
dimensional vector bundles over X. A morphism 8 — « is represented by an isomorphism H, ®r H—Hg — Endg (1), two such
isomorphisms Hy ® ]HI/?3 — Endr(¢) and Hy ® H% — Endg(u’) being regarded as the same if w and u’ are isomorphic
as Hy ® Hg-modules. The identity o« — « is given by u = H,. Composition is the tensor product: Hy ® ]HI% — Endgr(n)
and Hg ® ]HI‘)’, — Endgr(v) compose to Hy ® ]HI;’, — Endr (¢ ®m, v). The category M(X) is a groupoid with the inverse
of Hy ® H% — Endg(w) given by the dual Hg ® H} — Endr(u*) (or by Hg ® HY, — Endgr(u), using the isomorphisms
Hy — HY, and Hg — ]I-]I% and the inner product on ).
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Morita equivalence is usually defined as an equivalence of categories of left modules. In our case both definitions are
equivalent (in Proposition 2.6 we prove one direction) and we have chosen the one which is more suited to our purposes.

Proposition 2.6. An isomorphism Hy ® H% = Endg (1) determines an equivalence from the category of Hg-modules to the category
of Hy-modules given by 1 — U ®my, 1.

Proof. This is a consequence of the fact that M (X) is a groupoid. O
There is a topological criterion for Morita equivalence:
Theorem 2.7. Two bundles H, and Hg are Morita equivalent if and only if wa (o) = w2 (B).

Proof. The commutative diagram

SO(4) SU4) = Spin(6)
\L(P%P) 42 \ \L
SO(3) x SO(3) SO(6)

implies that the double cover Spin(6) — SO(6) pulls back, under the inclusion of SO(3) x SO(3) in SO(6), to (o, p—):
SO(4) — SO(3) x SO(3). Hence the obstruction to lifting from SO(3) x SO(3) to SO(4) is given by the sum of the second
Stiefel-Whitney classes. 0O

Remark 2.8. In [9] the orthogonal Brauer group of a space X was defined as the quotient of the monoid of all bundles of
simple central R-algebras over X (with a multiplication induced by the tensor product) by the submonoid of all bundles of
the form Endg () where p is a real vector bundle over X. The inverse is given by the opposite algebra. Two bundles Hy
and Hg are Morita equivalent if and only if they determine the same element of the Brauer group BrO(X). There is a group
isomorphism

BrO(X) — HO(X; Z/2) & H*(X; Z/2),

in which H, corresponds to (1, wy()).

If o and B are Morita equivalent, we can describe all the morphisms from « to 8 in M(X) from the knowledge of one
of them.

Proposition 2.9. Given an isomorphism Hy ® ]HI% = Endr () and a real line bundle § we use the isomorphism Endr () —
Endr (8§ ® w) defined by the tensor product with the identity on § to get Hy, ® Hg = Endr(8 ® w). This defines a bijection from
HY(X; Z/2) to Hompq(x) (B, @). In particular, the automorphism group Aut aq(x) (@) is isomorphic to H' (X; Z/2).

Proof. Isomorphisms H, ® H% = Endr(p) and Hy ® Hg = Endgr (i) determine an isomorphism f : Endg (@) — Endr(u).

Since every automorphism of Endr (R*) is inner, we can define § as the line bundle with the fibre at x generated by an
isomorphism g : ux — p) such that fy(a) = gag~!. Then the map g ® v — g(v) gives an isomorphism § ® u — u’. O

Corollary 2.10. For a given 4-dimensional oriented orthogonal vector bundle j the bundles o« = p4 () and B = p_ (i) are isomor-
phic if and only if u has a 1-dimensional (not necessarily trivial) summand.

With respect to the canonical orientations of o and g given by wu, this isomorphism can only be orientation reversing.
The existence of a 1-dimensional summand is equivalent to the existence of an orientation reversing involution of .

Proof of Corollary 2.10. If Hy, ® HY = Endr (i), then by the previous proposition @ = 8§ @ Hy for some § which is thus a
subbundle of . Conversely, if an H,-bundle & has a subbundle §, then the multiplication gives an isomorphism @ — § @ Hy
which means that p4 () = p4+ (He) = p—(Ha) = p- (). O

In Section 4 we will need

Lemma 2.11. Let «, 8, v be oriented 3-dimensional vector bundles. Suppose that H, ® Hg = End(p), Hg ® H)‘J/ = End(v) so that
Hy ® H?, = End(u ®m, V). Give w, v and u ®m, v the canonical orientations. Then the Euler class of u ®m, v is
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e(1 ®my V) =e(u) +e(v).

In other words, the Euler class gives a functor from M (X) to the group H*(X; Z).

Proof. As in the proof of Lemma 2.4 we use fibrewise classifying spaces. Let P]I-]I;;(H%O) be the right quaternion projective
bundle with the Hopf bundle Hy (a right Hg-line bundle) and let H,gP(H;") be the left quaternion projective bundle with
the left Hopf bundle H;. Then there are sections sy : X — PHpg (H;}o) and s : X — HﬂP(H/‘;") such that u =sj(H1) and v =
s3(H2). So it is enough to look at the fibre product PHpg (]HI}’,O) xxHﬁP(Hgo) and to show that e(Hy ®p, H2) = e(H1) +e(H2).

Now H*(PHﬂ(Hgo) X X H;;P(]I—]IZO)) = H*(X)[e1, e2], where e; = e(H;). But e(H1 ® Hy) = aeq + bey with a,b € Z: it does
not involve any element of H*(X) since the restriction of H; ®my H; to X is Hg with the Euler class equal to zero. So one

can calculate by restricting to the two factors PHpg (H;’f) and HﬁP(Hg") (using the inclusion of X as PHyg (]HI}J,) or Hg P(]HI},, ).
The class restricts to e1 and to e;. Hencea=b=1. O

3. K-theory

We define KSpg (X) to be the Grothendieck group of (left) H,-bundles over the compact Hausdorff space X. The aim of
this section is to compute KSpg(X) as a classical KO-group. Let X* stand for the Thom space of «.

Theorem 3.1. There is an isomorphism
KSpY(X) — KO (Hy) = KO~ 1 (X%)

given by mapping the class [£] to the element represented in KO-theory with compact supports by the linear map
X VX E — TrE

over v € Hy, where  : Hl, — X is the projection.

Remark 3.2. The K-groups give a functor o — K Spg(X) from M(X) to the category of abelian groups arising from the
functor u ®m, described in Proposition 2.6. So a Morita equivalence Hy ®H% — Endg(u) determines an isomorphism

K Sp?, (X) — KSp2(X), which translates into the Bott isomorphism

KO (Hp) — KO°(Hy)

given by an associated spin structure for the virtual real vector bundle Hy, —Hg =a — 8.

We shall derive Theorem 3.1 from the following two propositions. The first is the Karoubi-Segal periodicity theorem as
given in [6, Theorem 6.1]. See also [1, Theorem 3.3] and [12, pages 193-194]. In the statement L is the representation R
of Z/2 with the action of the generator as multiplication by —1.

Proposition 3.3. Let ¢ be a real vector bundle over X. Then there is an isomorphism from the Grothendieck group KOc () (X) of graded
C(¢)-modules, over the Clifford algebra C(¢) of a positive-definite inner product on ¢, to the Z/2-equivariant KO-group of the total
space of the 7 /2-equivariant vector bundle L ® ¢ :

KOc ;) (X) - K09, ,(L® ),

given by mapping the class of a graded (left) C(¢)-module it = o D (41 to the element represented by the linear map

Xt VX e — L® m*

over v € L ® ¢, where it : { — X is the projection.

Suppose that an orthogonal vector bundle ¢ has dimension 4k and is oriented. Then we may define a central invo-
lution wy € Co(¢x) by wx = e1---eq, where eq,...,eq is any positively oriented orthonormal basis of the fibre ¢, at
x € X. Then any graded C(¢)-module u = po @ w1 splits as a direct sum of two graded submodules pu* = ,u0+ <) MT
and u~ =, @ (g such that wy acts as identity in the fibres of /,La_ and wy, and as multiplication by —1 in the fibres
of gy and /LT. We will say that u is positive if u = u*, and negative, if = . Then the Grothendieck group of graded
C(¢)-modules splits as a sum of the Grothendieck groups of positive and negative modules KO&O(X) ® KO¢ ;) (X). The
periodicity theorem ([6, Proposition 6.3] or [7, Proposition 3.1]) gives an isomorphism between KOOZ/Z(L ®¢) and I(OOZ/Z(g).
This, combined with the Karoubi-Segal theorem, establishes
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Proposition 3.4. Let ¢ be an oriented real vector bundle over X with dimension a multiple of 4. Then there is an isomorphism from the
Grothendieck group of positive C(Z)-modules to the KO-theory of the total space of ¢

+
KOZ,,

given by mapping the positive C(¢)-module [ to the linear map

,(X) > KO°(0),

X VX o — e

overv €.

Proof of Theorem 3.1. We apply the previous proposition with ¢ = Ré@ «. It will be convenient to name the generator of the
first summand and write ¢ = Re & «. We show that positive graded C(¢)-modules correspond to (ungraded) H-modules.

Indeed, let ;& = o @® 41 be a positive graded C(Re & «)-module. Put & = . The inclusion of Hy = R1&« in Co(Red @)
as R1 @ ewa gives & an Hy-structure. Now Co(Re & ) = Hy, @ Hyw, which, as a ring, is the product Hy x H, (with the
factors corresponding to the idempotents (1 + w)/2). In the opposite direction, given an Hy-bundle &, put po = &. The
inclusion Hy € Co(Re @ «) described above and the action of w as the identity give wg the structure of a Cy(¢)-module,
which extends uniquely to a positive graded C(¢)-module . O

4. Characteristic classes

In this section we introduce characteristic classes for Hg-bundles, then describe their properties and relation to the
Stiefel-Whitney, Euler and Pontryagin characteristic classes.

Given an H,-module & of dimension n over X, we have an associated projective bundle Hy P(¢) over X and a Hopf H, -
line bundle H (which we endow with the canonical orientation). The following proposition constructs characteristic classes

d ).

Theorem 4.1. For every Hy,-bundle & of dimension n there are uniquely determined classes dff (§) € H¥(X;Z), 1 <i < n such that
the integral cohomology ring of H, P (§) is given by

H*(Hq P (§); Z) = H*(X)[t]/(" —dYEMT (=15 (©)),
wheret =e(H) € H4(HaP(§); 7)) is the Euler class of the Hopf bundle H.

Proof. This follows at once from the Leray-Hirsch theorem, because the cohomology is freely generated as an H*(X; Z)-
module by 1, ¢,...,t""1. O

To derive the properties of the characteristic classes dY we will use a splitting principle for Hy-bundles, which follows
from Proposition 4.1 by induction, see [13].

Proposition 4.2. For each H,-bundle & over X let p : F(§) — X be the bundle whose fibre at x is the flag manifold of orthogonal
splittings of &xasasum Ly @ Ly @ - - - @ Ly of Hy,-lines. Then p*(§) splits as a direct sum of Hg-line bundles and p* : H*(X; Z) —
H*(F(&); Z) is injective.

To shorten our notation put d*(£) =1+4d{ (&) +d5 (&) +-- - +dy; (&). We also write dj (§) = 1. The classes d*(£) have the
properties that one would expect and determine the other characteristic classes of & as a real vector bundle.

Theorem 4.3.

(a) The classes d* are multiplicative, i.e. d* (& @ &') = d* (&)d* (¢') for H -vector bundles & and &’.
(b) If& is an Hy,-bundle of dimension n with the canonical orientation, then its Euler class is e(§) = d¥ (£).
(c) The Stiefel-Whitney classes of & are

n

1+ Wi () +Wa6) + -+ wan(®) = Y (14 wa(e) + ws(@)"'d &),
i=0

In particular, wy(§) =nwy (). '
(d) The Chern classes of the complexification of & (and so the Pontryagin classes p;(§) = (—1)'c2i(C ® &)) are given by

4n n

D aC®E) = Gninj(@)d¥ E)dS &),

k=0 i,j=0
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where the classes q; j(c) are determined by the generating function

(1=5)(1 = 1) + (e(@)* — pr(a))st

(opveid — _
i,]'ZEqu(a)s ‘ (1 =192+ (e(c)? — p1(a)s2)((1 — )2 + (e(a)? — p1(a)t?)

Proof. (a) The proof is the same as in the case of the Stiefel-Whitney and Chern classes.

(b) If 1 is an Hyg-line, then df (u) =e(u) by definition. Now using the multiplicativity and the splitting principle, we
get dy (&) =e(£).

(c) There is a quotient map 7 : RP(&§) — Hy P (&) from the real projective bundle to the Hy-projective bundle. The Hopf
H-bundle H lifts to the tensor product Hy, ® Hg with the real Hopf bundle Hg. So

5 (t) = x* + P wa (o) + xw3 (@),

where x = wq(Hg). Comparing our definition of d¥ with the corresponding definition of the Stiefel-Whitney classes (or
using the splitting principle), we get our formula.
(d) For an H-line bundle © we have

aCew=0, oCow=2@w-pi@, cCouw=e@? uCeu=el?
From the splitting principle and multiplicativity, we can express the total Chern class of C® & as
n
(¥5 +2ay;+b),
=1

J

where df* (§) is the i-th elementary symmetric polynomial in y1,y2,...,yn,a=1and b=1+ e()? — p1(@). The stated
formula is obtained by computing in the polynomial ring Z[a, b][y1, u2, ..., ya] on formal variables a, b, y; by embedding
Zla, b] as a subring of the polynomial ring Q[r, s], where a=r+sand b=rs. O

Corollary 4.4. If n is even and & admits an Hy, -structure for some «, then & is spin. If n is odd and & admits an Hy, -structure, then
w2(§) =wa(e). O

Now we examine the relation between the characteristic classes and Morita equivalence.

Proposition 4.5. Let H, ® H% = Endgr(u) and let ) be an Hg-bundle. Then the characteristic classes of the Hy -bundle § = i ®u, 1
are
n n .
n—i
@) =Y (1+eq)" " d .
i=0

i=0

Proof. For an Hpg-line bundle 7 this is Lemma 2.11. Applying multiplicativity (or by using the equivalence between H P (&)
and Hy P(n) under which the Hopf bundles correspond by tensoring with 1), we get the formula. O

Using the Gysin exact sequence as in [3] or in [4] one can describe the cohomology rings of BTSp(nn). Denote by 0
the reduction mod 2 and by A the corresponding Bockstein homomorphism. Let o and & be the associated vector bundles
with fibres imH and H", respectively, to the classifying TSp(n)-principal bundle E TSp(n) over BTSp(n). Put wy = wa(w),
p1=p1(@) and d; =df (£).

Theorem 4.6. The cohomology rings of B TSp(n) are given by
H*(BTSp(n); Z/2) = Z/2[w2, Sq' w2, padi, p2da, . .., padn],
H*(BTSp(n); Z) = Z[Awa, p1,d1,da, ..., dn]/(2AW>).
The cohomology ring with Z/2 coefficients was described in [14] and [15].
5. Complex quaternionic bundles

In this section we will deal with bundles of quaternion algebras which admit as a subbundle a bundle of fields of complex
numbers. Modules over them are complex vector bundles where the complex structure extends to a quaternionic structure.
We will characterize bundles of quaternion algebras which are Morita equivalent to such bundles of algebras (Theorem 5.8).
At the end we will derive a relation between the Chern classes and the classes d introduced above (Theorem 5.10).

We start with the description of bundles of fields of complex numbers. See [8].
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Definition 5.1. A principal Aut(C) = O(1)-bundle over X determines an orthogonal real line bundle § and a bundle of
complex algebras Cs = R @ §. An element of the fibre 8y with length 1 is a square-root of —1. We say that a real vector
bundle & over X is a Cs-bundle if it has a Cs-module structure.

If &€ has a Cs-structure, then as in Remark 1.4 there is a real inner product g on & such that the structure map Cs —
End(¢) is a x-homomorphism, i.e. g(au, v) = g(u,av). Let i be an element of 8 of the length 1 and put f(u, v) = —ig(iu, v).
The real bilinear form f :& x & — § is non-singular skew-symmetric and (u, v) = g(u, v) + f(u, v) is a Cs-inner product
which is Cs-linear in the first variable and Cs-conjugate-linear in the second.

Conversely, if a 2n-dimensional real vector bundle & is equipped with a non-singular skew-symmetric real bilinear form
& x £ — §, one can prove that there is a Cs-structure on &. (See [8, Remark 5.5] or the proof of the similar Proposition 5.3
below.)

Given a 2n-dimensional vector space V with a complex structure, we can choose a compatible real inner product on it.
It enables us to introduce a subgroup

TU(V) ={geO(V) | g(rv) =k (rg(v) for some k € Aut(C) and all v e V}

of O(V). Thus, TU(V) consists of the C-linear and the conjugate-linear isometries.

As in the case of quaternionic structures, a 2n-dimensional orthogonal real vector bundle & admits a Cs-structure for
some § if and only if its structure group O(C") can be reduced to TU(C").

Any 2-dimensional real vector bundle A has a canonical structure as a Cs-line bundle, where § = det .. Moreover, Cs-line
bundles over X are classified by their Euler class in the cohomology group H2(X;Z(5)) with integral coefficients twisted
by §. This also follows from the fact that TU(C) = 0O(2).

An n-dimensional Cs-bundle has twisted Chern classes cf(é) € H2J(X; Z(8%®))) defined in the same way as the classes d‘;‘

for an Hy-bundle. And these determine the Stiefel-Whitney classes of &: in particular, w1 (¢§) =nw1(8) and e(§) = cﬁ(f;‘).
As in Section 3 one can show that the Grothendieck group K(?(X) of Cs-vector bundles is isomorphic to KOcres)(X)
and, hence, to KOY 12(L®Cs), and then define KOL(X) = KO, 2(L®Cs) for i € Z. See [8].
We now consider the situation in which a bundle of quaternions H, admits a bundle of fields C;s as a subalgebra.

Proposition 5.2. Let o be an SO(3)-bundle. Then Hy, admits a subbundle of the form Cs if and only if « = § & A, where A is a 2-
dimensional orthogonal real vector bundle and 8 = A2 (or, in other words, if the structure group of o can be reduced to the subgroup
0(2) C S0(3)).

Proof. On H, consider a real inner product in which the multiplication by a given element from Hy, is a x-homomorphism.
If H, admits a Cs as a sub-algebra then the bundle A perpendicular to Cs is a Cs-line bundle. Hence § = A2) and o =
SPXr O

We will denote the bundle of quaternions H 42,4, determined by an O(2)-bundle A by simply Hj. The following propo-
sitions give two necessary and sufficient conditions for a vector bundle to have H, -structure.

Proposition 5.3. Fix a C;s-line bundle ). Let & be a Cs-vector bundle. Then there is a natural correspondence, up to homotopy, between
H, -structures on & and non-singular skew-symmetric Cs-bilinear forms & @c; &€ — A.

Proof. We will carry out all the constructions in fibres at a given point x € X. Suppose that & has an H, -structure. Then &
can be equipped with a real inner product from Remark 1.4 which is the first component of a Cs-inner product as shown
in the remark following Definition 5.1. For every a € Ax the multiplication ¢,(v) =a- v defines a Cs-conjugate linear map
& — & such that (pg(v) = —l|a|?v, where |a| is the norm given by the real inner product on Hj,. For the adjoint we get
©@; = —¢q. In the first place %« means the adjoint with respect to the real inner product, but this translates into the adjoint
for the C;-inner product. (For a conjugate-linear map ¢, the adjoint is defined so that (¢ (u), v) = (¢*(v), u) = (u, ¢*(v)).)
So we can define a skew-symmetric bilinear form f:& ®c; & — A by

(fu,v),a)=(u,ga(v))

using the Cs-inner product. f is non-singular since ¢, is non-singular for a # 0.
Conversely, given f, we define a Cs-conjugate linear map v : §&x — & by (u, ¥a(v)) = (f(u, v),a). Then ¢ = —y, and
Ya o Yy is Cs-linear and positive definite for a # 0. So we can define

9= lal(Wavd) 0

with g2 = —|al? and ¢} = —¢,.

These two constructions define maps from H, -structures to non-singular skew-symmetric bilinear forms and back. Com-
posing in one direction we get the identity on Hi, -structures. In the other direction we get a homotopic form, through the
homotopy (lal(¥ay) /), 0<t<1. O
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Proposition 5.4. Let & be a 4n-dimensional orthogonal real vector bundle. Then & admits an H, -structure for some complex line
bundle A if and only if the structure group of & can be reduced from SO(H") to TSp(H") N U(H"), and an Hj -structure for some
Cs-line bundle A and some § if and only if the structure group reduces to TSp(H") N TU(H").

Proof. Use Lemma 1.5 and the analogous statement for Cs-structures. 0O
It is advantageous to express the intersections of the groups as quotients of products.

Lemma 5.5. For any 4n-dimensional real vector space V with a left H-module structure

TSp(V) NU(V) =U(1) - Sp(V) = (U(1) x Sp(V))/(Z/2),
TSp(V) NTU(V) = TU(1) - Sp(V) = (TU(1) x Sp(V))/(Z/2).

Proof. Let us prove only the second formula. Consider an element of TSp(V) given by an isomorphism v — ag(v) where
a €Sp(1) and g € Sp(V). This element lies in TU(V) if and only if it is a C-linear or conjugate linear isometry. Since g is
C-linear, this means that for all z € C either az = za or az = za. Hence a € U(1) UjU(1) =TU(1) C Sp(1). O

Now we return to the construction from the beginning of Section 2. A 2-dimensional complex bundle p or, more

generally, a 2-dimensional Cs-vector bundle has a natural orientation as a 4-dimensional real vector bundle. The double

cover SO(H) M SO(3) x SO(3) considered in Proposition 2.1 restricts to maps

U(2) =U(H) — SO(3) x SO(3), TU(2) =TU(H) — SO(3) x SO(3).
Since TSp(H) = SO(H), we can apply Lemma 5.5 to get

U@2)=U(1)-Sp(1) =Spin°(3),  TU(2) =TU(1) - Sp(1).

Lemma 5.6. Let it be a 2-dimensional Cg-vector bundle. Then w is an Hj, -line bundle, where ). = Aéau, and also an Endy, (w)-line
bundle.

o

Proof. It follows from Proposition 5.3 that i has an H, -structure. Then H o

is the bundle of skew-Hermitian endomorphisms of . O

)= Endp, (1) by Proposition 2.1 and p_ (i)

The homomorphism p_ restricted to TU(2) = TU(1) - Sp(1) is the projection onto SO(3). We prove that the structure
group SO(3) of an oriented 3-dimensional real vector bundle 8 can be lifted to TU(2) if and only if there are a real line
bundle § and an element | € H(X; Z(8)) such that w(8) = pal + wf(S).

The condition is necessary. According to Lemma 5.6 for a 2-dimensional Cs-vector bundle u with p_(u) = 8 we have
p+() =8 @ A and Proposition 2.1 implies that wy(8) = wa(p+ (1)) = p2e(X) + w%(S).

To show that the condition is sufficient take the Cs-line bundle A with the Euler class I. Then by Proposition 2.7 the
quaternion bundles H and Hpg are Morita equivalent and the vector bundle w from the definition of the equivalence has
the structure group TU(2). So we obtain

Lemma 5.7. Let 8 be an oriented 3-dimensional vector bundle with w,(8) = p2(l) + w%(S) for an element | € H2(X; Z(8)) and a
real line bundle 5. Then there is a 2-dimensional Cs-vector bundle p such that detc, ;@ = A, where e(A) =1, and

H,g = EndHA (/L)O.

For § trivial, if B is a 3-dimensional Spin‘ real vector bundle, then Hpg is Morita equivalent to an H) for some complex
line bundle .
Applying Proposition 2.6 we obtain:

Theorem 5.8. Let 1 be a 4n-dimensional real vector bundle. Then n admits an Hpg-structure with wa(8) = p2(D) + w%((S) for an

I € H2(X; Z(8)) and a real line bundle § if and only if for the Cs-line bundle 1 with e(1) = there exist an Hj, -line bundle 1« and an
n-dimensional Hj, -vector bundle & such that

n = @m, § =Homy, (1, §).
The twisted quaternionic Hg-structure is given by the action of the bundle Endp, (u)°.

The following statement is a complement to Proposition 2.1.
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Lemma 5.9. Suppose that the oriented orthogonal 4-dimensional bundle w is an orthogonal direct sum 1o @ i1 of two 2-dimensional
subbundles. Write § = det juo = det w1, so that o and 1 become Cs-bundles. Then py (i) =8 @ (o ®cy; 1) and p— () =
8 ® (o ®c; 1), where the conjugate is given by conjugation on Cs.

Proof. The vector bundle © = o @ @1 has the structure group O(2) - 0(2) = TU(1) - TU(1) € TU(2). So it follows from
Lemma 5.6 that py(u) is given by the projection onto the first factor TU(1) and is equal to § & Aés (Mo D 1) =386

(.U/O ®<C5 /'Ll)-
Since the orientation of o @ 7 is opposite to that of w,

p— () = p+(po & 1) =8 & (o Bc; H1). O

In the case that A is a C;-line bundle, and o = 3§ @ A we can express the Chern classes cf in terms of the classes d‘;‘.

Theorem 5.10. Let o = § @ A, where A is a Cs-line bundle. Let & be an Hy, -bundle of dimension n. Then

n

1T+ E -+ ) =Y (1 4+ W) d¥ ().

i=0

In particular, ¢§ (&) = ncs (1).

Proof. We use the splitting principle for Hy-vector bundles and multiplicativity of the Chern classes ¢® =1 + c‘i + cg + .-
and the characteristic classes d*. Thus it is sufficient to carry out the proof only for n = 1. Let « be an Hij -line, where A is a
Cs-line. Then c‘i (n) = c‘i (1), since we may assume that X is a 3-dimensional CW-complex, over which yu = Cs @ A. Further,

¢S (1) =e(u) = d¥ (u). Consequently,
T+ +w =1+ +d¥(w). O

Remark 5.11. Consider an SO(3)-bundle o and an Hy-bundle & over X. We can lift to the sphere bundle of o by
7 :S(x) - X. Over S(o) we have a complex line bundle A such that 7*a =R & A. So w*¢ is an H,-bundle. In par-
ticular, w*& is complex and has Chern classes in H*(S(«)). Since the Euler class of « is 2-torsion, we have a rational
splitting: H2(S(«); Q) = H%(X; Q) @ H2(~D(X; Q). More precisely, H*(S(«); Q) is an H*(X; Q)-module with a generator
s € H2(S(x); Q) subject to a relation s +as +b =0 for some elements a € H2(X; Q) and b € H*(X; Q). If e(w) =0, this is
true also over Z.

Now using Theorem 5.10 and naturality of the classes d;, the Chern classes of 7 *& are

n

T4cr () + -+ em(TE) =D (1+c 00)" 2 ().
i=0

If X is an almost quaternionic smooth manifold as in Remark 1.6, then the tangent bundle of S(c) being isomorphic
to A ® m*tX has a complex structure, i.e. the twistor space S() is almost complex, which is well known in quaternionic
geometry.

6. Complexified quaternionic bundles

Given a real line bundle § and an oriented 3-dimensional vector bundle « (with inner product) we may consider the
bundle of algebras Hy ® Cs. It depends only on the 3-dimensional vector bundle § ® «. Indeed, it may be identified with the
(ungraded) Clifford algebra bundle C(x ® §) with the positive-definite quadratic form. Locally, if e1, e2, e3 is an orthonormal
basis of « ® § then the corresponding fibre of C(x ® §) is generated by eq, ez, e3 with ei2 =1 and ejej = —eje; for i # j, the
fibre of Cs is R1 & R(eqezes), and the fibre of Hy, is R1 @ R(eqez, ezes, ejes). The centre (formed in each fibre) is Cs.

There is an R-algebra isomorphism H ® C — Endc(H), that is My (C), under which the group of automorphisms
Autr (H) x Autr(C) maps to the retract SU(2)/{£1} x Autr(C) of the full automorphism group GL(2)/C* x Autr(C)
of M,(C).

Consequently, we can describe bundles of algebras H, ® Cs as just those R-algebra bundles with fibres of type H® C
which have the structure group Autg(H) x Autg(C) =S0O(3) x 0(1) = 0(3).

Consider a 4-dimensional Cs-vector bundle p which is a left H, ® Cs-bundle. This means that the fibre is isomorphic
to the complex vector space H ® C with the obvious action of the algebra H® C. On i we can choose a real inner
product such that the action Hy ® C; — Endc, () is a x-homomorphism. We will show that w is associated to a principal
bundle with the structure group TSp(H) - TU(C) = SO(H) - TU(C) c TU(H ® C). In traditional terminology this is the group
(S0(4) x TU(1))/{£1} =S0(4) - TU(1) C TU(4). Put
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Fr(pn) = {f € Hompr(H® C, ) | f preserves the inner product, f(rv) =k (r) f(v)
for some k € Iso(H, Hy) x Iso(C,Cs) andallv e HQ C,re H® C}.

Then P = Fr(u) is a principal bundle with the structure group TSp(H) - TU(C) such that p = P xtspa.tuc) (H® C) and
Hy ® Cs =P xp (H® C), where p : TSp(H) - TU(C) — Autr (H) x Autg(C) is the projection. This proves

Proposition 6.1. A 4-dimensional Cs-vector bundle has an H, ® Cs-module structure if and only if its structure group TU(4) can be
reduced to SO(4) - TU(1).

Now we can proceed as in Section 2. In many of the arguments SO(4) - TU(1) plays the role taken there by SO(4).
Since TU(1) is a semidirect product of groups U(1) and Z/2, its elements can be described by pairs (c,s) e U(1) x Z/2
having the action on C given by (c, 1)z =cz and (c, —1)z = cz. Consider the covers

Sp(1) x Sp(1) x TU(1) — SO(4) - TU(1) L=2=2, 50(3) x SO(3) x TU(1)

given by mapping (a, b, (c,s)) € Sp(1) x Sp(1) x TU(1) to the map - HQC > H® C:v®z+ avb ® (c,s)z and g
to (p4(8), p—(8), po(g)) = (p(a), p(b), z— (c?, s)z). Further, let T : SO(4) - TU(1) — Aut(C) = Z/2 be the map 7(g) =Ss.

Proposition 6.2. Let i« be a 4-dimensional Cs-vector bundle over X the structure group of which can be reduced to SO(4) - TU(1). Put
o= ps(u), B=p-(u), o = po(w). Then Cs = (), the vector bundle w is a left Hy ® Cs-module and a right Hg ® Cs-module,
o is a Cs-line bundle and there is a canonical isomorphism of bundles of Cs-algebras

(Hy ® Cs) ®c, (Hg ® Cs)° = (Hy ® Hp) ® Cs = Endc, (1)

Moreover, there are canonical isomorphisms of vector bundles

@®p)®o =A¢ u and 7% @c, A*u=Cs

where & is the conjugate vector bundle to o.

Conversely, if o is an oriented orthogonal 3-dimensional vector bundle and w is an Hy ® Cs-bundle of dimension 4 over Cs,
then the real form of & ®2 ®c; A* acquires an orientation under which p. (1) is identified with a, T () is identified with Cs and
B = p— () is characterized by an isomorphism (of bundles of algebras)

(Hp ® C5)° = Endm, ec, (1)

Proof. The 4-dimensional C-vector space H ® C is the complexification of the real vector space H. Now we can carry out
the proof by complexifying all the vector spaces imH, Endr (H), H ® H°, A2H, A*H and the homomorphisms used in the
proof of Proposition 2.1 and Lemma 2.2, by checking that these complexified homomorphisms are invariant with respect
to appropriate actions of SO(4) - TU(1) and by writing «, 8, Cs, o, A%éu and A?Ca as vector bundles associated to an
SO(4) - TU(1)-principal bundle determined by w. The details are left to the reader. O

Remark 6.3. The isomorphism A%, 1« = o ®? implies that ¢}(u) = 2c{(0), and from the isomorphism (o & ) ® 0 = AZ u
we get 2¢5 (1) = —p1(@) — p1(B) +3(c} (o).

Proposition 6.4. Given 3-dimensional oriented vector bundles «, g and a Cs-vector bundle o, there is a 4-dimensional vector bun-
dle yu such that p4(n) =, p— () = B and po() = o if and only if wy(0) = wa (o) + wa(B).

Proof. The commutative diagram
SO@4) - TU(1) ———=SU(4) - TU(1) —=s Spin(6) - TU(1)

A2
(P+.P—.P0) <

SO(3) x SO(3) x TU(1) SO(6) - TU(1)

implies that the double cover Spin(6) - TU(1) — SO(6) - TU(1) pulls back, under the homomorphism (a, b, c) — (a + b) ®c,
to (p+, p—, po). Hence the obstruction to lifting from SO(3) x SO(3) x TU(1) to SO(4) - TU(1) is given by wy(o) = wa(a) +
wa(B). O

Definition 6.5. For each § we define a Morita category M (X) with objects the oriented 3-dimensional orthogonal vector
bundles ¢, B and morphisms 8 — « given by a Cs-isomorphism of algebras

(Hy ® Cs) ®c, (Hg ® Cs)° = (He ® Hz) ® Cs — Endc, (1),
where p is a 4-dimensional Cs-vector bundle, up to isomorphisms of pu.
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Given any C;-line bundle A, we use the isomorphism Endc; (1) = Endc; (A ®c; () to get an action of the Piccard group
Pics(X) = H%(X; Z(8)) on Hom p;x) (B, @), and then, as in Proposition 2.9 we have Auta,(x) () = Pics(X).
Proposition 6.4 implies immediately

Theorem 6.6. There is a morphism from B to o in M (X) ifand only ife(a ® §) = e(8 ® §).

Proof. Denote the Bockstein homomorphism corresponding to the exact sequence 0 — Z(8) — Z(8) — Z/2 — 0 by As.
A Cs-line bundle o such that wy(0) = wa (o) + wa(B) exists if and only if Aswy(a) = Aswa(8) and this is equivalent to
our condition, since e(x ® §) = As(wa () + w%((S)). O

Proposition 6.7. Any isomorphism Hy ® H% ® Cs = Endc; (1) determines an equivalence from the category of Hg ® Cs-modules to
the category of Hy ® Cs-modules given by

neu ®Hﬂ®(€5 n.
As a consequence we get

Corollary 6.8. Let e(o ® 8) = 0. Then there is an H, ® Cs-bundle w of Cs-dimension 2 such that any H, ® Cs-bundle of Cs-
dimension 2n is of the form w ®c; ¢ for a Cs-bundle ¢ of dimension n.

Proof. Just as H ® C = Endc(H), we have H¢; ® Cs = Endc, (Hc;). Every Hc,; ® Cs-bundle 7 is therefore of the form
HC5 ®C5 ¢, where = HOmHCB ®Cs (H(Cgv 77)

Since e((6 ®Cs) ®5) = 0 =e(x ®3), there is an isomorphism from § ®Cs to o in M(X) represented by a 4-dimensional
vector bundle p. Now any H, ® Cs-bundle is of the form

1% ®HC5 ®Cs (HC5 ®(C§ C) = (/~'L ®HC5 ®Cs H(Ca) ®(C3 ;

Putting w = ®Hc, ®Cs Hgy, we get the assertion. O

Remark 6.9. Consider a compact Hausdorff space Y with an involution. Let E be a complex vector bundle over Y and let
J : &€ — £ be a conjugate-linear map lifting the involution on Y such that j2 = —1. The pair (E, J) is variously called a
quaternionic or symplectic bundle over Y [11,19,10]. We relate this notion to complexified quaternionic bundles in our
sense.

Let CP(H) be the complex projective space modelled on the 2-dimensional complex vector space H with the involution
given by multiplication by j. Define X to be the quotient of Y x CP(H) by the free involution. Let § be the real line
bundle over X given by the double covering p: Y x CP(H) — X. We associate with E a vector bundle n such that the
fibre over x € X is ny = Ey @ E,» where p~1(x) ={y, y'}. This bundle has an H ® Cs-structure. The multiplication by j € H
is given by j(u, v) = (Jv, Ju). The Cs-structure is defined as follows. Let t be the involution (—=1,1): Ey @ Eyr = nx —> Nx,
and t' = —t. Then ti =it and tj = —jt. So (it)i = i(it) and (it)j = j(it), and (it)2 = —1. So we can use it = —it’ to define the
Cs-structure commuting with the H-multiplication.

In the same way the complex Hopf bundle H over CP(H) determines an H ® Cs-vector bundle w over X of complex
dimension 2 (where wy = Hy @ Hy/). As in Corollary 6.8 there is a Cs-bundle { = Hompygc; (@, n) over X such that n =
w®c; ¢. Its lift to Y x CP(H) is E @c H.

Remark 6.10. One can define a Brauer group BrUs;(X) of central simple Cs-algebras and show that it is isomorphic
to Tor H3(X; Z(8)). The class of H, ® Cs = C(a ® 8) is e(ax ® 8).

There is a complex K-theory of H, ® Cs-vector bundles modelled on the real K-theory of Section 3.

Proposition 6.11. There is an isomorphism from the Grothendieck group of Hy, ® Cs-modules over X to K? (Hyg,), the Ks-theory with
compact supports, given by mapping the class [£] to the element represented by the linear map

X VX E — TrE
over x € Hy, where i : Hy — X is the projection.
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