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1. INTRODUCTION

If we examine the Lyapunov functionals constructed for all the examples
that have been discussed so far in the literature, we find that the
investigators, inadvertently, employ a combination of a Lyapunov function
and a functional in such a way that the corresponding derivative can be
estimated suitably without demanding minimal classes of functions or the
knowledge of solutions as in the case of Lyapunov functions or Lyapunov
functionals, respectively [3-6]. The method of Lyapunov functionals,
however, demands the knowledge of solutions of delay differential equa-
tions considered and consequently the discussion of examples is not really
in the spirit of the method. This observation leads us to develop the
method of Lyapunov functions on product spaces for studying stability
properties of equations with delay, where, except conceptually, the
knowledge of solutions is not demanded. We shall also develop stability
theory in terms of two measures which unifies several known stability con-
cepts. Our presentation demonstrates the advantage of utilizing Lyapunov
functions on product spaces.
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2. PRELIMINARIES

Let ¥=C[[—1,0],R"] and for any ¢e¥, let us use the norm
Iplo=max___ _,lé(s)l. If xeC[[to—1, ), R"], t,eR,, we define
X, €€ by x,(s)=x(t+5), —1<5<0. We consider the initial value problem

X/(Z)Zf(t, xt)’ X,0=¢0€%, (21)

where fe CLR, y¥, R"]. It is known that if f maps bounded sets into
bounded sets, then for each (i, ¢,), there exists a solution x(t)=
x(tg, ¢o)(t) defined on an interval [¢,,1,+a), a«>0. We wish to
employ Lyapunov functions on the product space R"y% and develop
corresponding theory for studying stability criteria for the system (2.1). If
VeC[{R, yR"x¥, R, ], then we define

DTV, 4(0), 4)

1
= lim sup - [V(z+h ¢(0)+hf(1, 4), x o (1, #)) = V(1, $(0), ¢) .

(22)

where it is understood that x(z, ¢) is any solution of (2.1) with the initial
function ¢ at time . To unify several different concepts of stability studied
in the literature such as partial stability, conditional stability, eventual
stability, it is convenient to introduce stability concepts in terms of two
measures [1, 8-11]. We shall therefore discuss stability properties of (2.1)
with respect to two measures. We need the following definitions and the
classes of functions:

A ={aeC[[0,p), R, ] a(0)=0 and a(u) is strictly increasing
inuj,

L ={ceC[R,, R, ]: o(z)is decreasing with lim a(t)=0},

r— ¢

A ={oeC[R, x[0,p), R, ]: o(t,u)e A for each te R, },
I'={heC[[to—1, 0)xR", R, ]:inf h(t, x)=0}.

DefFINITION 2.1. Let A, 4°€e I' and define for g€ b,
ho(t, )= max k%1 +s, ¢(s)),
ol 4) <%0 (2.3)
R(t, )= max h(r+s, o(s)).

-~1€s<0
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Then h, is said to be finer than % if there exists a p>0 and a y €. such
that

ho(t, §)<p  implies  K(z, ¢) <y(ho(t, $)).

DerINITION 2.2, Let Ve C[R, yR"y%, R, ] Then V is said to be
(i} A-positive definite if there exists a p >0 and a be A such that
b(a(t, x)) < V(1 x, ¢), ¢ € ¥ whenever A(t, x) < p;

(ii) weakly hg-decrescent if there exists a p>0 and a e CH" such
that

Ve, 9(0), @) < (1, hol1, ¢)) - if ho(t, ¢) < p;

(ili) hg-decresent if there exists a p >0 and a y € & such that

V(1. 9(0), #) SWi(holt, ¢))  if ho(1, @) <p;

(iv) asymptotically h,-decrescent if there exists a p>0 and a
veX ¥ ={o(t,u) o(-,u)e ¥ and a(1,-)e ¥} such that

V(. 9(0), ¢) <¥holt, @), 1) if ho(1, ¢) < p;

(v) (h° h*)-decresent if there exists a p>0 and two functions
aq, a, € A such that

V(t7 X, ¢) Sao(ho(t’ X)) + al(h*(t’ ¢))

whenever h°(1, x) < p and h*(t, §) < p, where h*€ C[R, ¥4, R, .

DerINITION 23, Let Ae C[R,, R, ]J. Then 4 is said to be integrally
positive if [, A(s)ds=oo, whenever 7=~ [«; B,], o, <B,<a;., and
B.—0,>5>0.

DEeFINITION 2.4, The system (2.1) is said to be (A, #)-stable if given
e>0and 1,e R, there exists a 6 = (¢, €) >0 such that

ho(to, 9p) <9 implies h(t, x(1)) <e, 1=t

Based on Definition 2.4 and the usual stability notions, it is easy to
formulate other kinds of stability concepts in terms of two measures (k,, 4).
We shall give below a few choices of (A, #) to demonstrate the generality
of Definition 2.4. Definition 2.4 reduces to

(1) the well-known stability of the trivial solution of (2.1) if
h(t, x) = |x| and ho(t, ) = [¢lo;
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(2) stability of the prescribed solution y(t)= y(t,, Y¥o)(2) of (2.1) if
h(t, x) = |x— p(1) and ho(t, ¢) = | — ¥olo;

(3) partial stability of the trivial solution of (2.1) if A(z, x)=|x|,,
1<k <nand hy(z, §) = [4lo;

(4) stability of conditionally invariant set B with respect to 4 where
Ac B< R"if h(t, x)=d(x, B) and hy(t, §) =max __ _ _, d(¢(s), A), d being
the distance function;

(5) eventual stability of (2.1} if A(z, x) = |x| and hy(2, ) = |dlo + 6(1),
oelL.

Remark. Note that in case (5), the set of initial times ¢, is to be
prescribed as in [6, Defn. 2.4].

3. MAIN RESULTS

Let us begin by proving a result on non-uniform stability in terms of two
measures under weaker assumptions, which includes other interesting spe-
cial cases and also shows that in situations where the Lyapunov function
employed does not satisfy all the desired conditions, it is more fruitful to
perturb it by a family of Lyapunov functions than to discard it [7].

Let for any hel, S(h,p)={(t,x): h(t,x)<p} and for any h*e
CIR,x%, R, 1, S(h* p)={(1,9): h*(1,¢)<p}.

THEOREM 3.1. Assume that

(Ag) h,h°e I and hy is finer than h, where hy, h are defined by (2.3);

(A)) V,eC[S(h p)xS(h p), R. ], V,(t, x,¢) is locally Lipschitzian
in x and weakly hy-decrescent;

(Ay) for every O <n <p, there exists a V,,e C[2, R, ], V,,(t, x, ¢) is
locally Lipschitzian in x and for (1, $(0), ¢) € 2,

b(h(z, 9(0))) < V,(1, $(0)), ¢) < alho(1, ¢)),
where a,be X’ and Q=S(h, p)nS(h° n) xS(h, p)~ S(hy, 1), S(h° n)
and S*(hg, n) being the complements of S(h° n) and S(hqy, n), respectively;

(As) for (1, $(0), )€ Q.

D"V (1,¢(0), ¢) + D"V, (1, $(0), 4)
< g1, Vi(1, 6(0), @) + Vs, (1, 6(0), 4))),
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where g, C[R, xR, , R, ], g-(t,0)=0 and the trivial solution of

wi=gy(t,w),  wltg)=we=0 (3.1)
is uniformly stable;

(Ay) D'Vt ¢(0)) < g.(1, Vi(t, $(0), 8)) on S(h, p) xS(F, p), where
g,€C[R, yR,, R ], g,(t,0)=0 and the trivial solution of

u' =g, (1, u), u(ty)=uy=0 (3.2)
is stable.

Then, the delay differential system (2.1) is (h,, h)-stable.

Proof. Since V| is weakly A,-decrescent, there exists a 0 < p, <p and a
o€ CX such that

Vilt, $(0), @) SWolt, holt, 8))  if ho(t, §) < p,. (3.3)

Also, hy is finer than % implies that there exists a 0 < p,<p, and a Yy e A
such that

F(t, ) <ylho(t, @) il ho(t, ) < p,, (3.4)
where p, is such that y(p,) < p. Hence, by (2.3), we have
h(t, 9(0)) <h(t, $) < Wlho(t, §))  if holt, )< po. (3.5)

Let O0<e<p and t,e R, be given. Since the trivial solution of (3.1) is
uniformly stable, given b(¢) >0 and rye R _, there exists a d,= d4(¢) such
that

w(t, to, wo) < ble), 1=t if wy<d,, (3.6)

where w(t, t4, wy) is any solution of (3.1). Since 2 and ¥ belong to class ",
we can find a 6, =J,(g) >0 such that

a(dy) < dy/2 and y{d,) <e. (3.7)

The stability of the trivial solution of (3.2) yields that given §,/2 >0 and
to€ R, , there exists a 6* =d*(1,, &) > 0 such that

Uy < 6* implies u(t, ty, up) < 8y/2, 121, (3.8)

where u(1, ¢y, uo) is any solution of (3.2). Choose V (¢4, ¢o(0), ¢o) = u.
Since Y,e CA" and (3.3) holds, there exists a d,=3,(ty, £) >0 such that
;€ (0, min(d,, p,)) and

holto, §o) <05 implies Vilto, $o(0), do) < Wolto, holto, do)) <*.
(3.9)

409/154/2-7
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We set 6 =min(J,, §,) and suppose that hy(t,, ¢,) <5. We note that we
obtain

h(to, $o(0)) < A(1o, $o) < Ylholto, ¢0))<¢(51)<5’}
RO(14, $0(0)) < holty, o) <3,

in view of (3.4) and (3.7).

We now claim that hy(¢,, ¢o) < J implies that h(z, x(t)) <e, t = t,, where
x(t)=x(ty, $o)(¢) is any solution of (2.1). If this is not true, because of
(3.10), there exists a solution x(z) of (2.1) with hy(t,, do) < and 1,> ¢, > 1,
such that

(3.10)

Rt x(1,)) =61, h(ty, x(1;)) =¢, } (3.11)

x(1)eS(h,e)nSh°% ) for te[t,, 1]

This also implies that F(t,, x,)=¢, ho(t,,x,)=0, and x,eS(h e)n
§¢(hg, 6,). Setting n=45,, we see by (A,) that there exists a V,, and for
tet,,t,], we have

D*m(t)< g,(1, m(1)),

where m(t) =V, (¢, x(2), x,) + V,(t, x(¢), x,). Hence, by comparison theorem
[6], we obtain

m(t)<ry(t, t,, m(ty)), te ¢, t,], (3.12)

where r,(¢, ¢,, m(¢,)) is the maximal solution of (3.1). We can obtain
similarly the estimate

Vile, x(1), x,)<r (¢, to, Vilto, 90(0) do)), tety, 1], (3.13)

where r (1, 1y, 14,) is the maximal solution of (3.2). Hence, by (3.8), (3.9)
and (3.13), we have

Vilty, x(1), x,,) < /2.
Also, by (A,) and (3.7), we obtain
Vo lty, x(ty), x,) < a(d,) <dq/2.

Hence, it follows that m(¢,) < d, and therefore (3.6) and (3.12) yield that

m(t,) <ry(ty, 1y, m(t,)) < b(e). (3.14)

But m(t;) 2 V,, (12, x(2;), x,,) = b(h(t,, x(¢;))) = b(e), which is a contra-
diction to (3.14). Hence, the proof is complete.



LYAPUNOV FUNCTIONS 397

Remark. Let V=0 and g, =0 in Theorem 3.1. Then, we obtain (4,, #)-
uniform stability showing the advantage of using a family of Lyapunov
functions in proving uniform stability. If, on the other hand, V,, =0 and
g,=0, assuming V', to be h-positive definite guarantees (4, /)-stability by
Theorem 3.1. As it is, Theorem 3.1 is an extension of [7, Theorem 2; and
8, Theorem 3.17.

We shall next consider a result on asymptotic stability in the same spirit
as that of Theorem 3.1 which is an extension of [8, Theorem 3.2].

THEOREM 3.2. Assume that (Ag)—{(A,;)} of Theorem 3.1 hold. Suppose
further that

(AZ) there exist Vi, V,eC[S(h, p)xS(h, p), R, ] such that V=
Vi+ V,, Vs is h-positive definite and on S(h, p) xS(h, p)

DTV (1, $(0), §) < —4(1) y(V(t, 6(0), 4))

holds, where 2 is integrally positive and y€ X,

(As) for every yeC[[ty—1t, o), R"] such that h(t, y(t))<p,
te[ty—rt, o), the function I;O [D* Vs, y(s), ¥,)]4 ds is uniformly con-
tinuous on [ty, ), where [ -], means that either the positive or the negative
part is considered for all se [y, ).

Then, the delay differential system (2.1) is (hy, h)-asymptotically stable
and lim, _ . V4(t, x(t), x,) exist and is finite for any solution x(t) of (2.1).

Proof. Since (A4¥) implies that D+ V (1, $(0), ¢) <0 on S(h, p) ¥S(h, p),
by Theorem 3.1, the assumptions (Aq)-(A;) yield (h,, &1)-stability for the
system (2.1). Choosing ¢ = p and designating d,= d4(¢,, p), it is clear that

ho(to, Po) <o implies h(t, x(1)) <p, 121, (3.15)

where x(1) = x(1,4, ¢o)(2) is any solution of {2.1). Set m, (1) =V (¢, x(1), x,),
ms(1) = V{1, x(t), x,) and m,{t)=V,(1, x(t), x,) so that m,(t)=ms(1)+
m,(t). Assumptions (A,) and (AF) yield that m,(¢) is non-increasing and
bounded from below and thus, lim, _, . m,(f)=0 < cc.

We show that lim, ,  m;(¢t)=0. Clearly, lim,_, . inf m,(z)=0. If not,
we arrive at a contradiction because of (AF). Now, suppose that
lim, _, ., sup m5(7) > 0. Then there exists a x> 0 such that lim, _ . sup m;(¢)
> 3u. Since lim, , . m,(t)=0 and m,(¢) is non-increasing, there exists a
T >0 such that

c<m(t) <o+, t2t,+T. (3.16)
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For the sake of clarity, suppose that assumption (As) holds with [-],.
Since m5(?) is continuous, we can choose a sequence

L+ T<ti"<iP< ... <tP<tP< ..

such that for i=1, 2, ..,

ms(t) =3y, m) (1) = p l (3.17)
1) o

p<my() <3, re[iV?
From (3.16) and (3.17), it is easy to see that

'mUPU—mA#USG—Zw}

1
(e ) = my (1) > 0 — . (318)

Since m, = m; + m,, it follows from (3.18) that

’}2)
0<p<m(t®)—mt")< [ (D ms)], ds,

4

which shows by (A;) that there exists a ¢ > 0 such that
1B — =4, i=1,2,... (3.19)

By (3.17), (3.19), and (Ajs), we obtain

lim my()<my(to+ T)— [ 3(w)A(s) ds

[Ead s n+ T
<my(to+T) = () | ils) ds = — oo,

where I= )2, [V, ?]. This contradiction proves that lim, , .. m;(t)=0
and since V, is A-positive definite, we obtain lim, , . 4(z, x(¢))=0. Thus,
we conclude that the system (2.1) is (/,, h)-asymptotically stable. To prove
the last assertion of the theorem, note that lim,, . m(t1)=0 and
lim, , ., m,(t) =0 and consequently, lim, _, . m,(t) =0. The proof is there-

fore complete.

The following corollaries of Theorem 3.2 are interesting.

CorOLLARY 3.1. Let (Ay), (A,), (AF), and (As) of Theorem 3.2 hold. If
V', is h-positive definite, then the conclusion of Theorem 3.2 remains valid.

COROLLARY 3.2. Let (Ag), (A,), and (A}) of Theorem 3.2 hold. Assume
further that V is h-positive definite, V,(t, $(0), §)=[° . h*(t + s, $(0), ¢) ds
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and T is finer than h*, where h* € C[S(h, p) xS(h, p), R ). Then, the conclu-
sion of Theorem 3.2 remains valid.

The next corollary uses the facts hm, _ .. V,(t, x(¢), x,)=6 < o0 and V,
is (h°, V5)-decresent.

COROLLARY 3.3. Let the assumptions of Corollary 3.2 hold except that
Vy is not h-positive definite. Assume that V, is (h°, V;)-decrescent and
lim, , . Vi(t, x(1), x,) =0 implies lim, , _inf h°(tx(1))=0. Then the conclu-
sion of Theorem 3.2 remains valid.

Remark. We observe that the special form of V, in Corollaries 3.2 and
3.3 immediately shows that condition (As) is satisfied in view of the
property of h*. This observation makes the direct proofs given in [2-4]
redundant.

The next result shows that when D'V, is not k-negative definite, it is
beneficial to find another Lyapunov function relative to which suitable
conditions yield (k,, #)-asymptotic stability.

THEOREM 3.3.  Assume that (A,) and (A,) of Theorem 3.1 hold. Suppose
further that

(i) DTVi(1, ¢(0), §) < — A1) y(V3(t, §(0), 4)) on S(h, p) xS(h, p),
where 4 is integrally positive, ye X', Vi€ C[S(h, p)xS(h,p), R,] and
V3 either satisfies (As) or Vi(t, $(0), §)=[°  h*(1+s, ¢(0), §) ds, where
h*e C[S(h, p) xS(ﬁ, p), R, ] and h is finer than h*;

(i) V,eC[S(h, p) )(S(Z, p) R.1, Vit x, ¢)~is locally Lipschitzian in
x, Vo4V, is h-positive definite and on S(h, p) yS(h, p),

DTV,(1, 4(0), @) < —ci(Va(t, ¢(0), $)) + c2(V5(1, $(0), 4)),
where ¢, co€ X .

Then the system (2.1) is (ho, h)-asymprotically stable.

Proof. Following the proof of Theorem 3.2, we can prove that
lim, , , m;(r)=0, where ms(t)=Vs(1, x(1), x,), for any solution x(f)=
x(ty, ¢o)(t) for which we have

holto, do) <8o  implies  h(t, x(1))<p,  t>1,.

We shall next prove that lim,_ . V,(z, x(¢), x,)=0. Letting m,(t)=
V(t, x(1), x,), we see that condition (ii) yields

D¥my(t) < —c (my(1)) + cr(ms(r)), t21,. (3.20)
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We claim that lim, , . infn2,(z)=0. If it is not true, then there exists a
d>0and a T, >0 such that

m,(t) =z d for t=1,+T,. (3.21)
Since lim, , ,, m;(1) =0, there exists a T, >0 such that

c,(d)
2

(,'z(m3(t))< for t>t0+ T2' (322)

Choose T=max(T,, T,) so that for t>1t,+ 7, we have by (3.20) and
(3.22),

D my(1) < —C‘(zd). (3.23)

The differential inequality (3.23) yields

_ald)

my(t) <my(to+ T) 2

(t—=T—ty), t=zt,+T

which implies a contradiction. Suppose that lim,_,  sup m,(#)#0. Then
there exists a u >0 and a sequence

fo<o, <Py <o, <f;< -, &, —> 00 as [ — 00,
such that
mz(“i) =K mz(ﬂi) = 2#’ and U <’/’12(1) < 2/1’ te [aia :Bi:],
(3.24)
i=12, ...
Since lim, _, , m;(1) =0, there exists a 75> 0 such that
Cz(m3(t))<61(u) 1> 1+ Ts. (3.25)

2 b
From (3.20), (3.24), and (3.25), we obtain for sufficiently large /,

cy(p)
2 H

Dtmy(1)< —

te [!X,-, ﬁi]a

which shows that m,(f) is non-increasing on [«;, ;1. Hence m,(f,) <
m,(a;) which contradicts (3.24). Thus, lim,_ . m,(t)=0. Since V,+ V,
is h-positive definite, it follows that lim, . A(t, x(1))=0, proving
(hq, h)-asymptotic stability. The proof is complete.
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As in [10], one can show that Theorem 3.3 includes several interesting
cases.
So far, we have considered the estimation of D* ¥ covering the following
cases:
(i) DTV(t, ¢(0), ) < g(1, V(1, 4(0), ¢)),
(il) DT V(1, 4(0), ¢) < w(t, $(0), 4).
In general, we may have the estimation
(iii) DT V(1 ¢(0), 4) < g(1, V(1,(0), ¢), $(0), 4),
and hence, we shall next discuss this general case. For this purpose, we
need to define stability concepts relative to the comparison equation

u'=gt,u,x(1),x,),  ul(ty)=uy=0, (3.26)

where ge C[R, yR . xR"y¥, R], g(1,0, x, ¢)=0 and x(t)=x(ty, ¢o)(t) is
any solution of (2.1).

DeriniTION 3.1, The trivial solution of (3.26) is said to be
ho-conditionally stable if given ¢>0 and 1,eR,, there exist §,=
8,(1y, €)>0 and 9, = d,(¢y, ¢) > 0 such that

ho(to, o) < 0, and uy < &y implies u(t, £y, ¢o, o) <, [21,

where u(, ¢4, dq, 14,) 1S any solution of (3.26).

We shall now state the following result whose proof may be contructed
based on the proof of Theorem 3.1 and the proofs of corresponding results
for ODE in [8].

THEOREM 3.4. Assume that (A,) holds. Suppose further that
Ve CLS(h, p) xSth, p), R, ], V(1, x, &) is locally Lipschitzian in x, h-positive
definite, hy-decrescent and on S(h, p) xS(h, p),

D™ V{1, $(0), 4)< g(1, V1, 4(0), $), $(0), 4)

holds, where g is defined as in (3.26). Then the stability properties of the
trivial solution of (3.26) imply the corresponding (h,, h)-stability properties
of (2.1).
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