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Abstract

A generalized auxiliary equation method is proposed for constructing more general exact solutions of nonlinear partial
differential equations. With the aid of symbolic computation, we choose the (2 + 1)-dimensional Korteweg–de Vries equations
to illustrate the validity and advantages of this method. As a result, many new and more general exact non-travelling wave and
coefficient function solutions are obtained, which include soliton-like solutions, triangular-like solutions, single and combined
non-degenerate Jacobi elliptic wave function-like solutions and Weierstrass elliptic doubly-like periodic solutions.
c© 2007 Elsevier Ltd. All rights reserved.

Keywords: Generalized auxiliary equation method; Soliton-like solutions; Triangular-like solutions; Jacobi elliptic wave function-like solutions;
Weierstrass elliptic doubly-like periodic solutions

1. Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear partial differential
equations (NLPDEs), which are involved in many fields from physics to biology, chemistry, mechanics, etc. As
mathematical models of the phenomena, the investigation of exact solutions of NLPDEs will help one to understand
these phenomena better. In the past several decades, many significant methods for obtaining exact solutions of
NLPDEs have been presented, such as the inverse scattering method [1], Hirota’s bilinear method [2], Bäcklund
transformation [3], Painlevé expansion [4], tanh function method [5–7], sine–cosine method [8,9], homogenous
balance method [10], homotopy perturbation method [11,12], variational method [13,14], asymptotic methods [15],
non-perturbative methods [16], exp-function method [17], Adomian Pade approximation [18], Jacobi elliptic function
expansion method [19], F-expansion method [20,21], Weierstrass semi-rational expansion method [22], unified
rational expansion method [23], algebraic method [24–27], auxiliary equation method [28–31], and so on. Recently,
Sirendaoreji [32] and Huang [33], respectively, proposed a new auxiliary equation method by introducing a new
first-order nonlinear ordinary differential equation with six-degree nonlinear term and its solutions to construct exact
travelling wave solutions of NLPDEs.

The present paper is motivated by the desire to generalize the work made in [24–33] to construct more general exact
solutions, which contain not only the results obtained by using the methods [24–33], but also a series of new and more
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general exact solutions, in which the restriction on ξ(x1, x2, . . . , t) as merely a linear function of x1, x2, . . . , t and
the restriction on the coefficients being constants are removed. For illustration, we apply this method to the (2 + 1)-
dimensional Korteweg–de Vries (KdV) equations, and successfully obtain many new and more general exact solutions
with two arbitrary functions.

The rest of this paper is organized as follows: in Section 2, we give the description of the generalized auxiliary
equation method; in Section 3, we apply this method to the (2 + 1)-dimensional KdV equations; in Section 4, some
conclusions are given.

2. Generalized auxiliary equation method

For a given NLPDE with independent variables x = (t, x1, x2, . . . , xm) and dependent variable u:

F(u, ut , ux1 , ux2 , . . . , uxm , ux1t , ux2t . . . , uxm t , ut t , ux1x1 , ux2x2 , . . . , uxm xm , . . .) = 0, (1)

We seek its solutions in the more general form:

u = a0 +

n∑
i=1

{aiφ
−i (ξ) + biφ

i (ξ) + ciφ
i−1(ξ)φ′(ξ) + diφ

−i (ξ)φ′(ξ)}, (2)

with φ(ξ) satisfying the new auxiliary equation:

φ′2(ξ) =

(
dφ

dξ

)2

= h0 + h1φ(ξ) + h2φ
2(ξ) + h3φ

3(ξ) + h4φ
4(ξ) + h5φ

5(ξ) + h6φ
6(ξ), (3)

where a0 = a0(x), ai = ai (x), bi = bi (x), ci = ci (x), di = di (x) (i = 1, 2, . . . , n) and ξ = ξ(x) are functions to be
determined, h j ( j = 0, 1, 2 . . . , 6) are real constants. To determine u explicitly, we take the following four steps:

Step 1. Determine the integer n. Substituting (2) along with (3) into Eq. (1) and balancing the highest order partial
derivative term with the nonlinear terms in Eq. (1), we can obtain the value of n. For example, in the case of the KdV
equation:

ut + 6uux + uxxx = 0, (4)

we have n = 4.
Step 2. Derive a system of equations. Substituting (2) given the value of n obtained in Step 1 along with (3) into

Eq. (1), collecting coefficients of φµ(ξ)φ′ρ(ξ)(ρ = 0, 1; µ = 0, ±1, ±2, . . .), and then setting each coefficient to
zero, we can derive a set of over-determined partial differential equations for a0, ai , bi , ci , di and ξ .

Step 3. Solve the system of equations. Solving the system of over-determined partial differential equations obtained
in Step 2 with the aid of Mathematica and using the Wu elimination method [34], we can obtain the explicit expressions
for a0, ai , bi , ci , di and ξ .

Step 4. Obtain exact solutions. By using the results obtained in the above steps, we can derive a series of
fundamental solutions of Eq. (1) depending on the solution φ(ξ) of Eq. (3). By considering the different values
of h j ( j = 0, 1, 2 . . . , 6), Eq. (3) has many kinds of solutions which can be found in [24–33]. Here we list only the
solutions with h6 6= 0 as follows.

Case I
Suppose that h1 = h3 = h5 = 0, h0 = 8h2

2/27h4 and h6 = h2
4/4h2.

(i) If h2 < 0 and h4 > 0, then Eq. (3) has the following solutions (here and thereafter ε = ±1):

φ(ξ) =

{
−

8h2tanh2(ε
√

−h2/3(ξ + ξ0))

3h4[3 + tanh2(ε
√

−h2/3(ξ + ξ0))]

}1/2

, (5)

φ(ξ) =

{
−

8h2coth2(ε
√

−h2/3(ξ + ξ0))

3h4[3 + coth2(ε
√

−h2/3(ξ + ξ0))]

}1/2

. (6)
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(ii) If h2 > 0 and h4 < 0, then Eq. (3) has the following solutions:

φ(ξ) =

{
8h2 tan2(ε

√
h2/3(ξ + ξ0))

3h4[3 − tan2(ε
√

h2/3(ξ + ξ0))]

}1/2

, (7)

φ(ξ) =

{
8h2cot2(ε

√
h2/3(ξ + ξ0))

3h4[3 − cot2(ε
√

h2/3(ξ + ξ0))]

}1/2

. (8)

Case II
Suppose that h0 = h1 = h3 = h5 = 0.

(i) If h2 > 0, then Eq. (3) has the following solutions:

φ(ξ) =

{
−

h2h4sech2(
√

h2(ξ + ξ0))

h2
4 − h2h6[1 + ε tanh(

√
h2(ξ + ξ0))]2

}1/2

, (9)

φ(ξ) =

{
h2h4csch2(

√
h2(ξ + ξ0))

h2
4 − h2h6[1 + ε coth(

√
h2(ξ + ξ0))]2

}1/2

. (10)

(ii) If h2 > 0 and h6 > 0, then Eq. (3) has the following solutions:

φ(ξ) =

{
−

h2sech2(
√

h2(ξ + ξ0))

h4 + 2ε
√

h2h6 tanh(
√

h2(ξ + ξ0))

}1/2

, (11)

φ(ξ) =

{
h2csch2(

√
h2(ξ + ξ0))

h4 + 2ε
√

h2h6coth(
√

h2(ξ + ξ0))

}1/2

. (12)

(iii) If h2 < 0 and h6 > 0, then Eq. (3) has the following solutions:

φ(ξ) =

{
−

h2sec2(
√

−h2(ξ + ξ0))

h4 + 2ε
√

−h2h6 tan(
√

−h2(ξ + ξ0))

}1/2

, (13)

φ(ξ) =

{
−

h2csc2(
√

−h2(ξ + ξ0))

h4 + 2ε
√

−h2h6cot(
√

−h2(ξ + ξ0))

}1/2

. (14)

Case III
Suppose that h0 = h1 = h3 = h5 = 0 and h2

4 − 4h2h6 > 0.

(i) If h2 > 0, then Eq. (3) has the following solution:

φ(ξ) =

 2h2sech(2
√

h2(ξ + ξ0))

ε

√
h2

4 − 4h2h6 − h4sech(2
√

h2(ξ + ξ0))


1/2

. (15)

(ii) If h2 < 0, then Eq. (3) has the following solutions:

φ(ξ) =

 2h2sec(2
√

−h2(ξ + ξ0))

ε

√
h2

4 − 4h2h6 − h4sec(2
√

−h2(ξ + ξ0))


1/2

, (16)

φ(ξ) =

 2h2csc(2
√

−h2(ξ + ξ0))

ε

√
h2

4 − 4h2h6 − h4csc(2
√

−h2(ξ + ξ0))


1/2

. (17)
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(iii) If h2 > 0, h4 < 0 and h6 < 0, then Eq. (3) has the following solutions:

φ(ξ) =


2h2sech2(ε

√
h2(ξ + ξ0))

2
√

h2
4 − 4h2h6 −

(√
h2

4 − 4h2h6 + h4

)
sech2(ε

√
h2(ξ + ξ0))


1/2

, (18)

φ(ξ) =


2h2csch2(ε

√
h2(ξ + ξ0))

2
√

h2
4 − 4h2h6 +

(√
h2

4 − 4h2h6 − h4

)
csch2(ε

√
h2(ξ + ξ0))


1/2

. (19)

(iv) If h2 < 0, h4 > 0 and h6 < 0, then Eq. (3) has the following solutions:

φ(ξ) =


−2h2sec2(ε

√
−h2(ξ + ξ0))

2
√

h2
4 − 4h2h6 −

(√
h2

4 − 4h2h6 − h4

)
sec2(ε

√
−h2(ξ + ξ0))


1/2

, (20)

φ(ξ) =


2h2csc2(ε

√
−h2(ξ + ξ0))

2
√

h2
4 − 4h2h6 −

(√
h2

4 − 4h2h6 + h4

)
csc2(ε

√
−h2(ξ + ξ0))


1/2

. (21)

Case IV
Suppose that h0 = h1 = h3 = h5 = 0 and h2

4 − 4h2h6 < 0.

(i) If h2 > 0, then Eq. (3) has the following solution:

φ(ξ) =

 2h2csch(2
√

h2(ξ + ξ0))

ε

√
4h2h6 − h2

4 − h4csch(2
√

h2(ξ + ξ0))


1/2

. (22)

Case V
Suppose that h0 = h1 = h3 = h5 = 0 and h2

4 − 4h2h6 = 0.

(i) If h2 > 0, then Eq. (3) has the following solutions:

φ(ξ) =

{
−

h2

h4
[1 + εtanh(ε

√
h2(ξ + ξ0))]

}1/2

, (23)

φ(ξ) =

{
−

h2

h4
[1 + εcoth(ε

√
h2(ξ + ξ0))]

}1/2

. (24)

3. Application of the method

Let us consider the (2 + 1)-dimensional KdV equations:

ut + uxxx − 3vx u − 3vux = 0, (25)
ux − vy = 0. (26)

Boiti et al. [35] first derived this system by using the idea of the weak Lax pair. Lou et al. [36] pointed out that this
system can also be obtained from the inner parameter-dependent symmetry constraint of the Kadomtsev–Petviashvili
(KP) equation, and that it is an asymmetric part of the Nizhnik–Novikov–Vesselov (NNV) equation. Ring types of
solutions, periodic solutions and localized coherent solutions of Eqs. (25) and (26) can be found in [37–41].
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According to Step 1, we get n = 4 for u and v. We assume that Eqs. (25) and (26) have the following formal
solutions:

u = a0 + a1φ
−1(ξ) + a2φ

−2(ξ) + a3φ
−3(ξ) + a4φ

−4(ξ) + b1φ(ξ) + b2φ
2(ξ) + b3φ

3(ξ)

+ b4φ
4(ξ) + c1φ

′(ξ) + c2φ(ξ)φ′(ξ) + c3φ
2(ξ)φ′(ξ) + c4φ

3(ξ)φ′(ξ) + d1φ
−1(ξ)φ′(ξ)

+ d2φ
−2(ξ)φ′(ξ) + d3φ

−3(ξ)φ′(ξ) + d4φ
−4(ξ)φ′(ξ), (27)

v = A0 + A1φ
−1(ξ) + A2φ

−2(ξ) + A3φ
−3(ξ) + A4φ

−4(ξ) + B1φ(ξ) + B2φ
2(ξ) + B3φ

3(ξ)

+ B4φ
4(ξ) + C1φ

′(ξ) + C2φ(ξ)φ′(ξ) + C3φ
2(ξ)φ′(ξ) + C4φ

3(ξ)φ′(ξ) + D1φ
−1(ξ)φ′(ξ)

+ D2φ
−2(ξ)φ′(ξ) + D3φ

−3(ξ)φ′(ξ) + D4φ
−4(ξ)φ′(ξ), (28)

where a0 = a0(y, t), ai = ai (y, t), bi = bi (y, t), ci = ci (y, t), di = di (y, t), A0 = A0(y, t), Ai = Ai (y, t),
Bi = Bi (y, t), Ci = Ci (y, t), Di = Di (y, t) (i = 1, 2, 3, 4), η = η(y, t), ξ = kx + η, k is a constant.

With the aid of Mathematica, substituting (27) and (28) along with Eq. (3) into Eqs. (25) and (26), then setting each
coefficient of φµ(ξ)φ′ρ(ξ) (ρ = 0, 1; µ = 0, ±1, ±2, . . .) to zero, we get a set of over-determined partial differential
equations for a0, ai , bi , ci , di , A0, Ai , Bi , Ci , Di and η. Solving the system of over-determined partial differential
equations by the use of Mathematica, we obtain the following results:
Case 1

a0 = −
(3C − k2h2 ± 6k2√h0h4) f1(y)

3k
, a1 =

kh1 f1(y)

2
, a2 = kh0 f1(y), (29)

a3 = 0, a4 = 0, b1 =
kh3 f1(y)

2
, b2 = kh4 f1(y), b3 = 0, b4 = 0, (30)

c1 = ±k
√

h4 f1(y), c2 = 0, c3 = 0, c4 = 0, d1 = 0, d2 = ±k
√

h0 f1(y), (31)

d3 = 0, d4 = 0, A0 =
3kC + f ′

2(t)
3k

, A1 =
k2h1

2
, A2 = k2h0, A3 = 0, (32)

A4 = 0, B1 =
k2h3

2
, B2 = k2h4, B3 = 0, B4 = 0, C1 = ±k2

√
h4, (33)

C2 = 0, C3 = 0, C4 = 0, D1 = 0, D2 = ±k2
√

h0, D3 = 0, D4 = 0, (34)

η =

∫
f1(y)dy + f2(t), h5 = 0, h6 = 0, h1

√
h4 ± h3

√
h0 = 0, (35)

where f1(y) and f2(t) are arbitrary functions of y and t respectively, f ′

2(t) = d f2(t)/dt , k is a non-zero constant,
C is an arbitrary constant. The sign “±” in C1 and D2 means that all possible combinations of “+” and “−” can be
taken. If the same sign is used in C1 and D2, then “−” must be used in a0 and “+” must be used in (35). If different
signs are used in C1 and D2, then “+” must be used in a0 and “−” must be used in (35). Furthermore, the same sign
must be used in c1 and C1. Also the same sign must be use in d2 and D2. Hereafter, the sign “±” always stands for
this meaning in the similar circumstances.
Case 2

a0 = −
(3C − k2h2) f1(y)

3k
, a1 = 0, a2 = 0, a3 = 0, a4 = 0, b1 =

kh3 f1(y)

2
, (36)

b2 = kh4 f1(y), b3 = 0, b4 = 0, c1 = ±k
√

h4 f1(y), c2 = 0, c3 = 0, (37)

c4 = 0, d1 = 0, d2 = 0, d3 = 0, d4 = 0, A0 =
3kC + f ′

2(t)
3k

, A1 = 0, A2 = 0, (38)

A3 = 0, A4 = 0, B1 =
k2h3

2
, B2 = k2h4, B3 = 0, B4 = 0, C1 = ±k2

√
h4, (39)

C2 = 0, C3 = 0, C4 = 0, D1 = 0, D2 = 0, D3 = 0, D4 = 0, (40)

η =

∫
f1(y)dy + f2(t), h5 = 0, h6 = 0, (41)
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where f1(y) and f2(t) are arbitrary functions of y and t respectively, f ′

2(t) = d f2(t)/dt , k is a non-zero constant, and
C is an arbitrary constant.
Case 3

a0 = −
(3C − 4k2h2) f1(y)

3k
, a1 = 0, a2 = 0, a3 = 0, a4 = 0, b1 = 0, (42)

b2 = 2kh4 f1(y), b3 = 0, b4 = 4kh6 f1(y), c1 = 0, c2 = ±4k
√

h6 f1(y), (43)

c3 = 0, c4 = 0, d1 = 0, d2 = 0, d3 = 0, d4 = 0, A0 =
3kC + f ′

2(t)
3k

, A1 = 0, (44)

A2 = 0, A3 = 0, A4 = 0, B1 = 0, B2 = 2k2h4, B3 = 0, B4 = 4k2h6, (45)

C1 = 0, C2 = ±4k2
√

h6, C3 = 0, C4 = 0, D1 = 0, D2 = 0, D3 = 0, D4 = 0, (46)

η =

∫
f1(y)dy + f2(t), h0 = h0, h1 = 0, h3 = 0, h5 = 0, (47)

where f1(y) and f2(t) are arbitrary functions of y and t respectively, f ′

2(t) = d f2(t)/dt , k is a non-zero constant, and
C is an arbitrary constant.
Case 4

a0 = −
(3C − 4k2h2) f1(y)

3k
, a1 = 0, a2 = 0, a3 = 0, a4 = 0, b1 = 0, (48)

b2 = 4kh4 f1(y), b3 = 0, b4 = 8kh6 f1(y), c1 = 0, c2 = 0, c3 = 0, (49)

c4 = 0, d1 = 0, d2 = 0, d3 = 0, d4 = 0, A0 =
3kC + f ′

2(t)
3k

, A1 = 0, (50)

A2 = 0, A3 = 0, A4 = 0, B1 = 0, B2 = 4k2h4, B3 = 0, B4 = 8k2h6, (51)
C1 = 0, C2 = 0, C3 = 0, C4 = 0, D1 = 0, D2 = 0, D3 = 0, D4 = 0, (52)

η =

∫
f1(y)dy + f2(t), h2

4 = 4h2h6, h0 = 0, h1 = 0, h3 = 0, h5 = 0, (53)

where f1(y) and f2(t) are arbitrary functions of y and t respectively, f ′

2(t) = d f2(t)/dt , k is a non-zero constant, and
C is an arbitrary constant.

From (27) and (28), Cases 1–2 and Cases I–V in [26], we can obtain many kinds of solutions of Eqs. (25) and (26)
depending on the special choices for hi (i = 0, 1, 2, . . . , 6).

3.1

If h0 = r2, h1 = 2r p, h2 = 2rq + p2, h3 = 2pq , h4 = q2, h5 = h6 = 0, then φ(ξ) is one of the 24
φI

l (l = 1, 2, . . . , 24).
For example, if we select l = 10, from Case 1 we obtain soliton-like solutions of Eqs. (25) and (26):

u = −
(3C − k2(2rq + p2) ± 6k2

|rq|) f1(y)

3k
+ kr p f1(y)φ−1(ξ) + kr2 f1(y)φ−2(ξ) + kpq f1(y)φ(ξ)

+ kq2 f1(y)φ2(ξ) ± k|q| f1(y)φ′(ξ) ± k|r | f1(y)φ−2(ξ)φ′(ξ),

v =
(3kC + f ′

2(t))
3k

+ k2r pφ−1(ξ) + k2r2φ−2(ξ) + k2 pqφ(ξ) + k2q2φ2(ξ)

± k2
|q|φ′(ξ) ± k2

|r |φ−2(ξ)φ′(ξ),

φ(ξ) =
2rcosh(

√
p2 − 4qrξ)√

p2 − 4qrsinh(
√

p2 − 4qrξ) − p cosh(
√

p2 − 4qrξ) ± i
√

p2 − 4qr
,

φ′(ξ) =
2r(p2

− 4qr)(−1 ± isinh(
√

p2 − 4qrξ))

[

√
p2 − 4qrsinh(

√
p2 − 4qrξ) − p cosh(

√
p2 − 4qrξ) ± i

√
p2 − 4qr ]2

,
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where ξ = kx +
∫

f1(y)dy + f2(t). If “+” is used in a0, then qr > 0. If “−” is used in a0, then qr < 0.

3.2

If h0 = r2, h1 = 2r p, h2 = h5 = h6 = 0, h3 = 2pq, h4 = q2 and p2
= −2rq , then φ(ξ) is one of the 12

φII
l (l = 1, 2, . . . , 12).

For example, if we select l = 12, from Case 1, we obtain soliton-like solutions of Eqs. (25) and (26):

u = −
(C + 2k2qr) f1(y)

k
+ kr p f1(y)φ−1(ξ) + kr2 f1(y)φ−2(ξ) + kpq f1(y)φ(ξ) + kq2 f1(y)φ2(ξ)

± k|q| f1(y)φ′(ξ) ± k|r | f1(y)φ−2(ξ)φ′(ξ),

v =
(3kC + f ′

2(t))
3k

+ k2r pφ−1(ξ) + k2r2φ−2(ξ) + k2 pqφ(ξ) + k2q2φ2(ξ)

± k2
|q|φ′(ξ) ± k2

|r |φ−2(ξ)φ′(ξ),

φ(ξ) =

4rsinh
(√

−6qr
4 ξ

)
cosh

(√
−6qr
4 ξ

)
∓2

√
−2qrsinh(

√
−6qr
4 ξ)cosh

(√
−6qr
4 ξ

)
+ 2

√
−6qrcosh2

(√
−6qr
4 ξ

)
−

√
−6qr

,

φ′(ξ) =
3r(√

3cosh
(√

−6qr
2 ξ

)
∓ sinh

(√
−6qr
2 ξ

))2 ,

where ξ = kx +
∫

f1(y)dy + f2(t), qr < 0.

3.3

If h0 = h1 = h5 = h6 = 0, h2, h3 and h4 are arbitrary constants, then φ(ξ) is one of the 10 φIII
l (l = 1, 2, . . . , 10).

For example, if we select l = 4, then h2 = 4, h3 = 4(d − 2b)/a, h4 = (c2
+ 4b2

− 4bd)/a2; from Case 1 we
obtain soliton-like solutions of Eqs. (25) and (26):

u = −
(3C − 4k2) f1(y)

3k
+

2k(d − 2b) f1(y)

a
φ(ξ) +

k(c2
+ 4b2

− 4bd) f1(y)

a2 φ2(ξ)

±
k
√

c2 + 4b2 − 4bd f1(y)

|a|
φ′(ξ),

v =
(3kC + f ′

2(t))
3k

+
2k2(d − 2b)

a
φ(ξ) +

k2(c2
+ 4b2

− 4bd)

a2 φ2(ξ) ±
k2

√
c2 + 4b2 − 4bd

|a|
φ′(ξ),

φ(ξ) =
acsch2(ξ)

bcsch2(ξ) + c coth(ξ) + d
,

φ′(ξ) = −
4a(c cosh(2ξ) + d sinh(2ξ))

(2b − d + d cosh(2ξ) + c sinh(2ξ))2 ,

where ξ = kx +
∫

f1(y)dy + f2(t).

3.4

If h1 = h3 = h5 = h6 = 0, h0, h2 and h4 are arbitrary constants, then φ(ξ) is one of the 16 φIV
l (l = 1, 2, . . . , 16).

For example, if we select l = 13, then h0 = 1/4, h2 = (1 − 2m2)/2, h4 = 1/4; from Case 1 we obtain combined
non-degenerative Jacobi elliptic wave function-like solutions of Eqs. (25) and (26):

u = −
(6C − k2(1 − 2m2) ± 3k2) f1(y)

6k
+

k f1(y)

4
φ−2(ξ) +

k f1(y)

4
φ2(ξ)

±
k f1(y)

2
φ′(ξ) ±

k f1(y)

2
φ−2(ξ)φ′(ξ),
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v =
(3kC + f ′

2(t))
3k

+
k2

4
φ−2(ξ) +

k2

4
φ2(ξ) ±

k2

2
φ′(ξ) ±

k2

2
φ−2(ξ)φ′(ξ),

φ(ξ) = ns ξ ± cs ξ, φ′(ξ) = −(cs ξ ± ns ξ)dsξ,

where ξ = kx +
∫

f1(y)dy + f2(t).
In the limit case when m → 1, we obtain combined soliton-like solutions of Eqs. (25) and (26):

u = −
(6C + k2

± 3k2) f1(y)

6k
+

k f1(y)

4
φ−2(ξ) +

k f1(y)

4
φ2(ξ) ±

k f1(y)

2
φ′(ξ) ±

k f1(y)

2
φ−2(ξ)φ′(ξ),

v =
(3kC + f ′

2(t))
3k

+
k2

4
φ−2(ξ) +

k2

4
φ2(ξ) ±

k2

2
φ′(ξ) ±

k2

2
φ−2(ξ)φ′(ξ),

φ(ξ) = coth ξ ± csch ξ, φ′(ξ) = −(csch ξ ± coth ξ)csch ξ,

where ξ = kx +
∫

f1(y)dy + f2(t).
When m → 0, we obtain triangular-like solutions of Eqs. (25) and (26):

u = −
(6C − k2

± 3k2) f1(y)

6k
+

k f1(y)

4
φ−2(ξ) +

k f1(y)

4
φ2(ξ) ±

k f1(y)

2
φ′(ξ) ±

k f1(y)

2
φ−2(ξ)φ′(ξ),

v =
(3kC + f ′

2(t))
3k

+
k2

4
φ−2(ξ) +

k2

4
φ2(ξ) ±

k2

2
φ′(ξ) ±

k2

2
φ−2(ξ)φ′(ξ),

φ(ξ) = csc ξ ± cot ξ, φ′(ξ) = −(cot ξ ± csc ξ) csc ξ,

where ξ = kx +
∫

f1(y)dy + f2(t).

3.5

If h2 = h4 = h5 = h6 = 0, h0, h1 and h3 are arbitrary constants, then φ(ξ) is the only φV
1 .

From (35), we get h0 = 0 or h3 = 0, Eqs. (25) and (26) have no solutions for Case 1. Fortunately, from Case 2, we
obtain Weierstrass elliptic doubly-like periodic solutions of Eqs. (25) and (26):

u = −
C f1(y)

k
+

kh3 f1(y)

2
℘

(√
h3

2
ξ, g2, g3

)
, (54)

v =
3kC + f ′

2(t)
3k

+
k2h3

2
℘

(√
h3

2
ξ, g2, g3

)
(55)

where ξ = kx +
∫

f1(y)dy + f2(t), h3 > 0, g2 = −4h1/h3, g3 = −4h0/h3.
From (27) and (28), Cases 3–4, and Cases I–V listed in the present paper, we can obtain many kinds of solutions

of Eqs. (25) and (26) depending on the special choices for hi (i = 0, 1, 2, . . . , 6).

3.6

If h1 = h3 = h5 = 0, h0 = 8h2
2/27h4 and h6 = h2

4/4h2, then φ(ξ) is one of the (7) and (8).
For example, if we select (7), from Case 3 we obtain triangular-like solutions of Eqs. (25) and (26):

u = −
(3C − 4k2h2) f1(y)

3k
+ 2kh4 f1(y)φ2(ξ) +

kh2
4 f1(y)

h2
φ4(ξ) ∓

2kh4
√

h2 f1(y)

h2
φ(ξ)φ′(ξ),

v =
3kC + f ′

2(t)
3k

+ 2k2h4φ
2(ξ) +

k2h2
4

h2
φ4(ξ) ∓

2k2h4
√

h2

h2
φ(ξ)φ′(ξ),

φ(ξ) =

{
8h2 tan2(ε

√
h2/3(ξ + ξ0))

3h4[3 − tan2(ε
√

h2/3(ξ + ξ0))]

}1/2

,

φ′(ξ) =
4εh3/2

2 sin(2ε
√

h2/3(ξ + ξ0))
√

3h4[1 + 2cos(2ε
√

h2/3(ξ + ξ0))]2φ(ξ)
,

where ξ = kx +
∫

f1(y)dy + f2(t).
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3.7

If h0 = h1 = h3 = h5 = 0, h2, h4 and h6 are arbitrary constants, then φ(ξ) is one of the (9)–(17) and (22).
For example, if we select (10), from Case 3 we obtain soliton-like solutions of Eqs. (25) and (26):

u = −
(3C − 4k2h2) f1(y)

3k
+ 2kh4 f1(y)φ2(ξ) + 4kh6 f1(y)φ4(ξ) ± 4k

√
h6 f1(y)φ(ξ)φ′(ξ)

v =
3kC + f ′

2(t)
3k

+ 2k2h4φ
2(ξ) + 4k2h6φ

4(ξ) ± 4k2
√

h6φ(ξ)φ′(ξ)

φ(ξ) =

{
h2h4csch2(

√
h2(ξ + ξ0))

h2
4 − h2h6[1 + ε coth(

√
h2(ξ + ξ0))]2

}1/2

,

φ′(ξ) =
h3/2

2 h4csch4(
√

h2(ξ + ξ0))[2εh2h6cosh(2
√

h2(ξ + ξ0)) + (2h2h6 − h2
4)sinh(2

√
h2(ξ + ξ0))]

2[h2
4 − h2h6(1 + ε coth(

√
h2(ξ + ξ0)))2]2φ(ξ)

,

where ξ = kx +
∫

f1(y)dy + f2(t).

3.8

If h0 = h1 = h3 = h5 = 0 and h2
4 − 4h2h6 = 0, then φ(ξ) is one of the (23) and (24).

For example, if we select (23), from Case 3 we obtain soliton-like solutions of Eqs. (25) and (26):

u = −
(3C − 4k2h2) f1(y)

3k
+ 2kh4 f1(y)φ2(ξ) +

kh2
4 f1(y)

h2
φ4(ξ) ± 2k

√
h2

4
h2

f1(y)φ′(ξ),

v = −
3kC + f ′

2(t)
3k

+ 2k2h4φ
2(ξ) +

k2h2
4

h2
φ4(ξ) ± 2k2

√
h2

4
h2

φ′(ξ),

φ(ξ) =

{
−

h2

h4
[1 + ε tanh(ε

√
h2(ξ + ξ0))]

}1/2

, φ′(ξ) = −
h3/2

2 sech2(ε
√

h2(ξ + ξ0))

2h4φ(ξ)
,

where ξ = kx +
∫

f1(y)dy + f2(t).
From (27) and (28), Cases 1–4, we can obtain other exact solutions of Eqs. (25) and (26); here we omit them for

simplicity.

Remark 1. The solutions obtained from Cases 1–2 can be obtained by using the method from [27], but all the
solutions obtained from Cases 3–4 cannot be obtained by using the methods in [24–33], which are new and have
not been reported yet. All the results reported in this paper have been checked with Mathematica. By using our
method, we can also obtain many new and more general exact solutions of the other NLPDEs in [24–33], including
all the solutions given there as special cases of our method. It shows that our method is more powerful than the others
in constructing exact solutions of NLPDEs.

4. Conclusion

In summary, we have presented a generalized auxiliary equation method to construct more general exact solutions
of NLPDEs. With the help of Mathematica, this method provides a powerful mathematical tool to obtain more
general exact solutions of a great many NLPDEs in mathematical physics, such as the (3 + 1)-dimensional
Kadomtsev–Petviashvili (KP) equation, the (2 + 1)-dimensional Nizhnik–Novikov–Vesselov (NNV) equations,
Broer–Kaup–Kupershmidt (BKK) equations, breaking soliton (BS) equations, Broer–Kaup (BK) equations, dispersive
long wave (DLW) equations, and so on. Compared with the existing methods [6,20,21,24–33], this method is more
powerful. It can be used to construct more general exact solutions which contain not only the results obtained by using
the methods [6,20,21,24–33], but also a series of new and more general exact solutions. Applying the proposed method
to the (2 + 1)-dimensional KdV equations, we have obtained many new and more general exact non-travelling wave
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and coefficient function solutions, which include soliton-like solutions, triangular-like solutions, single and combined
non-degenerate Jacobi elliptic wave function-like solutions, and Weierstrass elliptic doubly-like periodic solutions.
The arbitrary functions in the obtained solutions imply that these solutions have rich local structures. These may be
important to explain some physical phenomena.
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[4] J. Weiss, M. Tabor, G. Carnevale, The Painlevé property for partial differential equations, Journal of Mathematical Physics 24 (1983) 522–526.
[5] W. Malfliet, Solitary wave solutions of nonlinear wave equations, American Journal of Physics 60 (1992) 650–654.
[6] S. Zhang, T.C. Xia, Symbolic computation and new families of exact non-travelling wave solutions of (2 + 1)-dimensional Broer–Kaup

equations, Communications in Theoretical Physics (Beijing) 46 (2006) 985–990.
[7] A.M. Wazwaz, Exact solutions to the double Sinh–Gordon equation by the tanh method and a variable separated ODE method, Computers &

Mathematics with Applications 50 (2005) 1685–1696.
[8] C. Yan, A simple transformation for nonlinear waves, Physics Letters A 224 (1996) 77–84.
[9] A.M. Wazwaz, The tanh and the sine–cosine methods for the complex modified KdV and the generalized KdV equations, Computers &

Mathematics with Applications 45 (2005) 1101–1112.
[10] M.L. Wang, Exact solution for a compound KdV–Burgers equations, Physics Letters A 213 (1996) 279–287.
[11] J.H. He, Homotopy perturbation method for bifurcation of nonlinear problems, International Journal of Nonlinear Sciences and Numerical

Simulation 6 (2005) 207–208.
[12] J.H. He, Application of homotopy perturbation method to nonlinear wave equations, Chaos, Solitons and Fractals 26 (2005) 695–700.
[13] J.H. He, Variational principles for some nonlinear partial differential equations with variable coefficients, Chaos, Solitons and Fractals 19

(2004) 847–851.
[14] J.H. He, Variational approach to (2 + 1)-dimensional dispersive long water equations, Physics Letters A 335 (2005) 182–184.
[15] J.H. He, Some asymptotic methods for strongly nonlinear equations, International Journal of Modern Physics B 20 (2006) 1141–1199.
[16] J.H. He, Non-Perturbative Methods for Strongly Nonlinear Problems, Dissertation, de-Verlag im Internet GmbH, Berlin, (2006).
[17] J.H. He, X.H. Wu, Exp-function method for nonlinear wave equations, Chaos, Solitons and Fractals 30 (2006) 700–708.
[18] T.A. Abassy, M.A. El-Tawil, H.K. Saleh, The solution of KdV and mKdV equations using adomian pade approximation, International Journal

of Nonlinear Sciences and Numerical Simulation 5 (2004) 327–340.
[19] S.K. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, Jacobi elliptic function expansion method and periodic wave solutions of nonlinear wave equations,

Physics Letters A 289 (2001) 69–74.
[20] Y.B. Zhou, M.L. Wang, Y.M. Wang, Periodic wave solutions to a coupled KdV equations with variable coefficients, Physics Letters A 308

(2003) 31–36.
[21] S. Zhang, The periodic wave solutions for the (2 + 1)-dimensional Konopelchenko–Dubrovsky equations, Chaos, Solitons and Fractals 30

(2006) 1213–1220.
[22] Y. Chen, Z.Y. Yan, Weierstrass semi-rational expansion method and new doubly periodic solutions of the generalized Hirota–Satsuma coupled

KdV system, Applied Mathematics and Computation 177 (2006) 85–91.
[23] Y. Chen, Q. Wang, A unified rational expansion method to construct a series of explicit exact solutions to nonlinear evolution equations,

Applied Mathematics and Computation 177 (2006) 396–409.
[24] J.Q. Hu, An algebraic method exactly solving two high-dimensional nonlinear evolution equations, Chaos, Solitons and Fractals 23 (2005)

391–398.
[25] Y. Chen, Q. Wang, B. Li, A series of soliton-like and double-like periodic solutions of a (2 + 1)-dimensional asymmetric

Nizhnik–Novikov–Vesselov equation, Communications in Theoretical Physics (Beijing) 42 (2004) 655–660.
[26] E. Yomba, The modified extended Fan sub-equation method and its application to the (2+1)-dimensional Broer–Kaup–Kupershmidt equation,

Chaos, Solitons and Fractals 27 (2006) 187–196.
[27] S. Zhang, T.C. Xia, A further improved extended Fan sub-equation method and its application to the (3 + 1)-dimensional

Kadomstev–Petviashvili equation, Physics Letters A 356 (2006) 119–123.
[28] Sirendaoreji, J. Sun, Auxiliary equation method for solving nonlinear partial differential equations, Physics Letters A 309 (2003) 387–396.
[29] Sirendaoreji, New exact travelling wave solutions for the Kawahara and modified Kawahara equations, Chaos, Solitons and Fractals 19 (2004)

147–150.
[30] G.Q. Xu, Z.B. Li, Exact travelling wave solutions of the Whitham–Broer–Kaup and Broer–Kaup–Kupershmidt equations, Chaos, Solitons

and Fractals 24 (2005) 549–556.
[31] C.P. Liu, X.P. Liu, A note on the auxiliary equation method for solving nonlinear partial differential equations, Physics Letters A 348 (2006)

222–227.



1038 S. Zhang / Computers and Mathematics with Applications 54 (2007) 1028–1038

[32] Sirendaoreji, A new auxiliary equation and exact travelling wave solutions of nonlinear equations, Physics Letters A 356 (2006) 124–130.
[33] D.J. Huang, D.S. Li, H.Q. Zhang, New exact travelling wave solutions to Kundu equation, Communications in Theoretical Physics (Beijing)

44 (2006) 969–976.
[34] W.T. Wu, Algorithms and Computation, Springer, Berlin, 1994.
[35] M. Boiti, J.J.P. Leon, M. Manna, F. Pempinelli, On the spectral transform of a Korteweg–de Vries equation in two spatial dimensions, Inverse

Problem 2 (1986) 271–279.
[36] S.Y. Lou, X.B. Hu, Infinitely many Lax pairs and symmetry constraints of the KP equation, Journal of Mathematical Physics 38 (1997)

6401–6427.
[37] S.Y. Lou, Generalized dromion solutions of the (2+1)-dimensional KdV equation, Journal of Physics A: Mathematical and General 28 (1995)

7227–7232.
[38] S.Y. Lou, H.Y. Ruan, Revisitation of the localized excitations of the (2 + 1)-dimensional KdV equation, Journal of Physics A: Mathematical

and General 34 (2001) 305–316.
[39] W.H. Huang, Y.L. Liu, J.F. Zhang, X.J. Lai, A new class of periodic solutions to (2 + 1)-dimensional KdV equations, Communications in

Theoretical Physics (Beijing) 44 (2005) 401–406.
[40] J. Lin, F.M. Wu, Fission and fusion of localized coherent structures for a (2 + 1)-dimensional KdV equation, Chaos, Solitons and Fractals 19

(2004) 189–193.
[41] Y.Z. Peng, Exact periodic and solitary waves and their interactions for the (2 + 1)-dimensional KdV equation, Physics Letters A 351 (2006)

41–47.


	A generalized auxiliary equation method and its application to (2+1)-dimensional Korteweg--de Vries equations
	Introduction
	Generalized auxiliary equation method
	Application of the method
	Conclusion
	Acknowledgements
	References


