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Abstract

We present two general results that can be used to obtain asymptotic properties for statistical functionals
based on linear long-memory sequences. As examples for the first one we consider L- and V-statistics, in
particular tail-dependent L-statistics as well as V-statistics with unbounded kernels. As an example for
the second result we consider degenerate V-statistics. To prove these results we also establish a weak
convergence result for empirical processes of linear long-memory sequences, which improves earlier ones.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

The appearance of strongly dependent data, i.e. data with long-memory, has been observed in
many areas, such as climate warming, economics and finance; cf. [3-5,27]. A lot of research
has focused on statistical inferences for long-memory sequences; for instance [5,19,22-24].
However, for several statistics, including L-statistics as well as U- and V- (von Mises-) statistics,
the asymptotic distribution has only been established in some special cases. In [10] degenerate
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U -statistics of transformations of Gaussian sequences were considered, and in [20] the limit of
U -statistics with bounded kernel was derived. But for general L-, U- and V -statistics there seem
to be no respective results in the literature so far. In this article, we will present two general
theorems that can be used to derive the asymptotic distribution of statistical functionals based
on linear long-memory sequences. We will also demonstrate that the results yield in particular
noncentral limit theorems (NCLTs) for tail-dependent L-statistics (cf. Example 3.1) as well as
U- and V -statistics with unbounded kernels (cf. Example 3.3).

Before presenting our results, we briefly explain the methods which will be used for deriving
them. The first method we explain can be used to establish an NCLT for, among others,
L-statistics as well as nondegenerate U- and V -statistics (Theorem 2.3). It is well known that
L- and V-statistics can be expressed as T(ﬁ,,) for some functional T : F — V, where F is
a class of distribution functions (DFs) on the real line, V is a vector space (in fact for L- and
V -functionals we have V = R) and £}, is the empirical DF at stage n of the underlying data. Now,
roughly speaking, if 7' is Hadamard differentiable at F', then by the Functional Delta Method
(FDM; [15,17,26]) the asymptotic distribution of T(F,) can be expressed by the asymptotic
distribution of F,,. But the FDM was repeatedly criticized for its restricted range of applications
since many fail-dependent statistical functionals T, including popular L- and V-functionals,
are known to be non-Hadamard differentiable at F'. However, recently the concept of quasi-
Hadamard differentiability was introduced in [6]. This is a weaker concept of differentiability
than Hadamard differentiability, but it is still strong enough to obtain an FDM; cf. [6, Section 4].
In [6], the latter was called Modified FDM. In particular, it can be shown that general L- and
V-functionals are quasi-Hadamard differentiable and hence that their asymptotic distributions
can be obtained by the Modified FDM; cf. [6,7].

The basic idea of quasi-Hadamard differentiability is to impose a norm only on a suitable
subspace Dy of the space I of all bounded cadlag functions on R (and not on all of ), and
to differentiate only in directions which lie in (some subset of) D). It should be stressed that
this is not simply the notion of rangential Hadamard-differentiability where the tangential space
is equipped with the same norm as the space in which F lies. The crucial point is that norms,
which assign to F a finite length, are often not strict enough to obtain “differentiability”’. On
the other hand, “differentiability” w.r.t. such good-natured norms is typically not necessary. For
details the reader is referred to the introduction of [6]. Upon having established quasi-Hadamard
differentiability of a given statistical functional 7', an application of the Modified FDM typically
requires to prove a weak convergence result for the underlying empirical process w.r.t. a norm
being stricter than the sup-norm || - || 0, for instance w.r.t. a weighted sup-norm || - || := || (-)Px |l co
with ¢, (x) = (1 + |x)* for some A > 0. Here A depends on the statistical functional whose
quasi-Hadamard differentiability one wants to prove. Hence in the context of strongly dependent
data, the crucial point is an NCLT for weighted empirical processes, which will be given in
Theorem 2.1. Corresponding CLTs can be found in [30] for independent data, in [8] for weakly
dependent B-mixing data, in [29] for weakly dependent - and p-mixing data, and in [35] for
weakly dependent causal data.

Let us now turn to the second method (Theorem 2.4), which can be used to obtain an NCLT
for, among others, degenerate U- and V -statistics. To determine the asymptotic distribution of
U-statistics with a degenerate kernel, it was used in [9] that for kernels g : R> — R of bounded
variation the corresponding U -statistic can be represented as

/ (Fy — F)(x1)(Fy — F)(x2) dg(x1, x2) (1)
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with F,, — F the empirical error process; an application of the Continuous Mapping Theorem then
yields the asymptotic distribution (provided the asymptotics of F, — F is known). Obviously, for
g of locally bounded variation only, the map & : D — R, ¢(f) = [[ f(x1) f(x2) dg(x1, x2)
is not continuous when using the sup-norm || - ||». However, if we use the weighted sup-norm
[l 115 (see above) for some A > 0 and if we require ff G (x)p_,.(¥)dg(x, y) to be well defined,
then we can still apply the Continuous Mapping Theorem, although g might only be of locally
bounded variation. This concept also applies to other functionals that admit a representation
similar to (1).

2. NCLTs based on long-memory sequences

Let
o0
X[ = Zas Et—s, t e N, (2)
s=0

where (g;);cz are i.i.d. random variables on some probability space ({2, F, P) with zero mean
and finite variance, and the coefficients a; satisfy Zfio czs2 < o0 (so that (X;),en 1S an L2
process). The sequence (X;);en is stationary, and we denote by F its marginal DF. Many
important time series models, such as the autoregressive moving average (ARMA) and fractional
autoregressive integrated moving average (FARIMA), take this form. If ¢qp = 1 and a1 =
a; = --- = 0, then the X, are i.i.d. If a, decays to zero at a sufficiently fast rate, then the
covariances Cov(Xg, X;) are absolutely summable over ¢ € N and thus the process exhibits
short-range dependence (weak dependence). If a; decays to zero at a sufficiently slow rate, then
the covariances Cov(Xy, X;) are not absolutely summable over t+ € N and thus the process
exhibits long-range dependence (strong dependence).

Our starting point for the derivation of a limit theorem for T(ﬁn) is a limit theorem for the
empirical DF £, = % Y1 Lix, 00). If the X, are i.i.d., then it is commonly known that the
empirical process n!/ 2(F, — F) converges in distribution to an F-Brownian bridge, i.e. to a
centered Gaussian process with covariance function I'(s, ) = F(s A t)(1 — F(s Vv t)). If the
X, are subject to a certain mixing condition (weak dependence), then the limit in distribution of
the empirical process n!/ 2(F,, — F) is known to be a centered Gaussian process with covariance
function

I(s.t) = F(s A1 = F(s V) + Y _[Cov (Lix, g Lix, <)
k=2

+ Cov (]l{xlgz}, 1{sts})] ;

see [8,12,29,35]. If the X, exhibit long-range dependence (strong dependence, long-memory),
then the situation changes drastically: Assuming a moving average structure (2) with a; =
sPe(s),s = 1,for B € ( %, 1) and a slowly varying function £, and some additional regularity
and moment conditions on the distribution of &g, one has

ra(Fa() = F()) N cp fOZ (in (D, D, | -lloo)) 3

where Z is a standard normally distributed random variable, f is the Lebesgue density of F, (r;,)
is a norming sequence depending on the dependence structure of the X; and increasing slower
than n'/? (“noncentral rate”), cp is some constant, and D is the o -algebra on ID generated by the
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usual coordinate projections; see e.g. [9,18,19,31,32]. Notice the asymptotic degeneracy of the
limit process in (3) which shows that the increments of the standardized empirical DF I:"n over
disjoint intervals, or disjoint observation sets, are asymptotically completely correlated.

However, for our purposes, as explained in the Introduction, the use of the sup-norm || - || in
(3) is insufficient. We need a corresponding result for the weighted sup-norm || - ||, = [|(-)Pallco
based on the weight function ¢, (x) := (1 + |x)* for some A > 0. Such a result can be proved
using methods of [34]; see Theorem 2.1. For A > 0, let D, be the space of all cadlag functions
¥ on R with ||[¥/ ||, < oo, and C;, be the subspace of all continuous functions in D,. We equip
D, with the o-algebra D, := D N D, to make it a measurable space, where as before D is the
o -algebra generated by the usual coordinate projections 7, : D — R, ¥ = ¥ (x). Without loss
of generality we assume ag = 1.

Theorem 2.1. Let A > 0, and assume that

(@) ag = s P L(s),s €N, where 8 € (%, 1) and € is slowly varying at infinity,
(b) Efleo**?*] < oo,
(c) the DF G of ¢ is twice differentiable and Z?:] f |G (x)| 2oy (x) dx < o0.

Then we have the following analogue of (3):

A d .
ra(Fa() = F()) — c1p f(OZ  (in (D, Dy, || - 1)), “)
where ry, .= nP~12 0(n)=', f is the Lebesgue density of F, Z is a standard normally distributed
random variable, and
(1-(8-4%)) a-ces-1

= | E[&2
o o] JE 0+ 22 Pdx

Notice that assumption (c) implies in particular that the DF F of X is differentiable with
derivative f € C,. The proof of Theorem 2.1 can be found in the Appendix A. In the case A =0
(sup-norm), and under stronger moment assumptions on &g, the convergence in (4) is already
known from [19,34,18]. In [11] one can find a proof of (4) for A = 0 and a sequence which is
given by a sum of a linear long-memory sequence and a weakly dependent nonlinear Bernoulli
shift. Even earlier and still in the case A = 0, the convergence in (4) was established in [9] where
X; = G(Y;) for some mean zero, stationary Gaussian sequence (Y;) with long-memory and some
measurable function G satisfying certain conditions. Finally we note that in [22] the convergence
in (4) for 1 = 0 is extended to the infinite variance case, where Z is not necessarily Gaussian but
only symmetric and «-stable.

Remark 2.2. We note that assumption (c) in Theorem 2.1 can be relaxed in that it suffices to
require that there is some m € N such that the DF G,, of X,,0 = Z;n:_ol agep—_s 1S twice

differentiable and satisfies Z?:] f |G§,{)(x)|2¢>2k(x) dx < oo0. The proof still works in this
setting; see also [34]. [

As a consequence of Theorem 2.1 and the Modified FDM given in [6, Theorem 4.1] we will
obtain an NCLT for statistical functionals; cf. Theorem 2.3. Let IF be a class of DF on the real
line containing F, (V, || - |[v) be a normed vector space, ) be a o-algebra on V not larger than
the Borel o-algebra on V, and T : F — V be a mapping. Theorem 2.3 involves the notion
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of quasi-Hadamard differentiability. For the reader’s convenience we recall the definition from
[6, Definition 2.1]. If (Do, || - |Ip,) is some normed subspace of D and Cy is some subset of Dy,
then T is said to be quasi-Hadamard differentiable at F € T tangentially to Cy{Dyp) if there is
some continuous mapping D;[?(%O (DO)T : Cop — V such that

T(F + hyv,) — T(F)

Had
Dr:compT @) — A
n

=0 5)
\%

lim ‘
n— o0
holds for each triplet (v, (v,), (hy)), with v € Co, (v,) C Dy satisfying [|v, — vlp, — 0 as
well as F + h,v, € F forevery n € N, and (h,) C (0, co) satisfying s, — 0. In this case the
mapping D;I?(% o (Do) T is called quasi-Hadamard derivative of T at F tangentially to Co(Dy).

Theorem 2.3. Let . > 0, and assume that

@) I:",, takes values only in T,
(ii) the assumptions of Theorem 2.1 are fulfilled,
Gii)) o =~ T(W@)+F) is (F, V)-measurable whenever W is a measurable mapping from some
measurable space (2, F) to (D, D) such that W(w) + 6 € F for all o € 02,
(iv) T is quasi-Hadamard differentiable at F tangentially to C,(D,) (in the sense of

[6, Definition 2.1]) with quasi-Hadamard derivative D;I;a& D) T.
Then

A d .
ra (T(Fa() = T(F()) — D¢, i,y T(cip F(OZ)  (in (V, V. ] - llv)), (6)
where 1y, c1,8, f and Z are as in Theorem 2.1.

Proof. Assumptions (i)—(iv) exactly match the assumptions of the Modified FDM, i.e. of
Theorem 4.1 in [6], in our particular setting. The Modified FDM (which still holds when
replacing /n by r,) thus ensures that (6) holds. O

In some situations the quasi-Hadamard derivative vanishes (cf. Example 3.3 and Section 3.3),
so that in these cases the criterion of Theorem 2.3 yields little. However, sometimes one can use
the following Theorem 2.4 instead of Theorem 2.3. An application of Theorem 2.4 can be found
in Section 3.3.

Theorem 2.4. Let . > 0, and assume that

@) I:"n takes values only in T,
(ii) the assumptions of Theorem 2.1 are fulfilled,
(iii) for some y > 0 and some (|| - ||;., || - |lv)-continuous mapping ¥ : D, — V,

P (T(Fp()) = T(F(-)) = WY (Fo(-) = F())) VYneN, r>0.
Then
Y (T(Fa() = T(F() —> W(erp fOZ) (in (V. V. |- V). @)
where ry,, c1,8, f and Z are as in Theorem 2.1.

Proof. Assumption (ii) ensures (4). Assumption (iii), the Continuous Mapping Theorem and (4)
then yield (7). O
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3. Examples
3.1. L-functionals

Let K be the DF of a probability measure on ([0, 1], B([0, 1])), and Fg be the class of all DFs
F on the real line for which f |x| dK (F(x)) < oo. The functional £, defined by

L(F) =Lk (F) ::/de(F(x)), F € Fg, ®)

is called L-functional associated with K; cf., e.g., [28, p. 265]. The value L(F') can be seen as the
mean of the distorted DF K o F on R. It was shown in [6] that if K is continuous and piecewise
differentiable, the (piecewise) derivative K’ is bounded above and F € Fg takes the value d €
(0, 1) at most once if K is not differentiable at d, then for every A > 1 the functional £ : Fx — R
is quasi-Hadamard differentiable at F tangentially to C, (D, ) with quasi-Hadamard derivative

DL b L) = - /K/(F(x))v(x)dx Vv eC.

Thus, if also the assumptions of Theorem 2.1 are fulfilled with f € C,, Theorem 2.3 (with
V = R) yields

ru (L(Ey) — L(F)) L Z (n R B®)), ©))

where Z is normally distributed with mean zero and variance c% ,B( f K'(F(x))f (x)dx)?, and r,,
and ¢y g are as in Theorem 2.1.

Example 3.1 (Average Value at Risk). In mathematical finance, L-functionals are also known as
distortion risk measures, and K is often referred to as distortion function. The risk measure Lg
is coherent in the sense of [1] if and only if K is convex; cf. [33]. Since for every convex K
the right boundary of the compact support of the probability measure dK is 1, every coherent
distortion risk measure depends on the right tail of the argument. Such risk measures cannot
be treated by the classical FDM, because, roughly speaking, tail-dependent functionals are not
Hadamard differentiable w.r.t. the sup-norm || - ||; for details see the introduction of [6]. On the
other hand, the FDM was modified in [6] in order to obtain also the asymptotic distribution of
plug-in estimators for general distortion risk measures. A very popular example for a coherent
distortion risk measure with K satisfying the assumptions stated subsequent to (8) is the Average
Value at Risk (also called Exlloected Shortfall) at level « € (0, 1). The lattegv corresponds to the

distortion function K (x) = =, max{0, x — «}. In this case the variance of Z in (9) is given by

t o0 2
— fx)ydx ),
(1—a)? (/Fﬁ(a)
where F~ denotes the right-continuous inverse of F. [J

3.2. V-functionals

Letg: R2? — R be a measurable function, and F, be the class of all DFs F on the real line
for which [ |g(x1, x2)|d F (x1)d F (x2) < oo. The functional V, defined by

V(F) = Vg (F) = f/g(xl,xz)dF(xl)dF(xz), F eT,, (10)
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is called V-functional associated with g. For background see, e.g., [25]. Let BV rc be the space
of all functions ¢ : R — R that are right-continuous and locally of bounded variation. For ¢ €
BVioc.rc, we denote by dy/* and dv/ ~ the unique positive Radon measures induced by the Jordan
decomposition of v, and we set |dv/| == dy¥+ + dvr~. We impose the following assumptions.

Assumption 3.2. For some A > A’ > 0 the following two assertions hold

(a) For every x> € R fixed, the function gy, (:) := g(-, x2) lies in BV}, N ID_,,. Moreover, the
function x +— f @3 (x1)|dgx,|(x1) is measurable and finite w.r.t. || - [|—y/.

(b) The functions g1, r(:) = fg( -, x2)dF(x2) and g2 r(-) == fg(xl, -)d F(x1) lie in BVjoc rc,
and we have f¢_x(x) |dgi.F|(x) < oo fori = 1,2. Moreover, the functions g1 r(:) =
[ 1g(-, x2)|dF(x2) and g2 7 (-) := [ |g(x1, -)|dF (x1) lieinD_y.

It is shown in [7] that under Assumption 3.2 the functional V is quasi-Hadamard differentiable
at F tangentially to C, (D, ) with quasi-Hadamard derivative

DI, 1,V ) = = [ vtidgrrto ~ [vtoder) e, (an

Thus, if also the assumptions of Theorem 2.1 are fulfilled with f € C,, Theorem 2.3 (with
V = R) yields

ra (V(E) = V(F)) =5 Z  (in (R, B(R))), (12)

where Z is normally distributed with mean zero and variance C% /3( f fx)dgir(x) +

f f(x)dgz,p(x))2, and r, and c1 g are as in Theorem 2.1.

Example 3.3. It is easy to show that the variance kernel g(x1, x) = %(xl — x2)? and Gini’s
mean difference kernel g(x1, x2) = |x; — x2| satisfy conditions (a)—(b) in Assumption 3.2 for
A =2and A = 1, respectively; cf. [7]. In the former case, however, it is straightforwardly seen
that the asymptotic variance in (12) vanishes, so that the right-hand side in (12) degenerates to
zero. This is consistent with Example 1 in [10]. O

Remark 3.4. Notice that the V-statistic V(F},) = niz > Z’}zl g(X;, X ) slightly differs from
the U-statistic U,, = ﬁ Y Z?;e j=1 8(Xi, X j). However, our method is suitable also for
U -statistics; see Remark 2.5 in [7] and note that r,, grows slower than /n. [

Remark 3.5. An NCLT for U- and V -statistics has already been established in [20, Section 5(b)]
using different techniques. However, the assumptions there are more technical and more
restrictive. In particular, the kernel g has to be bounded. [J

3.3. Degenerate V -functionals

Among V-functionals (introduced in Section 3.2) the functionals with a so-called degenerate
kernel have attracted special interest; see, e.g., [9,10,13]. A kernel g is degenerate w.r.t. F' € Iy
if the functions g; r and g» r defined in part (b) of Assumption 3.2 are identically zero. In
this case, we refer to V (defined in (10)) as a degenerate V-functional w.r.t. F. Moreover, in
this case the right-hand side in (11) vanishes and thus the right-hand side in (12) degenerates
to zero. Nevertheless one can establish a nondegenerate NCLT for V(ﬁn). In contrast to the
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considerations in Section 3.2, where the derivation of the asymptotic distribution of V(F,) relies
on quasi-Hadamard differentiability and Theorem 2.3, we will now exploit the degeneracy of the
kernel g and Theorem 2.4. The crucial points will be that the degeneracy of the kernel g leads to
the representation

V(F,) = / / g(x1, x2) d(Fy, — F)(x1)d(F, — F)(x2) (13)

and that under certain conditions on g and F this equals

V() = / (Fy — F)(x1)(Fy — F)(x2) dg(x1, x2). (14)

The representation (13) was pointed out in [9, Section 2].

Moreover, in [9] it was also pointed out that, using integration-by-parts, relation (14) holds
true. To apply integration-by-parts, it was assumed in [9] that the kernel g is right-continuous
and has bounded total variation. However, as the assumption that g be of bounded total variation
is too restrictive, the result of [9, Section 2] was extended in [10] to more general kernels. In
[10] it was shown, that the result of [9, Section 2] can be extended to kernels g such that [g]
has finite || - || p-norm (for the definition and properties of [¢] and || - || r, respectively, see [10]).
The extension was based on the fact that kernels g, for which [g] has finite || - || p-norm, can be
approximated by kernels g that have bounded total bivariation.

Here, we proceed differently, and it seems that by tendency the method presented here
covers more examples; see Remark 3.8. Instead of approximating functions with unbounded
total bivariation we extend the integration-by-parts formula, which was used in [10] to establish
equality of (13) and (14), to right-continuous kernels with unbounded total bivariation. To this
end, recall that a function g : R> — R is said to be of locally bounded bivariation if for every
half-open rectangle (aj, b1] x (az, b2], witha = (a1, a2), b = (b1, b2) € R2,

sup Y gl y2) — g(x1, y2) — g(xa, y1) + &(x1, y)| < oo,
T (v 0] x (v1.,y20e T

where the supremum is taken over all partitions I of (aj, b1] x (a2, b2] consisting of finitely
many half-open rectangles. We denote by IB%VIZOCJC the space of all upper right-continuous
functions ¢ : R? — R of locally bounded bivariation. For g € IBVIZOCJC, we set |dg| =
dg™ + dg~ with dg™ and dg~ the unique positive Radon measures induced by the Jordan
decomposition of g into the difference of two bimonotonically increasing functions; cf.

[16, Proposition 1.17]. The following lemma, which allows us to prove an NCLT for V(F,)
for a degenerate kernel g, gives sufficient conditions for the validity of the equation

|[ stxancanee = [[ heone dsen. o). (1s)
The lemma is based on a general integration-by-parts formula given in the Appendix B.

Lemma 3.6. Assume that, for some 0 < 1/ < A,
(a) g € IB%V%OCJC, K = supy pcr [@— (b1 (b2)g (b1, b2)| is finite, and that the integral

[ d—r(x1)P—r(x2) |dg|(x1, x2) is finite,
(b) the function gx,(-) = g(-, x2) satisfies Assumption 3.2(a), and the same holds for g, (-) =

g(xls '):
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() h € Dy NBVioc, and [[ |g(x1, x2)| ldh|(x1, x2) < 00 is finite, where  : R? — R is defined
by h(x1, x2) = h(x1)h(x2),

(d) the functions h and g have no joint discontinuities.

Then (15) holds.

Proof. To prove (15) we show that the conditions of Lemma B.1 given in the Appendix B hold
true for v := g and u := h with k; = kp = k3 = 0. Conditions (ii) and (iv) of Lemma B.1 hold
true by assumptions (b) and (d). By condition (c) to verify condition (i) of Lemma B.1, it only
remains to show that the integral ff |h(x1)h(x2)||dg|(x1, x2) is finite. Since h € D, we have

f / IhGe)h ()] g (et x2) < C2 f G (1) (x2) 1dg] (x1, x2),

where C = supy, | (x1)h(x1)]|. Let us turn to condition (iii) of Lemma B.1. We first show that
k1 = ko = 0. We have

by
/ h(x1)h(b2) dgp, (x1)

1

< (/ |h(x1)] Idgbzl(m)) |h(b2)] @5 (D2) Py (b2)

=< C(/ ¢ (x1) Idgbzl(X1)¢—w(bz)> |h(b2)] ¢y (b2),

where C is as above. Hence |fabll h(x1)h(by) dgp,(x1)] - 0asa; - —o0,b; — 00,i = 1,2,
because the mapping br +—> fqb_;\(xl) |dgp,|(x1) is finite w.r.t. || - [|_/, |[2]l, is finite, and
A/ € [0, A). Applying the same arguments to the other terms appearing in the definition of k; and
ko in condition (iii) of Lemma B.1, we obtain that k; = k, = 0. Finally we show that k3 = 0.
Since |h(b1)h(by) g(b1, b2)| < K|h(b1) h(b2) ¢,/ (b1)dy (b2)| by assumption (a), we obtain that
|h(b1)h(b2) g(b1, ba)| converges to zero as by, by — oo since h € ;. Similar arguments show
that the three other terms in the definition of k3 converge to zero, too. This finishes the proof. [J

Now, we can provide an NCLT for V(E,) for a degenerate kernel g. Recall that V(F ) =20
whenever g is degenerate, and notice that the factor on the left-hand side in (16) is r , which
differs from the left-hand side in (12) where the factor is r,,. Recall also that Fy is the class of all
DFs F on the real line for which [ |g(x1, x2)|d F (x1)d F (x2) < 0.

Theorem 3.7. Assume that, for some A > )/ > 0,

(a) The functions g1,r and g r defined in Assumption 3.2(b) are identically zero, i.e. the kernel
g is degenerate,

(b) conditions (a)—(b) of Lemma 3.6 hold for g,

(c) F € ¥y, and the assumptions of Theorem 2.1 are fulfilled,

(d) The sets D1 := {x € R: 3y € R such that g is discontinuous in (x, y)} and Dy .= {y e R :
dx € R such that g is discontinuous in (x, y)} are d F null sets.

Then
V() 5 (c%,ﬁ / f(x1>f(xz)dg<x1,xz>>z2 (in (R, B(R))). (16)

where Z2 is Xf—distributed, and ry and ¢y g are as in Theorem 2.1.

Proof. We adapt the arguments of [9, Section 2]. Under cond1t10n (a) we have the representation
(13) for V(F ). By an application of Lemma 3.6 to g and h := F — F, we can conclude from (13)
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that the alternative representation (14) holds P-almost surely. We note that Lemma 3.6 can be
applied because assumptions (a)—(b), (c), and (d) of Lemma 3.6 hold (to be exact, condition (d)
holds only P-almost surely) by conditions (b), (c), and (d). From (14) we immediately obtain
(recall that V(F) = 0 by the degeneracy of g which was imposed by condition (a))

P2PVE() = rP V(E,()) = V(F() = Pe(r(Fy() — F()))  P-as.

for every n € Nand r > 0, where ¥, (v) = ff v(xy) v(x) dg(xy, x2), v € Dy, v measurable.
Since the mapping ¥, : Dy — Ris (|| - ||x, | - |)-continuous, Theorem 2.4 yields (16). [

Remark 3.8. Consider the kernel g(x1,x2) = xjx; and a distribution with DF F that is
symmetric about 0. Then the corresponding V-functional is degenerate. Additionally, let us
assume that the tails of F are of order x~ %€ for some ¢ > 0. Then, for every ¢ > 0 we
can apply Theorem 3.7 provided the assumptions of Theorem 2.1 are fulfilled with f € C;. On
the other hand, since g is differentiable, the || - || -norm of [g] equals (cf. [10, Lemma 2.1])

f VE@) (1 = F(x)y/F(x2)(1 — F(x2)) x{ x5 dx; dxa.

Obviously, this quantity is not finite for every ¢ > 0 implying that the results of [10] cannot be
appliedtoalle > 0. O

Example 3.9. (Goodness-of-fit test) For a given DF F{ and any measurable (weight) function
w : R — Ry, the weighted Cramér—von Mises test statistic

T — / () (B () — Fo(x))2 d Fox)

was introduced for testing the null hypothesis F' = Fo; see, e.g., [10, Example 3]. The test
statistic T, can be expressed as V-statistic V(F,) with kernel

g(xi, x) = /w(x)(]l[xl,oo)(x)_FO(X))(]]-[XQ,OO)(X)_FO(X))dFO(x)
and we have
dg(x1,x2) = dgt(x1,x2) = |dgl(x1,x2) = /w(X)fS(x,x)(dXhdX2)dF(X):

see also [10, Example 3]. Moreover, under the null hypothesis F = Fj the kernel g is
obviously degenerate w.r.t. F. In this case, choosing w = ¢, (implying that the assumptions
on g in Theorem 3.7 are fulfilled), the double integral on the right-hand side in (16) reads as
[ f@)?wEx)dF(x). O
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Appendix A. Proof of Theorem 2.1

First of all we introduce some notation which will be needed for the proof of Theorem 2.1.

Let 74 = o(ey, : s € Zwiths < t) ior every t € Z._For every u € 7 fixed with
u < t — 1, we define truncated processes X., and X by X;, = Zg;ﬁ_] ase;_g,t € N,

and X, , = ZOO aser—s = E[X|F,], t € Ny, respectively.

S=I—u
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In view of the decomposition X; = X, ,+X +.u and the F,-measurability of X, ,, Theorem 5.4
in [21] yields
E[L;x,,00) (X)|Fu]l = Fy =X, ) Pas. (17)
forallu <t—1,tr € N,and x € R, where Fj denotes the DF of Y,,u. For notational simplicity,

we set G, == G,(,? ) — Fx and denote by G ) the derivative of G
Now, let us turn to the actual proof of Theorem 2.1. For every n € N, we set o, =
n!=F=12¢(n) and

Sno(x) = n(Fy(x) — F(x)), xeR
Su1(X) = n(Fp(x) = FQ)) + f(0) ) X;, xeR.

i=1
Hence n
s Z Xi
Sn . Sn : i=
00 _ Sia0)

On n n

As f € D;,0o n‘ = n"1r, and 1 Zl | Xi LN cgZ (cf. [2, Theorem 2]; for the shape of
cp see [19, Lemma 6 1]), for the statement of Theorem 2.1 to be true it suffices to show that

I %() |l converges in probability to zero. In the remainder of this section we will show that this

convergence holds.
We clearly have S, 1 = M, + T,,, where

n

My (x) = Z(Jl X100 () ~ ElLix, 00 ()| Fica]). x € R

T,(x) = Y (B0 (0OIFi—1] = F) + F(0)X; )

111

>
(F ~ Xy = F@) + f0X;)
>

||M=||M :

Gi(r = X; ;) = FO) + f(0X;), x€R

(recall (17) and note that Fy’, o = F5 X0 = = G1). By Slutzky’s lemma, it thus suffices to show

that both || = % [l and || Ly || » converge in probability to zero.

As for || || 2, WE observe that for every ¢ > 0

E[1M;121]
—1 n
P[Gn | My lln > 8] < E—zm

Since E[||M2||zx] = O(nlog?n) by Lemma 13 in [34], and B € (%, 1), we immediately obtain
that || || » converges in probability to zero.

As for | GZ l1, we note that by Lemma 4 in [34]

1
IT2 s < 243 / (T ()P (x) dx,
j=0
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where Tn(j ) denotes the Jjth derivative of T,,, i.e.

79 (x) = Z(G<f><x ~ X = FOW+ fP0X;) VreR.
i=1

Thus we have for every ¢ > 0

_ E[ 17|25,
I[D[Gn : 1Tl > 8] = %

21+4A.

202 2 Z/E[{Tn(j)(x)}z]d)zx(X)dx

1+40 1
nj=0

A

IA

It follows from Lemma A.5 that I,,(j) = 0(0,%) for j € {0, 1}. That is ||§—Z||,\ converges in
probability to zero, which completes the proof of Theorem 2.1.

The proof of Lemma A.5 is based on Lemmas A.1-A.4, for which we need some notation.
For every k € Z, we define the projection operator Py : L(2, F,P) — L' (2, F,P) by

Pe(Y) = E[Y|F] — E[Y|Fi_1], Y e LY(2, F,P).

Notice that Px(Y) = 0 for every Y € LI(Q, Fi—1,P). For everyi € N _and x € R, we define
Li(x) == Gi(x — X;;_}) — F(x) + f(x)X;. Hence, T, (x) = Y1 LY (x) and

L) = 6~ X, — FO0 + f9 00X

= 88 FEL 1,00 (01 Fi—1] = FO ) + fP (0 X;

foreveryi e N, x e R,and j € {0, 1}.

Lemma A.1. Foreveryn e N,x € R, and j € {0, 1},

T (x) = > PV (x)) P-as.

k=—o00

Proof. Of course, it suffices to show ng)(x) = ZZ_ Pk (ng)(x)) foreveryi = 1,...,n.

=—00
Since LEJ )(x) is F;-measurable, we obtain

3 P ()

k=—o00

= lim Z (E[L<f)|fk] EILY | Fi_ 1])

[——00

k=I+1

=L () — lim_ {WE[JI[xi,o@(x)m] - FO@) + f(f)(x)E[Xilfz]} :

Since X; is in L>(£2, F,P) and therefore P-almost surely finite, we obtain that E[X;|F;] =
> o0, asei—s converges P-almost surely to zero as [ — —oo. For the statement of Lemma A.1
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to be true, it thus suffices to show that %E[ﬂ[ X;,00) (x)| F1] converges P-almost surely to F D (x)
as! — —oo0. By (17),

J

By, o IA] = B (= X, ) = FY (x ~ ELXi| Fi)). (18)

Since lim;_, oonl = X;and f = FO is continuous, we have lim;_, o F(]) (y) = F(/)(y)

uniformly in y on compact sets. As seen above, we further have lim;_, o, E[X; |.7-'1.]
P-almost surely. Thus, the expression in (18) converges indeed P-almost surely to F Y )(x) as
[ - —oco. O

Lemma A.2. Foreveryi € N, j € {0, 1}, x € R, and every k € Z withk < i,

PiL () = fD ),

Pk(ij)(x)) = Gz@k(x —Xi ro0) — Ggi)kﬂ(x - Xy D)+ Y @aier,
where Gﬁ,{) was defined to be the jth derivative of the DF of Ym,o = Z'S":_Ol AsEm—s.

Proof. Using (17) along with i > k, we obtain
. 9/ . .
PuL () = Pk(ﬁm[xi,m)u)mn ~ FY @) + f<f><x>x,->

Ry . .
57 ElLixi 00 (01 ] = FOx) + 90X, | Fi]

Ry .
= 5B ;00 (01 Fi - 114+ FO@) — fO0EX; | Fri]

31
= P - X0+ 0 Z aseis
s=i—k
o/ ) S
— 5 PR, 0 X — fO@ 3 asin
s=i—k+1

=G - X X — G(Ik+1(x X o) + [P aiex
= G(])k(x_ X kO)_ l( k+1(x__l —k, 1)—|—f(j)(x)a, —kEk-

This proves the second identity. The first identity can be proved analogously, noting that we
assumedag =1. [

Lemma A.3. For everyn € N and j € {0, 1}, we have 1,(j) < ZZ:—OO(Z?:IVk )Lifk‘j)zy
where, for m € N,

1/2
j= ( / {f(j)(x)}2¢2x(X)dX> E[e3]'/2,

2 172
A, j = ( f E[{Gﬁ,{)(x ~ X, 0~ G (x - X, >+f<”(x>amso} }dm(x)dX>

with Gﬁ,{) the jth derivative of the DF of Ym,o = ZZ,"Z_OI AgEm—s.
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Proof. By Lemma A.l, we have T(j)(x) ZZ_?OO Pk(T(j)(x)) Further, it is easily seen
that E[Pk(T(’)(x))PI(T(])(x))] = O for every k,I < n with k # [. Finally, notice that
Pr (L (x)) = 0 foralli < k since L (x) is F;-measurable. Then,

L) = [ B[ 0 enwdx

n . 2
= /EH Z Pk(Tn(])(x))} ]d)z)\(x)dx
k=—00

=Y E f {Pk(Trfj)(x))}%zx(x)dx]

k=—00
n B n i 2
- Y E f { 3 Pk(L§f><x)>} ¢zx(x)dX}
k=—oc0 L i=1vk
> Ef{ 3o PO }qux)dx}
e Ul s T

]

n B P LF]) 2 n
/( ) M)( 3 A,-_k,,-)m(x)dx}

i=1vk hi—k,j

=—00 i=1Vvk
_y (Z ] E[{Pk@(”(x»}z]mu)dx) ( S )
k=—00 \i=1Vk hik.j L

n n 2
= Z (Z M—k,j) )
k=—o00 \i=1Vk

where the “<” follows from Hoélder’s inequality and £ (\)a,ei_m 4 FDaneo. The last
equality is immediate from Lemma A.2. [

Lemma A4. For j € {0, 1}, we have Ay, j = o(an), where Ay, is as in Lemma A.3.

Proof. Let 86 ~ G be independent of (&;)scz, probably defined on an extension of the original

probability space. Since G(]_H(x - X, ) = E[Gf,{)(x — X, 1 — amep)|Fol, Elgj| Fol =
E[so] = 0 and both X m.0 and go are JFo-measurable, we have

G (x = X,00) — G (= X, _ D)+ FP)ameo
E[GH(x = X,0.0) = G (6 = X0 -1 = ane) + f P Wanteo — )R] (19)

By the Mean Value Theorem there is some Sm between x — X, _, ameo and x — X,

such that G4 (x — ] — ameo) =GPV — 1) — G(Hl)(ém)amso So, introducing the

telescoping sum GUH)( _1)améo — GUH)( _1)ameéo on the right-hand side in

(19) and noting that both X, 0 and X, 1 are Fo- measurable and that 80 is independent of Fy,
we obtain from (19)
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G (x = X,00) — G (x - X, 1> + P x)ame
G(])(x B m o) — G(J)(x i —1) + G(/+1)(x _1)am80
+ fD@ameo — Gy “)(x — X, _ameo
+]E[G,(,{+l)(§m)am86 - f(j)(x)am86|.7-"o].

Hence,

/{G;(J)(x — X0 — G(’)l(x X, 1)+f(J)(x)am<90} ¢2.(x)dx
< 4(/{6(’)(x Xno) = Gy (x — X —1) + GV (x - Xm,_l)amso}zqszx(x) dx
+ f [£9@aneo — GV~ X, _ameo] ¢ dx

. ) 2
+ [ E[GH @aans — 19 hansi | o2 d)

=4 (Im,j + Hm,j + Hlm’j).
Noting )‘51,1' < 4(E[y,;] + E[,, ;] + E[I, ;]), it remains to show that E[L, ;] =
0(031)» E[lL,, ;] = o(a,%l) and E[IIL,, ;] = o(a,%). We will proceed in three steps.

Step 1. On the one hand, we have by Lemma 7 (29) in [34]
o (D,
by = [ {66 = X+ ameo)
~ G~ Xy )+ GV Xy o) b ()

< C1 (ame0)* ¢ (ame0)por (K1) f G ()2 (x) dx

= Cadj, (e $2.(@me0)p2r (X, ) (20)

for some constants C, C; > 0. On the other hand, using Lemma 7 (28) in [34] twice, we obtain
0 ) 2
Iy =4 [{G 0= X,0 21+ ameo) = G (6 = X, D) dn)
. 2
wa [[od 0= x, 0 = G 0] @m0 om0
4 / GV (0)% (ameo)paa (x) dx
< 4C3(ame0)” $2(ameo) 22X,y _1) / GV (0)2p (x) dx

+4C3 (@me0)* (X 1) $20.(X,_1) $220) / G (1) (x) dx
14 (aneo)? / GV (1205 (x) dx

= Cyal (#2021 (X, ) (3021 @nc0) + 7)) @
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for some constants C3, C4 > 0. From (20)—(21) we deduce
Eln, ]
< Csap,E|min{a}, 6§ ¢21.(aneo) $22.(X,, 1) 92621 (X, 1) (5022 @n0) + 0) |

< C5@, Elgr2.(X,, )V E[ minfa i (ano). e g2 (@neo) + e} |

for some constant Cs > 0, where we used the independence of X, _; and 9. Now, the latter
expectation in the last line converges to zero by the dominated convergence theorem (a majorant
is glven by 80¢2A (ameo) + 80 < 2% (80 + max;en, |ds |82+2)‘) + 8% due to assumption (b), and
am 80¢2A (am &) converges P-almost surely to zero as m — 00). To show that the first expectation
in the last line is bounded above uniformly in m € N, we first note that

o0 o o0
X, al=] Y s7Pls)em—s| <L Y s Pen sl LY IsPe
s=m+1 s=m+1 s=1

with L := max;en, [£(s)], and so

00 242A
Elg212:.(X,, )] < 2‘*“{1 + LME[(Z |sﬁs_s|) } }

s=1

Now the latter is bounded above uniformly in m € N, because by the Rosenthal inequality and
assumptions (a)—(b)

. 2422 00 (2+20)/2
E|:(Z |s_ﬂas|) j|§max{ZE[|s_ﬂ PP (Z]Eﬂs e S|2]> }
s=1 s=1

00 00 1+A
< max:EueoF*Z*] Do s TP <E[e§] Zs‘2ﬂ> }

s=1 s=1
< Q.

Thus, E[1, ;] = 0(a2,).
Step IL. Notice that £ (x) = E[GY ™ (x — X,,0)] due to Lemma 7 (27) in [34]. Setting

0% = ]E[eo] using the independence of &g and X,, _; as well as Jensen’s inequality, we obtain

=m,

E[1L;, ;]

IA

2E[ f [r9 e - G;(r{+1)(x)an180}2¢2x(x)dxi|

. _ 5
+2E|:/{G,S{+1)(x)ameo - G,(r{ﬂ)(x — Xm’_l)amgo} ¢2A(x)dxj|

a ZE[SO]/ EIGY T (x — X, o)]—G(/+1)(x)}2¢2A(x)dx

+a,2nz]E[e§]1EU{G,§{+”(x) GV (x - 1)] ¢m(x)dx]

i&z(m[ / {6 - X0 - G%*”(x)}zqm(x)dx}

IA
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+E[f{G§{+“<x> G- X, 0 de

= ai(rzZ(Rm,j(l) + Ry, j(2)).

Using Lemma 7 (28) in [34], the Rosenthal inequality and the dominated convergence theorem,
one can now easily show that Ry, ;(1) = o(1) and Ry, ;(2) = o(1). That is, E[IL,, ;] = o(a,%l).
Step I11. Using the conditional Holder inequality as well as the independence of ¢;, and Fo,

E[IIL,, ;]

:aran[/E[(Gf,{H)(&m) - f<f'>(x))s{)|f0]2¢n(x)dx}

< aan[ / (E[ep?170] LG ) = 1)1 70] 2>2¢2A(x)dx:|
:afna2EU E[(GYHV &) — f(j)(x))2|f0]¢2A(x)dx:|

< a3022<ﬂz[ / (Gl ™ &) - GS,{*”(x))Zm(x)dx}

+n«:[ / (G (x) - f(j)(X))zfﬁzx(X)dXD

= a0 2(Ry,j(3) + Ry, j(4)).

Proceeding as for the first summand in Step II, we obtain R,, ;(4) = o(1). Moreover, we have
Em = x — X, _1 +rm With |ry] < lamegl, and 86 and X, _, are independent. Thus, using
Lemma 7 (28) in [34],

Ry, j(3)

- E[/{G,ﬁf“)u Xy ) - G;(71j+1)(x)}2¢2x(x)dx:|
< E[a Xt = rm)* $22 X1 — ) f G%*”(x)zm(x)dx]
<Gy ZWE[@;,_I +12) (622 (X 1) + 22 (rm)) f Gfr{+l)(x)2¢2x(x)dxj|

< cﬁE{(ﬁ,,_l + (ame0)?) (¢22(X,_ 1) + P22 (@me0)) f G%H)(x)z(ﬁzx(x)dx}

for some constants C4, Cq > 0. Using again the Rosenthal inequality and the dominated
convergence theorem, we obtain R, ;(3) = o(1). That is, we also have E[IIL,, ;] = o(a,%,). O

Lemma A.5. For j € {0, 1}, we have 1,,(j) = 0(0,,2).

Proof. By Lemma A.4, we have X; ; = o(g;), and by Karamata’s theorem (cf. [14, p. 281])
we have > " a; ~ n'=Pe(n)/(1 — B) ~ na,/(1 — B). Also note that o, ~ n3/2>~Pe(n)/c; p.



E. Beutner et al. / Stochastic Processes and their Applications 122 (2012) 910-929 927

So, since B € (%, 1), elementary calculations yield

n n 2 2n 2 —n
> ( Ai_k,,) szn(zxi,,) + Y {oma_p)y = o(ay).
1 i=1

k=—o0 \i= k=—o00

This proves the claim.
Appendix B. Integration theoretical auxiliaries

Let IB%V%OCJC be defined as in Section 3.3. Recall that for u € IBSVIZOCJC, we set |du| =
du™ + du~ with du™ and du~ the unique positive Radon measures induced by the Jordan
decomposition of u into the difference of two bimonotonically increasing functions; cf.
[16, Proposition 1.17].

Lemma B.1. Let u, v € BVIZOC 1 and assume that:

(i) The integrals [[ |v(x1, x2)| |du|(x1, x2) and [ |u(x1, x2)| |dv|(x1, x2) are finite.
(i) The functions vy, (+) = v(x1, ) and vy, (-) = v(-, x2) are of locally bounded variation
for every fixed x1, x> € R.
(iii) The following limits exist

b] b]
ki = lim u(xy, ba) dvp, (x1) — u(xy, az) dvg, (x1),
ay,ay—>—090,by1,by—> o0 a ay
by by
ky = lim u(by, x2) dvp, (x2) — u(ay, x2) dvg, (x2),
ay,apy——00, by,by— 00 a a

ky = lim (u(bl,bz)v(bl, by)

ay,ay——00, by,by— o0

—uar, byv(ar, ba) — ulbr, a)v(by, a2) + uar, a)v(ar, a)).
@iv) The functions u and v have no joint discontinuity.

Then

/ / v(x1, x2)du(xr, 1) = / f uGr1, x2)dv (e, x2) — ki — ko + s, 22)

Remark B.2. It should be mentioned that vy, € BVjec  (wWhich is imposed on v through
condition (ii)) is not implied by v € IB%VIZOMC. To see this, let 2 : R — R be any (right-continuous)
function being of unbounded variation on every finite interval / C R. Then define v : R? — R
by v(x1, x2) := h(x2), and observe that for every half-open rectangle (a1, b1] x (a2, b2],

sup Y [, ya) = v, y1) — v, y2) + v(x, x)| =0,
I (2,31 1x (2, yole T

where the supremum is taken over all partitions II of (aj, b1] x (a2, b2] consisting of finitely
many half-open rectangles. Therefore v € BV? On the other hand, vy, & BVjocre. U

loc,rc*
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Proof of Lemma B.1. Under condition (ii) and (iv), and since u, v € ]BV%OC)TC, we have (see [10])
for every half-open rectangle (a1, b1] x (a2, b2]

by by by by
/ f v(xl,xzmu(xl,xz):/ / u(xr, x2) dv (e, x2)
a az al a
by by

- / u(x1, by) dvp, (1) + / u(x, a2) dva, (x1)

ap

by by
—/ u(bl,m)dvbl(m)Jr/ u(ay, x2) dvg, (x2)

2 a
+u(by, ba)v(by, by) — u(ay, ba)v(ar, ba)
—u(by, ax)v(by, az) +ulay, az)v(ay, az). (23)

By assumption the integral f f v(x1, x2) du(xy, x2) exists, and we have that
by by
/ / v(xy, x2) du(xy, x2) = /f v(x1, X2) Lia; <x) <by.ar<xp<by) du™t (x1, x2)
ag an

- // U(xl,Xz)]l{a1<x1§b1,a2<x25b2}dui(xls x2) (24)

converges to ff v(xy, xp)du(xy,x3) as aj,ap — —oo,b;,by — 00, since by
Lebesgue’s dominated convergence theorem the two integrals on the right-hand side of (24)
converge to [ v(xy, x2)dut(x1,x2) and [f v(xi,x2) du(xy, x2), respectively. The integral
fabll fabzz u(xy, x2) dv(xy, x2) can be treated in the same way. The result follows now by using
condition (iii) for the remaining terms on the right-hand side of (23). 0
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