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Abstract—The Maclaurin series is quite limited in comparison to the (Adomian) series obtained in
the decomposition method. By adding procedures from the decomposition method and the expansion
of nonlinearities using the Adomian polynomials, as well as a recent result of Adomian and Rach on
transformation of series using the above polynomials, the Maclaurin series can be made much more
useful in its applicability. However, the convergence is still slower than for Adomian'’s results using
decomposition.

1. INTRODUCTION

Power series solutions of linear homogeneous differential equations in initial-value problems yield
simple recurrence relations for the coefficients, but they are generally not adequate for nonlinear
equations, although applicable to some simple cases such as the Riccati equation. In order to
extend the Maclaurin method, we use results from the Adomian decomposition method [1-6] and
a recent theorem [7] by Adomian and Rach on transformation of series, which we state as

f (chx”) = Zx"An (cos€1y.-. ,n),

n=0 n=0

where the A,, are Adomian polynomials [1-3]. For convenience, we explain this statement as fol-
lows: Adomian solves general operator equations Fu = g using his decomposition u = Y pe g tn,
a special case of his expansion of f(u) = Y oo, An (uo,u1,... ,Un), Where the A, are derived
by convenient algorithms for f(u). Thus, f (3 reotn) = Yoneo An (Yo,... ,un). If u is given
as a series, u = ) o> o ¢,z", we identify each component u, of the decomposition of u with the
component ¢,z" of the power series, which leads readily to

An (uo,...,un) =2"An(co,..- sCn).

The series 3 o> ;" A, (o, . - . ,¢q) is convergent if the series Y oo c,z™ is convergent. This is
simply extended to Taylor series

f (ch (z—zo)") = ZA,,(CQ,... ,en) (2 —z0)" .

n=0 n=0

To clarify the procedure, before consideration of more general cases, we look at a simple linear
equation in Adomian’s operator form Lu+ Ru = 0, where L will be chosen as d?/dz? and R = p,
a constant. We write Lu = —Ru and operate with L~!, a two-fold integral operator. In initial
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condition problems we can conveniently define it as a two-fold (in this case) definite integration
from 0 to t. (We can also define it as an indefinite integration leading to ap + a1z + I3 (-), where
Iy(-) = [[(-)dzdz.) Thus oo, are determined by the initial conditions as ag = u(0) and
a; = v’ (0). We now have

u=qay— o z— plu

and can substitute u = Zn—o Cnz"
e =g+ ayz—ply 2 | =aptayz—p ) cpr—m———0,
n=0 n=0 n=0 (n + 1) (n + 2)

or
n

[» o] o0 P
chx"=a0+a13"/’zcn—2m

n=0 n=2
Equating coefficients,
Cp = &g, Cy =0,

and, for n > 2,

e = —p—n=2__
"= P a—Dn

If p = p(z), we write p(z) = Y, pPnz™, and
o0 e o] o0
Z cpt" = ag+arz— I (E p,,z") (Z c,,z")
n=0
—ao+a1x—122 EPvcn -y

n=0

=] zn+2 n
= ao+a1x—,§){——————(n+1)(n+2)}§pvcn_.,

or
<) oo n—-2
St =artarz =) { i b T st
n=0 n=2 v=0
so that
Co=Qp C = 0.
Forn > 2,
_ nZ—:2 Cn-2-v
=" p"(n—l)n'
v=0

2. THE NONLINEAR CASE

Lu+ Nu=0. We let L =d?/dz? and N is a nonlinear operator which we write Nu = aF (u).
Then

[e ]
Lu=—Nu, L 'Lu=-L"'Nu, u=ao+a1a:—alng,..z‘",
n=0

where we have replaced f(u) by f (Y orpn2™) = Y neoAn (Co,... ,cn) 2", as discussed in the
introduction. Now

)3 3 e

2" =gtz —a A,,—

= (n+1)(n+2)
xﬂ

=ao+a1z-—aZA,,_2—,
— (n=1Dn
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so that
Co=0Qp, C =a0a,
and for n > 2,
c _a__A";z
" (n-1)n’
where A, = Ay, (o,... ,0m)-

Again, if o = a(z), we write a (z) = Y p— ;@nz". Then

3 e = ag+arz— I (zm ) (f;A)

n=0 n=0

=ag+ayz— Iy Z z" Z ayAn_y

n=0 v=0

o0 u+2
=ap+a1z— Z{(n+1)(n+2)}zav n—v

=0

=ao+a12—§:{(n_1) }ZauAn-2—v

n=2? v=0

Hence,
C=ag € =0,

and, forn > 2,

n-2 A 9

Cp =~ Z Qy = )

v=0 n (n - 1)

where A, = A, (¢o,... ,¢n) is derived from previously given algorithms [7)].

Consider now the operator form Lu+ Ru+ Nu = 0 where R = p, L = d*/dz?, Nu = o f (u).
Write

Lu=—-Ru— Nu,
L™'Lu=~-L"'Ru— L~ !'Nu.

chx =ap+a;z— pIz(Zc,, )—aIg(iA,.z"),

n=0 n=0
(again using f (3> penz®) = Y pep 4n (Coy--- sn) Z7),

znt? s o2

Ecnm =apt+or— pzcnm “Z (n+1)(n+2)

n=

=ao+a1z—p2cn_ aZA,._
n=2 (Tl (n
leading to
Co=ap € =0,
and, for n > 2,
_ Cn-2 —a Apn_2
- p(n—l)n (n-1)n’

where A, = Ap (co,---,¢p).
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If p=p(z) = Tneopnz” and Nu = a(z) f(u) = Ynro anz” f (u), we proceed as before to
obtain

S s () (S - (E0) (£

n=0 n=0 n=0 n=0 n=0

=ao+a1:c—I22 Ep.,c,, .,—Izz Zav n—v,

n=0 v=0 n=0

o] [= <] " n+2 acd n+2
?Qo“"”"=“°+“*”‘Z{m}2"vcﬂ-v"Z{m}zav -
Zc,.z _ao+a1x—z Zpu c"__zl_)"n Z Zav(n':_ i)vn

n=0 n=2 v=0 v=0
leading to

n-2
An—2—v

Cn—
Co=Qy, C=a, C;= Zpu (n"_zl)"n E oy, m,
v=0
for n > 2, where A, = A, (co,... ,¢n).

3. INHOMOGENEOUS CASE

Consider Lu+ Ru=g. Let R=p and L = d*/dz? Let g=3 ,—,gnz". From Lu =g — Ru
and L~'Lu = L~'g — L~ Ru, we have

o0
u=ao+a1z—Izzynr”—pIzu,

n=0
or
n+2 zn+2
> z z =
cnz =aot+aiz+ n-2 ""__'P Cpn—27 7
n=0 )n n=2 (n—1)n

Thus, ¢p = ag, ¢1 = a3, and for n > 2,

_ 9n-2—PCn-2
"7 (n-1)n

K welet p=p(z) =3 rropnz” and g = Y oo gnz”, we have

oQ

chl‘ —010+0111'+1229n13 -1 (an )(Z CnT )
n=0 n=0
—ao+a1-’v+1229n2 —I2Z vacn —v)

v=0

or

gn+? © { "2

chl‘ —ao+a1$+29n(n+1)(n+2) Z W}ZPucn —-v

n=0

—ao+alz+Zgn_2——— Z{(n—l) }vacn-z-»,

n=2 v=0
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leading to ¢o = ap, ¢1 = a3, and for n > 2,

n—-2
gn-2— Zpu Cn—2-v

v=0

(n-1Dn

4. NONLINEAR INHOMOGENEOUS CASE

o0
Lu+Nu=g=Eg,,a:",

n=0

[» o] o0 [+ <)
Ecnz" =ao+alz+Igzgnz" —IgaZA,,x",

n=0 n=0 n=0

where f(u) = f(3_._,cn2z") has been replaced by Y o, An (co,- - ,¢a) =",

or

Zh+2 nt2?
chz‘ "a°+alz+zg"(n+1)(n+2) "nz_%“‘ (n+1)(n+2)
=a0+a1:c+z29n 2(11 azA"' (n

Thus, ¢g = ag, ¢; = a1, and for n > 2,

e = gn-2—aAn_2
S T

where A, = A, (co,... ,65).
Now consider Lu + Nu = g, with Nu = a(z) f(z) = L oroanz” and ¢ = 3 o0 1 gnz". Let
L = d?/dz? and substitute Y oo An (co,...,cn) 2" for f (Y ooy cnz™) as before. Then,

nz=0

[+ +]
Ecnz _a0+a1x+Igzgnz -1 (Zana: ) (ZA,,:L‘“).
n=0

n=0 n=0

Since (2?:0 anz™) (E:o.—_o Apz™) = E?:o z" 2:::0 ayAn-v,

o0 o o0 n
Zc,,z" =ap+a1z+ 1 Eg,.z" -1 Zx" ZavAn—v

n=0 n=0 n=0 v=0
o n42 0 znt2
T
- =z S — An-
SRR e RO M e PIC

00

;cnz" =ao+a1z+'§:2{9n—2 (;—_z—nlﬁ} E{(n_ 5 n}zau N

so that ¢g = aq, ¢; = a; and, for n > 2,

n-2
gn-2 — ZauAn—2-v
v=0
(n-1)n ’

where A, = A, (co,... ,¢q).
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Now consider the general inhomogeneous nonlinear form
Lu+ Ru+ Nu=g.
Let R=p, Nu=af(u), g =Y reognz”, L =d*/dz?,
Lu=g— Ru— Nu,
L 'Lu=L"1'g—L'Ru— L 'Nu,
[>*] o0
u= ag+a1:c+122gnz” —pIgu—aIZZA,,z",
n=0 n=0

where we have replaced f(u) = f(negcnz®) by Yoo An (o, --- ,cn) z". Thus,

Zc,,a: —a0+a1z+1229,,z —pIch,.a: —aIQZA,.z

n=0 n=0 n=0
mn+2 2:ﬂ+2

m+D)(n+2) ""ch“(nﬂ)(nm)
n+2

aZAn(,,+1)(,,+2)
chz =ao+a1z+2yn 2(n l)n chn 2(n aEAn 2(n

n=0

= ao+a1x+Zgn

from which ¢g = ap, ¢; = a; and, for n > 2,

o = n=2=PCn-2— aAn_2
" (n=1)n '

where A, = A, (¢o,... ,¢n).
Finally, consider Lu + Ru + Nu = g with

=p(e)= 2 pna" g = 3 ana”, Nu= o()f(w) = 3 ens” S0
n=0

o0 o0
= Eanz“f(z cnz™) = Zanz" ZA,, (coy---,tn)z".
n=0 =0 n=
Then,
oQ o oQ o0
Z 2" =agtayz+1p Z gnz" — I (E PnZ ) (Z c,,:c") - 12(2 anz")(z Ap2®
n=0 n=0 n= n=0 n=0 n=0
Si
e o0 o0 o0 n
2 pnx” E cp2” = Z 2" Zp,,c,,_,, and
n=0 n=0 n=0 v=0
o o0 o0 n
Z apz” Z Apz" = Z z" Z ayAn-y,
n=0 n=0 n=0 v=0
we have
n
Ecnz = a0+alx+I2Zgnr - I2Zz Zpucn-v - I2E nzauAn—v
n=0 n=0 v=0 n=0 v=0

rn+2 o z”+2 n
=eotonst Loy - L Grnwem) S

v=0
f: {(71—+—1%_'_—2)} Z oy An—v,

n=0



Modified decomposition 23
or

ﬂ

'gcnz —ao+a1z+29n- GoOn
_2 Z (nn—zl_)n Z Ea”(nn—i;vn

Thus ¢y = ag, ¢; = a; and, for n > 2,

n-2 n-2
9n2_§Pvcn2—_§av n—2—vy
v=0
C
" (n—l)n ’

where An, = A, (¢co,... ,cn).

Thus the Adomian series is not the Maclaurin series. It is actually (as stated by Adomian [1,2])
a generalized Taylor series about a function rather than a point, and can reduce, in a linear case,
to the well-known series. Further, by combining Adomian polynomials and decomposition with
Maclaurin series, we can make a Maclaurin series more useful. Finally, we state and will show
in Part II and Part III (to appear) that the extended Maclaurin series can be used for coupled
differential equations and partial differential equations and that, despite the improved power of
the Maclaurin series with the use of the Adomian polynomials and decomposition techniques,
the Adomian series resulting from the decomposition method is still superior in convergence
properties. In the (extended) Maclaurin solution, the uy term only incorporates the first term
of the g expansion while the decomposition series uses all of it. Also, it is evident that in
collecting terms, the power series solution becomes complicated, while the decomposition series
is always simple in this respect. Of course, to get convergent solution series, the series assumed
for R or for ¢ must also be convergent. Further work to appear will show applicability also to
linear or nonlinear partial differential equations and coupled equations, and also show that the
convergence is faster using (Adomian) decomposition series than the extended or improved power
series results.
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