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Abstract

Let K be a field, m and n positive integers, and X = {x{,...,x,}, and ¥ ={y1,..., ym} sets of
independent variables over K. Let A be the localized polynomlal ring K[X](x). We prove that every
prime ideal P in A = K [X] that is maximal with respect to P N A = (0) has height n — 1. We
consider the mixed power series/polynomial rings B := K [X][Y](x,y) and C := K[Y ]y, [X]. For
each prime ideal P of B = C that is maximal with respect to either P N B = (0) or P N C = (0), we
prove that P has height n +m — 2. We also prove each prime ideal P of K [X, Y] that is maximal
with respect to P N K [X] = (0) is of height either m or n +m — 2.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction and background

Let (R, m) be a Noetherian local integral domain and let R denote the m-adic comple-
tion of R. The generic formal fiber ring of R is the localization (R \ (0))~'R of R. The
Sformal fibers of R are the fibers of the morphism Spec R— Spec R; for a prime ideal P
of R, the formal fiber over P is Spec((Rp/PRp) Qr I’?\). The formal fibers encode im-
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portant information about the structure of R. For example, the local ring R is excellent
provided it is universally catenary and has geometrically regular formal fibers [2, (7.8.3),
p. 214].

Let R < S be an injective homomorphism of commutative rings. If R is an integral
domain, the generic fiber ring of the map R < S is the localization (R \ (0))~'S of S.
In this article we study generic fiber rings for “mixed” polynomial and power series rings
over a field. More precisely, for K a field, m and n positive integers, and X = {x, ..., x,}
and Y = {y1, ..., ym} sets of variables over K, we consider the local rings A =K[X]x),
B:= K[[X]][Y](X y) and C := K[Y]y)[X], as well as their completions A= K[X] and
B=C =K[X, Y]. Notice that there is a canonical inclusion map B <> C.

We have the following local embeddings.

A:=K[X]x) — A:=K[X], A<= B=C=K][X,Y] and
B:=K[X][Y]x.y)— C:=K[Y]n[X] = B=C=K[X][Y].

Matsumura proves in [7] that the generic formal fiber ring of A has dimensionn — 1 =
dim A — 1, and the generic formal fiber rings of B and C have dimension n +m — 2 =
dim B — 2 = dim C — 2. However he does not address the question of whether all maximal
ideals of the generic formal fiber rings for A, B and C have the same height. If the field
K is countable, it follows from [3, Proposition 4.10, p. 36] that all maximal ideals of the
generic formal fiber ring of A have the same height.

In answer to a question raised by Matsumura in [7], Rotthaus in [10] establishes the
following result. Let n be a positive integer. Then there exist excellent regular local rings
R such that dim R = n and such that the generic formal fiber ring of R has dimension ¢,
where the value of t may be taken to be any integer between 0 and dim R — 1. It is also
shown in [10, Corollary 3.2] that there exists an excellent regular local domain having the
property that its generic formal fiber ring contains maximal ideals of different heights.

Let T bea complete Noetherian local ring and let C be a finite set of incomparable prime
ideals of 7. Charters and Loepp in [1] (see also [6, Theorem 17]) determine necessary and
sufficient conditions for 7 to be the completion of a Noetherian local domain 7' such that
the generic formal fiber of 7' has as maximal elements precisely the prime ideals in C. If
T is of characteristic zero, Charters and Loepp give necessary and sufficient conditions to
obtain such a domain T that is excellent. The finite set C may be chosen to contain prime
ideals of different heights. This provides many examples where the generic formal fiber
ring contains maximal ideals of different heights.

Our main results may be summarized as follows.

1.1. Theorem. With the above notation, we prove that all maximal ideals of the generic
formal fiber rings of A, B and C have the same height. In particular, we prove:

(1) If P is a prime ideal ofg maximal with respect to PN A = (0), then ht P =n — 1.

(2) If P is a prime ideal of B maximal with respectto PN B = (0), thenht P =n+m — 2.

(3) If P is a prime ideal 0f6 maximal with respectto PNC = (0), thenht P =n+m — 2.

(4) In addition, there are at most two possible values for the height of a maximal ideal of
the generic fiber ring (A \ (0))™ Ic of the inclusion map A< C.
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(@) If n 22 and P is a prime ideal of C maximal with respect to P N A= (0), then
eitherhtP=n+m —2 orht P =m.

(b) If n =1, then all maximal ideals of the generic fiber ring (;4\\ (0))*‘6 have
height m.

We were motivated to consider generic fiber rings for the embeddings displayed above
because of questions related to [4,5] and ultimately because of the following question posed
by Melvin Hochster.

1.2. Question. Let R be a complete local domain. Can one describe or somehow classify
the local maps of R to a complete local domain S such that U~!S is a field, where U =
R\ (0), i.e., such that the generic fiber of R < § is trivial?

Hochster remarks that if, for example, R is equal characteristic zero, one obtains such
extensions by starting with

R=K][x1,...,xp] > T =L[x1,....%n, Y1, s Ym] > T/P =S, (1.2.1)

where K is a subfield of L, the x;, y; are formal indeterminates, and P is a prime ideal of
T maximal with respect to being disjoint from the image of R \ {0}. Of course, such prime
ideals P correspond to the maximal ideals of the generic fiber (R \ (0))~!'T.

In Theorem 7.2, we answer Question 1.2 in the special case where the extension arises
from the embedding in (1.2.1) with the field L = K. We prove in this case that the dimen-
sion of the extension ring S must be either 2 or n. p

In [5] we study extensions of integral domains R<— S such that, for every nonzero Q €
Spec S, we have QO N R # (0). Such extensions are called trivial generic fiber extensions or
TGF extensions in [5]. One obtains such an extension by considering a composition R <
T — T/P =S, where T is an extension ring of R and P € Spec T is maximal with respect
to P N R = (0). Thus the generic fiber ring and so also Theorem 1.1 give information
regarding TGF extensions in the case where the smaller ring is a mixed polynomial/power
series ring.

In addition, Theorem 1.1 is useful in the study of (1.2.1), because the map in (1.2.1)
factors through:

R=K][x1,....,x)] = K[x1, s xu] V15 s yml <> T =L[X1, ..., X0, Y1y -+ Yn]-

Section 2 contains implications of Weierstrass’ Preparation Theorem to the prime ideals
of power series rings. We first prove a technical proposition regarding a change of variables
that provides a “nice” generating set for a given prime ideal P of a power series ring; then
in Theorem 2.3 we prove that, in certain circumstances, a larger prime ideal can be found
with the same contraction as P to a certain subring. In Sections 3 and 4, we prove parts (2)
and (3) of Theorem 1.1 stated above. In Section 5 we use a result of Valabrega for the two-
dimensional case. We then apply this result in Section 6 to prove part (1) of Theorem 1.1,
and in Section 7 we prove part (4).
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2. Variations on a theme of Weierstrass

In this section, we apply the Weierstrass Preparation Theorem [12, Theorem 5, p. 139,
and Corollary 1, p. 145] to examine the structure of a given prime ideal P in the power
series ring A=K [X], where X = {x],...,x,} is a set of n variables over the field K.
Here A = K[X](x) is the localized polynomial ring in these variables. Our procedure is to
make a change of variables that yields a regular sequence in P of a nice form.

2.1. Notation. By a change of variables, we mean a finite sequence of ‘polynomial’ change
of variables of the type described below, where X = {x1, ..., x,} is a set of n variables over
the field K. For example, with ¢;, f; € N, consider

X1 x1+x =z, X2 > X2 + X2 =29, e,
Xn—1 > Xn—1 + X" =27,1, Xp > Xpn = Zn,
followed by
21>z =1y, ZZP—>Z2+Z{‘2=t2,
Zn—1+r> Zn—1 Jrz{”’l =th-1, Xp > 2 +z{” =1.

Thus a change of variables defines an automorphism of A that restricts to an automorphism
of A.

We also consider a change of variables for subrings of A and A. For example, if A} =
K[x2,...,xs] CAand S = K[x2,...,x,] C A, then by a change of variables inside A
and S, we mean a finite sequence of automorphisms of A and A of the type described above
on x2, ..., X, that leave the variable x| fixed. In this case we obtain an automorphism of A
that restricts to an automorphism on each of S, A and A;.

2.2. Proposition. Let A= K[X] =K]x1,...,x,] and let P € SpecZ with x| ¢ P and
ht P =r, where 1 <r < n — 1. There exists a change of variables x| — z1 := x1 (x1 is
fixed), xo > 22, ..., X, > z, and a regular sequence fi, ..., fr € P so that, upon setting
Z1={z21,--s2Zn—r} Zo ={2n—r+1, ..., Zn} and Z = Z1 U Z3, we have

f1 € K[Z1[zn—r+1s---» Zn—11[zn] is monic as a polynomial in z,,
f2e K[Z1]lzn—r+1s---» zZn—21lzn—1] is monic as a polynomial in z,_1, etc.,
fr € K[Z1]lzn—r+1] is monic as a polynomial in 7,4 1.

In addition:

(1) P is a minimal prime of the ideal (f1, ..., fr)X.
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(2) The (Z)-adic completion of K[Z1][Z2](z) is identical to the (fi, ..., f+)-adic com-
pletion and both equal A = K [X] = K[Z].

(3) If P1:=PNK[Z1][Z2](z), then P)A =P, thatis, P is extended from K [Z1][Z2](z).

(4) The ring extension:

KﬂZl]] — K[[Zlﬂ[ZQ](z)/Pl = K[[ZH/P
is finite (and integral).

Proof. Since A is a unique factorization domain, there exists a nonzero prime element
f in P. The power series f is therefore not a multiple of x;, and so f must contain a
monomial term xéz .. .x,i{’ with a nonzero coefficient in K. Ihis nonzero coefficient in K
may be assumed to be 1. There exists an automorphism o : A — A defined by the change
of variables:

en—1
X1 X1, X2 0i=X2+X2, .., Xpolb> b1 =Xp—1 X", Xp > X,
with e3, ..., e,—1 € N chosen suitably so that f written as a power series in the variables
X1,t2, ..., ta—1, X, contains a term a,x,", where s, is a positive integer, and a, € K is

nonzero. We assume that the integer s,, is minimal among all integers i such that a term
ax,, occurs in f with a nonzero coefficient a € K; we further assume that the coefficient
an, = 1. By Weierstrass we have that:

f =me,

where m € K{[x1,t2, ..., t,—1][x,] is a monic polynomial in x, of degree s,, and ¢ is a unit
in A. Since f € P is a prime element, m € P is also a prime element. Using Weierstrass
again, every element g € P can be written as:

g=mh+gq,

where h € K[x1,t2,...,th—1, Xp] = A and q € K[x1,t2,...,th—1][x,] is a polynomial in
xp, of degree less than s,. Note that

K[[X],tz, ...,tn,d] — K[[X],tz,...,tnflﬂ[xn]/(m)

is an integral (finite) extension. Thus the ring K [x1, 22, ..., fy—1][x,]/(m) is complete.
Moreover, the two ideals (x1,f,...,th—1,m) = (X182, ..., th—1,x") and (x1,12,...,
th—1,%y) of By := K[x1, 2, ..., t,—1][x,] have the same radical. Therefore A is the (m)-
adic and the (x,)-adic completion of By and P is extended from By.

This implies the statement for r = 1, with fi =m,z, =x,, 21 =Xx1,22 =1, ..., Zn—1 =
th—1,Z1 ={x1,t2, ..., th—1} and Z = {z,} = {x,}. In particular, when » = 1, P is minimal
over mZ, so P =mA.

For r > 1 we continue by induction on r. Let Py := PN K [xy,t2,...,t,—1]. Since m ¢
K[x1,t2,...,ty—1] and P is extended from By := K[xi, 2, ..., tn—1][xs], then P N By
has height » and ht Py = r — 1. Since x1 ¢ P, we have x; ¢ Py, and by the induction
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hypothesis there is a change of variables 2 — z2, ..., t;,—1 + zy—1 of K[x1, %2, ..., tn_1]
and elements f7, ..., f € Py so that:
freK[xi,z2,. ., Zu—r]lzn—r+1, -+, Zn-21[zp—1]1  is monic in z,1,

f3 € K[[)Cl, L2y eees Zn—r]][zn—r—i-ls ...y Zn=3llzn—2] 1is monic in z,—2, etc.,

freKxi,z2, ... Zn—r]Zn—r+1] is monic in z,—,41,

and f7, ..., f satisfy the assertions of Proposition 2.2 for Py.

It follows that m, f>, ..., f; is a regular sequence of length r and that P is a minimal
prime of the ideal (m, f2, ..., fr)A. Set z, = x,,. We now prove that m may be replaced
by a polynomial f; € K[[xl 3 L2y v ees Zn—r]][zn—r+1 yovnsZn). Write

Sn
m=_ aiz,
i=0
where the a; € K[x1,22,...,2zs—1]. For each i < s, apply Weierstrass to a; and f> in

order to obtain:
a; = f2hi +qi,

where h; is a power series in K [[x1,z2,...,2z,—1] and g; € K[x1,22, ..., zp—2][zn—1] IS @
polynomial in z,,—1. With g5, = 1 = a;,, we define

Sn
my = Zq:’l;r
i=0

Now (my, fa, ..., fr)Zz (m, fo,..., fr)X and we may replace m by m which is a poly-
nomial in z,_1 and z,. To continue, for each i < s,,, write:

qgi = Zb,-jthl with b;; € K[x1,z2, .-, z0—2]-
j.k

For each b;;, we apply Weierstrass to b;; and f3 to obtain:
bij = f3hij + qij,
where g;; € K[x1,22,...,22—-3][za—2]. Set

J i
mj = E Qijznflzi, € K[[X], 225 eees Zn—SH[Zn—Zv Zn—1,2nl
i,j
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with g;,0 = 1. It follows that
(M2, fasovs f)A=(m, fo,..., f)A.

Continuing this process by applying Weierstrass to the coefficients of z,’jfzz;’;flzil and
fa, we establish the existence Qf a polynomial fi € K[Z:\][zn—r+1, - -, 2n] that is monic
in z, so thag\(fl, 2oy fr)A = (m, fa,..., fr)A. Therefore P is a minimal prime of

(f1,---, A

The extension

K[Z\] — K[Z:][Z21/(f1s -5 )

is integral and finite. Thus the ring K[Z1][Z2]1/(f1,.-., fr) is complete. This im-
plies A= K[x1,22,...,2a] is the (fi1,..., fy)-adic (and the (Z;)-adic) completion of
K[Z1][Z2](z) and that P is extended from K[Z;][Z2](z). This completes the proof of
Proposition 2.2. O

The following theorem is the technical heart of the paper.

2.3. Theorem. Let K be a field and let y and X = {x1,...,x,} be variables over K.
Assume that V is a discrete valuation domain with completion V=K [v] and that K[y] <
V C K[y]. Also assume that the field K (y)) = K [y][1/y] has uncountable transcendence
degree over the quotient field Q(V) of V. Set Ry := V[X] and R = Ro= K[y, X]. Let
P e Spec R be such that

i) PS(X)R(soy ¢ P), and
(i) dim(R/P) > 2.

Then there is a prime ideal Q € Spec R such that

() PCQCXR,

(2) dim(R/Q) =2, and

(3) PNRy=QNRy.

In particular, PN K[X] = O N K[X].

Proof. Assume that P has height r. Since dim(R/P) > 2, wehave 0 <r <n—1.Ifr > 0,
then there exist a transformation x| — zy, ..., X, — z, and elements f1,..., f, € P, by

Proposition 2.2, so that the variable y is fixed, and

f] eK[[y7Z17"-7Zn—r]][Zn—r+la"'9Zn] iSl’nOIliCinZn,

freKy.z1,....zn—r][Zn—r41, ..., Zn—1]  is monic in z,_1, etc.,

fr e K[[y» 4 I Zn—r]][zn—r—i-]] is monic in z; 41,
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and the assertions of Proposition 2.2 are satisfied. In particular, P is a minimal prime
of (f1,..., fr)R. Let Z1 ={z1,...,2p—r} and Z> = {zy—r 41, .-, Zn—1, Zn}. By Proposi-
tion 2.2, if D := K[y, Z1][Z2](z) and P, := PN D, then PiR = P.

The following diagram shows these rings and ideals.

R=K]|y,X] =Ky, Z1, Z5]

(X)R

D =Ky, Zi][Z2](z)

P=PR

P=PND

Note that fi,..., fr € P1. Let g1,...,8s € P; be other generators such that P; =

(fiy-oes fry815--.,8)D. Then P = PLR = (f1,..., f+,&1,...,8&s)R. For each (i) :=
(i1,...,ip) e N" and j, k with 1 < j <r, 1 <k <s, let aj ), bg ;) denote the coeffi-
cients in K [y] of the f}, g, so that

fi= Z aj,(,')zlll ...Zf,", 8k = Z bk,(,')zlll ...Zil" € K[y][Z].
(i)eN" (i)eN"

Define

A= o bea} € K] forr >0,
' @, for r =0.

A key observation here is that in either case the set A is countable.

To continue the proof, we consider S := Q(V (A)) N K [y], a discrete valuation domain,
and its field of quotients L := Q(V (A)). Since A is a countable set, the field K ((y)) is
(still) of uncountable transcendence degree over L. Let y, ..., ¥,—, be elements of K [y]
that are algebraically independent over L. We define

T:=L(y2,....yn—r)NK[y] and E:=OT)=L{»2, .-, Yn-r)-

The diagram below shows the prime ideals P and P; and the containments between the
relevant rings.
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R=K]y, 7]

P=({fj. &})R

D:=Kl[y, Z\][Z:)(z) Q(K[yl)=K[y][1/y]=K(»)
Pr=({fj.g})D

K[y]
E=9(T) =Ly ..., Yn—r)

T:=L(y, ..., Yn—r) NK[y]

L:=Q(S)=9(V(a))

S:=Q(V(A)NKI[y]

Q(V)
Vv
K[yl

Let P,:=PnN S[[Zl]][22](z). Since fi1,..., fr.&1,..-,8s € S[[Zlﬂ[Zﬂ(Z), we have
PR = P. Since P C (x1,...,x,)R = (Z)R, there is a prime ideal P in L[Z] that is
minimal over P,L[Z]. Since L[Z] is flat over S[Z], P N S[Z] = P,S[Z]. Note that
L[X] =L[Z]isthe (f1,..., fr)-adic (and the (Z)-adic) completion of L[Z][Z2](z)- In
particular,

L[Z\[Z2)/ (- ) = LIZ[Z]/ (frs oo 1)
and this also holds with the field L replaced by its extension field E.

Since L[Z]/P is a homomorphic image of L[Z]/(fi. ..., f), it follows that L[Z]/P
is integral (and finite) over L[Z;]. This yields the commutative diagram:

E[Z\] — E[z1][22]/ PE[Z]

L

L[Z\] — L[Z1][2.]/P
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with injective integral (finite) horizontal maps. Recall that E is the subfield of K((y))
obtained by adjoining y», ..., ¥4—r to the field L. Thus the vertical maps of (2.3.0) are
faithfully flat.

Letq:= (22— Y2215 -+ Zn—r — Yn—rZ1)E[Z1] € Spec(E[Z]) and let W be a minimal
prime of the ideal (P, q) E[Z]. Since

f],...,fr,ZZ_VZZ],...,anr — Yn—rZ1

is a regular sequence in T[Z], the prime ideal W := W N T[Z] has height n — 1. Let O
be a minimal prime of WK ((y))[Z] andlet Q := QNR.Then W =Q0NT[Z],PC QO C
ZR = XR, and pictorially we have:

(W) < 0 c K(O)[Z]

\
/(F,q)chE[[Z]]

R:=K]|y, Z]
P=({fj.&t}))RSQCR

W cT[Z]
(P,) € P CL[Z]

M ac E[Z1]
slZ] L[Z1][Z2](z)
% L[z]

Py = ({fj. &}) C S[Z1][Z2)(2)

D :=Kly, Z1][Z2](z)
Pr=({fj.&})DCD

Notice that q is a prime ideal of height n — r — 1. Also, since K ((y))[Z] is flat over
K[y,Z] = R, we have ht Q =n — 1 and dim(R/Q) = 2. We clearly have P, C W N
S1Z1][Z2])(z).

2.3.1. Claim. q N L[Z,] = (0).

To show this we argue as in [7]. Suppose that

h= ZHH‘L equ[[Zlm-',Zn—rﬂ,

meN

where H,, € L[z1, ..., 2z,—r] is a homogeneous polynomial of degree m:

i in—
Hm= Z C(,’)Zl ...Zn"_;,

[(@)|=m
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where (i) 1= (i1, ...,ip—r) e N"", ()| :=i1 + -+ +iy—r and c(;) € L. Consider the E-
algebra homomorphism 7 : E[Z;] — E[z1] defined by 7(z1) = z; and 7 (z;) = y;z; for
2 <i<n—r.Thenkerm = q, and for each m € N:

JT(Hm)=7T( Z C(i)zlll...z:f_;)z Z cirys: -Vl
[()|=m |@)|=m

and

w(h) = Z 7(Hy) = Z Z iy Ly,

meN meN|(i)|=m

Since h € q, w(h) = 0. Since 7 (k) is a power series in E[z;], each of its coefficients is
zero, that is, for each m € N,

Y com v =0

[@)|=m

Since the y; are algebraically independent over L, each c(;) = 0. Therefore & =0, and so
qN L[Z] = (0). This proves Claim 2.3.1.

Using the commutativity of the displayed diagram (2.3.0) and that the horizontal maps
of this diagram are integral extensions, we deduce that W N E[Z;] = q, and q N L[Z,] =
(0) implies W N L[Z;] = (0). We conclude that Q N S[Z] = P N S[Z] and therefore
ONRy=PNRy. O

We record the following corollary.

2.4. Corollary. Let K be a field and let R = K[y, X], where X = {x1,...,x,} and y are
independent variables over K. Assume P € Spec R is such that

i) P C(x1,...,xy)R and
(i) dim(R/P) > 2.

Then there is a prime ideal Q € Spec R so that
() PCOC(x1,...,x2)R,

(2) dim(R/Q) =2, and

3) PNOKIyIy[X]= 0N Kyl [X]-

In particular, PO K [x1,...,x,] = QN K][xy, ..., x,].

Proof. With notation as in Theorem 2.3, let V = K[y];). O
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3. Weierstrass implications for the ring B = K[X][Y]x,y)

As before K denotes a field, n and m are positive integers, and X = {xq, ..., x,}
and Y = {yi,..., ym} denote sets of variables over K. Let B := = K[X][Ylxx.y) =
K[xt, ..o, xu][y15 s Yml(xr,oooxnoy1,eym) - The completion of B is B=K[X,Y].

3.1. Theorem. With the notation as above, every ideal Q of B = K[X, Y] maximal with
the property that Q N B = (0) is a prime ideal of height n +m — 2.

Proof. Suppose first that Q is such an ideal. Then clearly Q is prime. Matsumura shows
in [7, Theorem 3] that the dimension of the generic formal fiber of B is at most n +m — 2.
Therefore ht Q <n +m — 2.

Now suppose P € SpecE is an arbitrary prime ideal of height r <n + m — 2 with
P N B = (0). We construct a prime Q € Spec§ with P C Q, QN B =(0), and ht Q0 =
n + m — 2. This will show that all prime ideals maximal in the generic fiber have height
n+m—2.

For the construction of Q we consider first the case where P € X B. Then there exists
a prime element f € P that contains a term 0 := yi' ooy where the i ;’s are nonnegative
integers and at least one of the i; is positive. Notice that m > 2 for otherwise with y = y; we
have f € P contains a term y'. By Weierstrass it follows that f = ge, where g € K[X][y]
is a nonzero monic polynomial in y and € is a unit of B. But g € P and g € B implies
P N B # (0), a contradiction to our assumption that P N B = (0).

For convenience we now assume that the last exponent i,, appearing in 6 above is pos-
itive. We apply a change of variables: y,, — t, := y,, and, for 1 <€ <m, let yp — t; :=
ye + trf, where the e, are chosen so that f, expressed in the variables 71, ..., t,,, contains
a term t,5,, for some positive integer ¢. This change of variables induces an automorphism
of B. By Weierstrass f = gih, where & is a unit in B and g1 €K[X,t1,. ., tm—1][tm] is
monic in t,. Set P = PN K[X,t1,...,tm—1]. If P € XK[X,11,...,tm—1], we stop the
procedure and take s =m — 1 in What follows. If Py £ XK[X,t,...,ty—1], then there
exists a prime element f € P; that contains a term ;7! - - - ,,_1/m—1, where the Ji’s are
nonnegative integers and at least one of the ji is positive. We then repeat the procedure
using the prime ideal P;. That is, we replace t1, ..., t,,—1 with a change of variables so
that a prime element of P; contains a term monic in some one of the new variables. After
a suitable finite iteration of changes of variables, we obtain an automorphism of B that re-

stricts to an automorphism of B and maps yi, ..., ym — 21, - . . , Zm - Moreover, there exist
a positive integer s < m — 1 and elements g1, ..., gu—s € P such that

g1€K[X,z1,-, zm=1]lzm] is monic in z,,,

2 €K[X,z1,.-sZm—2][zm—11 is monic in z,,_1, etc.,

gm—s € K[X,z1,...,2s][zs+1]  is monicin zgy1,

and such that, for R, := K[X, z1, ..., zs] and P; :== P N Ry, we have P; C X R;.



260 W. Heinzer et al. / Journal of Algebra 298 (2006) 248-272

As in the proof of Proposition 2.2 we replace the regular sequence g1, ..., gm—s by a
regular sequence fi, ..., fiu—s so that:
fl ERS[ZS-F]"'-va] iS moniCian,
/2 € Ry[Zs+1,---»2Zm—1] 1s monic in z,,_1, etc.,
Sm—s € Rslzs41] 1S monic in Zs41,

and (g1,..., 8m—s)B=(f1,..., fm—s)B.

Let G:=K[X,z1,.-.,2s][Zs+15 -+ -» Zm] = Rs[Zs+1, - - - » Zm]. By Proposition 2.2, P is
extended from G. Let q := P N G and extend fi, ..., fi,—s to a generating system of q,
say,q = (f1,..-, fm—s>h1,...,h)G. For integers k, £ with | <k <m —sand 1 <L <1,
express the f and hy in G as power series in B = K [z1][z2. - - ., zm] [X] with coefficients
in K[z1]:

i im - J1 J i im - J1 Ji
fk:zak(i)(j)ZZ ...z;’;’xl ...x,," and hﬂzzbﬂ(i)(j)zz ...Zln’l”xl ...xn”,

where ak(i)(j)vbf(i)(j) € K[z1], (i) = (i2,...,ip) and (j) = (ji,-.-, jn)- The set A =
{ak()(j)» be)(j)} is countable. We define V := K (z1, A) N K[z1]. Then V is a discrete
valuation domain with completion K [z1] and K ((z;)) has uncountable transcendence de-
gree over Q(V). Let Vs := V[X,z2,...,z5] € Ry. Notice that Ry = \Z, the completion
of V. Also f1,..., fm—s € Vslzs+1,---,2m] S G and (f1, ..., fimn—s)G N Ry = (0). Fur-
thermore the extension

VS = V[[X, 72, -"aZS]] — VS[ZH—Ia --~azm]/(f17 ""fM—S)

is finite. Set Py := PN V. Then P C XR; NV, = X V.
Consider the commutative diagram:

Ry :=K[X,z1,...,25] —— Rylzst1s---s2m]/(f1s---» fm—s)

| T

Vii=V[X, 22, .., 2] —— Vslzsq1, o zml/(fio o finms)-

The horizontal maps are injective and finite and the vertical maps are completions.

The prime ideal q := PRg[zs41,---»2m]/(f1,---» fiu—s) lies over P in R;. By as-
sumption Py C (X)Rs and by Theorem 2.3 there is a prime ideal Qs of R such that
P C Qs C(X)Rs, Qs NVy = Py N Vs = Py, and dim(R/Qs) = 2. There is a prime ideal
Q in Ry[[zss1s---»2m]/(fis-- . fn_s) lying over Qs with @ € Q by the “going-up theo-
rem” [8, Theorem 9.4]. Let Q be the preimage in B= K[X,z1,...,zm] of Q. We show
the rings and ideals of Theorem 3.1 below.
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§:K[[X, Y]]ZK[[X,ZI,H',ZmH:RS[[ZS+17"'7Z"1]]
(q, 95)BC Q
P¢XB
G :=Rglz5+1, -, 2Zml
q:=PNG
q=({fi.h;})G

ﬁ¢RS ::K[[Xazl,---,Zs]]
PSEQSCRS
P,:=PNR,C XR,

Vi =V[X,22,...,2] V=K[z]
Py:=PNYV;

V:=K(z1,A)NK]Jzi]

Then Q has height n +s — 2 +m — s =n + m — 2. Moreover, from diagram (3.1.1),
it follows that Q and P have the same contraction to V[zs+1, ..., Zn]. This implies that
O N B = (0) and completes the proof in the case where P € X B.

In the case where P C X§, let hy,...,h; € B be a finite set of generators of P,
and as above, let by(y(j) € K[z1] be the coefficients of the /¢’s. Consider the count-
able set A = {by(;)(j)} and the valuation domain V := K(z1, 4) N I/(:[[Z]]]. Set Pp:= PN
VI[X,z2,...,zm]- By Theorem 2.3, there exists a prime ideal Q of B = K[X,z1,...,2Zm]
of height n 4 m — 2 such that P C Q and

ONV[X,z2,....zu]| =PNV[X,22,...,2m] = Po.

Therefore Q N B = (0). This completes the proof of Theorem 3.1. O

4. Weierstrass implications for the ring C = K[Y]y)[X]

As before K denotes a field, n and m are positive integers, and X = {x,..., x,}
and Y = {y1,..., ym} denote sets of variables over K. Consider the ring C = K[y,
s Ymlonse ) [X1, - oo 20 ] = K[Y1(y)[X]. Then the completion of C is C = K[Y, X].

4.1. Theorem. With notation as above, let Q € Spec C be maximal with the property that
ONC=(0). ThenhtQ=n+m — 2.
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Proof. Let B = K[X][Y]x.y) C C. If P € SpecC = SpecB and P N C = (0), then
PN B=(0),soht P <n+m—2by Theorem 3.1. Consider a nonzero prime P € Spec C
with PNC=0)and htP=r <n+m —2.If P C XC then Theorem 2.3 implies the
existence of Q € Specé withht Q =n+m — 2 suchthat P C Q and 9 N C = (0).
Assume that P is not contained in XC and consider the ideal J := (P, X )6 . Since C
is complete in the X C-adic topology, [9, Lemma 2] implies that if J is primary for the
maximal ideal of C. , then P is extended from C. Since we are assuming P N C = (0),
J is not primary for the maximal ideal of C and we have htJ =n + s < n + m, where
O<s<m.Let We Specf be a minimal prime of J such that ht W =n + 5. Let Wy =
W N K[Y]. Then W = (Wo, X)C and Wy is a prime ideal of K [Y] with ht Wy = s. By
Proposition 2.2 applied to K [Y] and the prime ideal W € Spec K [Y], there exists a change

of variables Y — Z with y| — z1, ..., ym > Z;y and elements f1, ..., fs € Wy so that with
Z1={z1,...,2Zm—s}, We have

f1 € K[Z1][zm—s+1»---»2Zm] iS monic in z,,,

f2 € K[Z1][zm—s+1»---»Zm—1] 1S monic in z,,_1, etc.,

fs € K[Z1][zm-s+1] is monic in z;,—g41.

NOW Z1,...,Zm—s, f1,---, fs is a regular sequence in K[Z] = K[Y]. Let T = {tm—s+1,
..., 1y} be a set of additional variables and consider the map:

(p:K[[Z1,Tﬂ—>K[[Z],...,Zm]]

defined by z; > z; forall 1 <i <m —sand t,—;4+1 +— f; forall 1 <i <s.The embedding
¢ is finite (and free) and so is the extension to power series rings in X:

0:K[Z1, T][X] = K[z1.....zu][X] =C.

Since W € Spec@ is of height n + s, so is its contraction p~ (W) € SpecK[Zy, T, X].
Moreover ,o_l(W) contains (T, X)K[Z;, T, X], a prime ideal of height n 4 s. There-
fore p~!' (W) = (T, X)K[Z1, T, X]. By construction, P € W which yields that p~!(P) C
(T, X)K|[Z,,T, X].

To complete the proof we construct a suitable base ring related to C. Consider the
expressions for the f;’s as power series in 22, . . ., z,, with coefficients in K [z1]:

i2 i
fi=Y ajnzs -2,

where (i) :=(i2,...,im), 1 < j <s,a54) € K[z1]. Also consider a finite generating sys-
tem gi,..., g, for P and expressions for the gy, where 1 < k < g, as power series in
22y » Zms X1, - - -, Xy With coefficients in K [z1]:

i im L
gk = Zbk(i)(f)zl; .. .Z;lell .. .xﬁ”,
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where (i) 1= (i2, ..., im), (€) == (L1, ..., £y), and brgy(e) € K [z1]. We take the subset A =
{aj iy, brye) of K[z1] and consider the discrete valuation domain:

V:=K(z1,A) NK][z1].
Since V is countably generated over K (z1), the field K ((z1)) has uncountable transcen-

dence degree over Q(V) = K (z;, A). Moreover, by construction the ideal P is extended
from V[z2, ..., zn][X]. Consider the embedding:

w : V[[ZZ, ceeslm—ss Tﬂ — V[[ZZ» ey Zm]]’
which is the restriction of ¢ above, so that z; — z; forall2 <i <m —sand t,,_;j4+1 — f;

foralli with 1 <i <s.
Let o be the extension of i to the power series rings:

o:V]za, -y zm—s, T][X] = V]z2, ..., zm][X]
with o (x;) = x; forall i with 1 <i <n.

Notice that p defined above is the completion ¢ of the map o, that is, the extension of
o to the completions. Consider the commutative diagram:

K21, T][X] —="— K[Z][X] = C

| e

Viza, . zmes: TIX] —— Vza, ... 2] [X]

where & = p is a finite map.

Recall that p~' (W) = (T, X)K[Z, T, X], and so p~'(P) C (T, X)K[Z;, T, X] by
Diagram 4.1.0. By Theorem 2.3, there exists a prime ideal Qg of the ring K[Z;, T, X]
such that p~1(P) € Qp, ht Q9 =n +m — 2, and

QoN V[[ZL <oy lm—s> T]]HX]] = pil (P)N V[[ZZ, <oy Zm—s> T]][[X]]
By the “going-up theorem” [8, Theorem 9.4], there is a prime ideal Q € Spec C that lies
over Qo and contains P. Moreover, Q also has height n + m — 2. The commutativity of
diagram (4.1.0) implies that
Pr:=PNV[za,....2m-s, T][X] S O1:=0NV]z2, ..., zZm—s, T][X].

Consider the finite homomorphism:

rViza, oo zm=s][Tlzy, 0 [X] = Vz2. .- Zm—s][zm—s+1s - - - Zm)(2) [X]
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(determined by t; — f; for 1 <i < m) and the commutative diagram:

o

Viza, ... zm=s[T][X] Viza, .-\ zm][X]

! !

s
V[[ZZ, ceey Zm—s]][T](Zl,T) [[X]] — V[[Z27 cees Zm—s]][zm—s+1a cees Zm](Z) [[X]]

Since QN V]z2, ..., zm—s, T][X] = PN V]z2,...,zZm—s, T][X] and since A is a finite
map we conclude that

Ql m VHZZ’ L) mes]][szerl: sy Zm](Z) [[X]]

=P N V[ZZ, cees Zmﬂ[szs%la .. 'azm](Z)[[Xﬂ~

Since C C V([z2, ..., Zm—sZm—s+1s - - - » Zml(z) [ X], we obtain 0NC = PNC = (0). This
completes the proof of Theorem 4.1. O

4.2. Remark. With B and C as in Sections 3 and 4, we have
B:K[[X]][Y](X’Y)L)K[Y](Y)[[X]]ZC and E:K[[X, Yﬂ=6.

Thus for P € Spec K[X, Y], if PN C = (0), then P N B = (0). By Theorems 3.1 and 4.1,
each prime of K [X, Y] maximal in the generic formal fiber of B or C has height n +m — 2.
Therefore each P € Spec K [X, Y] maximal with respect to P N C = (0) is also maximal
with respect to P N B = (0). However, if n +m > 3, the generic fiber of B < C is nonzero
[4], so there exist primes of K [X, Y] maximal in the generic formal fiber of B that are not
in the generic formal fiber of C.

5. Subrings of the power series ring K [z, ¢]

In this section we establish properties of certain subrings of the power series ring K [z, ]
that will be useful in considering the generic formal fiber of localized polynomial rings over
the field K.

5.1. Notation. Let K be a field and let z and ¢ be independent variables over K. Consider
countably many power series:

@i ()= aiz’ € K[g]

J=0
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with coefficients a;x € K. Let s be a positive integer and let w1, ... ., ws € K [z, t]] be power
series in z and ¢, say:

o 00
w; = Z,B,'jtj, where B;;(z) = Zb,’jkzk € K[z] and bijk € K,
j=0 k=0

for each i with 1 <i <s. Consider the subfield K (z, {«;}, {8i;}) of K((z)) and the discrete
rank-one valuation domain

V =Kz, {o;}, {Bij}) N K[2].

The completion of V is V= K|[z]. Assume that wi,...,w, are algebraically inde-
pendent over Q(V)(¢) and that the elements w,4p, ..., s are algebraic over the field
Q(V) (¢, {wi}i_,). Notice that the set {a;} U {B;;} is countable, and that also the set of
coefficients of the o; and B;;

A= {a;j} U {bjji}

is a countable subset of the field K. Let Ky denote the prime subfield of K and let F
denote the algebraic closure in K of the field Ko(A). The field F is countable and the
power series o; (z) and B;;(z) are in F[z]. Consider the subfield F(z, {e;}, {8i;}) of F((2))
and the discrete rank-one valuation domain

Vo= F(z, (), {Bij}) N Fz].

The completion of Vj is Vo = F[z]. Since Q(Vp)(¢) € Q(V)(¢), the elements wy, ..., w,
are algebraically independent over the field Q(Vp)(¢).

Consider the subfield Ey := Q(Vo)(t, w1, ..., w,) of Q(Vy[t]) and the subfield E :=
QV)(t, w1, ...,w,) of Q(V[t]). A result of Valabrega [11] implies that the integral do-
mains:

Dy:=EyNWV[t] and D:=ENV][t] (5.1.1)

are two-dimensional regular local rings with completions Do = F[z,¢] and D = K [z, 1],
respectively. Moreover, Q(Dg) = Ej is a countable field.

5.2. Proposition. Let Dy be as defined in 5.1. Then there exists a power series y € zF|z]
such that the prime ideal (t — y)F[z,t] N Do = (0), i.e., (t — y)F[z,t] is in the generic
formal fiber of Dy.

Proof. Since Dy is countable there are only countably many prime ideals in Dy and since
Dy is Noetherian there are only countably many prime ideals in Dy=F [z, ] that lie over a
nonzero prime of Dy. There are uncountably many primes in F [z, ¢], which are generated
by elements of the form ¢ — o for some o € zF[z]. Thus there must exist an element
y € ZF[z] with (t — y)F[z,t]N Do = (0). O
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For w; = w; (1) = Z;"’;O ,Bijtj asin 5.1 and y an element of zK [z], let w; (y) denote the
following power series in K [z]:

wi(y)=Y By’ €K[z].
j=0

5.3. Proposition. Let D be as defined in (5.1.1). For an element y € zK|[z] the following
conditions are equivalent:

() (¢t —y)K][z,t] N D =(0).
(ii) The elements y,w1(y), ..., w,(y) are algebraically independent over Q(V).

Proof. (i) = (ii). Assume by way of contradiction that the set {y, w1 (y), ..., w,(y)} is
algebraically dependent over Q(V') and let d(t) € V be finitely many elements such that

> dpyor () () y R =0
®

is a nontrivial equation of algebraic dependence for y, w1 (y), ..., o, (y), where each (k) =
(k1....kq, kr11) is an (r 4 1)-tuple of nonnegative integers. It follows that

Zd(k)wlf‘ ...wlr"tk*“ € (t—y)K[z,t] N D = (0).
(k)

Since wi, . .., w, are algebraically independent over Q(V)(¢), we have d(x) = 0 for all (k),
a contradiction. This completes the proof that (i) = (ii).
(ii)) = (1). If (t — y)K [z, ] N D # (0), then there exists a nonzero element

T= Zd(k)a)lf' ...wf’tk’“ et —y)K[z,t]NVI[t,w1,..., o]
(k)

But this implies that

(y) = Zd(k)wl ()/)k' . ..wr(y)kfyk“f’ =0.
(k)

Since y, w1(y), ..., w,(y) are algebraically independent over Q(V), it follows that all the
coefficients d() = 0, a contradiction to the assumption that 7 is nonzero. O

Let y € zF[z] be as in Proposition 5.2 with (t — ) F[z, t] N Dy = (0). Then:

5.4. Proposition. With notation as above, we also have (t — y)K [z,t] N D = (0), that is,
(t — y)K |z, 1] is in the generic formal fiber of D.



W. Heinzer et al. / Journal of Algebra 298 (2006) 248-272 267

Proof. Let {t;};c; be a transcendence basis of K over F and let L := F({t;};cs). Then K
is algebraic over L. Let {«;}, {B;j} C F[z] be as in 5.1 and define

Vi=L(z, {ei}, {Bij}) "L[z] and D;=Q(V)(t,w1,...,w,) N L[z, 1].

Then V; is a discrete rank-one valuation domain with completion L[z] and D is a two-
dimensional regular local domain with completion D, = L[z, t]. Note that Q(V) and
Q(D) are algebraic over Q(V}) and Q(D)), respectively. Since (t — y)K [z, t] N L[z, t] =
(t — y)L[z,1], it suffices to prove that (t — y)L[z,t] N D; = (0). By Proposition 5.3, it
suffices to show that y, w(y), ..., w,(y) are algebraically independent over Q(V;). The
commutative diagram

{;} algebraically ind.
F[z] L[]

T transcendence basis {f;} T

Q(Vo) (V1)

implies that the set {y, w{(y), ..., w-(y)} U {t;} is algebraically independent over Q(Vj).
Therefore {y, w1(y),...,w,(y)} is algebraically independent over Q(V;), which com-
pletes the proof of Proposition 5.4. O

5.5. Remark. We remark that with w,1, ..., w; algebraic over Q(V)(wy,...,w,;) as
in 5.1, if we define

D:=Q(V)(t, wi,...,w5) N V[t],

then again by Valabrega [11], D is a two-dimensional regular local domain with completion
K[z, t]. Moreover, Q(D) is algebraic over Q(D) and (¢t — y)K|[z,t] N D = (0) implies
that (¢t — y)K [z, 1] N D = (0).

6. Weierstrass implications for the localized polynomial ring A = K[X]x)

Let n be a positive integer, let X = {x1, ..., x,} be a set of n variables over a field K,
and let A := K[x1,...,X3](x,,...x,) = K[X](x) denote the localized polynomial ring in

o~

these n variables over K. Then the completion of A is A = K [X].

.....

6.1. Theorem. For the localized polynomial ring A = K[X](x) defined above, if Q is an
ideal of A maximal with respect to Q N A = (0), then Q is a prime ideal of height n — 1.

Proof. Again it is clear that Q as described in the statement is a prime ideal. Also the
assertion holds for n = 1. Thus we assume n > 2. By Proposition 5.4, there exists a nonzero
prime p in K [x1, x2]] such that p N K[x1, x2](x,,x,) = (0). It follows that p;\\ﬂ A = (0).
Thus the generic formal fiber of A is nonzero.
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Let P € SpecK be a nonzero prime ideal with PN A = (0) andht P =r <n — 1. We
construct Q € Spec A of height n — 1 with P € Q and Q N A = (0). By Proposition 2.2,

there exists a change of variables x| — zy, ..., x, > z, and polynomials
fie K[[le cee Zn—rﬂ[zn—r—i-lz s 2] monic in z,,
f2€Kzi,---s zn—r][Zn—rt1>--->»2n—1] monic in z,_1, ete.,
freKzi, .. zn—r]lzn—rs1] MONIcC in z;—r+1,
so that P is a minimal prime of (f1, ..., f;)A and P is extended from

R:= K[[Zl’ sy Zn—r]][zn—r+1a ey Znl
Let Pp:= P N R and extend f1, ..., f; to a system of generators of Py, say:

Po=(f1,---, fr 81, 8)R.

Using an argument similar to that in the proof of Theorem 2.3, write

fi= ) 4@z and ge= ) bz
(i)eNr—1 (i)eNr—1

where a; (), b, i) € K[z1]. Let
Vo := K (21, aj,aiy, bi,(i)) N K [z1]-

Then Vj is a discrete rank-one valuation domain with completion K [z1], and K((z;))
has uncountable transcendence degree over the field of fractions Q(Vy) of Vj. Let
Y3, ..., Yn—r € K[z1] be algebraically independent over Q(Vy) and define

q:= (23 — 322,24 — Y422+ - - -, Zn—r — Yu—r22)K[z1, ..., Z0—r].

We see that q N Vp[z2,...,zs—r] = (0) by an argument similar to that in [7] and in
Claim 2.3.1. Let Ry := W[z, .-, Zn—r][2n—r+1, - - -» 2n], let P; := P N Ry and consider
the commutative diagram:

K[[Z15"'5Zn—rﬂ - R/PO

| |

Volzas ... zn—r] — R1/ Py

The horizontal maps are injective finite integral extensions. Let W be a minimal prime of
(q, P)A. Then ht W =n — 2 and q N Vo[z2, .-, zn—r] = (0) implies that W N R; = P;.
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We have found a prime ideal W € SpecX such that htW =n —2, WN A = (0) and
P C W. Since fi,...,fr € W and since A = K[z1,...,2,] is the (fi1,..., fy)-adic

completion of Kzi,...,zn—r][Zn—r+1,--->2n], the prime ideal W is extended from
K[[Zl yeees Zn—r]][zn—r—i-l s Znl
We claim that W is actually extended from K [z;, z2][z3, ..., z,]. To see this let g €
WNKJ[z1,--s zZn—r[2Zn—r+1, - - -, 2] and write:
g = Za(i)Z;n:;ill ce Zizn € K[[Z] s ey anr]][Zrzfr+] PR Zn]’
@)
where the sum is over all (i) = (iy—r, ..., i) and ag) € K[z1, ..., zn—]. For all ag) by

Weierstrass we can write
agy = (Zn—r — Yn—r22)h@) + qa),
where hy € K[z1,...,2,—] and g4y € K[z1, ..., za—r—1]. If n — r > 3, we write
q) = @n—r—1 = Ya—r—122)h{;y + q(;)»
where h/(i) € K[z1,...,2n—r—1] and qéi) € K|[z1,...,zn—r—2]. In this way we replace a
generating set for W in K[z1, ..., za—r][2Zn—r+1,---,2n] by a generating set for W in

K[z1, 22]lz3, - - -, znl-
In particular, we can replace the elements fi, ..., f; by elements:

hy € K[z1, 22][z35 - -+ 2ul monic in z,,,

hy € K|z1,z2][z3, - - -» Zn—1] monic in z,_1, etc.,

hy € K[z1,22][23 ..., Zn—r41]  monicin z,_,41,

and set hy41 =23 — V322, ..., hn—2 = Zn—r — Yn—rZ22, and then extend to a generating set
h] s ey hn+.v—2 for

Wo =W N K|z, z2][z3, - - -, 2n]

such that WyA = W. Consider the coefficients in K [z1] of the A je

i in
hj = ch(i)z22 . ..Z;,
@)

with ¢y € K[z1]. The set {c;(;} is countable. Define

V= QVo)({eji}) N K [z1].
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Then V is a rank-one discrete valuation domain that is countably generated over K [z1](;,)
and W is extended from V[z2](z3, ..., 21]-
We may also write each /; as a polynomial in z3, . .., z, with coefficients in V[z;]:

hi = Za)(l‘)zl; ...Zi,”
with gy € V[z2] € K|[z1, z2]. By the result of Valabrega [11], the integral domain
D := Q(V)(z2. {w@®)}) N K [z1, z2]
is a two-dimensional regular/\local domain with completion D=K [z1, z2]. Let Wy :=
W N DJzs,...,z,]. Then Wi A = W. We have shown in Section 5 that there exists a prime
element g € K[z1, z2] with ¢K[z1, z2] N D = (0). Consider the finite extension

D — Dlz3,...,z,1/ W1.

Let Q € Spec;l\be a minimal prime of (g, W)/T. Since ht W=n—-2andg ¢ W, htQ =
n — 1. Moreover, P € W implies P C Q. We claim that

QOND[z3,...,z2,] = W) and therefore Q N A = (0).

To see this consider the commutative diagram:

K[z1,z2] —— K|z1,...,za]/ W

| |

D ——— Dlz3,....z21/ W)

which has injective finite horizontal maps. Since ¢ K [z1,z2] N D = (0), it follows that
O N DJz3,...,z,] = Wj. This completes the proof of Theorem 6.1. O

7. Generic fibers of power series ring extensions

In this section we apply the Weierstrass machinery from Section 2 to the generic fiber
rings of power series extensions.

7.1. Theorem. Let n > 2 be an integer and let y, x1, ..., X, be variables over the field K.
Let X = {x1, ..., xn}. Consider the formal power series ring Ry = K [X] and the extension
R; <> Ri[y] = R. Let U = Ry \ (0). For P € Spec R such that P N\ U = we have:

(1) If P € XR, then dim(R/P) =n and P is maximal in the generic fiber U~'R.
(2) If P C XR, then there exists Q € Spec R such that P C Q, dim(R/Q) =2 and Q is
maximal in the generic fiber U~'R.
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If n > 2 for each prime ideal Q maximal in the generic fiber U™'R, we have

dim(R/Q) = {n and Ry — R/ Q is finite, or

2, and Q C XR.
Proof. Let P € Spec R be such that P N U = @ or equivalently P N Ry = (0). Then R
embedsin R/P.If dim(R/P) < 1, then the maximal ideal of R generates an ideal primary
for the maximal ideal of R/ P. By [8, Theorem 8.4] R/ P is finite over R, and so dim R =
dim(R/P), a contradiction. Thus dim(R/P) > 2.

If P £ XR, then there exists a prime element f € P that contains a term y* for some
positive integer s. By Weierstrass, it follows that f = ge, where g € K [X][y] is a nonzero
monic polynomial in y and € is a unit of R. We have fR =gR C P is a prime ideal and
R1 < R/gR is a finite integral extension. Since P N R} = (0), we must have gR = P.

If P C XR and dim(R/P) > 2, then Theorem 2.3 implies there exists Q € Spec R such
that dim(R/Q) =2, PC Q C XRand PN R; = (0) = QN Ry, and so P is not maximal
in the generic fiber. Thus Q € Spec R maximal in the generic fiber of R; < R implies that
the dimension of dim(R/ Q) is 2, or equivalently thatht 0 =n — 1. O

7.2. Theorem. Let n and m be positive integers, and let X = {x1,...,x,} and Y =
{¥1, ..., ym} be sets of independent variables over the field K. Consider the formal power
series rings Ry = K[X] and R = K[X, Y] and the extension Ry — Ri[Y] = R. Let
U = R1\ (0). Let Q € Spec R be maximal with respect to Q NU = 0. If n =1, then
dim(R/Q) =1 and Ry — R/ Q is finite.

If n > 2, there are two possibilities:

(1) Ry = R/Q is finite, in which case dim(R/Q) =dim Ry =n, or
(2) dim(R/Q) =2.

Proof. First assume n = 1, and let x = x1. Since Q is maximal with respectto QNU =@,
for each P € Spec R with Q C P we have P N U is nonempty and therefore x € P. It
follows that dim(R/ Q) = 1, for otherwise,

Q:ﬂ{P|PeSpecR and Q C P},

which implies x € Q. By [8, Theorem 8.4], R| < R/ Q is finite.

It remains to consider the case where n > 2. We proceed by induction on m. Theo-
rem 7.1 yields the assertion for m = 1. Suppose Q € Spec R is maximal with respect
to Q NU =@. As in the proof of Theorem 7.1, we have dim(R/Q) > 2. If Q C
(X, ¥15---, ym—1)R, then by Theorem 2.3 with Ry = K[y ](y,)[X, ¥1, ..., Ym—1], there
exists Q' € Spec R with Q € Q’, dim(R/Q’) =2,and Q N Ry = Q' N Ry. Since R; C Ry,
we have Q' N U = @. Since Q is maximal with respect to Q NU = @, we have Q = Q’, so
dim(R/Q) =2.

Otherwise, if Q € (X, y1,..., Ym—1)R, then there exists a prime element f € Q that
contains a term y;, for some positive integer 5. Let Ry = K[X, y1, ..., ym—1]. By Weier-
strass, it follows that f = ge, where g € Ry[y;;] is @ nonzero monic polynomial in y,, and
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€ is a unit of R. We have fR = gR C Q is a prime ideal and R» < R/gR is a finite inte-
gral extension. Thus Ry /(Q N Ry) < R/ Q is an integral extension. It follows that Q N R,
is maximal in R, with respect to being disjoint from U. By induction dim(R;/(Q N R»))
is either n or 2. Since R/ Q is integral over R2/(Q N Ry), dim(R/Q) iseithern or2. O

7.3. Remark. In the notation of Theorem 1.1, Theorem 7.2 proves the second part of the
theorem, since dimR =n + m. Thus if n = 1, ht Q = m. If n > 2, the two cases are (i)
ht Q =m and (ii) ht Q =n +m — 2, as in (a) and (b) of Theorem 1.1.

Using the TGF terminology discussed in the introduction, we have the following corol-
lary to Theorem 7.2.

7.4. Corollary. With the notation of Theorem 7.2, assume P € Spec R is such that R| —
R/P =: S is a TGF extension. Then dim S =dim Ry =n or dim S =2.
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