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a b s t r a c t

Natural cavitation is defined as the formation of vapor bubbles in a flow due to the
pressure falling below the liquid’s vapor pressure. The inception of the cavitation bubble is
influenced by a lot of aspects, such as impurities, turbulence, liquid thermal properties,
etc. In this paper, the exact difference method (EDM) and the Carnahan–Starling real-
gas equation of state (EOS) are coupled in the Shan–Chen multiphase lattice Boltzmann
model, which is validated as being suitable for simulating high liquid/vapor density ratio
multiphase flows. The 2D cavitation ‘‘bubble’’ growth is simulated under a quiescent
and shear flow in the inception stage. Besides yielding the large density ratio, the real-
gas EOS also leads to apparently different compressibilities for liquid and vapor. The
results agree with Rayleigh–Plesset predictions much better than those of a previous
publication [X. Chen, Simulation of 2D cavitation bubble growth under shear flow by lattice
Boltzmann model, Communications in Computational Physics 7 (2010) 212–223]. In the
meantime, a comparison is conducted for single-bubble behavior under different shear
rates, with reduced temperature T/Tcritical = 0.6891 and relaxation time τ = 1.0. The
simulation results show that the cavitation bubble deformation is consistent with the
bubble dynamics, D ∝ Ca, where D and Ca are the bubble deformation and the capillary
number respectively. The shear rate hardly influences the bubble growth rate.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Natural cavitation is defined as the phenomenon of the formation of vapor bubbles in a flow due to the pressure falling
below the liquid’s vapor pressure, which can cause degradation of fluid machinery performance [1,2] and drag reduction for
high speed underwater vehicles [3]. In the past few decades, numerous efforts have contributed to the study of cavitation
bubble inception [4,5], which can be treated as the initial condition for the bubble evolution. However, study shows that
the cavitation inception is very complex. It is influenced by the number and qualities of the nuclei in the liquids, the flow
structure, thermodynamic parameters, etc. Different inception forms were found, including the bubble band, bubble ring,
traveling bubble, traveling patch, fixed patch, and developed attached cavitation [4].

In addition to the experimental and scaling analysis, numerical simulation is conducted widely as a powerful tool for
cavitation study. Vortmann et al. [6] applied the volume of fluid method coupled with thermodynamic models to predict
typical effects of cavitations. By the finite volume method, Chau et al. [7] studied the hydrodynamic characteristics of
foils. Particular emphasis was placed by Kunz et al. [8] on solving two-phase Reynolds averaged Navier–Stokes equations
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(RANS), including the prediction strategy, flux evaluation, limiting strategies etc. Senocak and Shyy [9] applied a
pressure–velocity–density coupling scheme to handle the large density ratio cavitating flow. In these classical partial
differential equation based numerical simulations, two major obstacles must be overcome. The first one is establishing the
numerical scheme. Because phase properties, such as density and viscosity, vary steeply across the interface, the numerical
schemes should be designed carefully to prevent nonphysical oscillations. Limiting strategies, filtering techniques and/or
sophisticated interface updating algorithms should be applied. Secondly, the phase transition model should be postulated
correctly according to the thermodynamic fundamentals.

In recent decades, lattice Boltzmann methods (LBM) have emerged as attractive CFD methods, based on the mesoscale
particle dynamics [10–12]. Some sophisticated flow phenomena, such as interfacial flow and reactive flow, are simulated
successfully by theparticlemethod,where theparticlemotion is simply divided into ‘‘collision’’ and ‘‘stream’’ loops. Shan and
Chen [13] postulated a long range interaction, by which the liquid phase transition and interfacial tension were simulated
perfectly. Swift et al. [14] coupled the Cahn–Hilliard free energy formula with the LBM. Phase separation and two-phase
flow modeling were validated as being feasible. The key issue of the two models is reproducing the non-ideal gas EOS.
So far, multiphase LBM have been applied in many fields [15,16], and large density ratio models attract great attention.
For instance, Yuan and Schaefer [17] compared different EOSs applied in the Chen–Shan model. Excellent performance of
Carnahan–Starling EOSs is proved in multiphase flow simulations with the density ratio over 103. Kupershtokh et al. [18]
recently improved the maximum ratio to be 107 by coupling a proper EOS with the Zhang–Chen approach [19]. The model
is also applied in dielectric liquid discharge simulations [20].

On the other hand, there are a fewLBMsimulationswith a phase transition. Zhang andChen [19] simulated the thermody-
namicmultiphase flowwith the liquid–vapor density ratio of 3. In 2005, Sukop andOr [21] validated the capability of the LBM
to simulate the cavitation problems using the Shan–Chen model. 2D bubble evolution (growth or collapse) was reported.
Chen [22] simulated the cavitating bubble growth with the LBM in both quiescent and shear flows, where the results are
compared with the Rayleigh–Plesset equation. However, in the latter work, the density ratio of the two phases was limited.

In this paper, the Carnahan–Starling real-gas EOS is applied to obtain a high density ratio liquid–vapor system. The goal
of this paper is to demonstrate the feasibility of using the LBM in qualitative cavitation simulations, which can be regarded as a
starting point for future work.

With this model, we also intend to study the 2D cavitation bubble growth under shear flow during its inception stage,
which is often lacking in traditional numerical simulations. The scientific definition of the inception is adopted in our work,
which means initial rapid growth of vapor-filled and gas-filled bubbles as a consequence of hydrodynamic forces [4]. In the
situation of shear flow, the results are compared with the quiescent case in order to analyze the shear flow influences.

The rest of the paper is organized as follows. In Section 2, the Shan–Chen multiphase LBM method coupled with the
Carnahan–Starling equation of state is introduced briefly. The exact difference method (EDM) is applied in the forcing
term treatment. The flow domain setup is described in this section as well. In Section 3, the parameter setting and bubble
growth under quiescent and shear flow are analyzed, and are compared with Rayleigh–Plesset and bubble dynamic models
respectively. Conclusions are drawn in Section 4.

2. Mathematical models and the computational domain

2.1. Lattice Boltzmann model

A crucial idea of the lattice Boltzmann model is that both the location and velocity of the particles are discretized (see
Fig. 1). The typical LB equation is presented as

fi(x + ei1t, t +1t)− fi(x, t) = −
1
τ

· (fi(x, t)− f eqi (x, t))+1fi, (1)

where fi (i = 0, 1, . . . , b) denotes the particle velocity distribution function along the ith direction, f eqi the corresponding
local equilibrium distribution satisfying the Maxwell distribution. x, ei are the lattice site coordinates and the particle
velocities towards the nearest neighbor sites respectively. b is the number of the neighbors. The lattice Boltzmann equation
implies two kinds of particle operations, streaming and collision. On the left hand side of Eq. (1), particles jump from the
local site, x, to its nearest neighbor sites, x+ei1t , in each time step,1t ≡ 1. On the right hand side, the collision leads to loss
or gain of the particles with velocity of ei. After collision, the velocity distribution will relax to an equilibrium distribution,
f eqi . τ is the collision relaxation time.1fi is the body force term which will be discussed in the Section 2.2.

In this study, the D2Q9 model is applied, which is depicted in Fig. 1. The equilibrium velocity distribution reads

f eqi (x, t) = wiρ(x)
[
1 + 3

ei · u
c2

+
9
2
(ei · u)2

c4
−

3
2
u2

c2

]
, (2)

where the weightswi are 4/9 for the rest particles (i = 0), 1/9 for i = 1, 2, 3, 4, and 1/36 for i = 5, 6, 7, 8 (as in Fig. 1). u, c
are the macrovelocity and the lattice speed respectively. The corresponding macrovariables are defined as

ρ =

8−
i=0

fi (3)
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Fig. 1. Schematic diagram for the D2Q9 model.

ρu =

8−
i=0

(fi · ei) (4)

ν = (2τ − 1) /6 (5)

where ρ, p and ν denote density, pressure and kinematic viscosity, respectively. For the typical LBM, the ideal gas equation
of state is valid, i.e. p = ρ/3.

2.2. The Shan–Chen model with the Carnahan–Starling EOS

According to Shan and Chen’s multiphase model [13], long range interactions (or forces) between fluid particles result
in non-ideal gas effects. The forces actually lead to phase separation, for both single and multiple components, if they are
large enough. In our D2Q9 model, this is given by

F = −Gψ(x, t)
8−

i=1

wiψ(x + ei1t, t)ei, (6)

where G is the interaction strength, with G < 0 representing attractive forces, and ψ the effective density. However, the
improper force term treatment will lead to relaxation time dependency of the density pairs. The exact difference method
(EDM) is proven to result in τ -independent density pairs [18], where the force contribution in Eq. (1) is expressed as

1fi = f eqi (ρ,u +1u)− f eqi (ρ,u) , (7)

where 1u = F1t/ρ. The simplified pressure is then obtained after correlating Eq. (1) with Navier–Stokes equations by
Chapman–Enskog expansion [13]:

p = ρc2s +
G

6


ψ(ρ)2


, (8)

which is a non-ideal gas EOS. According to the critical point condition (as pointed out later), a critical value of Gc can be
obtained. For G < Gc , at a single pressure, two densities of the same material can coexist, namely, phase aggregation. The
interfacial tension, which stems from inter-molecular forces, could be evaluated simply through the pressure difference
across a circular interface.

Instead of givingψ directly, it can be calculated from several different existing EOSs according to Eq. (8) [17,23], namely,

ψ(ρ) =


6(p − ρc2s )

G
. (9)

The EOS could be the Carnahan–Starling real-gas EOS (C–S EOS),

p̃ = cρ̃T̃
1 + bρ̃ + bρ̃2

− bρ̃3

(1 − bρ̃)3
− aρ̃2 (10)
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Fig. 2. Coexistence curves (τ = 1.0). �: LBM simulation (C–S EOS); curve: Maxwell equal-area rule prediction.

or others, such as vdW, R–K EOSs etc. Dimensionless variables are used in Eq. (10) (p̃ =
p
pc
, T̃ =

T
Tc
, ρ̃ =

ρ

ρc
, where Tc, pc, ρc

are the corresponding values at the critical point). To satisfy the critical point conditions,

p̃ = 1, ρ̃ = 1, T̃ = 1,

∂ p̃
∂ρ̃


T̃

= 0,

∂2p̃
∂ρ̃2


T̃

= 0

the parameters are calculated as

a = 3.852462257, b = 0.1304438842, c = 2.785855166.

It is demonstrated that a large density ratio could be obtained by using the Shan–Chen model with a proper EOS [17]. In
this paper, we adopt Eq. (10), and the temperature T̃ = 0.5831, 0.6361, 0.6891 respectively. With τ = 1.0, a density
ratio of 50–200 is captured successfully. It is worthy of noting that G becomes unimportant in this case; for this, the only
requirement is to ensure that the whole term inside the square root of Eq. (9) is positive.

To check the feasibility of the model, the binodal curve is first plotted as in Fig. 2, where the curve is predicted by
the Maxwell equal-area rule. LBM simulation is qualitatively good for the prediction, especially for the liquid density. The
basic assumptions for the Rayleigh–Plesset equation include negligibly low density of vapor and that the bubble pressure
(saturated vapor pressure) only depends on the temperature. In thiswork, the EOS only plays roles during the bubble growth
indirectly through the interfacial tension. Therefore, the errors for EOS are tolerable.

2.3. The computational domain

In thiswork, the computational domains, 3500×3500 and 500×400 (δx = δy ≡ 1), are set for bubble growth simulation
in quiescent and shear flow, respectively (as shown in Fig. 3). The former is large enough to suppress the boundary reflected
waves, and the latter is only used to produce a large enough shear rate under the low Mach number assumption. In both
domains, the upper and lower boundaries are imposed on constant velocities, which have the same values but opposite
directions (vB = 0 and ±0.02, ±0.05, ±0.08, ±0.1 respectively). The Zou–He boundary condition model [24] is applied
on these two sides. The constant density/pressure is imposed on the left and right boundaries. The value of the boundary
density is set following Sukop’s procedure [25]. For a certain fluid, the equilibrium phase densities (ρL and ρv for liquid and
vapor respectively) are computed in the flat-interface liquid–vapor system with the periodic boundary condition first (the
subscripts L and v denote liquid and vapor in the rest of the paper). The density boundary condition (ρBound) is then set with
values lower than ρL by 0.5% (lower than the critical pressure for cavitation).

With proper parameters, the bubble will collapse if the initial size is smaller than Rcrt = 4 due to the large interfacial
tension. To catch the influence of the shear flow on the bubble growth, Rinitial > 5 is chosen. The initial density distribution
in the domain is set to ρB = ρv inside the bubble and ρout = ρBound = ρL ·99.5% outside the bubble. The velocity is initialized
with a fully developed shear flow profile (as in Fig. 3), and the velocity distribution function, fi, is calculated through Eq. (2).

3. Results and discussion

Themajor purpose of this paper is to study the cavitating bubble growth in both quiescent and shear flows for high density
ratio liquid–vapor pairs. To obtain the proper initial and boundary conditions and the liquid properties, a computational
domain of 1000 × 1000 (δx = δy ≡ 1) with periodic boundary conditions is adopted, which is believed to result in the
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Fig. 3. Computational domain.

same results as the larger domain. The equilibrium density is obtained for a flat-interface liquid–vapor system, while the
interfacial tension, σ = (pin − pout) · Rbubble, is obtained for circular ones, where pin, pout and Rbubble are pressures inside and
outside the bubble and the bubble radius, respectively.

According to the results, τ = 1.0 is chosen in all cases. Three temperatures, T̃ = 0.5831, 0.6361 and 0.6891, are tested
for quiescent cases, to give a full validation of the feasibility of the method. For the shear flows, T̃ = 0.6891 is chosen and
the corresponding density ratio (ρ̃v = 0.040, ρ̃L = 2.706) is large enough to satisfy the assumption of the Rayleigh–Plesset
equation.

3.1. Bubble growth in quiescent liquid

It is well known that Rayleigh–Plesset equation predicts spherical bubble growth precisely. Chen [22] calculated the
Rayleigh–Plesset equation under the condition of 2D, which is proved to be boundary condition sensitive:

ln
 r∞

R


·

Ṙ2

+ RR̈

−

Ṙ2

2
−

2µL

ρLR
Ṙ +

σ

ρLR
=

pB − p∞

ρL
(11)

where R is the bubble radius, r∞ the far field boundary location, µL the liquid’s viscosity, pB and p∞ the pressures in the
bubble and at infinity respectively. One of the major assumptions of the Rayleigh–Plesset equation is that the liquid density
is greatly larger than the vapor density [1]; therefore, it is supposed that the low liquid–vapor density ratio leads to several
kinds of simulation errors, as in Chen’s work [22].

In Fig. 4, the simulated results are plotted with T̃ = 0.5831, 0.6361, 0.6891 (with corresponding initial density ratios
200, 77, 50 roughly). During the whole process, they agree quite well with the theoretical predictions from Eq. (11), which
are obtained by the Runge–Kutta method. Here, the exact values of the parameters, like ρL, σ , µL, p∞, pB (the measured
value is lower than p(ρv) by 2%), measured from the simulations, are applied in the equation (the equation should be true
for any fundamental units). As in the simulation, r∞ = 1750 is applied to Eq. (11). The initial conditions for the prediction,
R0 and Ṙ0, are measured through the LB simulations at time = 180 to eliminate the errors caused by the initial density
relaxation procedure.

As in Eq. (11), the bubble growth is mainly driven by the pressure difference between the inside and outside of the
bubble, and the mass transition influence can be neglected under the condition of large density ratio. Therefore, the EOS
only influences the procedure through the interfacial tension theoretically (the liquid density is predefined according to the
boundary condition).

3.2. Bubble growth in shear flow

The nonspherical cavitation bubble inception plays important roles in wake cavitation, where high shear rate flow
couples with vortex evolution. Moreover, bubble deformation in a second immiscible liquid is full of scientific and technical
values [26]. In this section, we focus on the bubble growth in pure shear flow. To produce large enough shear rates, the
domain is set as 400×500 in this section and the initial bubble size as 5. Although itwill cause some errors, such as boundary
reflected pressure waves, the shear rate effects can be highlighted here. And the cavitation bubble has undergone shear flow
with the shear rate Gs =

vB
h , where h is the gap size between the upper and lower walls. In this section, T̃ = 0.6891, τ = 1.0

and the density ratio ρL
ρv

= 46.
A typical bubble growth sequence is shown in Fig. 5.
For the procedures, two parameters may be worth comparing: the deformation and the growth rate. Following

Rallison [26], it is usual to define a dimensionless deformation D by
D = (l − b)/(l + b) (12)
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Fig. 4. Bubble growth in quiescent liquid. Comparison of the lattice Boltzmann simulation (LB simulated) and Rayleigh–Plesset equation predictions (RP
prediction). The initial conditions for RP predictions are measured through the computed results, where: T̃ = 0.5831: Rt=180 = 21.36, Ṙt=180 = 0.0047;
T̃ = 0.6361: Rt=180 = 21.55, Ṙt=180 = 0.0046; T̃ = 0.6891: Rt=180 = 21.15, Ṙt=180 = 0.0038.

Fig. 5. Snapshots of bubble deformation in shear flow. Gs = 5 × 10−4 . The interval between frames is 200 steps.

Fig. 6. The relationship between deformation, D, and capillary number, Ca. The simulation results are fitted by a linear relationship (dashed line).

where l and b are the largest and smallest distances from the bubble center to the interface, respectively. The deformations
for all shear rates and time instants are plotted in the Fig. 6. Here, the vapor and liquid interface is defined at ρ̃ = 1.338,
which equals ρ̃v+ρ̃L

2 when t = 100.
In the Fig. 6, Ca = µLGsa/σ is the capillary number, which denotes the ratio of the shear force to the interfacial tension.

The length scale a is set as 0.5 · (l + b). The linear relationship between Ca and D implies that, in the inception stage, the
viscous and interfacial tension effects dominate over the bubble deformation, which is typical for small scale flow [26].
Compared to using the original Shan–Chen model [22], in applying this method, the densities relax fast at the beginning
stage of inception, and the fitting line of the points passes through the coordinate origin (dashed line in Fig. 6).

Comparing to setting ψ directly and the lower density ratio cases [22], Fig. 7 shows much smaller differences among
the bubble growth speeds with various shear rates. Chen’s work showed roughly 1.0% of bubble volume discrepancy at
time = 800, while Fig. 7 shows about 0.3%, where the bubble volume is defined as the area in the domain with density
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Fig. 7. Bubble growth in shear flow.

smaller than 1
2 · (ρ̃v + ρ̃L). The small influence of deformation (or shear flow) on the bubble growth stems from the fact that

the cavitating bubble growth is driven by the pressure difference [1].

4. Conclusions

In this paper, we simulate the cavitating bubble growth in rest and shear flows with the Shan–Chen single-component
multiple-phase lattice Boltzmann model. The C–S equation of state is applied to obtain the proper density ratio and
compressibility for liquid and vapor. The EDM is utilized to treat the force term, which results in a more precise binodal
curve. The feasibility of the model is validated. The conclusions can be drawn as follows:

• By applying the C–S EOS with proper constants, the real-gas effects can be achieved. The contribution is twofold. Both
the high density ratio for the liquid–vapor pair and the liquid–vapor compressibility difference lead to a more precise
prediction for cavitating bubble growth in a quiescent environment.

• In shear flow, the bubblewill be stretched and the deformationD ∝ Ca,which is consistentwith normal bubble dynamics.
Although the shear rate, or Ca, could lead to different bubble deformation, it hardly influences the bubble growth rate
according to the simulations.

• The 2D cavitating bubble growth is boundary condition sensitive, which is proved from both the Rayleigh–Plesset
equation and LBM predictions.
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