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Abstract

We define the property(E.A) for single-valued and multivalued mappings and introduce the no
of T -weak commutativity for a hybrid pair(f,T ) of single-valued and multivalued maps. We obt
some coincidence and fixed point theorems for this class of maps and derive, as applica
approximation theorem.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Sessa [11] introduced the concept of weakly commuting maps. Jungck [3] defin
notion of compatible maps in order to generalize the concept of weak commutativit
showed that weakly commuting mappings are compatible but the converse is not tr
In recent years, a number of fixed point theorems have been obtained by various authors
utilizing this notion. Jungck further weakens the notion of compatibility by introducing
the notion of weak compatibility and in [4] Jungck and Rhoades further extended we
compatibility to the setting of single-valued and multivalued maps. Pant [6–9] initiated th
study of noncompatible maps and introduced pointwiseR-weak commutativity of map
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pings. He also showed that for single-valued mappings pointwiseR-weak commutativity
is equivalent to weak compatibility at the coincidence points. In [12,13] Shahzad ga
plication of R-weakly commuting mappings in best approximation theory. Recently
author and Shahzad [15] and Singh and Mishra [16] have independently extended t
of R-weak commutativity to the setting of single- and multivalued mappings. In [16] S
and Mishra also introduced the notion of(IT )-commutativity for a hybrid pair of single
valued and multivalued maps and showed that a pointwiseR-weakly commuting hybrid
pair need not be weakly compatible [16, Example 1]. However, at the coincidence p
pointwiseR-weak commutativity for hybrid pairs is equivalent to(IT )-commutativity.
More recently, Aamri and El Moutawakil [1] defined a property(E.A) for self maps and
obtained some fixed point theorems for such mappings under strict contractive conditions
The class of(E.A) maps contains the class of noncompatible maps.

The aim of this paper is to extend the property(E.A) for a hybrid pair of single- and
multivalued maps and to generalize the notion of(IT )-commutativity for such pairs. W
obtain some coincidence and fixed point theorems for hybrid pairs. Our results e
Theorem 2.6 in [1], to multivalued case. As anapplication, we derive an approximatio
result.

2. Preliminaries

Let X be a metric space with metricd . Then, for x ∈ X and A ⊆ X, d(x,A) =
inf{d(x, y): y ∈ A}. We denote by CB(X) the class of all nonempty bounded closed s
sets ofX. Let H be the Hausdorff metric with respect tod , that is,

H(A,B) = max
{

sup
x∈A

d(x,B), sup
y∈B

d(y,A)
}

for everyA,B ∈ CB(X).

Definition 2.1 [5]. Maps f :X → X and T :X → CB(X) are said to be compatible
f T x ∈ CB(X) for all x ∈ X andH(fT xn,Tf xn) → 0 whenever{xn} is a sequence inX
such thatT xn → A ∈ CB(X) andf xn → t ∈ A.

Therefore the mapsf :X → X and T :X → CB(X) are noncompatible iff T x ∈
CB(X) for all x ∈ X and there exists at least one sequence{xn} in X such thatT xn →
A ∈ CB(X) andf xn → t ∈ A but limn→∞ H(fT xn,Tf xn) �= 0 or nonexistent.

Definition 2.2 [4]. Mapsf :X → X andT :X → CB(X) are weakly compatible if the
commute at their coincidence points, i.e., iff T x = Tf x wheneverf x ∈ T x.

Definition 2.3 [2,16]. Maps f :X → X and T :X → CB(X) are said to be(IT )-
commuting atx ∈ X if f T x ⊆ Tf x.

Definition 2.4 [15]. Mapsf :X → X andT :X → CB(X) are said to beR-weakly com-
muting if, for givenx ∈ X, f T x ∈ CB(X) and there exists some positive real numbeR

such thatH(fT x,Tf x) � Rd(f x,T x).
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Definition 2.5 [1]. Mapsf :X → X andg :X → X are said to the satisfy the proper
(E.A) if there exists a sequence{xn} in X such that limn→∞ f xn = limn→∞ gxn = t ∈ X.

We now state the following theorem due to [1] for convenience.

Theorem 2.6 [1]. Letg andf be two weakly compatible mappings of a metric space(X,d)

such that

(i) g andf satisfy the property(E.A),
(ii) for all x �= y ∈ X

d(gx,gy) < max
{
d(f x,fy),

[
d(gx,f x) + d(gy,fy)

]
/2,[

d(gy,f x) + d(gx,fy)
]
/2

}
,

(iii) gX ⊂ f X.

If gX or f X is a complete subspace ofX, theng andf have a unique common fixed poi

3. Main results

We begin with the following definition.

Definition 3.1. Mapsf :X → X andT :X → CB(X) are said to satisfy the property(E.A)

if there exists a sequence{xn} in X, somet ∈ X andA ∈ CB(X) such that

lim
n→∞ f xn = t ∈ A = lim

n→∞ T xn. (1)

Example 3.2. Let X = [1,∞) with the usual metric. Definef :X → X, T :X → CB(X)

by f x = x + 1 andT x = [1, x + 2] for all x ∈ X. Consider the sequence{xn} = {1/n}.
Clearly

lim
n→∞ f xn = 1 ∈ [1,2] = lim

n→∞ T xn.

Thereforef andT satisfy property(E.A).

Example 3.3. Let X = [2,∞) with the usual metric. Definef :X → X, T :X → CB(X)

by f x = x andT x = {2x} for all x ∈ X. Suppose that the property(E.A) holds; then there
exists inX a sequence{xn} such that for somet ∈ X andA ∈ CB(X)

lim
n→∞ f xn = t ∈ A = lim

n→∞ T xn.

Then limn→∞ xn = t , A = {2t} and obviouslyt /∈ A. Thusf and T do not satisfy the
property(E.A).

Theorem 3.4. Letf be a self map of the metric space(X,d) andT be a map fromX into
CB(X) such that
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(i) f andT satisfy the property(E.A),
(ii) for all x �= y ∈ X

H(T x,Ty) < max
{
d(f x,fy),

[
d(f x,T x) + d(fy,T y)

]
/2,[

d(fy,T x) + d(f x,T y)
]
/2

}
. (2)

If f X be a closed subset ofX, thenf andT have a coincidence point.

Proof. By virtue of (1), there exist a sequence{xn} in X, t ∈ X andA ∈ CB(X) such that

lim
n→∞ f xn = t ∈ A = lim

n→∞ T xn.

Sincef X is closed, we have limn→∞ f xn = f a for somea ∈ X. Thust = f a ∈ A. We
claimf a ∈ T a. If not, then condition (2) implies

H(T xn,T a) < max
{
d(f xn,f a),

[
d(f xn,T xn) + d(f a,T a)

]
/2,[

d(f a,T xn) + d(f xn,T a)
]
/2

}
.

Taking the limit asn → ∞, we obtain

H(A,T a) � max
{
d(f a,f a),

[
d(f a,A) + d(f a,T a)

]
/2,[

d(f a,T a) + d(f a,A)
]
/2

}

� d(f a,T a)/2.

Sincef a ∈ A, it follows from the definition of Hausdorff metric that

d(f a,T a) � d(f a,T a)/2,

which is a contradiction. Hencef a ∈ T a. �
Example 3.5. Let X = [1,∞) with the usual metric. Definef :X → X, T :X → CB(X)

by f x = x2 andT x = [1, x + 1] for all x ∈ X. Thenf andT satisfy the property(E.A)

for the sequence{1+ 1/n}n∈N and

H(T x,Ty) < d(f x,fy) � max
{
d(f x,fy),

[
d(f x,T x) + d(fy,T y)

]
/2,[

d(fy,T x) + d(f x,T y)
]
/2

}
.

Thus all conditions of Theorem 3.4 are satisfied and 1= f 1 ∈ T 1.

Since a noncompatible hybrid pair(f,T ) satisfy property(E.A), we have the following

Corollary 3.6. Letf be a self map of the metric space(X,d) andT be a map fromX into
CB(X) such that

(i) f andT are noncompatible,
(ii) for all x �= y ∈ X

H(T x,Ty) < max
{
d(f x,fy),

[
d(f x,T x) + d(fy,T y)

]
/2,[

d(fy,T x) + d(f x,T y)
]
/2

}
.

If f X be a closed subset ofX, thenf andT have a coincidence point.
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Definition 3.7. Let T :X → CB(X). The mapf :X → X is said to beT -weakly commut-
ing atx ∈ X if ff x ∈ Tf x.

Here we remark that for hybrid pairs(f,T ), (IT )-commuting at the coincidence poin
implies thatf is T -weakly commuting but the following example shows that the conv
is not true in general.

Example 3.8. Let X = [1,∞) with the usual metric. Definef :X → X, T :X → CB(X)

by f x = 2x andT x = [1,2x + 1] for all x ∈ X. Then for allx ∈ X, f x ∈ T x, ff x =
4x ∈ [1,4x + 1] = Tf x, f T x = [2,4x + 2] � Tf x. Thereforef is T -weakly commuting
but notIT -commuting also note thatf andT are not weakly compatible. Moreover,
{xn} is a sequence inX such thatxn → 1. Then limn→∞ f xn = 2 ∈ [1,3] = limn→∞ T xn

and limn→∞ H(fT xn,Tf xn) = 1. Therefore the mappingsf andT are not compatible
Furthermore,f andT satisfy property(E.A).

Remark 3.9. (i) If T is a single-valued mapping, thenT -weak commutativity at the coin
cidence points is equivalent to the weak compatibility.

(ii) It is known [7] that pointwise weak commutativity is a minimal condition for t
existence of fixed points.

Theorem 3.10. Letf be a self map of the metric space(X,d) andT be a map fromX into
CB(X) such that

(i) f andT satisfy the property(E.A),
(ii) for all x �= y ∈ X

H(T x,Ty) < max
{
d(f x,fy),

[
d(f x,T x) + d(fy,T y)

]
/2,[

d(fy,T x) + d(f x,T y)
]
/2

}
,

(iii) f is T -weakly commuting atv andff v = f v for v ∈ C(f,T ) := set of coincidence
points off andT .

If f X be a closed subset ofX, thenf andT have a common fixed point.

Proof. By Theorem 3.4, there existt, a ∈ X such thatt = f a ∈ T a. From this, andff v =
f v for v ∈ C(f,T ), we havet = f t andT commutativity off at a further implies that
t = f t ∈ T t . �
Example 3.11 [10, p. 266]. Let X = [0,∞) with the usual metric. Definef :X → X,
T :X → CB(X) by f x = x andT x = [0, x2/(x + 1)] for all x ∈ X. Then

(i) condition (2) is satisfied sinceH(T x,Ty) < d(x, y) for all x �= y ∈ X,
(ii) f andT satisfy property(E.A) for the sequence{xn} = {1/n} in X,
(iii) f is T weakly commuting at the coincidence point.
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Thus all conditions of Theorem 3.10 are satisfied and 0 is the common fixed poinf

andT .

Remark 3.12. The conclusions of Theorem 3.4, Corollary 3.6 and Theorem 3.10 re
valid if we assume thatT (X) is closed instead off (X) provided thatT X ⊆ f (X).

The problem of obtaining invariant approximations for non-commuting maps was
sidered first time by Shahzad [12,13]. Recently, Shahzad [14] introduced the class
R-subweakly commuting multimaps. It is worth mentioning that the concept ofR-subweak
commutativity is a useful tool for obtaining the existence of invariant approxima
for a hybrid pair of maps. Our next result complements the work of Shahzad [12
Let S be a subset of a normed spaceX. ThenS is calledp-star-shaped if there exis
p ∈ S such that for eachx ∈ S, the segment joiningx to p is contained inS, that is
(1 − k)p + kx ∈ S for all x ∈ S and all realk with 0 � k � 1. Supposêx ∈ X. The set
PS(x̂) = {y ∈ S: ‖y − x̂‖ = d(x̂, S)} is called the set of best approximants tox̂ ∈ X out
of S. The set of fixed points off :X → X (respectivelyT :X → CB(X)) is denoted by
F(f ) (respectivelyF(T )). The set of coincidence points off andT is represented b
C(f,T ).

Definition 3.13 [14]. Let f :S → S andT :S → CB(S). SupposeS is p-star-shaped with
p ∈ F(f ). Then the pair{f,T } is calledR-subweakly commuting if for allx ∈ S, f T x ∈
CB(S) and there existsR > 0 such that

H(Tf x,f T x) � Rd(f x,Aλx)

for everyλ ∈ [0,1], whereAλx = (1− λ)p + λT x.

Theorem 3.14. SupposeS be subset of a normed spaceX and letf :X → X andT :X →
CB(X) be such that̂x ∈ F(f ) ∩ F(T ). Suppose that

(i) f andT areR-subweakly commuting onPS(x̂),
(ii) H(T x,Ty) � ‖f x − fy‖ for all x, y ∈ PS(x̂) ∪ {x̂},
(iii) f is affine continuous onPS(x̂) and‖ff x − f x‖ � d(f x,T x) for all x ∈ PS(x̂),
(iv) f andAλ satisfy the property(E.A) for each0� λ � 1.

If PS(x̂) is nonempty, compact,p-star-shaped withp ∈ F(f ), T -invariant andf (PS(x̂)) =
PS(x̂), thenPS(x̂) ∩ F(f ) ∩ F(T ) �= ∅.

Proof. Choose a sequence of real numbers{kn} (0� kn < 1) converging to 1. For eachn,
define a sequence of mapsAn by

Anx = (1− kn)p + knT x =
⋃

y∈T x

(1− kn)p + kny for eachx ∈ PS(x̂).

SincePS(x̂) is p-star-shaped, for eachn, An :PS(x̂) → CB(PS(x̂)). Also An(PS(x̂)) ⊂
PS(x̂) = f (PS(x̂)) for eachn. Sincef is affine onPS(x̂), it follows from theR-subweak
commutativity off andT that
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H(Anf x,fAnx) � knH(Tf x,f T x) � knRd(f x,Anx)

for all x ∈ PS(x̂). This implies that for eachn, An andf commute at their coincidenc
points and sof is An-weakly commuting atv andff v = f v for v ∈ C(f,T ) ⊂ PS(x̂).
Also

H(Anx,Any) � knH(T x,Ty) � kn‖f x − fy‖ < ‖f x − fy‖
for all x �= y ∈ PS(x̂).

In view of (iv), we havef andAn satisfy(E.A) for eachn. By Theorem 3.10, ther
existsxn ∈ PS(x̂) such that

xn = f xn ∈ Anxn, for eachn.

SincePS(x̂) is compact,{xn} has a convergent subsequence{xm} with xm → z ∈ PS(x̂) as
m → ∞. Sincef is continuous,z = f z. SinceT is continuous,km → 1 asm → ∞ and
xm ∈ Amxm = (1 − km)p + kmT xm, it follows thatz ∈ T z. As a resultPS(x̂) ∩ F(f ) ∩
F(T ) �= ∅. �
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