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Abstract

The general relation between the standard expansion coefficients and the beta function for the QCD coupling is exactly derived in a m
cally strict way. It is accordingly found that an infinite number of logarithmic terms are lost in the standard expansion with a finite order, a
lost terms can be given in a closed form. Numerical calculations, by a new matching-invariant coupling with the corresponding beta fu
four-loop level, show that the new expansion converges much faster.
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It is of crucial importance to consider the renormalizat
group (RG) scale dependence of the strong coupling, in o
to have full consistency in QCD and its applications[1,2]. As is
well known, the QCD running couplingα = αs/π = g2/(4π2)

satisfies the RG equation

(1)u
dα

du
= −

∞∑
i=0

βiα
i+2 ≡ β(α),

where theβ function was calculated to one-loop level in QC
more than thirty years ago[3], to two-loop in Ref.[4], to three-
loop in Ref. [5], and to four-loop in Ref.[6], in the minimal
subtraction scheme[7]. It can be expressed as polynomials
the number of flavorsNf , i.e., βi(Nf) = ∑

j�0 βi,jN
j

f . The
color factorβi,j is presently available to 4-loop level, i.e.,

(2)[βi,j ] =




11
2 −1

3 0 0
51
4 −19

12 0 0
2857
64 −5032

576
325
1728 0

β3,0 β3,1 β3,2
1093
93312



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with β3,0 = 891ζ3/32 + 149753/768≈ 228.4606573,β3,1 =
−1627ζ3/864 − 1078361/20736 ≈ −54.26788763, β3,2 =
809ζ3/1296+ 50065/20736≈ 3.164758128, whereζ is the
Riemann zeta function, andζ2 = π2/6, ζ3 ≈ 1.202056903,
ζ4 = π4/90, ζ5 ≈ 1.036927755. In this Letter, all color fac
tors are given forNc = 3. Comparing the beta expressions h
with those in Ref.[6], one would find a difference by a facto
of 22i+1.

In practical applications, it is convenient to have an
plicit expression of theα as a function of the renormalizatio
point u. The standard approach is to expand it to a serie
L = 1/ ln(u2/Λ2), whereΛ is the QCD scale parameter. How
ever, how the expansion coefficients are connected to the
function is not generally known, though one can find the re
tion to order 3 in Ref.[8], and to order 4 in Ref.[9]. In this
Letter, the general relation between the expansion coeffic
and the beta function is provided. It is accordingly found t
an infinite number of known logarithmic terms are lost in
standard expansion with a finite order, and these lost terms
be given in a closed form. Numerical calculations, by a n
matching-invariant coupling with the corresponding beta fu
tion to four-loop level, show that the new expansion, with
lost terms included, converges much faster.
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To solve Eq.(1), let us define

(3)β́(α) ≡ β2
0

β1

[
1

β(α)
− β1

β2
0α

+ 1

β0α2

]
.

With the series expression forβ(α) in Eq. (1), one can easily
get an explicit expression

(4)β́(α) =
∑∞

j=0(β0βj+2/β1 − βj+1)α
j∑∞

i=0 βiαi
,

which indicates that́β(α) is analytic atα = 0, and can thus b
expanded to a Taylor series as

(5)β́(α) =
∞∑

k=0

β́kα
k.

The expansion coefficientśβk can be obtained from the norm
mathematical formula

(6)β́k = 1

k!
dk

dαk
β́(α)

∣∣∣∣
α=0

.

Another easy way to obtain these coefficients is to use the
cursive relation

(7)β́k = βk+2

β1
− βk+1

β0
− 1

β0

k−1∑
l=0

βk−l β́l ,

with the obvious initial conditiońβ0 = β2/β1 − β1/β0.
Let L = 1/ ln(u/Λ), where Λ is a dimensional parame

ter, then Eq.(1) becomes−L2 dα
dL

= β(α), or −dL

L2 = dα
β(α)

=
[− 1

β0α
2 + β1

β2
0α

+ β1

β2
0
β́(α)]dα. Integrating this equation give

1
L

− C′ = 1
β0α

+ β1

β2
0

lnα + β1

β2
0

∫ α

0 β́(x)dx, or

(8)1− C′L = L

β0α
+ β1

β2
0

L lnα + β1L

β2
0

∞∑
k=1

β́k−1

k
αk,

whereC′ is the constant of integration.
Let α = L

β0
Y(L), then

(9)
1

Y
+ L∗ lnY +

∞∑
k=1

β̀kL
∗k+1

Y k = 1− CL∗ − L∗ lnL,

whereL∗ ≡ (β1/β
2
0)L, C ≡ (β2

0/β1)C
′ − lnβ0, and

(10)β̀k ≡ 1

k

(
β0

β1

)k

β́k−1.

The graved beta functioǹβk can be easily obtained from th
expression for the acute beta functionβ́k in Eq. (6) or (7), and
here are the results:

(11)β̀1 = −1+ β̇0β̇2, β̀2 = 1/2− β̇0β̇2 + (1/2)β̇2
0β̇3,

(12)β̀3 = −1

3
+ β̇0β̇2 − 1

3
β̇2

0

(
2β̇3 + β̇2

2

) + 1

3
β̇3

0β̇4,
-

β̀k�4 = (−1)k

k
+ (−1)k−1β̇0β̇2

+ 1

k

k−4∑
s=1

[
(−1)s β̇k−s−2

0

×
2∑

r=0

(
s+r∏
p=1

lp−1−1∑
lp=s+r−p+1

)
B

(r)
l,s

s+r−1∏
q=0

β̇lq−lq+1

]

+ β̇k−2
0

k

[
β̇l0 +

k−2∑
l1=1

(β̇l1+1 + β̇2β̇l1)β̇l0−l1

+
k−2∑
l1=2

l1−1∑
l2=1

β̇l0−l1β̇l1−l2β̇l2+2

]

(13)− β̇k−1
0

k

(
β̇k +

k−2∑
s=0

β̇l0−s β̇s+2

)
+ β̇k

0β̇k+1

k
,

wherel0 = k − 1, B(0)
l,s = β̇ls , B

(1)
l,s = β̇ls+1+1 + β̇2β̇ls+1, B

(2)
l,s =

β̇ls+2+2, andβ̇i = βi/β1 (i = 0,1,2, . . .).
Now suppose we have a solution of the form

(14)Y(L) =
∞∑
i=0

i∑
j=0

fi,jL
∗i lnj L,

then

(15)
1

Y
= 1

f0,0
+

∞∑
i=1

i∑
j=0

(
i∑

k=1

(−1)k

f k+1
0,0

k⊔
1,0

fi,j

)
L∗i lnj L,

(16)L∗ lnY =
∞∑
i=2

i−1∑
j=0

(
i−1∑
k=1

(−1)k−1

kf k
0,0

k⊔
1,0

fi−1,j

)
L∗i lnj L,

(17)

∞∑
k=1

β̀kL
∗k+1

Y k =
∞∑
i=2

i−2∑
j=0

(
i−j∑
k=2

β̀k−1

k−1⊔
0,0

fi−k,j

)
L∗i lnj L,

where the square cup operator,
⊔

, has been defined in th
appendix. Substituting these expressions into Eq.(9), we can
obtain all fi,j by comparing the corresponding coefficien
of L∗i lnj L. For (i, j) = (0,0), (1,0), and (1,1), we have
f0,0 = 1, f1,0 = C, f1,1 = 1. For i � 2 andj = i, we have∑i

k=1(−1)k
⊔k

1,0 fi,i = 0, which givesfi,i = 1. And for i � 2
andj = i − 1, we get

(18)
i∑

k=1

(−1)k
k⊔

1,0

fi,i−1 +
i−1∑
k=1

(−1)k−1

k

k⊔
1,0

fi−1,i−1 = 0,

whose solution isfi,i−1 = iC + ∑i−1
l=1(i/ l − 1).

For i � 2 and 0� j � i − 2, we have

fi,j =
i∑

k=2

(−1)k
k⊔

1,0

fi,j +
i−1∑
k=1

(−1)k−1

k

k⊔
1,0

fi−1,j

(19)+
i−j−1∑

β̀k

k⊔
fi−k−1,j .
k=1 0,0



G.X. Peng / Physics Letters B 634 (2006) 413–418 415

er

effi

no

00.

ned
Please note, there are only terms offi′<i,j ′<j on the right-hand
side of this equation. Therefore, it is a recursive relation. H
are the solution to order 5:

(20)f2,0 = C2 + C + β̀1,

(21)f3,0 = C3 + 5

2
C2 + (3β̀1 + 1)C + β̀1 + β̀2,

(22)f3,1 = 3C2 + 5C + 3β̀1 + 1,

f4,0 = C4 + (13/3)C3 + (6β̀1 + 9/2)C2

(23)+ (7β̀1 + 4β̀2 + 1)C + 2β̀2
1 +

3∑
i=1

β̀i ,

(24)f4,1 = 4C3 + 13C2 + (12β̀1 + 9)C + 7β̀1 + 4β̀2 + 1,

(25)f4,2 = 6C2 + 13C + 6β̀1 + 9/2,

. . . .

These correspond to the standard form in Ref.[8] at order 3,
and agree to that in Ref.[9] at order 4, i.e.,

α(u) = 1

β0 ln(u/Λ)

{
1− β1 ln ln(u/Λ)

β2
0 ln(u/Λ)

+ β2
1

β4
0 ln2(u/Λ)

[(
ln ln

u

Λ
− 1

2

)2

+ β0β2

β2
1

− 5

4

]

− β3
1

β6
0 ln3(u/Λ)

[(
ln ln

u

Λ
− 5

6

)3

− β2
0β3

2β3
1

+ 233

216

(26)+
(

3
β0β2

β2
1

− 49

12

)
ln ln

u

Λ

]}
.

To give a general representation for the expansion co
cientsfi,j , introduce a set of new functions̄βi by the recursive
relation

(27)

β̄i =
i−1∑
k=1

[
(−1)k−1

(
k+1⊔

1

β̄i + 1

k

k⊔
1

β̄i−1

)
+ β̀k

k⊔
0

β̄i−k−1

]
.

From the initial conditionsβ̄0 = 1 andβ̄1 = C, one can easily
get all β̄i from Eq.(27). If C = 0, for example, we have

(28)β̄0 = 1, β̄1 = 0, β̄2 = β̀1, β̄3 = β̀1 + β̀2,

(29)β̄4 =
3∑

i=1

β̀i + 2β̀2
1, β̄5 =

4∑
i=1

β̀i + 9

2
β̀2

1 + 5β̀1β̀2,

(30)β̄6 =
5∑

i=1

β̀i + 5β̀3
1 + 15

2
β̀2

1 + 11β̀1β̀2 + 6β̀1β̀3 + 3β̀2
2,

. . . .

Please note, even when one sets allβi>2 to zero, noβ̄k>2 will
be zero. This is one of the most important reason for us to k
the general relation betweenfi,j and the beta function.
e

-

w

It is found thatfi,j satisfies

(31)fi,j =
i−j∑
k=0

fi−j,k

j∑
l=0

(i − l)!
(i − j)!(j − l)!

k⊔
0

Φl,

where
⊔k

0 Φl are the Taylor coefficients of lnk(1 + x), i.e.,
lnk(1+ x) = ∑∞

l=0(
⊔k

0 Φl)x
l = (

∑∞
l=0 Φlx

l)k = (
∑∞

l=1
1
l
xl)k .

Accordingly we haveΦ0 = 0, Φl�1 = 1/l,
⊔0

0 Φl = δl,0,⊔k
0 Φ0 = δk,0,

⊔1
0 Φl = Φl , and

(32)
k�2⊔

0

Φl�1 =
(

k−1∏
s=1

l−k+s−∑k−1
q=1 pq∑

ps=1

)
1

l − ∑k−1
q=1 pq

k−1∏
s=1

1

ps

.

One can naturally consider to prove Eq.(31) by mathemat-
ical induction. We have numerically checked it to order 1
Now we directly use it to give an expression forfi,j , i.e.,

(33)fi,j =
i−j∑
k=0

P
(i)
j,kβ̄k,

whereP
(i)
j,k can be obtained by repeatedly using Eq.(31). For

k = i − j andk = i − j − 1, it is easy to get

(34)

P
(i)
j,i−j = i!

j !(i − j)! , P
(i)
j,i−j−1 = i − j

(i − j)!
j∑

l=1

(i − l)!
(j − l)!l .

Generally fork = i − j − l or l = i − j − k, careful derivations
give

P
(i)
j,k = Q(i, j, l)Q(i − j, l,0)

+
l−1∑
r=1

{(
r∏

p=1

l−1−∑p−1
q=1 sq∑

sp=1

)[
Q(i, j, s1)

×Q
(

i − j −
r−1∑
q=1

sq, sr , l −
r∑

q=1

sq

)

×Q
(

i − j −
r∑

q=1

sq, l −
r∑

q=1

sq,0

)

(35)×
r−1∏
p=1

Q
(

i − j −
p−1∑
q=1

sq, sp, sp+1

)]}
,

whereQ is a function of three non-negative integers and defi
by

(36)Q(i, j, k) ≡ 1

(i − j)!
j∑

l=0

(i − l)!
(j − l)!

k⊔
0

Φl.

For a giveni, one can regardP (i) = [P (i)
j,k] as a matrix of

order i + 1. The specially simple elements are:P
(i)
j,k>i−j = 0,

P
(i)
0,k = δk,i , P

(i)
1,k = k + 1,P (i)

i,k = δk,0, P
(i)
i−1,0 = ∑i−1

s=1(i/s − 1),

P
(i)
i−1,1 = i. Here are theP (i) matrix for i from 0 to 4:

P (0) = [1], P (1) =
[

0 1
1 0

]
, P (2) =

[0 0 1
1 2 0

]
,

1 0 0
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i.e.,
(37)

P (3) =



0 0 0 1
1 2 3 0
5
2 3 0 0
1 0 0 0


 , P (4) =




0 0 0 0 1
1 2 3 4 0
9
2 7 6 0 0
13
3 4 0 0 0
1 0 0 0 0


 .

In the traditional minimum subtraction scheme (MS), the
strong couplingα(u) as a function of the re-normalizatio
point u is not continuous at the quark masses. Let us deri
matching-invariant coupling by absorbing loop effects into
MS definition and give the corresponding beta function to fo
loop level.

Suppose the new couplingα′ is connected to the origina
couplingα by

(38)α′ =
∞∑
i=0

aiα
i+1.

Then, using the matching conditionα̌ = ∑∞
j=0 Cjα

j+1 with the
matching coefficients[9,10]

(39)C0 = 1, C1 = 0, C2 = 11/72,

(40)C3 = 575263

124416
− 82043

27648
ζ3 − 2633

31104
Nf, . . .

one has

(41)α̌′ =
∞∑
i=0

[
i∑

k=0

ǎk

k+1⊔
0

Ci−k

]
αi+1,

where an overhead check means decreasingNf by one flavor to
the corresponding (Nf −1)-flavor effective theory. Accordingly
comparing the coefficients ofα in the equalityα̌′ = α′ yields

(42)ai =
i∑

k=0

ǎk

k+1⊔
0

Ci−k.

Assumeai = ∑i
j=0 ai,jN

j

f , then ǎk = ∑k
j=0 ak,j (Nf − 1)j .

Substitution into Eq.(42) then gives

(43)
i∑

k=0

[
ai,kN

k
f −

(
k+1⊔

0

Ci−k

)
k∑

j=0

ak,j (Nf − 1)j

]
= 0,

whose solution is

(44)a0 = a0,0, a1 = a1,0, a2 = a2,0 + 11

72
a0,0Nf,

a3 = a3,0 +
[(

7037

1536
− 82043

27648
ζ3

)
a0,0 + 11

36
a1,0

]
Nf

(45)− 2633

62208
a0,0N

2
f , . . . .

To definitely fix the new coupling, one needs to chooseai,0.
The simplest non-trivial choice would beai,0 = δi,0. With this
convention, one has

(46)a0 = 1, a1 = 0, a2 = (11/72)Nf,

(47)a3 = a3,1Nf − 2633

62208
N2

f , . . . ,
a

-

where a3,1 = 7037/1536− 82043ζ3/27648≈ 1.014382432.
Then the new matching-invariant coupling is

(48)α′ = α + 11

72
Nfα

3 +
(

a3,1 − 2633

62208
Nf

)
Nfα

4 + · · · .

The renormalization equation forα′ is

(49)u
dα′

du
= −

∞∑
i=0

β ′
iα

′i+2
.

The primed beta functionβ ′
i can be obtained as such. Operat

with u d
du

on both sides of Eq.(38), applying Eqs.(49) and (1),

and then comparing coefficients will give
∑i

k=0[β ′
k

⊔k+2
0 ai−k −

(k + 1)akβi−k] = 0, namely,β ′
i are given by the recursive rela

tion

(50)β ′
i =

i∑
k=0

(k + 1)akβi−k −
i−1∑
k=0

β ′
k

k+2⊔
0

ai−k.

On application of Eqs.(46) and (47), one immediately has th
following explicit expressions for the new beta function:

(51)β ′
0 = β0 = 11/2− Nf/3,

(52)β ′
1 = β1 = 51/4− (19/12)Nf,

(53)

β ′
2 = β2 + a2β0 − a1(β1 + a1β0)

= 2857

64
− 4549

576
Nf + 79

576
N2

f ,

(54)

β ′
3 = β3 + 2a3β0 − 2a1β2 + a2

1β1 + 4a3
1β0 − 6a1a2β0

= β
(0)
3 + β

(1)
3 Nf + β

(2)
3 N2

f + 23

576
N3

f ,

. . .

with β
(0)
3 = 149753/768+ (891/32)ζ3 ≈ 228.4606573,β(1)

3 =
−66733/41472− (318179/9216)ζ3 ≈ −43.10968087,β(2)

3 =
−68767/62208+ (35977/13824)ζ3 ≈ 2.022919969.

It should be mentioned that a different expression forβ ′
2 was

previously given in Ref.[11]. The difference is caused by th
fact that a wrong value forC2 was quoted there[12].

As an application of the general relation betweenfi,j and the
beta function, one can develop another expansion which
verges much faster. For this one can observe, more care
the standard expansion

(55)α =
∞∑
i=0

β0

β1
L∗i+1

i∑
j=0

fi,j lnj L ≡
∞∑
i=0

Ji.

Representing the terms in this expansion with the corresp
ing coefficientsfi,j , all the terms can be arranged in a mat
as

(56)[fi,j ] =




1 0 0 0 0
f1,0 1 0 0 0
f2,0 f2,1 1 0 0

...

f3,0 f3,1 f3,2 1 0
f4,0 f4,1 f4,2 f4,3 1

· · ·


 .

The standard expansion corresponds to summing the term
by row. When one takes the expansion to a finite order,
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replacing the∞ in Eq. (55) with a positive integerN − 1, as
has been done in the usual way, then all the terms likefj,j

(N − 1 < j < ∞) on the diagonal andfj+1,j on the next to
diagonal are missed, although these terms are all known
have nothing to do with beta functions. Generally, the te
fj+k,j for 0< j < ∞ on thekth next to diagonal involves onl
β0�l�k−2. But all the termsfj+k,j with j > N − 1 are lost,
though no such terms are zero even when one sets allβi>2 to
zero.

To include the contribution from the terms just mention
we can consider to sum over diagonals, which can be achi
by takingi = j + k in Eq.(55), i.e.,

(57)α = β0

β1

∞∑
k=0

∞∑
j=0

fj+k,j

(
L∗ lnL

)j
L∗k+1 ≡

∞∑
k=0

Ik,

where the expressions forfj+k,j can be obtained from Eq.(33):

(58)fj,j = 1, fj+1,j =
j∑

l=1

(
j + 1

l
− 1

)
+ (j + 1)C,

fj+2,j = β̄2

2
(j + 1)(j + 2) +

(
C + 1

2

) j−1∑
s=0

(s + 1)(s + 2)

j − s

(59)+ 1

2

j−2∑
s=0

j−s−1∑
r=1

(s + 1)(s + 2)

r(j − s − r)
, . . . .

From these expressions, we can give compact form toIk :

(60)I0 = L

β0

∞∑
j=0

(
L∗ lnL

)j = L/β0

1− L∗ lnL
≡ β0X,

(61)I1 = β0β1X
2[C − lnx],

(62)I2 = β0β
2
1X3[f2,0 − f2,1 lnx + ln2 x

]
,

where x ≡ 1 + (β1/β
2
0) ln ln(u/Λ)/ ln(u/Λ), and X ≡

L∗/(β1x) = 1/[β2
0 ln(u/Λ) + β1 ln ln(u/Λ)].

In Eq.(57), there are an infinite number of logarithmic term
like L∗j+k+1 lnj L which are included inIk , even when one
takes the expansion to a finite order, sayα = ∑N−1

k=0 Ik . The
first severalIks have been worked out to a closed form
Eqs.(60)–(62). The procedure is, to some extent, similar to t
in Ref.[13] for the matching function. Here we can, in fact, gi
the closed form forIk to arbitrary order:

(63)α =
∞∑

k=0

β0β
k
1Xk+1

k∑
l=0

(−1)lfk,l lnl x.

In Eqs.(63) and (55), there are two arbitrary constants:Λ

andC. Because the renormalization group equation(49) or (1)
is of the first order, only one of them is independent. So we
arbitrarily take one of them, while the other is determined
giving an initial condition. It nearly becomes standard, now
days, to takeC = 0 [14], which makes expressions somewh
simpler, andα(mZ) = 0.1187/π , whereMZ = 91.1876 GeV is
d
s

,
d

t

n

-

Fig. 1. The QCD coupling as functions of the ’t Hooft unit of mass. The d
dash, solid, and dot-dash lines are, respectively, for the orderN from 1 to 4
with the scaleΛ indicated inTable 1. The full dots are the experimental da
of, in increasing order ofu, τ width, Υ decay, deep inelastic scattering, e+e−
event shapes at 22 GeV from the JADE data, shapes at TRISTAN at 58
Z width, and e+e− event shapes at 135 and 189 GeV.

Fig. 2. The relative difference between the new expansion in Eq.(63) and the
conventional expansion in Eq.(55).

the mass ofZ bosons. SettingC = 0 requires distinctΛ for dif-
ferent effective flavor regimes, and we useΛ6, Λ5, Λ4, andΛ3
for u > mt , mb < u < mt , mc < u < mb, andms < u < mc,
respectively, where the relevant quark masses are take
the present calculations, to bemt = 175 GeV,mb = 4.2 GeV,
mc = 1.2 GeV, andms = 100 MeV.

In Fig. 1, the coupling is shown as a function of the ren
malization point, calculated from Eq.(63) with the infinity
replaced byN − 1, and the orderN from 1 to 4. The same
calculation has also been performed from the conventiona
pansion in Eq.(55). The relative difference between the resu
from Eq. (63) and Eq.(55) is shown inFig. 2. It can be seen
that, with decreasingu, the difference becomes more and mo
significant.

To compare the convergence speed of Eqs.(63) and (55), all
the Λi (i = 3–6) are listed inTable 1. There are two column
corresponding to eachΛi , the left column is for Eq.(63) while
the right column is for Eq.(55). It is obvious that the new ex
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Table 1
QCD renormalization group scale parameterΛ for the order from 1 to 4. Fo
eachΛi , the left column is for the new expansion in Eq.(63) and the right
column is for the conventional expansion in Eq.(55)

Λ (MeV) Λ6 Λ5 Λ4 Λ3

N = 1 88.4 44.6 208 91.5 286 124 325 14
N = 2 90.7 95.5 217 235 303 335 347 37
N = 3 90.9 90.8 216 214 299 296 340 33
N = 4 90.7 90.5 215 215 299 298 340 33

pansion(63)converges much faster than the original expans
(55). Even at the leading order (N = 1), the correspondingΛi

for Eq. (63) has nearly approached to its value at order 4.
in practical applications, it should be very accurate to calcu
the coupling simply by

(64)α = β0

β2
0 ln(u/Λ) + β1 ln ln(u/Λ)

.

It should be pointed out that one customarily uses ln(u2/Λ2),
rather than ln(u/Λ), in particle physics. When one takes t
substitution ln(u/Λ) → ln(u2/Λ2) in all the above expression
one should also takeβi → βi/2. For application convenienc
theΛi (i = 3,4,5,6) in Table 1are given after the simultane
ous transformation.

In summary, the general relation between the standard
pansion coefficients and the beta function is carefully deriv
A matching-invariant coupling is given with the correspond
beta function to four-loop level. A new expansion for the c
pling is then deduced, which is in principle more accurate t
the conventional expansion due to the inclusion of an infi
number of logarithmic terms in a closed form.
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Appendix A. Square cup operator

The square cup operator,
⊔k

m, is defined so that it meets

(A.1)

( ∞∑
i=m

aix
i

)k

=
∞∑
i=0

(
k⊔
m

ai

)
xi.

Obviously one has
⊔0

m ai = δi,0,
⊔1

m ai<m = 0,
⊔1

m ai�m =
ai . And fork � 2, it is also not difficult to give a general explic
expression

(A.2)
k⊔
m

ai =
(

k−1∏
s=1

i−(k−s)m−ς
p
s∑

ps=m

)
ai−ς

p
k

k−1∏
r=1

apr ,
o
e

x-
.

n

-
),

r

s

whereς
p
s = ∑s−1

t=1 pt if s > 1, and 0 otherwise. The meanin
of ς

p
k is similar to this. Here are several special simple ca⊔k

m a0 = δm,0a
k
0,

⊔k
m ai<km = 0,

⊔k
m akm = ak

m.
The two-dimensional extension of the square cup oper⊔k
m,n, is defined by

(A.3)

( ∞∑
i=m

i∑
j=n

fi,j x
iyj

)k

=
∞∑
i=0

i∑
j=0

(
k⊔

m,n

fi,j

)
xiyj .

Similarly, one has
⊔0

m,n fi,j = δi,0δj,0,
⊔1

m,n fi<m,j<n = 0,⊔1
m,n fi�m,j�n = fi,j . And for k � 2, we have

(A.4)

k⊔
m,n

fi,j =
(

k−1∏
s=1

i−(k−s)m−ς
p
s∑

ps=m

p∗
s∑

qs=σ

)
fi−ς

p
k ,j−ς

q
k

k−1∏
r=1

fpr ,qr ,

where p∗
s ≡ min[ps, j − (k − s)n − ς

q
s ] and σ ≡

max(n,
∑s

t=1 pt − ς
q
s − i + j). Here are special example⊔k

m,n f0,0 = δm,0δn,0f
k
0,0,

⊔k
m,n fi<km,j<kn = 0,

⊔k
m,n fkm,kn =

f k
m,n.
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