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1. Introduction

We study the following initial-boundary value problem:

U — Aup — Au — uPuy, = [ul*™u, xe, t>0, (1)
u(x,0) =up(x), xe$, (2)
ux,t)=0, x€0d, t=0. 3)

Here §2 € R" is a bounded domain with sufficiently smooth boundary 952, p > 1 is a given integer and m > 1 is a given
number. Eq. (1) with m =1, p =2 models nonstationary processes in semiconductors in the presence of a nonlinear force
and a constant homogeneous external electric field.

Nonlinear pseudoparabolic equations of the form

us — Aug — vAu= f(x,u,Vu), v>0, (4)

appear in the study of various problems of hydrodynamics, thermodynamics and filtration theory (see [2,4,14]). The linear
version of (4) was first studied by S.L. Sobolev [14] in 1954. Thus the equation of the form (4) is also called a Sobolev type
equation. S.A. Galpern [6] studied the Cauchy problem for the equation of the form

Mut—i-Lu:f, (5)

where M and L are linear elliptic operators. R.E. Showalter [11] investigated a linear pseudoparabolic equation (5), where M
and L are second order elliptic operators. In this paper and in [13] existence, uniqueness and regularity of a weak solution of
the initial-boundary value problem for (5) is established. Actually [13] is the first paper called (5) pseudoparabolic equation.

The first paper on nonlinear pseudoparabolic equation is the paper [12], where it is established existence and uniqueness
of a weak solution of the initial value problem for the differential operator equation of the form

M(®)us + L(t)u = F(t, u). (6)
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A systematic study of global existence and uniqueness of the Cauchy problem for the nonlinear differential operator equa-
tions covering a wide class of nonlinear pseudoparabolic equations was done in the paper of Showalter and Ting [13] and
in the book of Gajewski, Groger and Zacharias [5].

One of the important representatives of (4) is the Benjamin-Bona-Mahony-Biirgers (BBMB) equation

Up — VUxx — Uyxe — Uy + Ully =0. (7)
Amick, Bona and Schonbeck [1] studied the asymptotic behavior of solutions in L?(R) and L>(R) of the Cauchy problem for
this equation. The results obtained here were developed [17] for equations of the form

Ut — Vlgy — Uxxe — Ux + U™ Uy =0,
where m > 0. Karch [8] investigated asymptotic behavior of solutions of _the Cauchy problem for the multidimensional
BBMB equation, that is Eq. (4) when f has the form f = (b, Vu) + V - F(u). Wang and Yang [16] proved existence of
a finite dimensional global attractor of the semigroup generated by the periodic initial-boundary value problem for the
one dimensional BBMB equation. Celebi, Kalantarov and Polat [3] studied the problem of existence of a global attractor
and the exponential attractor of the semigroup generated by the periodic initial-boundary value problem for Eq. (4) with
f= (b Vu)+ V- F (u) + h(x). Stanislavova, Stefanov and Wang [15] studied the problem of existence of a global attractor
for multidimensional BBMB equation in H'(R?).

The first result on blow up of solutions for nonlinear pseudoparabolic equation was obtained Levine [10]. Levine studied
the Cauchy problem for the following nonlinear differential operator equation

Pu; + Au = F(u),

where P, A are linear positive operators and F(u) is a potential operator in a Hilbert space H. This result gives sufficient
conditions of the blow up of solutions to the Cauchy problem and initial-boundary value problems for equations of the form

— Au—Aug = f(u,

where f satisfies

f(s)s—k/f(r)dr;O, k>2. (8)

The concavity method invented by Levine in [10] was generalized in Kalantarov and Ladyzhenskaya [7]. The result obtained
in [7] can be applied to pseudoparabolic equations of the form

— Au — Aug +b(x, t,u, Vu) = f(u),

where f satisfies (8) and b has a linear growth with respect to u and Vu.
Korpusov and Sveshnikov [9] established sufficient conditions for global nonexistence of solutions of initial-boundary
problem for the following Benjamin-Bona-Mahony-Biirgers equation

— Aur — Au — uuy, —ud=0.

In what follows we are using the following notations:

IviF=1vll2g)s (u,v) ::/uvdx, Vilp :==llviiLr(2)-
2

We will need the standard Cauchy and Young inequalities.

For each a,b,e >0, and g=p/(p — 1), 1 < p < oo the following inequality holds true
€, 1.9 €y L pa
abgza +26b, abgpa +q61/<1’—1)b

We will use also the following proposition established in [7].

Lemma 1.1. Suppose that a positive, twice differentiable function W (t) satisfies the inequality

W OW () — (1+a)[¢' O] > —2M ' @ ) — Mo[w (0], forallt >0,

¥ (0) >0, v'(0) > —yza‘1l1/(0) and M+ My >0, (10)
where @ > 0, M1, M > 0, M1 + My > 0. Then W (t) tends to infinity as
1 'Z(0) 24(0)
ot <ty N (0) +a¥'(0)

n :
2, /M2 + aM, 2% (0) + ¥’ (0)
Here yy = —M1 +,/M? + aM; and y, = —M;1 — /M2 + a M.
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2. Blow up of solutions

Theorem 2.1. Suppose that 1 < p < m, and the initial function ug satisfies the following condition:

2m+1) 5 5 ,  (m— p)Z(m+1)/(m_p)|Q\
v v
luoll5gny 1) > IVUoll +[||U0|| + [IVuo|l” + P hemT D)
NCICESY)
VO 1 2+ DGp+5 +2p+1—m].
xm(6p+5)_1[\/ (p+1D)+/mm+1)6p+5 +2p+1-—m]

Then the solution of the problem (1)-(3) blows up in a finite time.
Proof. Multiplying Eq. (1) by u and integrating over 2 we get

5 g LIl? + IVull?] = =1 vuj? + 5t (1)

Next we multiply (1) by u; and integrate over £2:

d
luell® + | Vuel® = —

1d 1
2 1
= S @i — 5 geIVul = 557 o). (12)

2m g dt p+1
Assume that p <m, and consider the following function
w(t) = [u®)|* + [Vu® | + Co.
where Cp is a nonnegative parameter to be chosen below. It is clear that
() =2, ur) + (Vu, Vuy).
Due to the Cauchy-Schwarz inequality we have
[#' O] =4[, u) + (Vu, Vu ] <4(jul® + 1 Vull?)(lucl? + [ Ve |2).
Hence
[‘1’/(0]2 <4 O (luell® + IVue|?). (13)

By using the Cauchy-Schwarz inequality and the Young inequality we obtain:

d 1
—IVull?| < —IVul? + ol Vue %, (14)
dt €
1 €
p+1 2(p+1) , €1 2
|(uP*!, e )| < 5e Nl + 5 1 Vuel™, (15)
2p+1) _ P+ 1 i1 21y | M= P _mt1)/(p-m)
Il < o€ lulzm i + €2 |£2]. (16)

Here €p, €1 and €; are positive parameters. By using (11) we obtain from (12):

1
IVuell® + fJuel? = ——¥"(0)

d 1
= —IVu||? = —— (uPT, gy, ).
4m+1) IVl +1 ( )

S 2mA+1)dt
Employing (14) and (15) we obtain

1 m 1
\v4 2 2 < LY 20t ETL v 2 o 2(p+1)
VU™ + lluel™ < g ¥ O+ 5 IVl + o g
meop €1 2
+ + Vue||©. 17
[2(m+1) 2<p+1>}” & o

Next we use the estimate (16) for Hullgggﬂi in (17) and obtain
5 5 1 m X (m+1)/(p+1) 2ma1)
Vu ull* < ——v’(t —||Vu i — Y C
IVuell” + lluell AmT D ()+2€0(m+])ll -+ 2emi 1) lull3 1) + €1

meo €1 )
+[2(m+1) + 2(p+1)}||wtn (18)
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_ (m-p)|2|
where C; = Ty It follows from (11) that
§m+1)/(P+l) 21 §m+1)/(p+1) Eémﬂ)/(PH) 5
m ’
D — = ' (t vul?.
2e(m+1) I l2gm+1) 4m+ e © 2e1(m+1) Ivul
Thus (18) implies
(m+1)/(p+1)
1 m € meg €1
IVuell® + fluel®> < ———w"(0) + [ + -2 ]nwn2 - [ + ]nwfnz
4m+1) 2¢p(m+1)  2e1(m+1) 2m+1)  2(p+1)
Eéerl)/(erl)
+ 22— W)+ (. 19
am T e, L O+ (19)

By using (13) and the inequality ||Vu(t)||? < ¥ (t) — Co we obtain from (19) the estimate

(m+1)/(p+1)

(m+1)/(p+1)
;12 meo €1 1 P 2 , €,
——[¥' O] (1~ - < w(t) + w' () + w(t)
4y (t) 2m+1) 2(p+1) 4m+1) 4m+ ey 2¢p(m+1)  2e1(m+1)
e c m . 6§m+1)/(p+1)
T e m+1) | 26,m+1) |
m—p)2@m-p+1/m-p)| | 1 1

We choose in the last inequality Co = ¢ S THERTD L €0= 3, €1 =g, € =2~ PFD/m+D Multiplication of both sides

of the obtained inequality by 4(m + 1)¥ (t) gives

6p+5)—1
v (OW'(O) - (1 + M)[W’(t)]z > 20 OV (1) — 4m + D).
8(p+1)
So the inequality (10) is satisfied with o = % >0, M1 =1 and My =4(m + 1). Thus we can apply Lemma 1.1 and

get the desired result. O
Theorem 2.2. Suppose that p =m, m > 1, and the initial function ug satisfies the following condition:
2(m+1) 1 2 1 2
uollymi1) > (1 + W) lluoll” + (2 + W) Vuoll”.
Then the solution of the problem (1)-(3) blows up in a finite time.

Proof. Under the transformation u(t) =e~‘v(t) Eq. (1) takes the form
Ve — Avp — v —e MyMy, — e 2Mt)y|2my, (20)

Multiplying (20) by v and v;, and integrating over §2 we obtain

d _
S e LIVIZ+IVVIR]= VI +e 7™ vignss, (21)
1d —2mt d e—mt
2 2 2 2(m+1) m+1
v +||Vv =——|V|"+ —————|lv — v ,V . 22
Vel + IV vel® = 3 2 IVIP + 5o 2 IVl el x1) (22)

Now we are going to prove the blow up theorem by using the function

D(t) = |v|*+ Vv
Similar to (13), (14) and (15) we have

2
[@'©] <4eO(Ivel? + I1Vvel)?), (23)
d 2
‘allvml} < Nvell® + v, (24)
and
1 €(t) 2
(v ven) | < 5 VG, + 5~ IVl (25)
Here €(t), t > 0 is a positive continuous function. Employing (21) and (22) we obtain
2 2 m / 1 " m 2 mod oo ™
v = —F 7790t — P (t) - —— —_—— — R . 26
IVl + IVl = 5 @0 4 e @O = VIR s I = e (). (26)
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By using (24) and (25) we obtain

1 1 _ “mt o —
Ivel® + 1V vel® < m[m@/(t) + 5@ O+ mlve|? + e Vve|* +e e 1<t>||v||§$i§]. (27)
We use the inequality efzm‘||v||§$i§ < 3@/(1), take €(t) =me™ in (27), and obtain
m+2 ) ) 2m?+1 1 "
_— v <——o(t — (). 28
2(m+1)(”vt” + IVvell®) amm+ 1) ()+4(m+1) ®) (28)
By using (23) in (28) we get
m+2 1 2m? 41

’ 2 ’ 1 ”
2(m+1) 40(t) [*'®] < 4m(m+1)q5 ©+ 4(m+1)q5 ®.

We multiply both sides of the obtained inequality by 4(m + 1)®(t)

2
D" (O)D(t) — (1 + g)[df’/(t)]z > —zmmiﬂcp/(r)cp(t).

Thus the inequality (10) is satisfied for « =m/2, My = (2m? + 1)/(2m), and the conclusion follows from Lemma 1.1. O
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