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Abstract

Given a von Neumann algebra M denote by S(M) and L S(M) respectively the algebras of all measurable
and locally measurable operators affiliated with M. For a faithful normal semi-finite trace T on M let
S(M, t) be the algebra of all T-measurable operators from S(M). We give a complete description of all
derivations on the above algebras of operators in the case of type I von Neumann algebra M. In particular,
we prove that if M is of type Ino then every derivation on LS(M) (resp. S(M) and S(M, 7)) is inner.
© 2008 Elsevier Inc. All rights reserved.
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Introduction

Derivations on unbounded operator algebras, in particular on various algebras of measurable
operators affiliated with von Neumann algebras, appear to be a very attractive special case of the
general theory of unbounded derivations on operator algebras. The present paper continues the
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series of papers of the authors [1,2] devoted to the study and a description of derivations on the
algebra LS(M) of locally measurable operators with respect to a von Neumann algebra M and
on various subalgebras of LS(M).

Let A be an algebra over the complex number. A linear operator D : A — A is called a
derivation if it satisfies the identity D(xy) = D(x)y 4+ xD(y) for all x, y € A (Leibniz rule).
Each element a € A defines a derivation D, on A given as D,(x) = ax — xa, x € A. Such
derivations D, are said to be inner derivations. If the element a implementing the derivation D,
on A, belongs to a larger algebra B, containing A (as a proper ideal as usual) then D, is called a
spatial derivation.

In the particular case where A is commutative, inner derivations are identically zero, i.e. triv-
ial. One of the main problems in the theory of derivations is automatic innerness or spatialness
of derivations and the existence of noninner derivations (in particular, nontrivial derivations on
commutative algebras).

On this way A.F. Ber, F.A. Sukochev, V.I. Chilin [3] obtained necessary and sufficient con-
ditions for the existence of nontrivial derivations on commutative regular algebras. In particular
they have proved that the algebra L(0, 1) of all (classes of equivalence of) complex measurable
functions on the interval (0, 1) admits nontrivial derivations. Independently A.G. Kusraev [13]
by means of Boolean-valued analysis has established necessary and sufficient conditions for
the existence of nontrivial derivations and automorphisms on universally complete complex
f-algebras. In particular he has also proved the existence of nontrivial derivations and automor-
phisms on L°(0, 1). It is clear that these derivations are discontinuous in the measure topology,
and therefore they are neither inner nor spatial. It seems that the existence of such pathological
example of derivations deeply depends on the commutativity of the underlying von Neumann
algebra M. In this connection the present authors have initiated the study of the above problems
in the noncommutative case [1,2], by considering derivations on the algebra LS(M) of all locally
measurable operators with respect to a semi-finite von Neumann algebra M and on various sub-
algebras of LS(M). Recently another approach to similar problems in the framework of type I
AW *-algebras has been outlined in [7].

The main result of the paper [2] states that if M is a type I von Neumann algebra, then
every derivation D on LS(M) which is identically zero on the center Z of the von Neumann
algebra M (i.e. which is Z-linear) is automatically inner, i.e. D(x) = ax — xa for an appropriate
a € LS(M). In [2, Example 3.8] we also gave a construction of noninner derivations Ds on
the algebra LS(M) for type Is, von Neumann algebra M with nonatomic center Z, where § is a
nontrivial derivation on the algebra LS(Z) (i.e. on the center of LS(M)) which is isomorphic with
the algebra L9(£2, X, i) of all measurable functions on a nonatomic measure space (£2, X, ).

The main idea of the mentioned construction is the following.

Let A be a commutative algebra and let M,, (A) be the algebra of n x n matrices over A.If ¢; ;,
i,j= 1, n, are the matrix units in M, (A), then each element x € M,,(A) has the form

n
X = Z)»ijeij, Aij €A, I,j=1,n.
i,j=1

Let § : A — A be a derivation. Setting

D8< > M./ei./) =Y 8(hipeij (1)

i, j=1 ij=1
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we obtain a well-defined linear operator Ds on the algebra M,,(A). Moreover Ds is a derivation
on the algebra M, (A) and its restriction onto the center of the algebra M), (A) coincides with the
given §.

In [1] we have proved spatialness of all derivations on the noncommutative Arens algebra
L®(M, t) associated with an arbitrary von Neumann algebra M and a faithful normal semi-finite
trace t. Moreover if the trace t is finite then every derivation on L® (M, ) is inner.

In the present paper we give a complete description of all derivations on the algebra LS(M)
of all locally measurable operators affiliated with a type I von Neumann algebra M, and also on
its subalgebras S(M)—of measurable operators and S(M, t) of T-measurable operators, where
7 is a faithful normal semi-finite trace on M. We prove that the above mentioned construction
of derivations Dg from [2] gives the general form of pathological derivations on these algebras
and these exist only in the type I, case, while for type I, von Neumann algebras M all deriva-
tions on LS(M), S(M) and S(M, t) are inner. Moreover we prove that an arbitrary derivation D
on each of these algebras can be uniquely decomposed into the sum D = D, + D5 where the
derivation D, is inner (for LS(M), S(M) and S(M, 7)) while the derivation Dy is constructed in
the above mentioned manner from a nontrivial derivation § on the center of the corresponding
algebra.

In Section 1 we give necessary definition and preliminaries from the theory of measurable
operators, Hilbert—Kaplansky modules and also prove some key results concerning the structure
of the algebra of locally measurable operators affiliated with a type I von Neumann algebra.

In Section 2 we describe derivations on the algebra LS(M) of all locally measurable operators
for a type I von Neumann algebra M.

Sections 3 and 4 are devoted to derivation respectively on the algebra S(M) of all measurable
operators and on the algebra S(M, t) of all T-measurable operators with respect to M, where M
is a type I von Neumann algebra and t is a faithful normal semi-finite trace on M.

Finally, Section 5 contains an application of the above results to the description of the first
cohomology group for the considered algebras.

1. Locally measurable operators affiliated with type I von Neumann algebras

Let H be a complex Hilbert space and let B(H) be the algebra of all bounded linear operators
on H. Consider a von Neumann algebra M in B(H) with the operator norm || - ||3s. Denote by
P (M) the lattice of projections in M.

A linear subspace D in H is said to be affiliated with M (denoted as DnM), if u(D) C D for
every unitary u from the commutant

M'={ye B(H): xy=yx, Vxe M}

of the von Neumann algebra M.

A linear operator x on H with the domain D(x) is said to be affiliated with M (denoted as
xnM) if D(x)nM and u(x(&)) =xw(&)) for all £ € D(x).

A linear subspace D in H is said to be strongly dense in H with respect to the von Neumann
algebra M, if

(1) DnM;
(2) there exists a sequence of projections {p,}>°, in P(M) such that p, 1 1, p,(H) C D and

pnl =1— p, is finite in M for all n € N, where 1 is the identity in M.
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A closed linear operator x acting in the Hilbert space H is said to be measurable with respect
to the von Neumann algebra M, if xnM and D(x) is strongly dense in H. Denote by S(M) the
set of all measurable operators with respect to M.

A closed linear operator x in H is said to be locally measurable with respect to the von
Neumann algebra M, if xnM and there exists a sequence {z,},2 ; of central projections in M
such that z, 1 1 and z,x € S(M) for all n € N.

It is well known [14] that the set LS(M) of all locally measurable operators with respect
to M is a unital x-algebra when equipped with the algebraic operations of strong addition and
multiplication and taking the adjoint of an operator.

Let 7 be a faithful normal semi-finite trace on M. We recall that a closed linear operator x
is said to be t-measurable with respect to the von Neumann algebra M, if xnM and D(x) is t-
dense in H,i.e. D(x)nM and given ¢ > (O there exists a projection p € M such that p(H) C D(x)
and r(pl) < ¢. The set S(M, ) of all T-measurable operators with respect to M is a solid *-
subalgebra in S(M) (see [15]).

Consider the topology #; of convergence in measure or measure topology on S(M, t), which
is defined by the following neighborhoods of zero:

V(8,8)={x€S(M, 7). de e P(M), I(ej‘) <68, xee M, |xellm ée},

where &, § are positive numbers.

It is well known [15] that S(M, ) equipped with the measure topology is a complete metriz-
able topological x-algebra.

Note that if the trace t is a finite then

S(M, 7) = S(M) = LS(M).

The following result describes one of the most important properties of the algebra LS(M) (see
[14,16]).

Proposition 1.1. Suppose that the von Neumann algebra M is the C*-product of the von Neu-
mann algebras M;, i € I, where I is an arbitrary set of indices, i.e.

M=PM = {{Xi}ieF xi € M;, i €1, supllxilly; < OO}

iel iel

with coordinate-wise algebraic operations and involution and with the C*-norm ||{x;}ici|lp =
sup;¢; I1xilla;. Then the algebra LS(M) is x-isomorphic to the algebra []..; LS(M;) (with the
coordinate-wise operations and involution), i.e.

iel
LS(M) = HLS(Mi)
iel

(= denoting *-isomorphism of algebras). In particular, if M is a finite, then

S(M) = HS(Mi).

iel
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It should be noted that similar isomorphisms are not valid in general for the algebras S(M),
S(M, t) (see [14]).

Proposition 1.1 implies that given any family {z;};c; of mutually orthogonal central projec-
tions in M with \/, ¢y 2i =1 and a family of elements {x;};c; in LS(M) there exists a unique
element x € LS(M) such that z;x = z;x; for all i € I. This element is denoted by x = Zie] ZiXi.

Further in this section we shall prove several crucial results concerning the properties of al-
gebras of measurable operators for type I von Neumann algebras. In particular we present an
alternative and shorter proof of the statement that the algebra of locally measurable operators
in this case is isomorphic to the algebra of bounded operators acting on a Hilbert—Kaplansky
module (cf. [2]).

It is well known [18] that every commutative von Neumann algebra M is *x-isomorphic to the
algebra L>°(2) = L™°(£2, X, 1) of all (classes of equivalence of) complex essentially bounded
measurable functions on a measure space (2, ¥, i) and in this case LS(M) = S(M) = LO(£2),
where L(£2) = LO(£2, X, 1) the algebra of all (classes of equivalence of) complex measurable
functions on (£2, X, ).

Further we shall need the description of the centers of the algebras S(M) and S(M, t) for
type I von Neumann algebras.

It should be noted, that if M is a finite von Neumann algebra with a faithful normal semi-finite
trace t, then the restriction 7tz of the trace T onto the center Z of M is also semi-finite.

Indeed by [19, Chapter V, Theorem 2.6] M admits the canonical center valued trace
T:M — Z. 1t is known that T (x) = co{uxu™, u € U} N Z, where co{uxu®, u € U} denotes
the norm closure in M of the convex hull of the set {uxu*, u € U} and U is the set of all
unitaries from M. Therefore given any finite trace p (since it is norm-continuous and linear
on M) one has p(Tx) = p(x) for all x € M. Given a normal semi-finite trace T on M there
exists a monotone increasing net {ey} of projection in M with 7(ey) < 0o and ey 1 1. The
trace py(x) = t(eqx), x > 0, x € M, is finite for any « and therefore for all x € M, x > 0,
we have t(Tx) =limy t(eq Tx) = limy T(eyx) = 7(x). Now given any projection z € Z there
exists a non-zero projection p € M such that p < z and t(p) < oo. Consider the element
T (p) € Z. From properties of T it follows that T (p) is a non-zero positive element in Z
with (T (p)) = t(p) < o0 and T (p) < T (z) = z. By the spectral theorem there exists a non-
zero projection zg in Z such that zg < AT (p) for an appropriate positive number A. Therefore
T(z0) S T(AT(p)) = At(p) < oo and zg < Az, i.e. 0 < 2z, and thus the restriction of T onto Z is
also semi-finite.

Proposition 1.2. If M is finite von Neumann algebra of type I with the center Z and a faithful
normal semi-finite trace t, then Z(S(M)) = S(Z) and Z(S(M, t)) = S(Z, t7), where t7 is the
restriction of the trace T on Z.

Proof. Given x € S(Z) take a sequence of orthogonal projections {z,} in Z such that z,x € Z
for all n. Since M is finite, one has that LS(M) = S(M) and therefore x =), z,x € LS(M) =
S(M),ie. x € Z(S(M)).

Conversely, let x € Z(S(M)), x > 0and let x = fooo A dA be it spectral resolution. Put z; = e}
and zr = er — ex—1, kK > 2. Then {z;} is a family of mutually orthogonal central projections with
Vi zk = 1. 1tis clear that zxx € Z for all k. Therefore x = ), z,x € S(Z), and thus Z(S(M)) =
S(Z). In a similar way we obtain that Z(S(M, t)) = S(Z, tz). The proof is complete. O
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Recall that M is a type I if M is of type I and does not have non-zero finite central projec-
tions.

Proposition 1.3. Let M be a type 1o, von Neumann algebra with the center Z. Then the centers
of the algebras S(M) and S(M, t) coincide with Z.

Proof. Suppose that z € S(M), z > 0, is a central element and let z = fooo Ade; be its spectral
resolution. Then e;, € Z for all A > 0. Assume that e;- # 0 for all n € N. Since M is of type Ino, Z
does not contain non-zero finite projections. Thus e,f is infinite for all n € N, which contradicts
the condition z € S(M). Therefore there exists ng € N such that e,ﬂ- = 0 for all n > ng, i.e.
z < nol. This means that z € Z, i.e. Z(S(M)) = Z. Similarly Z(S(M, t)) = Z. The proof is
complete. O

Let M be a von Neumann algebra of type I, (n € N) with the center Z. Then M is x*-
isomorphic to the algebra M, (Z) of n x n matrices over Z (see [17, Theorem 2.3.3]).
In this case the algebras S(M, t) and S(M) can be described in the following way.

Proposition 1.4. Let M be a von Neumann algebra of type I,, n € N, with a faithful normal
semi-finite trace T and let Z(S(M, t)) denote the center of the algebra S(M, t). Then S(M, t) =
M, (Z(S(M, 7))).

Proof. Let {¢;;: 1, € I,_n} be matrix units in M, (Z). Consider the x-subalgebra in S(M, t)
generated by the set

Z(S(M, 7)) U{ejj: i, j €l,n}.

This x-subalgebra consists of elements of the form

n
Z)\.,’je,’j, )\i’jGZ(S(M,'L')), i,j:l,n
i,j=1

and it is *-isomorphic with M, (Z(S(M, t))) € S(M, 7). Since M is t;-dense in S(M, 1), it is
sufficient to show that the subalgebra M, (Z(S(M, t))) is closed in S(M, t) with respect to the
topology #;. The center Z(S(M, 7)) is t;-closed in S(M, t) and therefore the subalgebra

enZ(S(M, 7,'))811 =Z(S(M,‘L’))e11,

is also #;-closed in S(M, 7).
Consider a sequence x,, = ZZJ':l )»g.")eij in M,(Z(S(M, t))) such that x,,, - x € S(M, 1)

in the topology ¢, . Fixing k, [ € 1, n we have that ejgx,e1; — eixxer|. Since ejgxmer; = k,((rl")el1
one has )L,(:l”)eu — eqrxeq. The t.-closedness of Z(S(M, t))eq1 in S(M, T) implies that

?»,(:1”)611 — Akierl 2

for an appropriate Ay € Z(S(M, t)). Multiplying (2) by e from the left side and by e1; from
the right-hand side we obtain that )»,(:l")ekl — Axek;. Therefore x,, — Zf j=1 Aijeij and thus
X = Z;’J:] Aijeij. This implies that S(M, t) = M, (Z(S(M, t))). The proof is complete. O
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Proposition 1.5. Let M be a von Neumann algebra of type I,, n € N, and let Z(S(M)) denote
the center of S(M). Then S(M) = M, (Z(S(M))).

Proof. Let t be a faithful normal semi-finite trace on M and consider a family {z,} of mutually

orthogonal central projections in M with \/, zo =1 and such that 7y = 7|, is finite for every
« (such family exists because M is of type I,,, n < 00). Then

M:@ZD,M.
o

Since each trace 1, is finite one has
S(zaM) = S(za M, T) = My (Z(S(za M, w))) = Mu(Z(S(za M))),
ie.
S(zaM) = My (Z(S(zaM))).

This and Proposition 1.1 imply that

SM) =[[SGaM) =] [ Ma(Z(S(zaM)))

:Mn(H(ZaZ(S(M)))> = M, (Z(S(M)).

o
ie.

S(M) = M, (Z(S(M))).
The proof is complete. O

The last proposition enables us to obtain the following important property of the algebra
LS(M) in the case of type I von Neumann algebra M.

Proposition 1.6. Let M be a type I von Neumann algebra. Then for any element x € LS(M)
there exists a countable family of mutually orthogonal central projections {zx}xeNn in M such
that \/, zx =1 and zxx € M for all k.

Proof. Case 1. The algebra M has type I,, n € N. In this case LS(M) = S(M) and Proposi-
tion 1.5 implies that S(M) = M, (Z(S(M))). Consider x = szzl Aijeij € My (Z(S(M))). Put
c= \/?,jzl |Aij|. Thenc € Z(S(M)) andif c = fooo AdA is its spectral resolution, put z; = e1 and
Zk = ek — ex—1, k > 2. Then {z;} is the family of mutually orthogonal central projections with
\/k zk = 1 and by definition zxc € Z for all k. Therefore zx|A;;| € Z forevery k e N, 1 <i, j <n.
Thus zxx € M for all k.
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Case 2. M is a finite von Neumann algebra of type I. Then there exists a family {g,},cF,
F C N, of central projections from M with sup,.r g, = 1 such that the algebra M is *-
isomorphic with the C*-product of von Neumann algebras g, M of type I, respectively, n € F,
ie.

M;@an.

neF

By Proposition 1.1 we have that

SM) =[] S(gaM).

neF

Take x = {x, }ner € ]_[nE rS(gnM). The case 1 implies that for every n € F there exists a
family {z, ,,} of mutually orthogonal central projections with \/m Zn.m = qn and z, mXx, € gu M
for all m € N.

In this case we have the countable family {z, «}(x k)e Fxn of mutually orthogonal central pro-
jections with \/, 1)cpyn Znk =1 and z, xx € M forall (n, k) € F x N.

Case 3. M is an arbitrary von Neumann algebra of type I and x € S(M). Without loss of
generality we may assume that x > 0.

Letx = fooo A dA be the spectral resolution of x. Since x € S(M) by the definition there exists

Ao > 0 such that ei‘o is a finite projection. Thus ei‘o M eklo is a finite von Neumann algebra of type

I and xe/\lo es (e/\l0 M e)%o ). From the case 2 we have that there exists a family of mutually orthog-

onal projections {z), }meN in eALOMe)%0 such that \/m>1 Z, = e)%o and z;nxe)fo € e)%OMe)fO for all

m € N. Each central projection z’ in e)t) M ei‘o has the form 7’ = ei‘o zei‘o for an appropriate central

projection z € M. Moreover passing if necessary to z(eklO )z one may chose z with z < z(ekl0 ),
where z(e)fo ) is the central cover of the projection e)%o in M. Let z), = e/%ozm eklo , m € N. Mutu-

ally orthogonality of the family {z),} then implies the similar property of the corresponding {z;,, }.
Denote zg = z(ei:))L. Then \/m>0 Zm =1and

20X = ZpXey, + zoxe)%o =zoxey, €M,

ImX = Zmxey, + zmxe){;) = Zmxey, + z;nxei‘o eM

forallm e N, i.e. z,,x € M forall m > 0.

Case 4. The general case, i.e. M is a type I von Neumann algebra and x € LS(M). By the def-
inition there exists a sequence { f, },en of mutually orthogonal central projection with \/,, f, =1
and f,x € S(M) for all n € N. Then the case 3 implies that for each n € N there exists a se-
quence {z, »} of mutually orthogonal central projections with \/,, z, m = f, and z, mx, € fuM
for all m € N.

Now we have that {z; x } ,k)eNxN is a countable family of mutually orthogonal central projec-
tions with \/(n,k)eNxN Znk =1 and z, g x € M for all (n, k) € N x N. The proof is complete. 0O

Now let us recall some notions and results from the theory of Hilbert—Kaplansky modules.
Let (£2, ¥, u) be a measure space and let H be a Hilbert space. A map s : 2 — H is
said to be simple, if s(w) = > j_; xa, (@)ck, where Ay € X, AiNA; =0, i # j, ck € H,
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k=1,n,neN. A map u : 2 — H is said to be measurable, if for any A € ) with u(A) < oo
there is a sequence (s, ) of simple maps such that ||s, (w) — u(w)| — 0 almost everywhere on A.

Let £(£2, H) be the set of all measurable maps from £2 into H, and let LO9(£2, H) denote
the space of all equivalence classes with respect to the equality almost everywhere. Denote by i
the equivalence class from L9(£2, H) which contains the measurable map u € L(§2, H). Further
we shall identify the element u € £(§2, H) and the class iz. Note that the function w — |lu(w)]||
is measurable for any u € £(§2, H). The equivalence class containing the function |u(w)| is
denoted by [|@]l. For &, 9 € LO($2, H), » € L°(82) put i + D = u(w) + v(w), A = M(@)u(w).
Equipped with the L%(£2)-valued inner product

(x.3) = (x(@). y(@)),,.

where (-,-) g in the inner product in H, L%(£2, H) becomes a Hilbert—Kaplansky module over
L9(£2). The space

L®(2,H)={x e L%, H): {x,x) € L(2)}

is a Hilbert—Kaplansky module over L°(2).
It should be noted that L°°(£2, H) is a Banach space with respect to the norm ||x|s =

I(x, x)? lLoo2)-

Let us show that if dim H = « then the Hilbert—Kaplansky module L*°($2, H) is «a-
homogeneous.

Indeed, let {¢;};c; be an orthonormal basis in H with the cardinality «, and consider the
equivalence class ¢; from L°(§2, H) containing the constant vector-function

we R — .
From the definition of the inner-product it is clear that
(@i, @) = 6ij1,

where §;; is the Kroenecker symbol, 1 is the identity from L°°(£2).
Let us show that if y € L*° (82, H) and {(¢;, y) =0 for all i € J then y = 0. Put

n
Splgi} = { Z’\k‘f’ik: M eL®(R), irel k=1,n,n eN}.
k=1

Since the set of elements of the form ZZ:] trpi, where t € C, i e J, k= 1,n,n €N, is norm
dense in H, we have that inf{||yy — y||: ¥ € Sp{@;}} =0, for each fixed y € L*°(£2, H). The
set Sp{@;} is an L°°(£2)-submodule in L*°(§2, H), and by [6, Proposition 4.1.5] there exists a
sequence {v} in Sp{@;} such that ||y — y|| | 0, i.e. the set Sp{@;} is (bo)-dence in L>°($2, H).

Now let y € L*®(£2, H) be such an element that (¢;, y) =0 forall i € J. Then (§, y) =0 for
all £ € Sp{¢;}. Since the set Sp{@;} is (bo)-dense in L*°($2, H), we have that (&, y) = 0 for all
& € L>®(£2, H). In particular (y, y) =0, i.e. y =0.

Therefore {(; };c s is an orthogonal basis in L*°(£2, H) with the cardinality «, i.e. L>°(£2, H)
is a-homogeneous, where o« = dim H.
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Denote by B (L2, H)) the algebra of all L%(£2)-bounded L°(£2)-linear operators on
L°(£2, H) and by B(L>(£2, H))—the algebra of all L°°(£2)-bounded L°(£2)-linear operators
on L®°($2, H).

In [4] it was proved that B(L?(£2, H)) is a C*-algebra over L°(£2).

Put

B(L°(2, H)y) = {x € B(L° (22, H)): ||x| € L®(2)}.
Note that the correspondence

X = x|L°°(Q,H)

gives a x-isomorphism between the x-algebras B(L°($2, H)}, and B(L*™($2, H)). We further
shall identify B(LO(.Q, H)p) with B(L*°(£2, H)), i.e. the operator x from B(LO(.Q, H)p) is
identified with its restriction x|z (@, #)-

Since L°°(£2, H) is a Hilbert—Kaplansky module over L*°(£2), [9, Theorem 7] implies
that B(L®°(£2, H)) is an AW*-algebra of type I and its center is x-isomorphic with L°°(£2).
If dimH = «, then L°°(£2, H) is «-homogeneous and by [9, Theorem 7] the algebra
B(L*°($2, H)) has the type I,. The center Z(B(L*°($2, H))) of this AW*-algebra coincides
with the von Neumann algebra L°°(£2) and thus by [10, Theorem 2] B(L*°(§2, H)) is also a von
Neumann algebra. Thus for dim H = o we have that B(L°°(£2, H)) is a von Neumann algebra
of type 1.

Now let M be a homogeneous von Neumann algebra of type I, with the center L*°(£2).
Since two von Neumann algebras of the same type I, with isomorphic center are mutually
x-isomorphic, it follows that the algebra M is x-isomorphic to the algebra B(L*°(§2, H)), where
dimH =«.

It is well known [19] that given any type I von Neumann algebra M, there exists a (cardinal-
indexed) system of central orthogonal projections (g¢)oes C P(M) with Y, ; go = 1 such that
goM is a homogeneous von Neumann algebra of type 1, i.e. goM = B(L*° (82, Hy)) with
dim H, = «, and the algebra M is x-isomorphic to the C*-product of the algebras My, i.e.

M%@Ma.

ael

Note that if L°°(£2) is the center of M then g, L°°(2) = L°°(£2) for an appropriate £2,,
o € J. Therefore

LX) = @LW(QQ).

ael

The product

P L* (24, Ha)

ael
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equipped with coordinate-wise algebraic operations and inner product becomes a Hilbert—
Kaplansky module over L*°(£2). The product

P B(L™ (24, Ha))

ael

equipped with coordinate-wise algebraic operations and involution becomes a x-algebra and
moreover

P B(L™ (2. Hy)) = B(@L‘X’(Qa, Ha)).

ael ael

Indeed, take x € B(P,; L>°(£24, Hy)). For each « define the operator xo on L> (82, Hy)
by

Xo (o) = qux(@a), Qo € L*>(824, Hy).

Then

{xa} € P B(L™ (24, Ha))

ael
and the correspondence
x = {xq}

gives a x-homomorphism from B(D,,.; L (2, Hy)) into
Conversely, consider

B(L™ (824, Ha)).

ael

(%o} € @D B(L™ (R4, Ha)).

ael

Define the operator x on P L*>°(£2,, Hy) by

ael

(o} = {xe(@0)}. {9} € @D L™(20, Ha)-

ael

Then x € B(P,.; L (24, Hy)) and therefore

aelJ
M= @B(Loo(.(za, Hy)) = B( @L“’(Qa, HO,)>.
ael ael
The direct product
[ 2%, Ha)
aelJ

equipped with the coordinate-wise algebraic operations and inner product forms a Hilbert—
Kaplansky module over L%(£2) =[], L°(£24).

ael
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The proof of the following proposition in [2] has a small gap, therefore here we shall give an
alternative proof for this result.

Proposition 1.7. If von Neumann algebra M is x-isomorphic with B(D,, . ; L>° (824, Hy)) then
the algebra LS(M) is x-isomorphic with B([ [, L9824, Hy)).

Proof. Let @ be a x-isomorphism between M and B(@ae] L>® (24, Hy)). Take
x € B([[yes L%y, Hy)) and let ||x|| be its L9(£2)-valued norm. Consider a family of mu-
tually orthogonal projections {z,}nen in L*°(§2) with \/ z, =1 such that z, | x|| € L*°(£2) for
alln € N. Then z,x € M foralln e Nand ), 2,9 (z,x) € LS(M). Put

ix —> Zz,,cp(z,,x).
n

It is clear that ¥ is a well-defined *-homomorphism from B(l—[wE J LO($2,, H,)) into LS(M).
Since given any element x € LS(M) there exists a sequence of mutually orthogonal central pro-
jections {z,} in M such that z,x € M for all n € N (Proposition 1.6) and x = ), z,x, this
implies that ¥ is a x-isomorphism between LS(M) and B(]_[aej L%($24, Hy)). The proof is
complete. O

It is known [4] that B([],., L0824, Hy)) is a C*-algebra over L2(£2) and therefore there
existsamap || - || : LS(M) — L%(£2) such that for all x, yeLS(M), » € L%(£2) one has
lx]l =0, [x=0 < x=0;
IAx ]l = [Alllx]l;
X+ yll < lxll + 1Iyll;

eyl < Nx iyl

llex* ) = x>
Thismap || - || : LS(M) — LO(£2) is called the center-valued norm on LS(M).
2. Derivations on the algebra LS (M)

In this section we shall give a complete description of derivations on the algebra LS(M) of all
locally measurable operators affiliated with a type I von Neumann algebra M. It is clear that if a
derivation D on LS(M) is inner then it is Z-linear, i.e. D(Ax) = AD(x) forallA € Z, x € LS(M),
where Z is the center of the von Neumann algebra M. The following main result of [2] asserts
that the converse is also true.

Theorem 2.1. Let M be a type I von Neumann algebra with the center Z. Then every Z-linear
derivation D on the algebra LS(M) is inner.

Proof. (See [2, Theorem 3.2].) O

We are now in position to consider arbitrary (non-Z-linear, in general) derivations on LS(M).
The following simple but important remark is crucial in our further considerations.
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Remark 1. Let A be an algebra with the center Z and let D : A — A be a derivation. Given any
x € A and a central element A € Z we have

D(Ax) = D(A)x +AD(x)
and
D(xA) =D(x)A+xD(}0).

Since Ax = xA and AD(x) = D(x)A, it follows that D(L)x = x D(A) for any A € A. This means
that D(A) € Z, i.e. D(Z) C Z. Therefore given any derivation D on the algebra A we can con-
sider its restriction 6 : Z — Z.

Now let M be a homogeneous von Neumann algebra of type I,,,n € N, with the center Z.
Then the algebra M is x-isomorphic with the algebra M, (Z) of all n x n-matrices over Z, and
the algebra LS(M) = S(M) is *-isomorphic with the algebra M, (S(Z)) of all n x n matrices
over S(Z), where S(Z) is the algebra of measurable operators for the commutative von Neumann
algebra Z.

The algebra LS(Z) = S(Z) is isomorphic to the algebra L°(£2) = L(£2, X, u) of all measur-
able functions on a measure space (see Section 2) and therefore it admits (in nonatomic cases)
non-zero derivations (see [3,13]).

Let§: S(Z) — S(Z) be a derivation and Dj; be a derivation on the algebra M, (S(Z)) defined
by (1) in Introduction.

The following lemma describes the structure of an arbitrary derivation on the algebra of locally
measurable operators for homogeneous type I,,, n € N, von Neumann algebras.

Lemma 2.2. Let M be a homogenous von Neumann algebra of type I,,n € N. Every derivation
D on the algebra LS(M) can be uniquely represented as a sum

D =D, + Ds,

where D, is an inner derivation implemented by an element a € LS(M) while Ds is the derivation
of the form (1) generated by a derivation § on the center of LS(M) identified with S(Z).

Proof. Let D be an arbitrary derivation on the algebra LS(M) = M,,(S(Z)). Consider its restric-
tion 6 onto the center S(Z) of this algebra, and let D; be the derivation on the algebra M,,(S(Z))
constructed as in (1). Put D1 = D — Ds. Given any A € S(Z) we have

Dy(x)=D®) — Ds(x) = D) — D(2) =0,
i.e. Dp is identically zero on S(Z). Therefore D; is Z-linear and by Theorem 2.1 we obtain
that D is inner derivation and thus D; = D, for an appropriate a € M, (S(Z)). Therefore D =

D, + Ds.
Suppose that

D = Dy, + Ds; = Dy, + Ds,.
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Then D, — Dg, = Ds, — Ds,. Since D, — Dy, is identically zero on the center of the algebra
M, (S(Z)) this implies that Ds, — Dy, is also identically zero on the center of M, (S(Z)). This
means that §; = 82, and therefore D,, = D,,, i.e. the decomposition of D is unique. The proof
is complete. O

Now let M be an arbitrary finite von Neumann algebra of type I with the center Z. There
exists a family {z,},er, F € N, of central projections from M with sup, .y z, = 1 such that
the algebra M is x-isomorphic with the C*-product of von Neumann algebras z, M of type I,
respectively, n € F, i.e.

M’E@Z,,M.

neF

By Proposition 1.1 we have that

LS(M) = ]_[ LS(z,M).

neF

Suppose that D is a derivation on LS(M), and § is its restriction onto its center S(Z).
Since § maps each z,S(Z) = Z(LS(z,M)) into itself, § generates a derivation §, on z,S(Z)
foreachn € F.

Let Ds, be the derivation on the matrix algebra M, (z,Z(LS(M))) = LS(z, M) defined as
in (1). Put

DS({xn}neF) = {D(Sn (xn)}s {*n}ner € LS(M). (3)

Then the map Dy is a derivation on LS(M).
Now Lemma 2.2 implies the following result:

Lemma 2.3. Let M be a finite von Neumann algebra of type I. Each derivation D on the algebra
LS(M) can be uniquely represented in the form

D =D, + Ds,

where D, is an inner derivation implemented by an element a € LS(M), and Ds is a derivation
given as (3).

In order to consider the case of type I, von Neumann algebra we need some auxiliary results
concerning derivations on the algebra LO92)=L(2, X, ).

Recall that a net {A } in L°(£2) (0)-convergesto A € L9(£2) if there exists a net {£, } monotone
decreasing to zero such that |1, — 1| < &, for all .

Denote by V the complete Boolean algebra of all idempotents from L°(£2), ie. V =
{%4: A € X}, where %4 is the element from L°(§2) which contains the characteristic function of
the set A. A partition of the unit in V is a family () of orthogonal idempotents from V such
that \/,, 7o = 1.
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Lemma 2.4. Any derivation 8 on the algebra L°(2) commutes with the mixing operation on
LO(£2), ie.

3( Zma) =3 7u80)

for an arbitrary family (L) C L°(£2) and any partition {7y} of the unit in V.
Proof. Consider a family {A,} in L°(£2) and a partition of the unit {r,} in V C L%(£2). Since

8(mr) = 0 for any idempotent 7 € V, we have §(7,) = 0 for all « and thus §(7,A) = 7,8(2) for
any A € L°(£2). Therefore for each 74, from the given partition of the unit we have

na08< Znaxa> = a(mo Znaxa> = 8 (Taghag) = Ty Cragg)-
o o

By taking the sum over all op we obtain

5( Znaka) = Znaa(xa).

The proof is complete. O
Recall [11] that a subset K C L9($2) is called cyclic, if Z(XEJ oy € K for each family
(uy)aes C K and for any partition of the unit (74)qey in V.

We need the following technical result.

Lemma 2.5. Let A be a cyclic subset in L%(82). If the set A is unbounded above for each
non-zero w € V, then given any n € N there exists A, € A such that 1, > nl.

Proof. For fixed n € N and an arbitrary A € A denote

T = \/{q €V: g =>qn}.

Then
THA = TN “4)
and
nf‘)\ < nf‘n. (5)
Put
7o = \/{m: A E A}
Since

mg = \{mi: r e A}
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from (5) we obtain
nd‘)» < nd‘n

forall L € A, i.e. n&-A is bounded above. By the assumption of lemma n&- =0,i.e.

m):\/{rrk: reA}=1.

By [20, p. 111, Theorem 4] there exists a partition of unit {r;} in V such that for any m; there
exists A; € A with ; < ;. Put A, = Zi m;Ai. Since A is a cyclic we have A, € A. From (4)
one has my,A; = m;,n for all i. Thus m;A; > m;n for all i, therefore A, > n1. The proof is com-
plete. O

Given an arbitrary derivation § on L the element
zs =inf{mr € V: 76 =65}
is called the support of the derivation §.

Lemma 2.6. Given any nontrivial derivation § : LO%(2) = LO(8) there exist a sequence {,, };’lozl
in L*°(82) with |A,| <1, n € N such that

|8(hn)| = nzs
foralln e N.

Proof. Considering if necessary the algebra z5L°(£2) instead L°(£2) and the derivation zs8 in-
stead §, we may assume that z5 = 1.

Put A={5(1): L € LO(.Q), [A] < 1} and let us prove that for any non-zero = € V the set 7 A
is unbounded from above. Suppose that the set 7{§(X): X € LO(£2), |A| <1} is order bounded
in L0(£2) for some € V, r # 0. Then 778 maps any uniformly convergent sequence in L>(£2)
to an (0)-convergent sequence in L(£2). The algebra L>°(£2) coincides with the uniform closure
of the linear span of idempotents from V. Since 77§ is identically zero on V it follows that 7§ =0
on L™ (£2). Since § commutes with the mixing operation and every element A € L°(£2) can be
represented as A = ), gy, Where {Aq} C L%($2), and {r,} is a partition of unit in V, we
have §(A) =8(Q_, Tada) = ), Tab(ho) =0, ie. 16 =0 on L9(£2). This is contradicts with
zs = 1. This contradiction shows that the set 7{8(1): A € L%(£2), |A| <1} is not order bounded
in LO(.Q) for all m € V, w # 0. Further, since § commutes with the mixing operations and the set
{x: A e LY, |A| <1} is cyclic, the set {8(A): A € LO(£2), |A| <1} is also cyclic. By Lemma 2.5
there exist a sequence {An},fo | in L (£2) with |1, | < 1 such that [§(A,)| > nl, n € N. The proof
is complete. O

Now we are in position to consider derivations on the algebra of locally measurable operators
for type I, von Neumann algebras.

Theorem 2.7. If M is a type I von Neumann algebra, then any derivation on the algebra
LS(M) is inner.
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Proof. Since M is of type I, there exists a sequence of mutually orthogonal and mutually
equivalent abelian projections {p,}° ; in M with the central cover 1 (i.e. faithful projections).
For any bounded sequence A = {\;} in Z define an operator x 4 by

o0
Xp= Z)»kpk-
k=1

Then

XAPn = PnXA = AnPn. (6)
Let D be a derivation on LS(M), and let § be its restriction onto the center of LS(M), identified
with LO(£2).
Take any A € L%(£2) and n € N. From the identity
D(pp) = D) pp + 2D (pp)
multiplying it by p, from both sides we obtain
PnD(hpn) pn = pnD(A) pn + Apn D(pn) pn-
Since pj, is a projection, one has that p, D(p,) p, =0, and since D(L) =8§()) € L%(£2), we have
PnDOpn) pr = 8(2) pn. (7
Now from the identity
D(xapp) = D(xa)pn +xaD(pn),
in view of (6) one has similarly
Pn D pn) pn = pnD(xA) Pp + An Pn D(Pp) Pn,
ie.
Pn Dy pn) pn = pnD(xA) pn. ®)
Egs. (7) and (8) imply
PnD(xA)pn =8(hn) pn-
Further for the center-valued norm || - || on LS(M) (see Section 1) we have:
| Pa D) pa]| < Upall [DGA) [IPall = [ Do) |

and

[8Cw) pa | = |8)]-
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Therefore

IDGea)| =[50
for any bounded sequence A = {A,} in Z.

If we suppose that § # 0 then m = z5 # 0. By Lemma 2.6 there exists a bounded sequence
A ={A,}in Z such that

|80u)| = nm
for any n € N. Thus
|DGw)| >

for all n € N, i.e. m = 0—that is a contradiction. Therefore § = 0, i.e. D is identically zero
on the center of LS(M), and therefore it is Z-linear. By Theorem 2.1 D is inner. The proof is
complete. O

We shall now consider derivations on the algebra LS(M) of locally measurable operators with
respect to an arbitrary type I von Neumann algebra M.
Let M be a type I von Neumann algebra. There exists a central projection zg € M such that

(a) zoM is a finite von Neumann algebra;
(b) zéM is a von Neumann algebra of type I.

Consider a derivation D on LS(M) and let § be its restriction onto its center Z(S). By Theo-
rem 2.7 z(J)-D is inner and thus we have z(J)-(S =0,1.e. 6 =2z0d.

Let Ds be the derivation on zgLS(M) defined as in (3) and consider its extension Djg
on LS(M) = zoLS(M) & zy LS(M) which is defined as

Ds(x1 4+ x2) 1= Ds(x1), x1 € 20LS(M), x2 € zg LS(M). 9)

The following theorem is the main result of this section, and gives the general form of deriva-
tions on the algebra LS(M).

Theorem 2.8. Let M be a type I von Neumann algebra. Each derivation D on LS(M) can be
uniquely represented in the form

D =D, + Ds

where D, is an inner derivation implemented by an element a € LS(M), and Ds is a derivation
of the form (9), generated by a derivation § on the center of LS(M).

Proof. It immediately follows from Lemma 2.3 and Theorem 2.7. O
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3. Derivations on the algebra S(M)

In this section we describe derivations on the algebra S(M) of measurable operators affiliated
with a type I von Neumann algebra M.

Let M be a type I von Neumann algebra and let A be an arbitrary subalgebra of LS(M)
containing M. Consider a derivation D : 4 — LS(M) and let us show that D can be extended to
a derivation D on the whole LS(M).

Since M is a type I, for an arbitrary element x € LS(M) there exists a sequence {z,} of
mutually orthogonal central projections with \/, .z, =1 and z,x € M for all n € N. Set

D(x) =) zuD(z3%). (10)

n>1

Since every derivation D : A — LS(M) is identically zero on central projections of M, the equal-
ity (10) gives a well-defined derivation D : LS(M) — LS(M) which coincides with D on A.

In particular, if D is Z-linear on A, then D is also Z-linear and by Theorem 2.1 the derivation
D is inner on LS(M) and therefore D is a spatial derivation on A, i.e. there exists an element
a € LS(M) such that

D(x)=ax —xa

for all x € A.
Therefore we obtain the following

Theorem 3.1. Let M be a type I von Neumann algebra with the center Z, and let A be an
arbitrary subalgebra in LS(M) containing M. Then any Z-linear derivation D : A — LS(M) is
spatial and implemented by an element of LS(M).

Corollary 3.2. Let M be a type I von Neumann algebra with the center Z and let D be a Z-linear
derivation on S(M) or S(M, t). Then D is spatial and implemented by an element of LS(M).

We are now in position to improve the last result by showing that in fact such derivations
on S(M) and S(M, T) are inner.

Let us start by the consideration of the type I, case.

Let M be a type I, von Neumann algebra with the center Z identified with the algebra
L*(£2) and let V be the Boolean algebra of projection from L°°(£2).

Denote by S7(V) the set of all elements A € LO(£2) of the form A = > o Tala, Where {7y} is
a partition of the unit in V, and {z,} C R (so-called step-functions).

Suppose that a € LS(M), a = a* and consider the spectral family {e; },cr of the operator a.
For A € St(V), A=), Talo put ey =, ey, .

Denote by Pso(M) the family of all faithful projections p from M such that pMp is of
type loo.

Set

A_={L € S1(V): €, € Poo(M)}

and

Ay ={reSt(V): e € P (M)}.
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Lemma 3.3.

(@) A_#WDand Ay #0;

(b) the set Ay (resp. A_) is bounded from above (resp. from below);

(©) if A\ =sup Ay (resp. A— =1inf A_) then . € Ay (resp. A € A_) for all A € St(V) with
A+el < Ay (resp. A — el > A_) for some € > 0;

(d) if Ay € L®(2) and A_ € L*°(82), then a € S(M).

Proof. (a) Take a sequence of projections {z,} from V such that z,a € M for all n € N. Then
fort, < — || zya || we have z,e;,, =0 or znetJ”- = z, for all n € N. Therefore for > =) z,,#, one
has e = Zznef; =>"zy=1,ie. A € A} and hence Ay # . Similarly A_ # @.

(b) Suppose that the element A = Y 74 Ay € St(V), satisfies the condition oA > 7o ||a|| + &m0
for an appropriate non-zero mg € V, where || - || is the center-valued norm on LS(M). Without
loss of generality we may assume that mg = 7, for some «, i.e. myty = myllall + emy. Then
to 2 |moallp + € and therefore mye;, =41, 1.e. nae,t = 0. Since naei =0, we have z(elt) #1
and so A ¢ A. Therefore A is bounded from above by the element ||a||. Similarly the set A_
is bounded from below by the element —||a]|.

(c) Put

Ay =supAy
and
A_=infA_.

Take an element A € St(V) such that A 4+ ¢1 < A, where ¢ > 0. Suppose that ei‘ ¢ Poo(M).
Then noei-M ej- is a finite von Neumann algebra for some non-zero mp € V. Without loss of
generality we may assume that wy = m, for some «, i.e. ”aei is a finite projection. Then m)[etL
is finite for all 7 > 7. This means that oA < Tyty.

On the other hand multiplying by m, the unequality A 4+ el < A4 we obtain that 7,7y +
o€ < Mo rt. Therefore mye < 0. This contradiction implies that A € A4 for all A € S7(V) with
A+ el < )\.+.

(d) Let Ay, A_ € L°°(£2). Take a number n € N such that A, <nl and A_ > —nl. Take a
largest element 7w € V such that nerﬁrl is a finite projection and nLeer is an infinite projection.
For M € Ay put \” =7\ + 7+ (n+1). Then . € Ay and therefore A" < A,. Hence 71" <
atay,ie 7t(m+ 1) <wtap. That contradicts the inequality Ay < nl. Therefore 7 =1, i.e.
erﬁq is a finite projection. Similarly ef(n +1) is a finite projection. Therefore a € S(M). The proof
is complete. 0O

Lemma 3.4. If M is a type 1o von Neumann algebra then every derivation D : M — S(M) has
the form

D(x)=ax —xa, xeM,

for an appropriate a € S(M).
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Proof. By the Remark 1 D maps the center Z of M into the center of S(M) which coincides
with Z by Proposition 1.3, i.e. we obtain a derivation D on commutative von Neumann algebra Z.
Therefore D|z = 0. Thus D(Ax) = D(A)x +AD(x) =AD(x) forall A € Z,i.e. D is Z-linear.
By Theorem 3.1 there exists an element a € LS(M) such that D(x) =ax — xa forall x e M.
Let us prove that one can choose the element a from S(M).
For x € M we have

(a+a*)x —x(a+a*) = (ax — xa) — (ax* —x*a)* = D(x) — D(x*)* € S(M)
and
(a—a*)x —x(a—a*)=Dx)+ Dx** e S(M).

This means that the elements a 4+ a* and a — a* implement derivations from M into S(M). Since
a= a+2“ +i “Ei“ , it is sufficient to consider the case where a is a self-adjoint element.

Consider the elements Ay, A_ € L0 defined in Lemma 3.3(c) and let us prove that
A, A_ € L%°(£2). Lemma 3.3(c) implies that there exists an element A; € A_ such that
—% <A — A < —%. Since D(x) = (a — A1)x — x(a — M) replacing a by a — A1, we may
assume that —% <A< —%. Then e, € Poo(M) forall ¢ > —3 and e, 1s a finite for all ¢ < —}—1
In particular (6_11_6 - e_%)M(e_% - e_%) is of type 1o, and moreover Ay > —%.

Suppose that A4 ¢ L°°(£2). Since A4 > — %, we have that A is unbounded from above and
thus passing if necessary to the subalgebra zM, where z is a non-zero central projection in M
with zA4+ > z, we may assume without loss of generality that A, > 1.

First let us consider the particular case where M is of type Ix,, where No is the countable
cardinal number. Take an element Ao € St (V) suchthatAy —5 <Ao< Ap—3 By Lemma 3.3(c)
we have eA € Pxo(M). Since algebras ek MeAO and (e_ 1= e 1)M(e 16 —e_ 1) are algebras
of type Iy,, then there exists a sequences of pairwise equlvalent and pairwise orthogonal abelian
projections {fi}xen and {gr}ien such that \/ fx = e)\o Vegr=e_ et Since Z(eko) =
z(e_ L—e 1) =1, then z(fx) = z(gr) = 1 for all k, and therefore fj; ~ gk for all k. Thus

the projections p; = e)\l0 and pp =e_1 — e_ are equivalent. From )‘Oexo < ae)\l0 it follows
16 2

that Aop1 < pi1api. Since p1 Mp is of type Iy,, the center of the algebra S(p1Mp1) coincides
with the center of the algebra p; Mp; (Proposition 1.3). Due to the fact that 1o ¢ L°°(§2) and
z(p1) = 1, we see that Agp; is an unbounded linear operator from LS(p1Mp1) \ S(p1Mp1).
Therefore ap; = prap1 ¢ S(p1Mpy).

Let u be a partial isometry in M such that uu™ = py, u*u = p,. Put p = p; + p,. Consider
the derivation D1 from pMp into pS(M)p = S(pMp) defined as

Di(x)=pD(x)p, xe€pMp.
This derivation is implemented by the element ap = pap, i.e.
Di(x) =apx —xap, x &€ pMp.

Since py = e_ L—et then ——e < (e_ L—e 1)a(e L—e 1) 16e L Therefore
1 1

apy € pMp, the element b = ap; = ap —apa 1mplements a derlvatlon D, from pMp into

S(pMp).
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Since Dy(u + u™) = b(u + u™) — (u + u™)b, it follows that b(u + u*) — (u + u*)b € S(M).
From up; = pju* = 0 it follows that bu — u*b € S(M). Multiplying this by u from the left
side we obtain ubu — uu*b € S(M). From ub = 0, uu* = py, it follows that p1b € S(M), i.e.
apy € S(M). This contradicts the above relation ap; ¢ S(M). The contradiction shows that A €
L*°(£2). Now Lemma 3.3(d) implies that a € S(M).

Let us consider the case of general type I, von Neumann algebra M. Take an element A €
St (V) such that 14 — % <Ap <Ay — %. Lemma 3.3(c) implies that e)%o € Pso(M). Consider
projections p; and p, with the central cover 1 such that p; < et) ,p2<e 1 and such that p; M p;
are of type Iy,, i =1, 2. Put p = p; + p». Consider the derivation D, from pMp into pS(M)p
defined as

Dp(x) =pD(x)p, x€pMp.

Since pMp is of type Iy, the above case implies that pap € S(M) and therefore piap; € S(M).
On the other hand Agp1 < prap; and Aopy ¢ S(M). From this contradiction it follows that A €
L*°(£2). By Lemma 3.3(d) we obtain that a € S(M). The proof is complete. O

From the above results we obtain

Lemma 3.5. Let M be a type I von Neumann algebra with the center Z. Then every Z-linear
derivation D on the algebra S(M) is inner. In particular, if M is a type 1o then every derivation
on S(M) is inner.

Now let M be an arbitrary type I von Neumann algebra and let zo be the central projection
in M such that zoM is a finite von Neumann algebra and z&M is a von Neumann algebra of
type Iso. Consider a derivation D on S(M) and let § be its restriction onto its center Z(S). By
Lemma 3.5 the derivation z&D is inner and thus we have zéS =0,i.e. § =z00.

Since zoM is a finite type I von Neumann algebra, we have that zoLS(M) = z0S(M). Let Ds
be the derivation on zoS(M) = zoLS(M) defined as in (3).

Finally Lemmas 2.3 and 3.5 imply the following main result the present section.

Theorem 3.6. Let M be a type I von Neumann algebra. Then every dereivation D on the algebra
S(M) can be uniquely represented in the form

D =D, + Ds,

where D, is inner and implemented by an element a € S(M) and Ds is the derivation of the form
(3) generated by a derivation & on the center of S(M).

4. Derivations on the algebra S(M, 7)

In this section we present a general form of derivations on the algebra S(M,t) of 7-
measurable operators affiliated with a type I von Neumann algebra M and a faithful normal
semi-finite trace 7.

Theorem 4.1. Let M be a type I von Neumann algebra with the center Z and a faithful nor-
mal semi-finite trace t. Then every Z-linear derivation D on the algebra S(M, ) is inner. In
particular, if M is a type 1o then every derivation on S(M, t) is inner.
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Proof. By Theorem 3.1 D(x) = ax — xa for some a € LS(M) and all x € S(M, 7). Let us show
that the element a can be chosen from the algebra S(M, t). As in Lemma 3.3 we may assume
that a = a™*.

Case 1. M is a homogeneous type I,, n € N von Neumann algebra. Then LS(M) = S(M) =
Mn(LO(.Q)). By [12, Theorem 3.5] a *-isomorphism between S(M) and M, (L%(£2)) can be a
chosen such that the element a can be represented as a = Y ., Aje; i, where A; = X € LO(£2),
i=1n0 22k

Putu=3""_,ejnj+1. Then

n
D,(u) =au —ua = Z()»i — An—i+1)€in—i+1
i=1

and
n
Da(u)* = Z()»i = An—it1)en—it1,i-
i=1

Therefore Dy (u)*Dy(u) = Y 1 (Aj — hn—it+1)%ei i, and thus [ D, ()| = 30| |hi — An—it1lei,
Since A1 > --- > A,, we have

i = Anik1] 2 |Ai = Apnpy| (11)
foralli €1, n.
Denote b = Z?:l [Ai — n+1]|e” From (11) we obtain that |D,(u)| > b, and thus b €
S(M, 7).
nt1
Put v = Zl[ = ]ei,' — Z” [,,H]ejj Then vb =a — [n+1]1 and vb € S(M, 7). Therefore
a—k ni1y 1 e S(M, ) and thls element also implements the derivation D,.

Case 2. Let M be a finite type I von Neumann algebra. Then

LS(M) = S(M) = [ | Ma(LO(820)).

neF

Where F C N. Therefore a = {ay}, where a, = > I, k(") (n) A(") > AE") e LO(£2,)

l i’
and e ) are the matrix units in M, (L°(82,)),i, j=1,n,neF.
For each n € F consider the following elements in M,, (L%(£2,)

n
() () (1)
by, =Z|ki )L[nﬂ 2
i=1
and

UnZXT: m _ Z e,

i=1 [n+1]
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Set b ={b,},ecr and v = {v, },eF. Consider the element

ho= g hner € LO2) = [T LO20).

neF

Similar to the case 1 we obtain thata — A1 =vb e S(M, 7).

Case 3. M is a type I, von Neumann algebra. Since S(M, ) C S(M) by Lemma 3.4 there
exists an element a € S(M) such that D(x) = ax — xa for all x € M. Let us show that a can
be picked from the algebra S(M, 7). Since a € S(M), there exists A € R, A > 0 such that f =
e_yV e)f is a finite projection.

Suppose that zg € Z is a central projection such that zog Mg is a finite von Neumann algebra,
where g = efk Ae) =e, —e_,. Then z01l = z0f + zog is a finite projection and thus zg =
0. Therefore gMg is a type I von Neumann algebra, in particular z(g) = 1. There exists a
central projection z in M such that zf < zg and z- f > z-g. Since gMg is a type I, von
Neumann algebra, we have that z-g = 0. From z(g) = 1 one has z* = 0 and therefore f < g.
This means that there exists g < g such that ¢ ~ f. Let u be a partial isometry in M such
that uu™ = ¢, u*u = f. Similar to Lemma 3.4 we obtain that uafu — uu*af € S(M, t) and
af =a(e—, Vv ef;) € S(M, 1). Therefore a € S(M, t). The proof is complete. O

Let N be a commutative von Neumann algebra, then N = L°°(£2) for an appropriate measure
space (£2, X, ). It has been proved in [3,13] that the algebra LS(N) = S(N) = L9(£2) admits
nontrivial derivations if and only if the measure space (£2, X, i) is not atomic.

Let t be a faithful normal semi-finite trace on the commutative von Neumann algebra N
and suppose that the Boolean algebra P (N) of projections is not atomic. This means that there
exists a projection z € N with t(z) < oo such that the Boolean algebra of projection in zN is
continuous (i.e. has no atom). Since zS(N, t) = zS(N) = S(zN), the algebra zS(N, t) admits a
nontrivial derivation §. Putting

So(x) =48(zx), xeS(N,1),

we obtain a nontrivial derivation dp on the algebra S(N, 7). Therefore, we have that if a commu-
tative von Neumann algebra N has a nonatomic Boolean algebra of projections then the algebra
S(N, t) admits a non-zero derivation.

Lemma 4.2. If N is a commutative von Neumann algebra with a faithful normal semi-finite trace
T and § is a derivation on S(N, t) then t(z5) < 00, where z; is the support of the derivation 6.

Proof. Suppose the opposite, i.e. 7(z5) = co. Then there exists a sequence of mutually orthog-
onal projections z, € N, n=1,2,..., with z, < zs, 1 <1(2,) < o00. For z = sup,, z, we have
T(z) = 00. Since 7(z,) <ooforalln=1,2,..., it follows that z,S(N, 1) =z, S(N) = S(z, N).
Define a derivation 6, : S(z,N) — S(z,N) by

8,(x) =z,8(x), x € S(zuN).

Since z5, = z,,, Lemma 2.6 implies that for each n € N there exists an element A, € z, N such
that [A,| < z, and |8, (A,)| = nz,.
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Put A = Zn>1 An. Then |A| < Zn>1 zn < 1 and therefore L € S(N, 7). On the other hand

80| = '8( an)‘ = ‘8( Zznxn)’ =Y 80| =) _[6:0)] = D 1z,
n>1 n>1

n>1 n>1 n>1
ie. |S(A)] > Zn>1 nz,.Butt(z,) > 1foralln e N, i.e. Zn>1 nz, ¢ S(N, t). Therefore §(1) ¢
S(N, 7). The contradiction shows that 7(z5) < oo. The proof is complete. O

Let M be a homogeneous von Neumann algebra of type I,,n € N, with the center Z and
a faithful normal semi-finite trace t. Then the algebra M is x-isomorphic with the algebra
M, (Z) of all n x n- matrices over Z, and the algebra S(M, t) is x-isomorphic with the al-
gebra M, (S(Z, tz)) of all n x n matrices over S(Z, tz), where 17 is the restriction of the trace
T onto the center Z.

Now let M be an arbitrary finite von Neumann algebra of type I with the center Z and let
{zu}ner, F €N, be a family of central projections from M with sup, .z, = 1 such that the
algebra M is x-isomorphic with the C*-product of von Neumann algebras z, M of type I, re-

spectively, n € F, i.e.
M= @ M.
neF

In this case we have that

SM,7) S [ ] S@M, 1),

neF

where 1, is the restriction of the trace t onto z, M, n € F.

Suppose that D is a derivation on S(M, t), and let § be its restriction onto the center S(Z, tz).
Since § maps each z,S(Z,1z) = Z(S(z,.M, 1,)) into itself, § generates a derivation §, on
22 8(Z,tz) foreachn € F.

Let Ds, be the derivation on the matrix algebra M, (z,Z(S(M, 1))) = S(z,M, 1,) defined as
in (1). Put

Ds({xn}ner) ={Ds, (xn)}.  {xnlner € S(M, 7). (12)
By Lemma 4.2 7(z5) < 00, thus

25S(M. 1) =2S(M) Z 25 [ [ SGaM) =25 [ [ SGuM. 1),

neF neF

and therefore {D;, (x,)} € zsS(M, 7) for all {x,},cr € S(M, 7). Hence we obtain that the map
Ds is a derivation on S(M, 7).
Similar to Lemma 2.3 one can prove the following.

Lemma 4.3. Let M be a finite von Neumann algebra of type I with a faithful normal semi-finite
trace t. Each derivation D on the algebra S(M, t) can be uniquely represented in the form

D =D, + Ds,

where D, is an inner derivation implemented by an element a € S(M, t), and Dy is a derivation
given as (10).
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Finally Theorem 4.1 and Lemma 4.3 imply the following main result the present section.

Theorem 4.4. Let M be a type I von Neumann algebra with a faithful normal semi-finite trace t.
Then every derivation D on the algebra S(M, t) can be uniquely represented in the form

D =D, + Ds,

where D, is inner and implemented by an element a € S(M, t) and Ds is the derivation of the
form (12) generated by a derivation § on the center of S(M, T).

If we consider the measure topology #; on the algebra S(M, t) (see Section 1) then it is
clear that every non-zero derivation of the form Dy is discontinuous in 7. Therefore the above
Theorem 4.4 implies

Corollary 4.5. Let M be a type I von Neumann algebra with a faithful normal semi-finite trace t.
A derivation D on the algebra S(M, t) is inner if and only if it is continuous in the measure

topology.
5. An application to the description of the first cohomology group

Let A be an algebra. Denote by Der(A) the space of all derivations (in fact it is a Lie algebra
with respect to the commutator), and denote by InDer(A) the subspace of all inner derivations
on A (it is a Lie ideal in Der(A)).

The factor-space H Y(A) = Der(A)/InDer(A) is called the first (Hochschild) cohomology
group of the algebra A (see [5]). It is clear that H'(A) measures how much the space of all
derivations on A differs from the space on inner derivations.

The following result shows that the first cohomology groups of the algebras LS(M), S(M) and
S(M, t) are completely determined by the corresponding cohomology groups of their centers (cf.
[3, Corollary 3.1]).

Theorem 5.1. Let M be a type I von Neumann algebra with the center Z and a faithful normal
semi-finite trace t. Suppose that z is a central projection such that zoM is a finite von Neumann
algebra, and zéM is of type loo. Then

(@ HY(LS(M))=H"(S(M)) = H'(S(z02));
(b) HY(S(M, 1)) = HY(S(20Z, 1)), where 1 is the restriction of T onto z0Z.

Proof. It immediately follows from Theorems 2.8, 3.6 and 4.4. O

Remark 2. In the algebra S(M, t) equipped with the measure topology ¢, one can consider
another possible cohomology theories. Similar to [8] consider the space Der.(A) of all con-
tinuous derivation on a topological algebra A and define the first cohomology group HC1 (A) =
Der.(A)/InDer(A).

Under these notations the above results and Corollary 4.5 imply the following result (cf. [8,
Theorem 4.4]).
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Corollary 5.2. Let M be a type I von Neumann algebra with the center Z and a faithful nor-
mal semi-finite trace t. Consider the topological algebra S(M, t) equipped with the measure
topology. Then HC1 (S(M, 1)) ={0}.
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