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1. Introduction

The present work is motivated by the study of the relationship between discrete operators on graphs and differential
operators on metric graphs (quantum graphs); see [ 1-5]. Let us recall the basic notions and introduce an illustrative example.

Let G be a countable graph, the sets of the vertices and of the edges of G will be denoted by V and &, respectively,
and multiple edges and self-loops are allowed. For an edge e € & we denote by te € V its initial vertex and by te € V its
terminal vertex. For a vertex v, the number of outgoing edges and the number of ingoing edges will be denoted by outdeg v
and indeg v, respectively, and the degree of v is deg v := indeg v + outdeg v. In what follows, we assume that there are no
isolated vertices, i.e.degv > 1 for all v € V. Introduce the discrete Hilbert space

veV

2(G) = {f 1V > C:f? =) degolf (v)]* < +oo}

and the transition operator A in *(G),

1
@Ho) = g (Z fao+ Yy f(te)) : (1)

e:le=v e:rte=v
Numerous works treat the relationship between the properties of A and G; see e.g. [6] and references therein.

Let us now introduce a continuous Laplacian on G. Consider the Hilbert space J# = @, He, He = 1?(0, 1), and
the operator A, A(f,) = (—f/), acting on the functions f = (f,) € H(0, 1) satisfying the so-called standard boundary
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conditions:

fe(1) = f,(0) forallb, e € & with (b = te (= continuity at each vertex),

Y RO - fm=o.

e:le=v e:re=v

It is known that A is self-adjoint and that its spectrum is closely related with the spectrum of A: denoting op = {(7n)? :
n € N} one has the relationship

spec;A\op={z &op: cos+/z € spec;A}, j € {p, pp, disc, ess, ac, sc}. (2)

For some particular configurations the above relationship was used (implicitly) first in the physics literature; see e.g. [7,8]
and the historical remarks in [9, Section II1.2]. Concerning mathematically rigorous results, for j € {p, disc, ess} the above
equalities (2) were proved, for example, in [10] for finite graphs and in [11] for infinite ones. In [12] the result was obtained
for the first time for all types of spectra using a completely different machinery, and the work [13] used the results of [ 12]
to prove a similar result for continuous Laplacians with more general boundary conditions. We note that all the spectral
components for A can be non-trivial; see e.g. [14-17] for respective examples. We refer e.g. to [18-31] for generalizations
to more general differential operators and for the analysis of particular configurations. The aim of the present paper is
to improve the relation (2). If £2 is a Borel set in R and A is a selfadjoint operator, denote by A, the part of A in £2, i.e.
Ao = Alg(A) considered as an operator in ran 15 (A); here 15 (A) is the spectral projector of A onto £2. A simple corollary
of Theorem 17 below is the following.

Proposition 1. Denote 1(z) := cos +/z, then for any interval ] C R \ o} the operator Ay is unitarily equivalent to the operator
n! (An(l))'

It was noted by the author in [27] that the operator A can be studied at an abstract level using the language of boundary
triplets and self-adjoint extensions [32,33,12]. Let S be a closed densely defined symmetric operator in a separable Hilbert
space J¢ with the domain domS. Assume that S has equal deficiency indices, i.e. dim ker(S* + i) = dimker(S* — i). A
boundary triplet for S consists of a Hilbert space ¢ and two linear maps I, I’ : domS — § satisfying the following two
conditions [32]:

o (f,S*g) —(S*f,g) =(I'f, I'"g) —(I'"f, I'g) forallf, g € domS~,
e the application (I", I'’) : domS* > f — (I'f, I''f) € § & § is surjective.

We will consider the two distinguished self-adjoint extensions of S:

H® = S*|lkerr and H = S*|yer . G)

An essential role in the analysis of the self-adjoint extensions is played by the so-called Weyl function M (z) which is defined
as follows. For z ¢ spec HC consider the operator y (z) := (F |ker(5*,z))71 which is a linear topological isomorphism between
g and ker(S* — z) C #, then the map C \ specH® 5 z — y(2) € £(4, #) (called y-field) is holomorph. The operator
function C \ specH® 3 z > M(2) := I''y(z) € L(4) is called the Weyl function associated with the boundary triplet [33].
Outside spec H® U spec H the Krein resolvent formula holds, (H® —z)™!' — (H —2) ™' = y(z)M(2) "'y (Z)*, and we have the
relation [33,12]

spec;H \ specH® = {z & specH" : 0 € spec;M(2)}, j € {p, disc, ess}. (4)

Numerous papers were devoted to the question whether one can explain the relation (4) and to recover, for example, the
singular or the absolutely continuous spectrum of H in terms of the spectral properties of M, see e.g. [34-36,12,33,37] and
references therein. Our main result contributes this direction and concerns Weyl functions of a special form.

Theorem 2. Assume that the Weyl function M has the form

m(2)ld—T
MO =—"a

where

e T is a bounded self-adjoint operator in §,
e mand n are scalar functions which are holomorph outside spec H°.

Assume that there exists a spectral gap ] = (ag, bo) C R \ spec H® such that m and n admit a holomorph continuation to J,
are both real-valued in J, that n # 0 inJ, and that m(J) N specT # ), then

(a) there exists an interval K containing m~!(specT) N J such that m : K — m(K) is a bijection; denote by u the inverse
function;
(b) the operator H; is unitarily equivalent to i(Ti()).
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Aswas shownin [27], the analysis of the above operator A can be put into the framework of boundary triplets: the associated
Weyl function in suitable coordinates has the requested form M(z) = (A —cos+/Z Id) A/z/ sin \/z, and Proposition 1
becomes a simple corollary of Theorem 2. We recall these constructions and generalize the above example in Section 3.

Theorem 2 shows that the spectral analysis of H in the interval J is equivalent to the spectral analysis of the operator T
on a “smaller” space §, and this fact can be considered as a dimension reduction. Note that for n = const # 0 Theorem 2
is actually proved in [34]: it is not stated explicitly, but the proof of Theorem 4.4 in [34] contains the result, and we are
adapting their scheme of proof to the case of non-constant n. The main difference comes from the fact that for constant n
the function m is strictly increasing, while this is no more true for general n, which brings some additional difficulties. Note
that the results of [34] are suitable for the analysis of operators that can be represented as direct sums of operators with
deficiency indices (1, 1), but this does not cover the above example with the continuous graph Laplacian.

We emphasize that the condition m(J) N specT # @ in Theorem 2 is just to avoid some pathologies in the notation and
this does not bring any restriction. If m(J) N specT = @, then by (4) the operator H has no spectrum in J, and the assertion
(b) still holds formally, as both operators are defined on the zero space.

Note that as an obvious corollary of Theorem 2 we have the following assertion obtained already in the author’s joint
work [12, Theorem 3.16] by a different method:

Corollary 3. Forany x € ] and any j € {p, pp, disc, ess, ac, sc} the assertions

e XE spech,
e m(x) € speg;T

are equivalent.

2. Proof of the unitary equivalence

This section is devoted to the proof of Theorem 2.

2.1. Operator-valued measures

In what follows, by B8(R) we denote the algebra of Borel subsets of R, and by B,(R) its subalgebra consisting of the
bounded Borel subsets. If # and #' are Hilbert spaces, then £(#, #') stands for the space of bounded linear operators
from # to #’, and L(H) = L(H, ##). Amapping X : B,(R) — L(H) is called an operator-valued measure (in #) if it is
o-additive with respect to the strong convergence and if ¥ (B) = X'(B)* > 0for all B € 8B,(R). An operator-valued measure
X is called bounded if it extends by o -additivity to a map B(R) — L(#). A bounded operator-valued measure X is called
orthogonal if it satisfies two additional conditions: X' (B; N B;) = X' (By) X (B,) for all By, B, € B(R) and X' (R) = Id.

Let #¢;, #¢, be Hilbert spaces, K : #;, — J¢; be a bounded linear operator, and X'; be a bounded operator-valued spectral
measure in #;, then the mapping X, : 8(R) > B+ X, (B) := K*X1(B)K € L(H#>) is a bounded operator-valued measure
in #¢, which is called a dilation of X;. This dilation is orthogonal if the above representation holds with a unitary operator
K and is called minimal if the closed linear span of the subspaces ¥;(B)ranK, B € B(R), coincides with #;. If a bounded
operator-valued measure is an orthogonal dilation of another bounded operator-valued measure, then these two measures
are called unitarily equivalent. Note that the spectral measure of a self-adjoint operator is always an orthogonal operator-
valued measure. The following assertion is well known; see e.g. [38, Chapter 4] or [39].

Theorem 4 (Generalized Naimark’s Dilation Theorem). Any bounded operator-valued measure X can be represented as a min-
imal dilation of an orthogonal operator-valued measure X°, and X° is called a minimal orthogonal operator-valued measure
associated with X. If a bounded operator-valued measure can be represented as a minimal orthogonal dilation of two different
orthogonal operator-valued measures, then these two orthogonal operator-valued measures are unitarily equivalent.

Let us recall some tools that allow one to obtain some information on the spectral measures for self-adjoint extensions
using the Weyl functions.

Let C; := {z € C: Iz > 0} and # be a Hilbert space. Amap C; > z — F(z) € L(F) is called an (operator-valued)
Herglotz function on J¢ if JF(z) > 0 for all z € C,.. To each Herglotz function F on # one can associate a uniquely defined
bounded operator-valued measure (bounded Herglotz measure), in #¢, which we denote by EE, and two non-negative
operators Cy and C; on # such that

14tz

— »2(dt) forallz € C,.
—Z

F2) =G +C1Z+/
R
One can introduce another operator-valued measure X (unbounded Herglotz measure) associated with F by the equality

Sp(B) = /(1 +t)22(dt), B € By(R).
B
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This operator-valued measure is unbounded in general, but it can be recovered from the values F by the explicit Stieltjes
inversion formula
1 b—45
2r ((a, b)) = s-lims-lim — SF(x + ie) dx; (6)
8—0+ =0+ TT a+s

see [40,41]. Note that the Weyl function M(z) defined by a boundary triplet is always a Herglotz function and satisfies
M(z) = M(z)*; see e.g. [33], 25, Proposition 1.21]. The following fact is known [36, Section 3].

Proposition 5. Let S be a closed densely defined symmetric operator in a Hilbert space # with equal deficiency indices, and let
(4, I", I'') be an associated boundary triplet. Let M be the associated Weyl function and H® be the restriction of S* to ker I'.
Assume that S is simple (i.e. has no invariant subspaces on which it is self-adjoint), then the spectral measure for H® is a minimal
orthogonal operator-valued measure associated with the bounded operator-valued Herglotz measure 2,31 associated with M.

The following proposition combines the above results and provides a step toward the proof of Theorem 2.

Proposition 6. Let the assumptions of Theorem 2 be fulfilled, and let the assertion (a) of Theorem 2 hold. Set N(z) .= —M(z)~!
and let Xy be the associated bounded Herglotz measure. Define its restriction Xy  onto ] by Xy ;(B) = Zy(BN)).If Zy isa

minimal dilation of the spectral measure Eg of the operator R = 1 (Tm(,)), then the operators H; and R are unitarily equivalent.

Proof. (a) Assume first that S is a simple operator. Introduce the new boundary triplet (g, f, f/) with I := —I"" and
I := I'. The associated Weyl function is N(z) :== —M(z)~ 1 and is hence also a Herglotz one, and the operator H becomes
then the restriction of S* to ker I". By Proposition 5 one can represent X% as a minimal dilation of the spectral measure Ey

of H, ¥9(B) = K*Ey(B)K,K € £(4, #), then
N, B) = Zy(BN]) = K*Ey(BN])K = L*Ey(B)L,

where Ey ; defined by Ey ;(B) = Ey(B N]J) is considered as an orthogonal measure in #’ := ranEy(J), and L = ITK with

IT: # — 3¢’ being the orthogonal projector. Therefore, Ey ; is another minimal orthogonal measure associated with 39 It
hence Eg and Ey ; are unitarily equivalent by Naimark’s theorem (Theorem 4). This means that there exists a unitary U such
that Ey ;(B) = U*Eg(B)U for all B C J, and

H = /tEHJ(dt) =U* /tER(dt) U=U"RU.
J J

(b) If the operator S is not simple, one can decompose the Hilbert space # and the operator S into a direct sum
H = Ho @ K,S = So ® L, such that L is a self-adjoint operator in X and Sy is a closed densely defined simple symmetric
operator in #, whose deficiency indices are equal to those for S. Moreover, (4, I", I'"), where I" and I are the restrictions
of I" and I'’ respectively to dom S}, is a boundary triplet for Sy with the same Weyl function M(z). Moreover, one has
H° =A@ Land H = A @ L, where A° is the restriction of S to ker I" and A is the restriction of S} to ker I"’. One has
J C R\ specA® and] C R\ specL, which means that H; is unitarily equivalent to A,. Finally, applying the part (a) to the
operators S, A and A° one shows that A is unitarily equivalent toR. O

2.2. Technical estimates

In this section, we use the notation and the assumptions introduced in Theorem 2 and Proposition 6. The aim of this
section is to calculate the bounded Herglotz measure 2,3 associated to N in terms of the spectral measure for the operator R.
Denote

Sr := [infspecT, supspecT], K :=m '(Sr)NJ. )
The following assertion was proved in [25, Lemma 3.13].

Lemma 7. For any x € K one has m’(x) # 0.

We will prove the following.
Lemma 8. The set K is connected.

Let (a, b) C J. By the Stieltjes inversion formula (6) one has

1 b—48
20 ((a, b)) = s-lims-lim —/ (N(x+ie) — N(x —ig)) dx. (8)
8—>0+ e—>0+ 271 Jo15
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On the other hand, there holds

. Sy n(x + ie) B n(x — ie)
MwH@—N@—wV—4<A_m@+w) l—m@—wJENM)
— n(X + 18) n(X _ 18)
= /ST <k—m(x+ie) - )"_m(X—ig)> Er(dr), -

where E7 is the spectral measure associated with T.
For a Borel subset I of ] denote

kO, s):i,/< nxtie) | nx—ie) )dx. (10)
2wi Jy\ A —mx+ig) A —m(x—ie)

Our main technical estimate is the following proposition.

Proposition 9. Assume that I = [a, b] C ]. For some &y > 0 there holds
sup [ki(x, &)] < 400 (11)
€S
£€(0,69)
and for any A € St one has
0, A ¢m([a, b)),
Jim ki) = % W n (), e {m@,mb)}, (12)
w@n @),  rem(ab).
Here p is the inverse to K > x — m(x) € m(K); this inverse exists by Lemmas 7 and 8.
To prove Proposition 9 let us make some preliminary steps.

Lemma 10. Let I C ] be a closed segment such that m’(x) # 0 for x € I. Then, for some &g > 0 and forallx € I, . € R and
0 < |e| < & there holds

1 1
= -(1 A, 8), 13
A—mx+ie) A —mx)—iem'(x) (I +eglx r.2) (13)
where
sup |g(x,k,s)| < +o00.
xel, AeR
O<le|<eg
Proof. There holds
1 A
_ flx, ,e:?) (14)
A—mx+ie) A —mx) —iem'(x)
with
Foene) = A—mx) — iem’(x) 14 m(x + i) — m(x) - ism’(x). (15)
A —m(x +ig) A —m(x +ig)

Due to the analyticity of m, there exists C > 0 such that
|m@x) +iem'(x) — m(x + ig)| < Ce* forallx €I, |e| < &o. (16)

On the other hand, denoting k = infy¢; [m’(x)| > 0, one has |k —m(x) — iem/(x)| > k|e|. Therefore, one can find ¢ > 0 such
that

|A —m(x+ig)| > cle| forallA e R,x €1, e] < & (17)
Using (16) and (17) one obtains, withb = C/c > 0,

m(x + i) — m(x) — iem’ (x)
A —m(x+ig)

<be forallxel,AeR,0< || <g. O
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Lemma 11. The result of Proposition 9 holds under the additional assumption

m(x) #0 forallxel.

Proof. Let us take the same g; as in Lemma 10. Using the representation (13) one can write

1 b
ki(h, &) = — - ;

2mi J, A —m(x) —iem’(x) A —m(x) + iem’(x)
As n is holomorph, one can write n(x + ie) = n(x) + ep(x, &) with

sup |p(x, &)| < 4o0.
xel
lel<eg

Substituting this representation into (18) one obtains

b
k:(x,s)zi./noo( L L )dx
27i J, A —m(x) —iem'(x) A —m(x)+ism'(x)

)

1 er(x, A, &) ixt 1 b er(x, A, —e)
2wi Jo A —m(x) —iem'(x) 2wi Jo A —m(x) +iem'(x)
=:h(r,e) =:3(X,e)

with
r(x, A, ) == px, &) (1+eg(x, A, €)) +nx)gx, 1, ¢).
One has obviously

sup ‘r(x, A, 8)‘ = C < +00
Xxel, LeR
O<lel<eg

Denoting

k= inf |m'(x)| >0
x€la,b]

one can estimate, forallA € Rand 0 < |¢| < 1,

er(x, A, €) - R
A—mx) +iem'x)| — k’
Therefore, one has
R|b — a|

|bs(h, 8)| < forall A e Rand 0 < || < 1.

2k
Let us study the expression for I1. By elementary transformations one obtains

3 1 b 8m/(X)”(X)
L, &) = — /a A —m)? + (em' (x))?

b/
Denoting N := sup,, |n(x)| one obtains

NP Ml
hl = — 2
T Jo (A —m(x))° + e2k?

N m(b) & N +00 P N
[y
m@ A —Y)?+e2k? T J) o Y2+ e2k2 k

b4
The estimate (11) is proved.

nx+ie) - (1+egx A e) nx—ie) - (1—eg(x 2, —s)):| d

645

(18)

(19)

(20)

To show the equalities (12) let us study first the limits of I, and I3. By (20) and due to the boundedness of (a, b) one

obtains by virtue of the Lebesgue dominated convergence

. b er(x, A, €)
lim LA, ¢e) = lim -
£—0+ a €20+ A — m(X) + iem’(x)
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note that for x satisfying A % m(x) (which can be violated for at most one point of [a, b]) one has
. er(x, A, €)
lim - =
e—>0+ A — m(x) + iem’(x)

Therefore, lim,_, ¢4 (A, &) = 0. By the same arguments, lim,_, o4 I5(A, &) = 0.
To study the limit of I; we assume without loss of generality that m’(x) > 0 on I (otherwise one changes the signs of

T, m and n). Introduce a new variable y = m(x); by the implicit function theorem one has x = ¢(y) and ¢'(y) = (m/(x))fl.
This gives
1m0 en(e)
11()\.,8)=*/ z—ﬂdy
T Im@ (=) + S

— y—i
e

Introducing another new variable z one arrives at

(b)

m(b)—X\
1 € A
/( n(p(sz + 1)) dy.

O, 8) = —
14, €) - 2

: (21)
G @' (ez4+1)?2

One has

sup In(pez + )| = supb|n(x)| <N
a<x=<

m(ag)—k <7< m(bs)—k

and
1
inf — = inf M®?> =k >0,

m(ag)—A <2< m(bg)—)» @' (62 + A)? a<x<b
therefore,

n(e(ez + A N

ezt )| e,
A e | ETH

Hence one has due to the Lebesgue dominated convergence

lim mb=*
. e—>0+ . n (@(SZ + )‘))
lim (A, &) = — . lim 271dy.
£—>0+ T Silg_'_ m(us)— e—=>0+ 7 + W

Recall that (for a # 0)

/0 dt _f+°o dt _1/+°° dt  w
o @F+t2 o a@+t2 2 ). @42 2a’

Clearly, forany c € |

Come) — A +00, A< m(c)
lim —— =10 A =m(c)
=0+ £ —00, A > m(c)
and that for m(a) < A < m(b) there holds
m n(pez+1))  n(p))
= .
0hZE+ 2+ or

It remains to note that u(x) = ¢(x) for x € m(I N K). The equalities (12) are hence obtained. O

1
@' (ez4+1)2

Lemma 12. Let L be a connected subset of K with m(L) \spec T # @; then the functions m’ and n are either both strictly positive
or both strictly negative in L.

Proof. Take )\ € specT such that A € m(L). As IN(x + ie) > 0 for ¢ > 0, one has

l( n(x + ie) n(x — ie) )>0
2i \A—m(x+ie) r—mx—ie)) =

for all x € R. Integrating this inequality on any [a, b] C L such that A € m ([a, b]) and passing to the limit as ¢ — 04 we

obtain, by Lemma 11, n («(A)) /(&) > 0.Let . = m(y),y € L; then 0 < n (u (m(y))) u’ (m@y)) = n';,(”(y)) . On the other hand,
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n(y) # 0 by assumption and m’(y) # 0 by Lemma 7; hence the inequality is strict; hence m’(y) and n(y) are either both
negative or both positive. As the two functions m’ and n are continuous and do not vanish in the connected set L, they have
the same sign in whole L. O

Now we are able to show that K has a rather simple structure given in Lemma 8.

Proof of Lemma 8. If the set K is not connected, then there are two different values x;, x, € J with m(x;) = m(x;) = t
with T € {inf spec T, sup spec T} (automatically T € specT). Due to analyticity of m and without loss of generality one
can assume that T = supspecT, that X; < X, and that m(x) > 7 forx; < x < x,. Then m’(x;) > 0 and m’'(x,) < 0. By
Lemma 12, one has n(x;) > 0 and n(x;) < 0, therefore, n has to vanish in at least one point of the interval (x1, x;) C J,
which is impossible. O

Now we can prove the complete version of Proposition 9.

Proof of Proposition 9. By Lemma 8, there exists a bounded open interval £2 containing m~'(Sy) N J such that m’(x) # 0
forx € £2.Denote L :=I1N 2 and P :=1\ L.One has k;(A, &) = kp(X, &) + ki (%, €).

Consider the term kp. As m(P) NSy = (J by construction, the subintegral expression in (10) does not show any singularity
for small ¢, i.e., for any gy > O there exists C > 0 such that

n(x + ig) n(x — ie)

— <C
A—mx+ig) A —m(x—ie)

forallx e P,A € Srand 0 < ¢ < &g, and
lkp(X,e)] < C|P| forallA € S;rand0 < ¢ < &.
Furthermore, the Lebesgue dominated convergence and the equality

nix+ie) . nx—ig)  nx)

im ———— = =
e—>0+ A —m(x+ig) =0+ A —mix—ie) A —m(x)

implies lim,_, o4 kp(X, &) = 0forall A € Sr.
To analyze the second term k;, we remark that, by construction, L is a closed interval and m’(x) # 0 for x € L; hence
Lemma 11 is applicable. O

2.3. Spectral measures and proof of Theorem 2

From now on we introduce the operator
T := Ting)
and the orthogonal projector
P:g— §:= ran Er (m(J))) .

Recall that we consider T as a self-adjoint operator in §

Proposition 13. Let u be the inverse function to K > x +— m(x) € m(K) = m(J); then the operator n (,u(f)) M’(T) is bounded,
and for any bounded Borel set B C ] there holds

Sn(B) = P*n (u(T)) 11/ (T)Ex (m(B)) P, (22)
S8 = P*n (u(D) w'(F) (1+ 1w(?) " Er (m(B) P. (23)

Proof. By the o-additivity it is sufficient to consider open intervals B = (a, b).
(a) Assume first B = [a, b] C J. Applying (11) and the Fubini theorem to the expression (8) for X, one obtains

XN (B) = s-lim s-lim kiats,b—s1(A, €) Er(dA).
§—>0+ e—>0+ St
Take any h € #¢. Using again (11) and the Lebesgue dominated convergence one obtains, by virtue of (12),

s-lim k[a+6,b78] ()\, 8) dET ()»)h = / E-IIOIE k[a+§yb76] ()\,, 8) dET ()\)h
St St -

e—>0+4

= F(T)Er (m((a+8,b—8))h

1~ ~
+5 [T m@+8)Er (im@+ ) +T (mb = 6D Er (mo o)) [h - (24)
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where

oy _ (@) '), forx € St nm(),
J&) = {0, otherwisTe.

Hence, noting that the functionf is a priori bounded on m(B) and passing to the limit as § — 0+ we obtain

Iy (B) = F(T)Er (m(B)). (25)
On the other hand, there holds

Er (m(B) = P*Ex (m(B)) P, f(T) :=P*n(u(D) /' (DP,  PP* =Idz,

which transforms (25) into (22). -

(b) Let B = (a, b) C J be an arbitrary open interval. In this case the boundedness of f on m(B) is a priori not guaranteed;
hence one can have troubles when passing to the limit in (24). To deal with this case consider the sequence B, = (a + 1/n,
b — 1/n). One has obviously B, C J; hence for any h € domL, L = f(T), we have

Jim Er (m(By)) Lh = Er (m(B)) Lh.

On the other hand, by (a), one has
s-lim LEr (m(B,)) = s-lim Xy (B,;) = Xn(B).
n—-+00 n—-+oo

Therefore, for all h € dom L we have LE; (m(B)) h = Xy (B)h, which is extended by continuity to all h € # and shows the
boundedness of L.

(c) We have
206 = / LG / n (D) ' Dz (mea)
B 1+ tz B 1+ t2
Ez(dy)

= Pn (u(D) W' (T ——
n (u(T)) 1'(T) o 1+ 20

= P'n (u(®) ' @) (14 n@?) " B (m®B) P. O

Now we are in position to conclude the proof of the main result.

Proof of Theorem 2. Recall that we have R = ,u(?), and, therefore, T= m(R). Note first that the assertion (a) holds with K
defined in (7); it satisfies the requested conditions due to Lemmas 8 and 12.
To proceed with the assertion (b), let us prove first the equality

Zn(B) = P*n(R) (m/(R))’1 Eg (B) P* for all Borel sets B C J. (26)

By the o -additivity and the regularity arguments used in the proof of Proposition 13 it is sufficient to study the case when
Bis an open interval such that B C J. We have Ey (m(B)) = Em) (m(B)) = Eg(B). Substituting this equality in (22) and using

the identity i/ (x) = [m’ (u (x))]_l, we obtain the requested equality (26). Analogously, from (23) we deduce for B € B(R),
BcC]J,
9(B) = P*n(R) (m'(R)) ™" (1+ R?)"Ex(B)P. (27)
Now consider the operator-valued measure B +— 2,3’] (B) == 2,8 (BNJ) on §.One can rewrite (27) as
>y, (B) = D*Eg(B)D,
where

D = [n®m ® "1+~

P.

Note that the operator n(R)m’(R)™! is positive due to Lemma 12; hence kerD* = 0 and ranD = g Therefore, 2,?,’] is
a minimal dilation of the orthogonal measure Egj, and the operators H; and R are unitarily equivalent by Proposition 6.
Theorem 2 is proved. O

3. Graph-like structures

In this section, we are going to discuss a class of examples in which Weyl functions of the form (5) appear. We are
interested in the case n # const; examples with n = const can be found e.g. in [34, Section 4] or [12, Subsection 1.4.4]. We
introduce first a rather general abstract construction and then discuss its realizations by quantum graphs.
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3.1. Gluing along graphs

A part of the constructions of this subsection already appeared in [13,29]. Let G be a graph as in the introduction. For
veVwedenoteE :={ec&:e=v}C&andE} :={e e &: te=v} C & anddenote by E, the disjoint union of these
two sets, E, .= E{ LE].

Let now X be a Hilbert space and L be a closed densely defined symmetric operator in X with the deficiency indices
(2, 2). Consider a boundary triplet (C2, 7, n’) for L,

() r=(2)

and let I° be the restriction of L* to ker 7r. Denote by y (z) the associated y-field and by m(z) the corresponding Weyl
function, which is in this case just a 2 x 2 matrix function,

_ my(z) my(2)
m(z)_(mn(Z) mn(Z)>'

We are going to interpret the operator L and its boundary triplet as a description of an object having two ends, ¢ and 7,
e.g. [ f and I'f are interpreted as the boundary values of f at 7. Our aim is to replace each edge of G by a copy of this object
and glue these copies together by suitable boundary conditions at the vertices. To make this construction more evident and
to provide it with a geometric interpretation let us consider two examples.

Example 14. Our main example is a Sturm-Liouville operator; see [27, Section 4] for the details of the construction. Let
I > 0and let V e L%(0, I) be a real-valued potential. Consider the operator

d2
L=——+4V
dx? +

with the domain Hg (0,1) = {f € H%(0,1) : f(0) = f(l) = f'(0) = f'() = 0}. Its adjoint L* is given by the same differential
expression on the domain H2(0, I), and as a boundary triplet one can take

o-(R) 0= (1)

The associated y -field is given by
, £ —&ic(l;2)
y@ (5) 00 = 2D s 2) 4 b 2)
& s(l; 2)
and the Weyl function is

1 —c(l; 2) 1
m) = s(l; 2) ( 1 —s'(l; Z)) ’ (29)

where s and c are the solutions of the differential equation —y”(t) + V (t)y(t) = zy(t) satisfying the boundary conditions
s(0;z) = ¢’(0;z) = 0and s'(0; z) = c(0;z) = 1. Note that the associated operator L° is just the above Sturm-Liouville
operator with the Dirichlet boundary conditions at 0 and L. Its spectrum op consists of simple eigenvalues v,, n € N, v, >
vy, Which are the zeros of the function v — s(l; v). O

Example 15. Let I° be the Laplace-Beltrami operator on a closed manifold M, 2 < dimM < 3. Take two points x1, X, € M
and denote by L the restriction of L° to the functions f € dom L° with f(x;) = f(x2) = 0. Then L is a closed symmetric
operator with deficiency indices (2, 2), and one can construct an associated boundary triplet and the Weyl function as
follows; see [12, Section 1.4.3]. Let

1 1
3 log 1 , dimM =2,
Foop =7 S0
—_, mm =5,
4rd(x, y)

where d(x, y) is the geodesic distance between x, y € M. Any function f € dom L* has the asymptotic behavior
F®) =aq(HF&, x) + bj(f) +0o(1), x—x;, a;(f),bj(f) eC, j=1,2;

hence as a boundary triplet one can take (C?, I", I'') with

a(h) (0D
’7=<ém)’ Ff:(ém)'
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Note that the original operator L° is just the restriction of L* to ker I', and its spectrum is discrete. The Weyl function m for
the above boundary triplet has the form

m(z) = (Gr(xlvxu 2 Gla,x; z))

G(x2,x152) G (x2,%2; 2)

where G is the Green function of L, i.e. the integral kernel of the resolvent (L° — z)~', and G’ is the regularized Green
function, defined as the difference G (x, y; z) := G(x, y; z) — F(x, y) and extended to the diagonal x = y by continuity. O

To introduce rigorously the gluing of copies of L along the edges of G, let us consider the Hilbert space # = @, He.
H, = K, and the symmetrlc operator S = @ecg Le, Le = L. Clearly, S is closed densely defined in #, has equal deficiency
indices, and $* = @), L. As a boundary triplet for S one can take (§, I", I") with

F=@c  T@=ah. FE)=6"h.
ec€

where 7 and 7’ are defined by (28). This construction does not take into account the combinatorial structure of the graph G,
and we prefer to modify it by regrouping all the components with respect to the vertices. More precisely, for any v € V de-

note §, = Cdeev and set g = @Uev .. For ¢ € § we will write ¢ = (¢y)vev, Py = (Pv.e)ecE, € $v, OT SIMPlY ¢ = (P ).
The scalar product of ¢, ¥ € § is hence defined as

<¢s¢)9:Z¢vswv Zz(bevwev

vevV veV ek,
As a boundary triplet for S we take now (4, I, I'’) with

mfe ifv=ute,
w.fe ifv=re,

Ff:(rvf)v@h va (Fvaf)eeEvv ve:{

and I' is defined analogously. Let us calculate the Weyl function for this boundary triplet. Let§ = (£, ) € §andz ¢ spec .
The function f € ker(S* — z) with I'f = £ has the form f = (f,),

revo(f). (f) = () e (82)

Therefore,
M@= = O e, v 0
where
Ve = {re forv = e,
e forv=re.
Note that if the symmetry conditions
m,(z) = my(z) and m(z) = my,(2) (31)

are satisfied, then the above expression for M (z) can be simplified to
M(z) = m,(2)ld + m,; (z) D, (32)
where D is the self-adjoint operator in § acting as
(DE)ye = &vee-
The restriction H® of $* to ker I' is just the direct sum of the copies of L°,
H =P’
ecé

hence spec H® = spec L and any spectral gap of L° is also a spectral gap for H.
Now impose gluing boundary conditions at each vertex v € V by

ALof = BUFy,f (33)

where A,, B, are degv x degv matrices such that A,B] = B,A} and det(A,A} + B,B}) > 0 (these conditions are usually
called Rofe-Beketov ones, [40, Section 125, Theorem 4]). One can rewrite these conditions in the equivalent normalized form

(1—-U)I, =i+ U,)T)f, U, € U(degv) (34)
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or
P,If = GPTLf, (1-P)If =0, (35)
where P, is the orthogonal projector from C98? to
£y = ker(1+ Uy)*
and G, is a self-adjoint operator in £, defined as
C, = —i(1 = P,U,P))(1 + P,U,P) .
The equivalent boundary conditions (33), (34), (35) define a self-adjoint operator (see e.g.[12, Section 1]) and we denote this

operator by H. Note that in general H is not transversal to H® as one has dom H Ndom H® = ker PI"’ Nker I" # dom S, P :=
P,y Pv, so let us proceed as in [25, Theorem 1.32].

Denote by S the restriction of S* to ker PI"" N ker I', then S* is the restriction of S* to ker(1 — P)I', and as a boundary
triplet for S one can take ($p, I'p, I'y) defined by
6p =ranP = @Dcv, Iy =PrP*, I} :=PI'P*
vevy

(gp is considered with the scalar product induced by the inclusion §p C 4), and the associated Weyl function Mp takes the
form

Mp(2) := PM(z)P*.
Now H becomes the restriction of S* to the vectors f satisfying
ryf =cnf, ¢=@Ha,
vey

and the operator H is still the restriction of S* to ker I'p. The following theorem shows that the spectral analysis of H can
be reduced in certain cases to the spectral analysis of the discrete operator Dp on §p,

Dp := PDP*.

Theorem 16. Assume that the symmetry conditions (31) hold and that there is 6 € C, such that |0| = 1,0 # —1, and

U specu, \ (=1} = {0). (36)
vey
Set
_i(1-0) _a—myu(z)
S Tre s MO T

Assume now that there exists an interval ] C R\ spec L° such that m,. (z) # 0 for z € J. Then the operators H;jand n, ! ((Dp)r]a (,))
are unitarily equivalent.

Proof. Let us show that the assumptions of Theorem 2 are satisfied. First of all, as mentioned above, due to (31) and
(32) one has Mp(z) = m,(2)Idp + m,;(z)Dp. On the other hand, under the assumption (36) all the operators C, are
just the multiplications by o; hence H is the restriction of $* to ker(/; — o I'p). Now introduce another boundary triplet

(Gp, I'p.a, F,ﬁ’a) forgby I'po = TIpand F,ﬁ_’a = I'; — aIp. The associated Weyl function is

= — — z)Id — D
Mp o (2) = Mp(2) — ald = (m, () — &) Id + m,: Dp = 77‘”()7_1"
—My (Z)
AsH = Elfer - the result follows from Theorem 2. [
P.a

In Example 14, the symmetry conditions (31) are satisfied if the potential V is symmetric, i.e. if V(x) = V(I — x); cf. [27,
Section 4]. In Example 15 these conditions hold, e.g. if there exists an isometry g of M such that g(x;) = x,.If M is a two-
dimensional sphere, then the condition (31) holds for arbitrary x; and x,; we refer to the paper [42] studying various systems
of coupled spheres. Note also that the operator Dp can be viewed as a generalized Laplacian on the graph G; see [13,29]. We
will also see below that the transition operator (1) is a particular case of Dp for a suitable projector P.

3.2, Quantum graph case

Consider now in greater detail the constructions of Section 3.1 for the Sturm-Liouville operator L from Example 14.
Let, as previously, | > 0,V € [*(0, I) be a real-valued potential and fix @ : 'V — R. Denote by H the self-adjoint operator
acting in # = @, L*(0, ]) as

H(fe) = (=" + Vfe) (37)
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on the functions f = (f,) € @, H*(0, I) satisfying the boundary conditions

ecé

the value f,(v) =: f(v) is the same for all e € E,,,

Y R =a@f()., vew, (38)

ele=v
where we denote

_ Jf(0) ifie=v, oy |fl0)  ifie=v,
fe(”)—{fe(z) ifre = v, fe(“)—{—f;(l) if ze = v,

Recall that by o we denote the spectrum of the operator f — —f” + Vf on [0, I] with the Dirichlet boundary conditions.

Theorem 17. Assume that H is defined by (37) and (38), that the potential V is symmetric, V(x) = V(I — x), and that
a(v) = adegv (39)

forsome a € R. Then, for any interval | C R\ op the operator H; is unitarily equivalent to n;l (A,m (,)), where A is the operator
in I?(G) given by (1) and

Na(z) = c(l; 2) + as(l; 2). (40)

Proof. The operator H has the structure requested in Section 3.1: it represents copies of the same operator L from Example 14
coupled through boundary conditions at each vertex of the graph. One can rewrite the boundary conditions (38) in the
normalized form (34) with

2

U - Y ) _I bl
v degv + ioz(v) ]degl degv

where I, and J,, are respectively the n x n identity matrix and the n x n matrix whose all entries are 1 [43]. The value —1
is an eigenvalue of U, of multiplicity deg v — 1, and the orthogonal projector P, onto ker(U, + 1) is just the orthogonal
projector onto the one-dimensional space spanned by the vector p,, where p, is the vector of length deg v whose all entries
are 1, i.e., in the matrix form,

1

Py = — Jdean-
v degv]degu

Finally we see that the equalities (39) give the representation (36).
As noted above, the symmetry of the potential V guarantees that the conditions (31) hold. Theorem 16 and the formulas
(29) show that H; is unitarily equivalent to n;] ((Dp),,a (])). On the other hand, consider the unitary transformation

O :PG) > gp, (08, =E@)p,. (41)
Applying Dp to @& we obtain

(PDP*®&), . = o > (obrreg), ,

degv o

1 1
degv D (OF)y = degv Y £,

eckEy ecky

(DP@‘é)v,e

i.e. Dp® = O A; hence Dp and A are unitarily equivalent. 0O

Taking in this theorem [ = 1, V = 0, o = 0 we obtain g(z) = cos 4/z, which gives Proposition 1.
Let us mention some other cases where the unitary dimension reduction is possible.

Theorem 18. Let V € [*(0, I) be arbitrary and the condition (39) hold. Assume that the ratio x = O'Qt:g‘f” is the same for all

v € V. Then H; is unitarily equivalent to ;' (A,,¢)) with ne(z) = kc(l; 2) + (1 — k)s'(l; 2) + as(l; 2).

Proof. Note that we still have m,;, = m,,. Take the same unitary transformation (41) and calculate M, ®:

1
(PM(2)P*©),c = { Y [m@(O8)se = M @)(OE) ] + D, [Mec@(OF) 0 — mu(z)@s)ue,e]}

deg v eie=v e:te=v

=L {(outdeg v m,(z) + indegv - m, (2)) (v) + M (2) ) S(Ue):| ;

degv ot
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hence
OA— (kc(l;2) + (1 —k)s'(;2)) ©
s(l; 2)

and the rest of the proof is similar to that of Theorem 16. O

MP(Z)@ =

)

One can extend the above results to the case with magnetic fields following the constructions of [27,29]. Namely, let
(@e)ece be a family of magnetic potentials, a, € C! ([0, I)]. Denote by H the self-adjoint operator in # := @, L*(0, I) as

eeé
() > ((i0 + ac)ge + V), 08 =g,

on the functions g = (g.) € P H?(0, I) satisfying the magnetic analogue of the boundary conditions (38),

ecé

the value g.(v) =: g(v) is the same forall e € E,,,

> [8w) — ige(w)g )] = a(w)g), veV.

eile=v

Applying the unitary transformation

£(0) = exp ( / ae<s)ds) £
0

and introducing the parameters

1
Be = / ae(s)ds
0

one sees that H is unitarily equivalent to the operator H acting as (f,) — (—f," + Vf,) with the boundary conditions

the value e'Pv¢f,(v) =: f(v) is the same for all e € E,,
i . 0 ifv=cte
iBu.e s’ — _ 5
> ePef(v) =a()g(v), veV, withp,, = {ﬁe ifv = re.

eile=v

By a minor modification of the preceding constructions one can show that Theorems 17 and 18 hold in the same form if one
replaces the operator A by its magnetic version Ag,

1 : .
Apf(v) = dego <Z e Pef(ze) + Z e'ﬁef(te)) .

eie=v ere=v

In particular, the above construction can be applied to the example considered in [25] i.e. to the two-dimensional lattice with
a uniform magnetic field. The respective operator Ay is the discrete magnetic Laplacian, and using this correspondence one
can show that the quantum graph Hamiltonian has a singular continuous spectrum; we refer to [25] for precise constructions
and explicit expressions for the Weyl function.

Let us now comment on the dimension reduction for boundary conditions different from (38).

Example 19 (8’-Coupling). Another popular class of boundary conditions is the so-called 8’ coupling [43],

YR =0,  f@)—f)= f(iv) ;) =f,(w)), ebekE, vev,

ecky egv
where B (v) are non-zero real constants. These boundary conditions can be rewritten in the normalized form (34) with
degv +iB(v)
degv —iB(v) degv — i (v)
and the condition (36) is fulfilled if 8(v) = B degv for some 8 € R\ {0}. Hence for an even potential V Theorem 16 applies,

and for any interval ] C R \ op the operator Hj is unitarily equivalent to 17, ((Dp)y, 4¢)) With 11,4 defined by (40) and

P = @ P,, where P, is the orthogonal projector in C%4%¢? onto the subspace pvl. Such operator Dp appeared already in [22]
in a slightly different problem. O

U(v) =

Jdegvy

Example 20 (§; Coupling). One can also consider the so-called §; coupling given by the following boundary conditions [43]:

fo) =f(v) = f'(v), e beE, Zfe(v) =a@f'(v), vevV. (42)

ecky
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To treat this case it is better to modify the boundary triplet for the initial operator L: instead of (28) one can define

1) v _ (fO
= ( {0 ) = (f(l)>’

then the associated Weyl function is

1 s'(l; 2) 1
m(e) = c(; z) ( 1T e Z))'

Note that the reference operator L° is now the Neumann operator on [0, []. Denote by oy its spectrum. With this new
boundary triplet the boundary conditions (42) become similar to the Kirchoff boundary conditions (38); they can be
rewritten in the normalized form (34) with

1
U, = N
degv — i (v)

]degv - Idegv-

Assuming now that V is symmetric and that (36) holds and proceeding as in Theorem 17 one can show that for any interval
J C R\ oy the operator H; is unitarily equivalent to 77;1 ((—A)na (,>) withn,(2) =c(;2) +ac’(;z). O

In the above examples, we considered second order differential operators only. We believe that, with some suitable
modifications, similar relationships should exist for other type of operators, like the averaging operator [44] or the fourth
order or mixed order operators appearing in the description of beams [45,20]. We hope to clarify the situation in subsequent
works.
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