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We investigate stability of multidimensional planar shock profiles
of a general hyperbolic relaxation system whose equilibrium model
is a system, under the necessary assumption of spectral stability
and a standard set of structural conditions that are known to
hold for many physical systems. Our main result, generalizing the
work of Kwon and Zumbrun in the scalar relaxation case, is to
establish the bounds on the Green’s function for the linearized
equation and obtain nonlinear L? asymptotic behavior/sharp decay
rate of perturbed weak shock profiles. To establish Green’s function
bounds, we use the semigroup approach in the low-frequency
regime, and use the energy method for the high-frequency bounds,
separately. For the system equilibrium case, the analysis of the
linearized equation is complicated due to glancing phenomena. We
treat this difficulty similarly as in the inviscid and viscous systems,
under the constant multiplicity condition.
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1. Introduction

In this paper, we study stability and the large-time behavior of multidimensional planar shocks of
hyperbolic relaxation systems of general form

d .
u vy _ 0
(), 2 (), = ()

where u, fi e R", v, g/, q € R", with the condition
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Reo (qv(u, v¥(w))) <0, (1.2)

along a smooth equilibrium manifold v = v*(u) defined by

E:={u,v) eR"™ | q(u,v)=0}, (1.3)

and T > 0 is a (typically small) parameter determining relaxation time. The first n equations and
the second r equations represent a conservation law for u and relaxation rate equations for v, respec-
tively.

The relaxation phenomenon arises in many physical situations. It is present in nonequilibrium
gas dynamics, river flows, traffic flows, viscoelasticity with vanishing memory, phase transitions with
small transition time, and kinetic theory of gases. Originally, the word “relaxation” was used to de-
scribe certain thermodynamic nonequilibrium phenomena in gas dynamics. When an equilibrated
physical system is perturbed, for example, by a sudden change in temperature or pressure, the sys-
tem tends to re-equilibrate for the new conditions in the adjustment of the rotational and vibrational
energy. In our general system (1.1), the condition (1.2) implies that during this re-equilibrium process
a perturbed solution eventually relaxes to the equilibrium state. Besides these physical models, some
hyperbolic relaxation systems have been studied in a numerics point of view. The Jin-Xin model was
proposed in [17] as a numerical scheme approximating discontinuous solutions of the corresponding
equilibrium system.

An interesting phenomenon in the study of hyperbolic relaxation systems is the existence of
smooth traveling wave solutions satisfying

(u9 V)(X, t) = (ﬂv ‘7)(X1 - at),

ZETOO({" V)(2) = (U+, V), (1.4)

where the end states (u4, vi), necessarily satisfy v*(uy) = v, and u+ is a shock solution of the
corresponding equilibrium system:

d
ur+ Y df Uy, =0. (1.5)
j=1

Here and after we denote

df* ) == au (fF (u, v @) = fil (u, via) — £ (u, via)gy " (u, v @)qu(u, v:w).  (16)

By the classical Chapman-Enskog expansion, the equilibrium system for the conservation laws variable
u can be further approximated, at a formal level, to its first order with respect to the relaxation time
parameter T as follows:

d d
ur + dek’*uxk =T Z (Bj‘(kqu)xk’ (1.7)
k=1 jk=1
where B}fk =— ",‘qv_l(gf; - g{;qv_lqu + q;lqu(fj - qu‘lqu)) is called the Chapman-Enskog viscos-

ity. For hyperbolic-parabolic systems, the existence and stability of smooth traveling wave solutions
have been studied by many authors. In light of the formal approximation, it is natural to ask if we
can obtain similar results for hyperbolic relaxation systems. The existence of such traveling solu-
tions is known for small amplitude profiles in several different contexts, see for example, [22,31,23,7].
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However, profiles of large amplitude may develop “subshocks” or jump discontinuities. We restrict
here to the smooth and small-amplitude case.

In the study of hyperbolic relaxation systems, the stability of the solution (u, v) of (1.1)-(1.4) has
been investigated with respect to several different notions of stability. For example, one is the stability
as the relaxation time t — 0, the so-called “zero relaxation limit” problem, see [4,5] and references
therein. Another one which we are concerned with in the present work is the time-asymptotic sta-
bility in the sense that a perturbed solution nearby the shock wave solution remains close in an
appropriate norm as t — oo. For this purpose, we set, without loss of generality, T =1, and we study
the time-asymptotic stability.

The stability of traveling waves for a general 2 x 2 quasilinear relaxation system in one spatial
dimension was initially studied by T.-P. Liu in his seminal work [22]. In his paper, nonlinear stabil-
ity was established, under the main stability condition, the so-called “subcharacteristic” condition.
This is a crucial condition implying that the system is dissipative. His result implies that the formal
Chapman-Enskog approximation has a justifiable interpretation in terms of the large-time behavior of
the solutions. Another fundamental example is the Jin-Xin model introduced as a numerical scheme
approximating discontinuous solutions of the corresponding equilibrium system by S. Jin and Z. Xin.
In [17] the stability for this 2 x 2 system in one spatial dimension with the linear transport term was
obtained by showing L! contraction property. These two models served as a guideline to the funda-
mental ideas in the study of general relaxation systems. Later, Mascia and Zumbrun [23] showed the
nonlinear stability for general N x N relaxation systems in one spatial dimension, under the neces-
sary assumption of spectral stability, which was verified using singular perturbation argument in [28].
They applied the pointwise semigroup approach introduced by Zumbrun and Howard [36] to the re-
laxation problems. Establishing the Green function bounds together with shock tracking method, they
proved nonlinear stability with sharp decay rate.

Loosely following [23], the stability of multidimensional planar shocks of the general relaxation
system whose equilibrium model is scalar (i.e. n = 1) was studied in [20]. Under the necessary as-
sumption of spectral stability together with dissipative structural assumption, nonlinear L2 asymptotic
behavior with sharp decay rate of perturbed weak shock was obtained. There are several nonlinear
stability results for specific multidimensional scalar relaxation models. Nonlinear stability of the 3 x 3
Jin-Xin model in two spatial dimensions and two-dimensional shallow river model were obtained in
[15] and [16], respectively. They both rely on the structure of specific models and give only stability
without decay rates or the asymptotic behavior, whereas the result in [20] applies to general equa-
tions, yielding sharp decay rates. On the other hand, it relies on the assumption of spectral stability,
which needs to be verified. However, to our knowledge, no stability result on the multidimensional
general relaxation system whose equilibrium model is a system is obtained. System equilibrium cases
include many important physical examples, such as gas dynamics in thermo-nonequilibrium as in [32],
moment closure and discrete kinetic models obtained from Boltzman equation, and so on. For the sys-
tem case, the linearized estimates are much more complicated due to glancing phenomena; see [6]
for the related Kreiss-Majda theory in the inviscid case, and see also [33,34] for the viscous case.
A significant difference from the scalar case considered in [20] is that there are more than one slow
modes in the system case, in which complicated glancing modes and super-slow modes are present.
Our proof is carried out by verifying that we can express these modes in the framework of [34], in
which the author considers the similar case of multidimensional planar viscous shock profiles.

In the present paper, generalizing the results of [20] in the scalar relaxation case to the system
equilibrium relaxation case, we prove stability with the asymptotic behavior and the decay rates of
small-amplitude multidimensional planar shocks of (1.1), under the following assumptions. For nota-
tional convenience, we rewrite (1.1) as

d
U+ ) AjU) Uy =77'QU), (1.8)
j=1

where A;(U) = (df’(u, v),dg/ (u, v))* and Q (U) = (0, q(u, v))".
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Assumptions 1.1.

(HO) f/,gl,qeC™ m=>[d/2] +3.

(H1) (i) O'(Zj £jAj(Uy)) real, semi-simple for all £ € RY, and (ii) o (A1 (Uy)) different from a, the
speed of traveling waves.

(H2) (Non-strictly hyperbolic with constant multiplicity) The eigenvalues of the reduced system
Zj Ejfl{’*(ui) are real, of constant multiplicity with respect to & € R%\ {0} and different from a.

(H3) (Dissipative condition)

d
Reo (—i > igj(dff. dg) (s, va) + (0, dg) (u., vi)) <0152/ (1+157)

j=1

for all £ eRY, 6 > 0.
(H4) The set of traveling wave solutions of (1.1) forms a smooth manifold (iis, Vs), § e € R1.

In the present work, we restrict our attention to the standard case of a classical, Lax-type shock
(U_, Uy, s). (H3) is guaranteed by our dissipative structural assumptions (A1) and (A2) below. (H2) is
a generalized condition of the strictly hyperbolic condition (H2)' that requires all eigenvalues are real
and simple for all & € R\ {0}.

Let us present here some technical definitions for our further assumptions on the non-strict hyper-
bolicity on the reduced system. The eigenvalues of Zj &j dfi*(uy), denoted by aﬁt(é), 1<r<n, are

necessarily real, positive homogeneous degree one, and by (H2), locally analytic on & € R%\ {0}. Let

Pa(T.8) =it +iy &dfi*(us) (19)
J

denote the frozen-coefficient symbols associated with the first-order conservation law at the equilib-
rium end states u = u-. Then, det P (7, &) has n locally analytic, positive homogeneous degree one
roots

=—af@®), r=1,...,n, (1.10)
describing dispersion relations for the frozen-coefficient equation.
The relations, with a notation & = (&, ..., &),
ig1=pur¢, 1), r=1,...,n, (1.11)

describe roots of detRy (7, &) =0, where

Ri(t,&):=if + (it +) g dfj**>(df1'*);l. (112)
J#1

Evidently, graphs (1.10) and (1.11) describe the same sets, since detP+ = detRy detdfi’* and

detdfi’* # 0; the roots it describe characteristic rates of temporal decay, whereas pu = i&; describe
characteristic rates of spatial decay in the x; direction.

Definition 1.2. We define the glancing sets G(Py) as the set of all (€, T) such that, for some real &
and 1<r<n, 1= —ai(& £) and (8a /0&1) (€1, €) = 0: that is the projection onto (£, T) of the set
of real roots (¢, ) of det P =0 at which (1.10) is not analytically invertible as a function (1.11). The
roots (&, t) are called glancing points.
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Here is an additional assumption on the glancing set.

Assumption 1.3.

(H5) Each glancing set G(P4) is the union of (possibly intersecting) finitely many smooth curves
T = nqi(g‘) on which the root & of 7 + af(~,$) = 0 has constant multiplicity sq; > 2, defined
as the order of the first nonvanishing partial derivative 8°a,/9&; with respect to &, ie., the

associate inverse function Elq (€, T) has constant degree of singularity Sq-

(H5) is a technical condition introduced in [33] in the context of the hyperbolic-parabolic system.
Here we assume this condition on the reduced system (1.9). It is automatic in dimensions d =1, 2
and in any dimension for rotationally invariant problems. In one dimension, the glancing set is empty.
In the two-dimensional case, the homogeneity of a, and its derivatives implies that the ray through
(€, 1) is the graph of (£) and that (H5) holds there. By the implicit function theorem, (H5) holds also
in the case all branch singularities are of square root type, degree s; = 2 with 7¢ defined implicitly by
the requirement daq/3&; = 0. In particular, it holds in the case that all eigenvalues are either linear or
else strictly convex/concave in & for & # 0. Thus, it holds always for the equations of gas dynamics
in all dimensions.

Now let us state our necessary assumption of spectral stability. Let D(x, ) as in Definition 2.6, Sec-
tion 2, denote the Evans function associated with Fourier transformed operator Lg of the linearized

operator about the wave U. Introduced by Evans in the context of nerve impulse equations [8], the
Evans function serves as a characteristic function for the operator Lg. We study the point spectrum of

Lg via the Evans function D (X, £), an analytic function measuring the angle of the nontrivial intersec-
tion between the stable manifold at 400 and the unstable manifold at —oo. For further discussion of
the Evans function, see [1,11,28] and references therein. We assume

Assumption 1.4 (Strong spectral stability conditions).

(D1) D(x,£)#0, & e RY"1 ReA >0, (1,£) # (0, 0), and additionally,
(D2) ID(A, &) =c|(A, &)], c >0 for ReA >0 and |(%, )] sufficiently small.

This spectral stability condition has been successfully verified in the viscous case, analytically and
numerically. Especially, it is analytically verified for small amplitudes by [28] for one-dimensional
case, and by [9,10] for both one- and multidimensional cases. It can also be verified numerically for
large amplitudes as in [3,12-14]. For one-dimensional general relaxation system, it is verified using
Evans function techniques (singular perturbation argument) as in [28]. This verification problem can
be also considered using energy estimates as in [16,15] for specific models and as in [26] for small
amplitude shocks in the general model, or a combination of asymptotic ODE methods and numerical
methods as in [12].

During the course of our analysis, we will often find it convenient to work with the Evans function
in polar coordinates, and for reference we re-state Assumption 1.4 in this context. Let Dy, % (p) =
D(pro, p&o) for (ro, &) € SL :={(1,€) e C x R4~1: Rex >0} and p > 0. This Evans function in polar
coordinates will be discussed in more detail later in Section 2. With this definition, (D1)-(D2) can
simply be re-stated as D;, 2P vanishes precisely to first order at o = 0 and has no other zeroes
in S‘i x {p > 0}. One can check that (D1)-(D2) is equivalent to the condition that the shock profile
(1.4) is a transversal connection of the traveling wave ODE and it satisfies the uniform Lopatinski
condition. In the analysis of low-frequency bounds in Section 2, we will make use of the bounds
in (D2) for 1 € Ag = {ReA > —6p|€|? for some 6y > 0}. This slightly more general condition can be
obtained from (D2) together with the analytic extendability of D,, & (p) as described in Lemma 2.7.

For relaxation shock problems, we encounter more singular high-frequency behavior associated
with the hyperbolic nature of the equations. In the viscous case, the linearized operator about the
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wave is sectorial, generating an analytic semigroup, and high-frequency contributions are essentially
negligible, whereas in the relaxation case, the linearized operator generates a C° semigroup, and
there is substantial high-frequency contribution which complicates the analysis for small time. This
difficulty is overcome by “high-frequency energy estimate” obtained by carrying out Kawashima-type
estimates. This idea was initially suggested in [34] in the context of hyperbolic-parabolic systems,
and also carried out in the context of scalar relaxation system in [20]. In the viscous case, the short-
time well-posedness theory is standard, whereas we encounter more singular short-time behavior
in the relaxation systems. In order to overcome this, we establish the “damping estimate”, based on
Kawashima-type energy estimate under the following structural assumptions.

(A1) (Symmetric dissipative condition) (1.8) is simultaneously symmetrizable in the sense of
Friedrichs. That is, there exists A? such that (i) A° is symmetric, positive definite, (ii) ACAJ
are symmetric for 1 < j <d, and (iii) A°dy Q is symmetric, negative semi-definite.

(A2) (Genuine-coupling condition) No eigenvector of i 2?21 £jAj(Uy) lies in the kernel of dy Q (U+).

Note that a combination of assumptions (A1) and (A2) implies (A3) below. It is called the skew-sym-
metrizer theorem essentially due to [29]. See [18,25,34,35] for more about general skew-symmetrizers
in the several different contexts. Moreover, conditions (A1)-(A2) also imply (H3), see [18,29,32].

(A3) (Compensation matrix) There exists a differential matrix operator K(dy) satisfying

K@ f &) =ik @), (113)
where K (£) is a skew-symmetric operator which is smooth and homogeneous degree one in &
satisfying

d .
Reo <|§|2A0du Q —K(©) Zg;Al) < —0lg> forall& inRY. (1.14)
j=1 +

Remark 1.5. 1. This is the standard set of structural assumptions proposed by W.-A. Yong in [30], as
adapted to the shock problem by Mascia and Zumbrun [23] in the one spatial dimension case.

2. As described in [23,25], (A1)-(A2) are satisfied for a wide variety of relaxation systems: the
extended thermodynamic models in the moment closure hierarchies of Levermore [21]; the discrete
velocity kinetic models of Platkowski and Illner [27]; the BGK models of Bouchut [2]; the numerical
scheme of Jin and Xin [17].

3. There is a more restrictive notion of symmetrizability by a nonlinear change of variables in
terms of a convex entropy function. This is guaranteed by the existence of a convex entropy func-
tion to (1.1). This nonlinear version of symmetrizability implies the symmetrizability in the sense of
Friedrichs. For further discussion of the existence of such an entropy function for (1.1), and its relation
to symmetrization, see [19].

Finally, to simplify later discussion for the low-frequency bounds in Lemma 2.12, we assume (with-
out loss of generality):

(S1) Nonzero eigenvalues of dy QA]’1 are distinct.

(S2) Eigenvalues of (idfé* + itol,)(df1*)~1 with nonzero real part are semi-simple and locally an-
alytic.

Before we state our main result, we introduce our notations.ﬂ (x1 —at) is a traveling wave solution
of (1.1), and U(x, t) is a solution of (1.1) with the initial data Ug(x). For s >0, HS(RY) := {f € L2(RY) |
1+ €15 f (&) € L2@®RY)} denotes the sth-order Sobolev space in the L? sense, equipped with the norm
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| - |gs. Let so := max{[d/2] + 2,4} where d > 2 is a space dimension. Now we state the main theorem
of this paper:

Theorem 1.6. Let U(x; — at) be a relaxation shock profile (1.4) of (1.1) with its amplitude U, — U_| < 8s
sufficiently small. Under assumptions (HO)-(H5), (A1)-(A2), (D1)-(D2), for s > s, we obtain the asymptotic
L' N H® — HE stability with decay rate

~ _ d—1 ~ _
0¢,0) =0 <CA+0" T U0 — Tlipps (115)

provided that the initial perturbation |Ug — U| is sufficiently small in L N H5.

Remark 1.7. It is also possible to establish LP stability, p > 2 as follows. First we can obtain L*®

stability with decay rate of (1 + t)*d%] under a further regularity assumption, s > [d/2] + 5. This can
be proven in a similar way as L? stability by using the Sobolev inequality, | - |~ < c| - |ys, and the
high-frequency estimate as in Lemma 3.2, see [20] for more details. Then the interpolation yields

an LP estimate with decay rate of (1 + t)#(]_%) for p > 2. Note also that L stability without
any further assumption on regularity is possible to obtain, but with a less optimal decay rate. We
can obtain L stability with the same decay rate as that of L2, simply using the Sobolev inequality,
| - oo < | - |gs, together with the estimate (1.15). Then, again by interpolation, LP stability with the
same decay rate as that of L2 is obtained.

Outline of the paper. In Section 2, we establish LP bounds on the Green’s function associated with the
linearized equations about the shock wave. First we construct the resolvent kernel and its bound in
Laplace-Fourier frequency domain, and obtain LP Green’s function bounds via inverse Laplace-Fourier
transform. Section 3 is devoted to establishing the damping estimate and the high-frequency estimate
via Kawashima-type energy estimates. In Section 4, we prove Theorem 1.6. In Appendix A, we carry
out the detailed computation of block-diagonalization.

2. Green function bounds

In this section, we construct the resolvent kernel for the linearized equation about the wave, and
establish its bounds, under the necessary assumption of spectral stability. Using these, we obtain the
low-frequency contribution of Green function and its derivatives via inverse Laplace-Fourier trans-
form.

2.1. Spectral resolution formula

Let U(x; —at) = (i, \7)f(_xl —at) be a traveling wave solution of (1.1) satisfying (1.4). Letting a =0,
without loss of generality, U(x1) is a stationary shock wave solution. Linearizing (1.1) about U (x1), we
obtain

d d
Ue+ ) (A'U), —duQU = ©On, IDNo(U) + ) Nj(U)x,. 1)
Jj=1 j=1

where dy Q =dy Q (U(x1)), Al = (df7,dg/)!(U(x1)), and N;(U) = O(|U|?) for 0 < j < n. We consider
the linear initial value problem associated with (2.1):

U =LU :=—Z(A1u)xj +dyQU,  U(0)=U,. (2.2)
Jj



B. Kwon /]. Differential Equations 251 (2011) 2226-2261 2233

Taking the Fourier transform in the transverse directions X := (X2, ..., Xg), we reduce to a family of
partial differential equations (PDE)

0r=1;0:=—(A'0) —i> &AI0 +dyQU.  0(0)=0o

in (x1,t) indexed by frequency & € R%~!, where U = U(x1,&,t) denotes the Fourier transform of
U=U(x,t) in X and “’” denotes d/dx;. Taking the Laplace transform in t, we obtain the resolvent
equation:

(x— Lp)0 = Uo, (23)

where f](xl, £, 1) denotes the Laplace-Fourier transform of U = U (x, t).

Definition 2.1. (a) The Green function G(x,t; y) associated with the linearized equations (2.2) is de-
fined by

(i) (& — L)G =0 in the distributional sense for all t > 0, and
(ii) G(x,t; y) ~8(x—y) ast— 0.

(b) The resolvent kernel Gk’g(xl, y1) associated with the resolvent equation (2.3) is defined as a
distributional solution of

(A =Lp)G,; (X1, ¥1) =81 — y1).

Formally, one can write

Gx,t; y) :=es(x—y),

and
G, s (1, y1) := 0. = L)' 8(x1 — y1).

In the following proposition, we observe that L generates a C° semigroup, and we obtain the
spectral resolution formula. This inverse Laplace-Fourier transform will be used to convert the re-
solvent kernel Gg , (%1, y1) in the low-frequency regime to obtain the low-frequency contribution for
G(x, t; y).

Proposition 2.2. Under assumptions (H0)-(H4), (A1)-(A2), L generates a C° semigroup |e | < Ce™! on
L? with domain D(L) := {U: U, LU € L?), satisfying the generalized spectral resolution formula, for some
1 > To,

n-+ioco
1 o ~
G(x,t;y)=WP.V. / f e‘f'("_”“tck,g(xl,Jﬁ)dédk. (2.4)
n—ioo Rd—1

For the proof, we refer to [20] for the multidimensional scalar relaxation system. See also [23,34]
for one-dimensional relaxation system and real-viscosity hyperbolic-parabolic system, respectively.
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2.2. The Evans function
Consider the homogeneous eigenvalue ordinary differential equation (ODE):
d
(Lg—k)W:(dUQ—iZEjAj—A>W—(A1W)’:O, (2.5)
j=2
and its limiting constant-coefficient equation at x; = to0:
d
(Lg 4 =MW = (du Qs+ — ZisjAj,i - )\) W — (A1 W) =0. (2.6)
j=2
By the change of variable V := A; LW, we have

d

vV = (du Q4+ — Zingj’i - )») (A1,:|:)7] v

j=2
= ALV. (2.7)

Definition 2.3. The domain of consistent splitting A is defined as the connected component of (4, £ e
C x R4~ containing £ = 0 and A going to real +oo, for which the coefficients

d
<du Qs— Y iEjAjL— A) (A1+)7" (28)
j=2

in (2.7) have p eigenvalues of negative real part and (N — p) eigenvalues of positive real part, with
no pure imaginary eigenvalues.

Lemma 2.4. Under assumptions (HO)-(H1), (H3), there holds

AC{(A,&): Rer>—0IE[*/(1+ |E|?) for some 6 > 0}. (2.9)

In particular, for |(x, £)| >r > 0, arbitrary, A C {A: ReA > —n} x RI~1, where (1) := 6r% > 0, r sufficiently
small.

Proof. Noting that eigenvalues (X, £) of coefficient (2.8) relate to solutions of the dispersion-relation

d
rME)eo (du Qs — ZisjA,-,i)

j=1

by the relation pu = i&, we find by assumption (H3) that the coefficient has no pure imagi-
nary eigenvalues when Rei > —0|£|2/(1 + |£|2) for &€ = (&,&), all & € R, or equivalently ReA >
—01€12/(1 + |€|?). A straightforward homotopy argument taking A to real plus infinity then gives the
result; see [23,33,34]. O
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Proposition 2.5. Under assumptions (HO)-(H1), (H3), for (x, £) in the domain of consistent splitting A, there
are N :=n + r solutions of (2.5)

{of s 2. 8). .. o) (i, 6))
and
{(0;4,_1()(], )\'vé)a ] (p[;(xl! )"! é)}y

which are locally analytic (in (, £)) bases for the stable and unstable manifolds as x; — oo and x; — —o0,
respectively, that is, the (unique) manifolds of solutions decaying exponentially as x; — +oc. There are also
solutions of (2.5)

(Vg @11 8). .y, (i A, 6))
and
(W r a8,y (as a6}

which are locally analytic (in (v, €)) bases for stable and unstable manifolds as x; — —oo and x; — +00,
respectively, that is, manifolds of solutions blowing up exponentially as x; — o0 (not unique).

Proof. This standard result holds for general variable-coefficient systems whose coefficients converge
exponentially as x; — Foo (a consequence of the gap and conjugation lemmas; see [23,24,33,34]). O

Note that U’(x;), a derivative of the traveling wave, is a solution fast decaying both at +oo
and —oo. Hereafter we let, without loss of generality, <p1+(x1 ;0,00 =U'(x1) = ¢y %1;0,0).

Definition 2.6 (Evans function). For (1, £) in the domain of consistent splitting A, we define the Evans
function as

D(x, &) :=det(g;,.... 0}, Ppits ...,go,\’,)}xlzo. (2.10)

Evidently, the Evans function is locally analytic in (2, £) in the domain of consistent splitting, with
zeros of D(-, &) corresponding to eigenvalues of Lg and it can in fact be extended continuously along
rays through the origin using a polar coordinate. It is obvious that the condition

D, &)#0 foré eR“! Rer>0

is a necessary condition for stability. ;
Define the Lopatinski determinant A(A, &) for the equilibrium system by

AGLE) i=det(ry. .oy AL AL L), (211)

where

~ d .
For) =Y & (u, v @),

j=2
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and rf (1, &) are defined as bases for the unstable/stable, respectively, subspaces of the matrix

(M +idfE) (df')L

We have the primary relation between D and A in the limit as frequency goes to zero:

DO E) =y AL E) + O(IE + 1), (212)

where y is a constant measuring transversality of stable/unstable manifolds in the traveling wave
ODE. For the details of the proof, see Proposition A.1 in [33]. The proof of the relation (2.12) is con-
siderably simpler in the relaxation than in the viscous case. Note also that A is linear on rays, but not
linear. More specifically, it has a conical singularity at (£, 1) = (0, 0) and is degree one homogeneous,
with a gradient discontinuity at the origin. In light of this, we can blow up the singularity in D, A at
the origin using polar coordinates

(. &)= (phro., pEo),  |(ho.E0)|=1.

Define

D, & () := D(pho, po),

for Ao, & held fixed. Evidently D,, i (P) is analytic in all coordinates for Re’o > 0, g eR1 p>o0.
We can remove the singularity at (1, &) = (0, 0) as follows.

Lemma 2.7. DAqg(p) can be extended analytically onto & e R~ Re. > 0,Re p > —1, for some 1 > 0.

Proof. Loosely following [33] for the viscous case, we shall extend the bases {wji} described in Propo-
sition 2.5 so that their wedge products are analytic. The difficulty is that the limiting coefficient
equations lose hyperbolicity at +co for p = 0. That is, the equation

ALV —dyQuV =0, (2.13)

has an n-fold center manifold consisting of all constant solutions. Thus we cannot use the spectral
separation argument directly. To overcome this, we will appeal to the gap lemma of [11]. We first
show the existence of extensions ij.i for the limiting coefficient equations. It is evident that the
stable/unstable manifolds extend analytically by their spectral separation from other modes. The bi-
furcation of the center manifold near p = 0 is crucial. Substituting the Ansatz W =e**V into the
limiting equations, we obtain the characteristic equations,

d
[duQ¢-+p<—i§:$wALi-ld>-—MALi}V==0. (2.14)
=2

Positing the Taylor expansion,

(2.15)

u=0+cip+---,
V=VotpVi4...,
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and matching terms of order p, we obtain

(—iAg, —rol —c1ANV® +dyQV' =0. (2.16)

Left-multiplying [, 0] on (2.16), we obtain

(i(df%*) + Aol + c1df "*)r =0. (217)

Substituting ¢; = i&g 1 in (2.17), we have Aq € o (i(df%-*)), pure imaginary. This is a contradiction.
Thus, the stable/unstable spectrum splits to first order, and we obtain the analytic extension by the
standard matrix perturbation theory. Note that the analyticity of individual eigenvalues p may fail.
The desired result follows by the gap lemma of [11] provided

(i) the coefficients of the limiting equations decay at exponential rate e=*l ¢ > 0; and
(ii) the spectral gap of the subspaces {v_vT, c Wy Y and {w wy} is greater than —« (equiv-
alently, spectral overlap is less than «).

pH1s s

We have (i) by structure of U(-). The gap condition (ii) follows for small p provided that such exten-
sion exists, since the gap is zero at p = 0. Moreover, the gap lemma implies that wi converges to

the corresponding w at rate e~ 2 "‘1'|w | as x; — Fo0, respectively. The proof is 51mllar to that of
positive spectral gap case see [11,36]. |:J

Remark 2.8. The function Wji may be chosen within groups of r fast modes bounded away from the
center manifold of coefficient AL, analytic in (p, 50, o) for p =0, 50 € R4=1 Re g, and n slow modes

approaching the center manifold as p — 0, analytic in (p, &, Ao) for p > 0, & € R4~1 Reig > 0 and
continuous at the boundary p =0.

2.3. Construction of the resolvent kernel

We next derive explicit representation formulae for the resolvent kernel G, ;- We seek a solution
of form

DT (x1; A ENT(y1:4,6), x1> y1,

G~mmﬂ={, 20 2
25 O~ (x1; M EN~ (Y1 4, 8), x1 <)

where

T (s 1, E) = (9 (s B0, g (0138, 0)) e RVP

and

O (%130, ) = (9p (X156, 0), . oy (313 €, 2)) e RNXINZD),

From the jump condition of the Green kernel G, g we have

i e oan [ NTOBAE) Y g1y
(dF(y131,6) @ (yl,x,.s»(_,\,,(ymg))——(A) 1), (218)
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and inverting (2.18), we express for the resolvent kernel GLEZ

G 0 yl)z{—(w(x];x,ég 0)(@+ &) T(yi; 4, E)AH Iy, X1 > ¥4,
ne (0 &~ (xi;0,8) (0T o) Ly r,H)HAH 1), x1 <y

Now, consider the dual equation of (2.5)
(L =)W =0, (2.19)

where

d
LiW = (A)'W' + (du Q" +iAD)W = (A!)'W' + (du Q" +iZE;A7>W-

j=2

Lemma 2.9. For any W, W solutions such that (Lg — AW =0and (L;f — A*)W =0, there holds

(W, A'W) = constant, (2.20)
where (-,-) denotes the usual complex inner product.

Proof.
/

(W, A'w) =((A")Y'W W)+ (W, (A'w)’
=((»*1—dyQ* —iA;f)Vv, W)+ (W, (—A +dyQ —iA)W)=0. O

From (2.20), it follows that if there are p independent solutions g01+, A (p;r of Ly =ADW =0 de-

caying at +o0o and N — p independent solutions Cpitr-- PN of the same equation decaying at —oo,
then there exist N — p independent solutions ¥, ..., ¥y of (L;f — A*DW =0 decaying at +oco and
p independent solutions 17/1’,...,1/7;,‘ of the same equation decaying at —oo. Similarly as with our

definitions for ®*, we set

a8 = (Y i E) - Yk x€) e RVAP,
oA E) = (Y ik E) e Yy (i, E)) e RNV,
and
W(x; 0, 6) = (U~ (x13 0, 6) WH(xps A, 8)) eRVN,

where wji are the exponentially growing solutions at +oo, respectively, of (Lg — AW =0 as de-
scribed above. In light of this, we may define dual exponentially decaying and growing solutions 1/71i
and <ﬁji, respectively, via

(O )y Al (wE oF)=1.
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Let us denote

G:=(P~ 1),
and
U= (¥~ g,

Now we express for G, g(x1, y1) in terms of dual solutions:

. _ =@t a2, 8),00 M(L,E) (W (y15 4, 6),00%, x1 > 1,
Crglnyn = [ 0.0 (i BN ML) 0.0 i 60" m<y o)
where
o _ (Mt E) 0 i =1 (a1 N By Eve—1
M(x,e,%).—< 0 M,(A’§)>—¢<z,x,5) (AN @@z 2,5 (222)

Note that M(x, £) is independent of z thanks to Lemma 2.9. Using these dual solutions, we have the
following expressions:

Proposition 2.10. On AN p(Lg), there hold
G, s (x1,y0) =) MjOLE)@f (61 1, O (y15 2,6, (2.23)
k. j

for y1 <0< xq;

G, s (x1,y1) = ;dﬁ(x, 5oy (x1: 1, O 130, 9)"
»J
=Y U A DT s a D (224)
J

for y1 <x1 <0; and

G, s (1, y1) =Y dy L)@y (k1 4, O (y13 2,6
k. j

+ Yoy s BIgr (s a, B (2.25)
J

forxq < y1 <0, where

Mt =(=1,0)(¢+ @) 'w"
and

d*=0,n(e" o) lw.

Symmetric representations hold for y1 > 0.
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Remark 2.11. Representation (2.21) together with uniform exponential decay of @+, U*, Proposi-
tion 2.5, and the fact that d* are bounded when the Evans function D(x, £) := det(®*, ) does not
vanish yields uniform bounds

|G £ (x, y)| < Ce™ Y],

6 > 0, on the resolvent set ,O(Lg), in particular (by assumption (D)) for ReA > —n, n > 0 on interme-
diate frequencies 1/R < |(A,&)| < R, R > 0 arbitrary. However, we shall not use this in our analysis,
carrying out instead energy-based resolvent estimates for intermediate and high frequencies. We shall
use (2.21) only in the low-frequency regime |(,&)| < 1.

2.4. Low-frequency bounds

We now investigate spatial growth/decay in modes <pji, w]?—L, (ﬁji, &]i for p :=|(x, £)| small. By the
gap lemma, applied to individual modes, there holds

g7 =¢7 +0(M)|g7],

and similarly for (ZJJ-i, wj.i, iji where (,Z)ji denote the associated solutions of the limiting constant
coefficient equations at x; = +oo. In light of this, we will read off decay/growth of (p;.—L from the
explicitly available solutions ([Jj.i, and similarly for <,5ji, wf, &f Let us define a parabolic surface

Iy = {xeC: Rer=—61(IImAP +[E[%)}.

where 6; > 0 sufficiently small. Now restrict our attention to the surface in the low-frequency regime,
that is, for p > 0 sufficiently small,

& e Iz N By(0,0).
Lemma 2.12. Under assumptions (HO)-(H5), Assumption 1.4, for A € Fé and p :=|(§,\)| and 6, 61 > 0

sufficiently small, there exists a choice of bases consisting of (n + r) solutions {(pf}, {gbji}, {wf}, {xﬁf} to the
eigenvalue equation (2.5) such that, at z = 0, their wedge products,

(D1 A ANP)(2),

where

I=p. forgi=¢F, @7 w7, V],
I=n+r—p, forgj=9¢;, ¢/ v, ¥;,

and determinants

det( W), (2),

and

det(® V), (2)
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are uniformly bounded above and below, and there hold bounds

+
(pjﬂ‘t =Va1p¥ [ ™ ij't +0(e M), x =20, (2.26)
7 = Vo1 g7 [e M VE L0 ™). x 20, (2.27)
Vi =1y v L[ Vo M), x 2o, (2.28)
and
- E
B = gale P O] 20 229)

where |Vji |, |\~/ji| are uniformly bounded above and below, and:

(i) The decay/growth rates ,uji / vji satisfy

‘Re,u,ji, jﬂw, (2.30)
for fast modes,
i| ~ (2.31)
for intermediate-slow modes, and
|Reuf|,|Re\)f|~p2, (2.32)
for super-slow modes; moreover,
7] i =0, (2.33)
for both intermediate- and super-slow modes.
(ii) The factors y»1,p satisfy
vag~1, B=07 @7 v, U} (234)

for fast and intermediate-slow modes, and for super-slow modes for which Im 1 is bounded distance 61€
away from any associated branch singularities n; (), and

yarp ~ (p+p~ (Ima — ;&))" (2.35)

for super-slow modes for which Im X is within 61 € of an associated branch singularity n j(é) with

r—1 3r=1 3r—1 r—1 _
a5 7)) fors =2r,
. r 3r+1 3r
(e, by, b, L) o= (2(2r+1) 22+ 2D som) fors=2r+1,p>0, (236)

3r +1 _ .
(2(2r+1) 22rF1) 2(2r+1) san) fors=2r+1, p<0;

here s = KjF is the order of the associated branch singularity nj[ @).
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(iii) The left-/right-eigenvectors V].i and Vji are of the form

v]ﬂ.t = (s;.f, 0) + O(p), (2.37)

and

+

+ Ly

Vj = i+ + O(p), (2.38)
_qv qurj

for intermediate- and super-slow modes, where rj are eigenvectors of fL}’* and s; are defined by the
relation (s, fu*ri) = 8?, and

VE=LT+0(p), (2.39)
and
Vi =Ry +0(p), (2.40)

for fast modes, where Lji and R}t are the left- and right-eigenvectors of (2.6) respectively, at zero fre-
quency.

Proof. Appealing to the gap lemma, modulo an exponentially decaying error, we read off the de-

cay/growth of solutions of the variable ODE (2.5) from the solutions for the corresponding limiting
constant equations. Thus, we consider the limiting coefficient eigenvalue equation:

d
—A U + (—iZng,«eruQ —u)uzo. (2.41)
j=2

Here we drop =+ signs for the notational convenience. Parameterizing the curve Iz in the low-
frequency regime, we introduce

(. &)(p, &0, 10) := (pT0i — 010, ko),
where (&, 79) € S? held fixed. Evidently, (%, §) traces out the portion of the surface Fg in the small
frequency regime as (p, 7o, £o) ranges in the compact set [0, 5] x S9. Let U(p) denote the solutions

of the limiting constant coefficient equations at (1, &) from which (pji(,o), 1//ji(p) are constructed by
the gap lemma. Making as usual the Ansatz

::t
U =etNy,

substituting it into (2.41), we obtain the characteristic equation:

d
[duQ +p<—iZsojAj—A01> —;uh}v:o, (2.42)

j=2
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or equivalently, with W = A1V,

d
Uw = (dUQAl_1+p(—i2§ngj—Agl>A]_1>W. (2.43)

j=2

This is a matrix perturbation problem with an eigenvalue © and a parameter p near zero. Here we
assume:

(S1) Nonzero eigenvalues of dUQA]’1 are distinct.

(S2) Eigenvalues of (i dfgﬂ’* +itly)(df*)~1 with nonzero real part are semi-simple and locally an-
alytic.

For nonzero eigenvalues © # 0 at p =0, they are said to be fast-mode eigenvalues. It is easy to check
that [Reu| ~1 as p — 0, and they are spectrally separated by (S1). On the other hand, the zero
eigenvalues at p =0 are called slow-mode eigenvalues. To investigate the slow modes, we introduce
the curves

&, 1)(p. &, T0) == (pko.ipT0 — 610%).

where & € R4~ and 1p € R are restricted to the unit sphere S¢~1. Positing the Puisieux expansion,
we have

n=0+c1p+---,
V=V0ypvl4...

Matching terms of order 0 and p, we have

dyQA;'vl=0

and

((—iAg, —itoD AT —c' 1) VO +dyQAT'V! =o0. (2.44)

Left-multiplying [I, 0] on (2.44), we obtain

((idf%* + itoly) (df %)™ — aola)r =0, (2.45)

with ¢y = —ap. Note that «p and r are an eigenvalue and an eigenvector of the reduced system,
respectively. For eigenvalues g of nonzero real part, denoted as intermediate-slow modes, we have
growth or decay at rate O(p), and spectral separation by assumption (S2).

For the case that g = i&pq is pure imaginary, denoted as super-slow modes, we need to consider
the next order correction. Let & and V be the next order correction to o and V°, respectively. Here
& = i1 + O(p) and p =ipéoe1 +0(p).

For further analysis of super-slow modes, we block-diagonalize (2.42) with substitution p =
ipéo1 + o(p). By the block-diagonalization carried out in Appendix A, we find an analytic invertible
matrix 7 (p; &, i) near p =0, such that
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d
T UT=7" (—;uh —ip ) &jAj+dy Q)T

J#1
—S(u. péo) 0 ) 3
= = + 0O s 2.46
< 0 —Fupiy) TOWP) (2.46)
where
S po) = pdf'* +ip Y JEojdf ™ + 112BYy + p* ) fojéokB
j#1 Jok#£1
+ Mp(iZé()kBTk—i-iZonijl), (247)
k#£1 j#1
and

F(i. po) = —qv + (g + 0, ' qufl) + 0 > &oj(gh + a7 ' qufd) + 0(p?).
j#1

Note that fL{’*, B}?k we found here are the same coefficients obtained in the Chapman-Enskog expan-
sion. See Appendix A for the details of this block-diagonalization. To find the slow-mode eigenvalues
M to the second order in p, we consider

(S, p&o) + Aln) Vi =0.

Substituting

{M=0~+&p+~--,
Vi=V+--

n (2.48) with & =i&y + O(p), and matching terms of order p, we obtain the next order correction
equations:

d d
[ip > Eojdf "+ p* ) EojEaBY + pwdf +un}\71 =0. (2.48)
j#1 jk=1

Substituting A = ipTo — 61 p2 in (2.48), and left-multiplying (df*)~!, we obtain the modified equation
at the second order:

|: f1 Lk ( ZSOJ f] * l-[o +’O(B§050 — 91))In> —&ln:| ‘7] = 07 (249)
J#1

where & = i&y; + O(p). From the dissipative condition (H3), we find that Bg‘oso > 6 for some 6 > 0,
and that (Béoso 01) is positive definite by choosing sufficiently small 6; > 0 so that #; < 6. Then
(2.49) is exactly the same equations arising in the super-slow modes analysis for the viscous system
in [33], and this is regarded as a connection to the inviscid analysis of Kreiss-Majda. Thus, the super-
slow modes in the relaxation system are the same as the ones in the corresponding viscous system.
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We refer readers to [33] for the detailed proof for the viscous case. Combining the fast, intermediate-
slow and the super-slow modes analysis, together with the gap lemma as in [33,35], we obtain (2.26)-
(2.36). In light of the eigenvalue analysis, we can verify that (2.37)-(2.40) are the eigenvectors of (2.8)
by inspection. 0O

The following remark is a key observation made in [23] (Lemma 5.8, p. 834) to obtain the scatter-
ing coefficients bounds in the following lemma.

Remark 2.13. For transverse Lax shocks, with a suitable choice of basis at p =0, fast-growing modes
w;—L are fast-decaying at Foo. Equivalently, fast-decaying dual modes &Ji are fast-growing at Foo:
i.e. the only bounded solutions of the adjoint eigenvalue equation are constant solutions. It follows
that all fast-growing solutions ll’f at +oo can be expressed as linear combinations of fast-decaying

solutions (pf at Foo, respectively.

Lemma 2.14. Under the same assumptions as in Lemma 2.12, for A € I and p := |(E, M), 6, 61 > 0 suffi-
ciently small, there hold

Cpi }/22 ) ]: l, + g+
|M]k| |d {CyZZﬂ P j#£1 Jor p=M jk d]k’ (2.50)
and
=1 |d= Co'ymp. Jj=N, _
M| d3] < {Cm# PN for B =My, dy. (2.51)
where
2<1—%+> e
V223 V21,45 V21,5 <1 + Z ptlo K ><1 +Y (o +lo]) K ) (2.52)
k
NG
ot Varpt Vor,g) <1+ (o +[0f]) (2.53)

J

with y,1, g as defined in (2.34)-(2.35), oji =p 1(mx— nj“.—L(é)), nj(é) and Kji as in Lemma 2.12. Moreover,
with slow dual modes taken identically constant, there hold

M3l [d5e] < Cyaz (2.54)

if Wy, is a fast mode, and

IM ], [d] < Cyzp (2.55)

if Yy, is a fast mode, and additionally, @j is a slow mode.

Proof. Since proofs of each cases are similar, we provide the details only for d}’;< here. Recall the
expression for d* = (d .) in Proposition 2.10. By Cramer’s rule, we express
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jth slot
+ - e N
d+_det(ga],...,(p;,(ppﬂ,..., Vi e @) (2.56)
*= det(o+, @) ’ .

where <p1+(x1, 0,00=U'(x1) = @y (x1,0,0). By the strong spectral condition (D) as in Assumption 1.4,
(2.56) shows immediately that

+ -1
’djk <Co .

If j ¢ {1, N}, by linear dependency of {(pl*', @y}, we have

jth slot
——

det(wr,...w;,(pgﬂ,..., Vi b 0y) <Cp.

In turn, |d;§<| < C. Furthermore, if v, is a fast mode, we have |dﬁ<| < C for all j. The fact stated in
Remark 2.13 that the fast growth mode v, is a linear combination of fast decay solutions at +oo, i.e.,
Y, € Span{<pi+ | @i € F}, together with the linear dependency of fast decaying solutions at +-oco yields
the result. If, additionally, ¢; is a slow mode, we have |d}§<| < Cp. This can be verified by calculating

j
the first derivative of the numerator in (2.56) as follows:

jth slot
—~ =
v

8y det(y ... 08 @y - 08) o

:det(apwf,...,(plgﬂpzo—i—---+det(<pf,...,apgolgﬂpzozo.

jth slot
+ - - — 2 +
This implies that det(g; ,...,(p;,(ppﬂ,..., Ve - 9N < Cp%, in turn |djk| <Cp. O

The following lemma gives the refined derivative bounds. This is essentially the same as viscous
case, so we omit the proof here.

Lemma 2.15. Under the same assumptions as in Lemma 2.12, for A € I pi= [(E,))| and 6, 6; > O suffi-
ciently small, there exists a choice of slow modes {gZ)ji}, {x/iji} satisfying all properties in Lemma 2.12, and

[@/0y0@7 | < Cp|@f

[@/ayDv} | <Cpldi]. (2.57)

)

2.5. Resolvent kernel bounds

In the following lemma, we establish the resolvent kernel bounds in the low-frequency regime
using the expressions for Gg ,(x1,y1) in Proposition 2.10 together with the decay/growth rates and
the spatial decay bounds in the previous lemmas.
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Lemma 2.16. Under the same assumptions as in Lemma 212, for (£, 1) € Izn B, (0,0), p > 0 sufficiently
small, there holds

|Gz, (1. y1)| < Cya(p~le0Mile=0P* 1l 4 g=0p%ba-al), (2.58)
|Gz, (1. y1) (0, )| < Cya(e~0Mile=0P* 11 4 pe=0p%xi=yil), (2.59)
and
|(8/8y1)G; , (1. y1)| < Cya(eMle=0P* 11 4 pe0p*ba-yil), (2.60)
where
1, strictly hyperbolic case,

Yo (2.61)

= - l—‘l
1+l imA—nF @)l +p1Y ", (H2)holds.
Here s > 2 is the multiplicity of branch singularity T = r)ji (&), as defined in Definition 1.2.

Proof. Let us present explicit formulae for the solutions of the eigenvalue ODE (2.5). By Lemma 2.12,
the left-eigenvectors can be expressed as

~ —uEFle _
W (1, 0) = yar,p (75 V17 H%(p) 4+ em M), (2.62)
and the right-eigenvectors are
+
WT(XLP) = yo1,4(e!s MlvE(p) + e~y (2.63)

~ ri
for slow modes, where V*(p) = (s}, 0) + O(p), VE(p) = (—q;quur,‘) + O(p), and Y21, M]i Sj, Tj

are defined in Lemma 2.12. On the other hand, the left- and right-eigenvectors can be expressed,
respectively as

WE(y1, p) = e "5 PYVTE(p)(1 4 O(e=M)), (2.64)
and
W, p) = elty (P VEp)(1+0(eHl)) (2.65)

for fast modes. Here, the slow-mode and fast-mode eigenvalues f; are as described in Lemma 2.12.
Since proofs of each case are similar, we provide details only for the case of y; < x; < 0. Recall
the expression for the resolvent kernel;

G, g (x1,y1) = ;d;-*kwj-‘(xl)x/?,:(yl)* =¥y kv ) (2.66)
»J )
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Using the expressions (2.62)—(2.65),

Zd,kw,- DY ()

0 ) _
— Z < VL0 Va1 eltilX1l o=l y1l (c2 0) +O(p)dﬁy21,<ﬁjy21,1/}keujlxlle Mklhl)
lzkes

+ Z ]k)/Z] 0iV21,7 elilxl o=l y1l _|_(9( e 0 hl) (2.67)
@jeS, YkeF

By right-multiplying (0, )" on (2.67), we have

D dier 0T ()FO, DT =Y O(p)df o,y et e
k-’ 1ﬂk€$

wilxil o=kl yil
+ Z d]ky21 ‘P}y21 Vi erie T
9;€S. eF

+ O(emyly, (2.68)

Using the scattering coefficients bounds (2.50)-(2.55), we obtain

< Cypefl le=0P* V1l 4 Cyzpe—9p2|x1—y1 | (2.69)

,kwj xDP y1*©0, D7

Similarly, by more careful grouping of the fast and slow modes together with the refined derivative
bounds in Lemma 2.15, for « =0, 1, we obtain

(0/dy1)" Zdlkgoj xDP v)*

=0(0%) Y dhag ¥y gl
(ijSJZ'kES

+ (9(,0“) Z djk)’Zl ¢ Va1, i elilxilg—=ikly1l
@jeF.YxeS

+O(pa) Z ]kVZl Va1, i etilxilg—1klyil —i—O( e—flx yl\)
@S, YreF

Using the scattering coefficients bounds (2.50)-(2.55), we obtain

1 .- _0n2 020
¥ < Cypp¥ e tile=0r 1l 4 Cypy pe=0P 111,

‘(a/ayo“ Zd,kwj &)V

Now consider the second term Zj wf 1}]’* in (2.66). Grouping the terms into the slow mode and the
fast mode, we have
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DV T= 2 VTR D Y
J

YieS vieF
—0p%|x— c1 0 —002|x—
— Z (VZlﬂlijz]J/}je 0p%1x1—y1l <C; O) +O(p)y21,1/ij21’,/}je 6% x1 }’1\)
¥ieS
+ O(e M=y, (2.70)

By right-multiplying (0, )" on (2.70), we have

o 02X — _Olxq—
DV UTO.DT =00 a1y, ¥y g e P+ O, (2.71)
j
Similarly, using the refined derivative bounds in Lemma 2.15, for « =0, 1, we have
@/oyD* Y ¥ v* = <a/ay1)°‘[ DU+ . vf;&;*]
j VvieS YieF

:O(pl){) Z V21,¢/j)/21,,/}jeuy(xl_yl) +O(679|X17y1|). (272)

YieS
Using the expressions (2.72)-(2.68) together with the bounds on dﬁ{. ¥21,p as in Lemma 2.14, we have
the bounds:
S W00 < Cpype M, (2.73)
J
and
s —002|x—
‘(B/Byo“ij U7*| < Cpype P nl, (2.74)
J

Combining (2.69)-(2.74) together with the expression (2.66), we have the desired bounds for y; <
x1 < 0. The remaining cases can be established similarly. O

2.6. Decomposition of the Green function

For fixed small 8§;, r > 0 to be chosen later, define a “low-frequency” part G' and a “high-
frequency” part G of G, respectively by

1 R -
Glxtry) = anbi / % el NG, £(x1, y1)dads,
i :
(El<r TgntiA<n)

where Iz :={»€C: Rer= —01(ImA|2 + |12}, and

—01+ico

Uiy ¢y - i§- (X~ £
G"x, t; y) ':WP'V' fx{mél or mazn€s VG, s (1, y1)dEda

—01—1'00
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Then, by the spectral resolution formula (2.4) together with Cauchy’s theorem, we have a decom-
position formula:

G, t:y) =G (x, t; ) + G (x, t; ). (2.75)

In the present paper we will not use the high-frequency formula, instead we will employ the
Kawashima-type energy method for the high-frequency estimate in Lemma 3.2.

2.7. Green function bounds

Now we establish bounds on G/, the low-frequency contribution of G using inverse Laplace-Fourier
transform and the resolvent kernel bounds we obtained in Lemma 2.16.

Lemma 2.17. For multi-index o with || < 1, there holds

‘ / G ty) Fndy| < et T A== (2.76)
yeRd o

’ / Gl t: ) O I F(y)dy| < e T A=1Un=172 £ 0. (2.77)
Lp

yeRd
forallt >0and f € L9, where1/r+1/q=1+1/p and p > 2.

Proof. Let nyg(xl» y1) be a parabolic extension of X{(A,é)ergF}G)\_é(Xl’ y1), the low-frequency part of

Gk_é(xL y1). Here Fé is defined by the parametrization

AE k) =ik — 61 (kK + 7)), keR

and FéLF := I3 N B(0,0) for r > 0 sufficiently small. Recall that

AL
e G, z(xq, di
i % )L,E( 1 J’1)

)Lel“&:

is the Fourier transform of the Green’s function G(x, t; y). Using the Hausdorff-Young inequality, we
obtain

- 1 AR
|G(st7 y)|Lp()‘() g ’Tm % e Gk,g(x17 Y1)d)\ Lq(§)7 (278)
)»€F§.

where 1/p+1/qg=1 and p > 2. Applying the resolvent kernel bounds, the right side of (2.78) can be
estimated as
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1 +o00
AEJ| | L
P / |e*EO|Ge 5 ey (10 y0) 1A /dk k|
—00 La)
+o00
<C / e—0<k2+|§\2>ry2(p—le—mx]|e—0p2|y1\ +e—ep2|x1—y1|)dk
% 19()
=:|A+ B|Lq(§)
where y; is defined as in Lemma 2.16. Let ¢ := ﬁﬁ/ (0 < € <1 chosen arbitrarily if there are no

singularities), r < 1/2, and s > 1 — & > 1/2 such that r +s = 1. Noting that p ~ (|k| + |£|), we have
_ “n—1 _ = ne—1
P2 < [(|k| +1€1) (1 + Y (o M Ima—n7 @) )] (2.79)
J

By standard parabolic scaling together with (2.79), we obtain the bounds

+00

e~fl / (lél‘r|k|‘5 + Y 18Tk - nfl_s>e‘”<’<2+'§‘z>f dk
j

—00

|A|Lq(§) <

L)

+00

. 1/q
=e Il / (IkI*S + Z!k — r]ﬂﬂ)e’ekzt dk( / |§|’qre’q9|5‘2t dé)
00 j

g—eRd—1
= Ce Wil 545~ G+ = cefnil= T A=), (2.80)

and

+0o0

/ <1 + ) IEE k- nf@)\H)e*"("“'é‘zﬂ”'xvﬁ'> dk
i

—0o0

e . 1/q
<< /e—e|k2<t+|x1—y1|>dk)< / eq0lé|2(t+\X1—y1Dd§)
—00

é'de_]

+o00 ) g
+< / |k|1aeo|k|2(t+x1y1|>dk)( / |§|q<a—1>eq0\s|2(t+\x1—y1\>d§>
—00

EeRd-1

|B|Lq(§) <

L1¢¢)

—d1q_1y_ 1
:C(t+|x1—y1|) 2 pr2, (2.81)
Note that the contribution from |(§, )| > R for sufficiently large R > 0 is bounded by

e Ot+x1—y1l) (2.82)
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for some 6 > 0. Combining (2.80)-(2.82) with Green function decomposition (2.75), we obtain

d—1

_d-1q_1
|Gl("t;y)|LP(X)=||Gl("t;y)|LP(>~<)|LP(X1)gCt z (7%, (2.83)

Similar computations for G!(-, t; ¥)(0, ' and (3/8y)G' (-, t; y) yield the following bounds:

I —daq_1y_ 1

[8/03)G! (6 V)| py <CE 2 17072, (2.84)
and

G (.t ). D], < CE™ 7 7P (2.85)

S0y ) LP(x) X . B
By the convolution estimates together with (2.83)-(2.85), we obtain the desired results. O
3. Energy estimates
In this section, we establish the damping estimate and high-frequency estimate. These estimates

both rely on the Kawashima condition (A3), which is implied by a combination of the dissipative
structural assumptions (A1) and (A2).
3.1. Damping estimate

Let U(x,t) := U(x,t) — U(x7) be a nonlinear perturbation. For the proof of the damping estimate,
it is favorable to use a quasilinear form for U(x, t):

d
U+ Y (AUy) —duQU) = f, (31)

j=1
where f:=O(|Uy, ||U|+ |U?), Al := AJ(U) and dy Q :=dyQ (D).
Let &9 > 0 be a sufficiently small number which will be specified in Lemma 3.1, and s > [%] + 2.

By the standard H® local existence theory for a quasilinear symmetric hyperbolic system, there are
T > 0 such that there exists a unique solution of (3.1) satisfying

U eC([0, TT; H), (32)

and

|UC.t)|,s <. te[0,T] (3.3)
provided that |Ug|ys < €p/2.

Proposition 3.1 (Damping estimate). Assume (A1), (A2) hold (thus (A3) holds). If |U |gs (t) < &g sufficiently
small for 0 <t < T wheres > [%] + 2, there holds

t
U (0) < e U(0) + / e 09|y 2, (s) ds (34)
0

forOgth,andsome§>0.
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Proof. Let o be a multi-index with |o¢|=r>1 and 3} := Z‘a‘:r d¢. Taking a differential operator 9;
on Eq. (3.1), we have

d
U+ Y AIoLUy —dy QayU = —[3;, A19;]U + [95. dy QU + 3} f . (3.5)
j=1

where [A, B]U := A(BU) — B(AU) is a commutator operator. By left-multiplying A® on (3.5), we have
d . .
A%9yUr + Y " APATaLUy, — A%y QU = —A%[ay, AJ9;]U + A°[9.dy QJU + A%3; . (3.6)
j=1
Taking the L2 inner product of ;\08; U against U, we have the energy estimate:

%%(Aoa;u, oyU) +(A%dy QayU, o;U)

d
1 - IS
= E<<atA° + Za,-(AOAI)) U, a;u>
j=1
d .
+ D (AC[ag, Aos]u, o) + (A°[af. du G JU, U) + (A% £ 34
j=1
< C(eo+85) U %, + CIU L. 3.7)
Here §s := |Uy — U_] is the shock amplitude, and it is assumed to be sufficiently small. For the

last inequality, we invoked Moser’s inequalities and Sobolev inequalities. On the other hand, taking
the L2 inner product of K(3x)35~1U against 37~1U, we have the auxiliary energy estimate:

| =

(K(@a;~'u, 0,7 'u)

N[ =
Q

t
1 1

= 5(1((8X)8§_1Ut, a'u)+ E(K(BX)B;_1 U, a9, 'Uy)

< coRe(iK(©)[€]" Ty, €] 0)

<coRe(K(E)A_(©)[EI"10, 11" 0) + coRe(iK (&)™ H, |g"10). (3.8)

Here we used Plancherel’s identity and the following Fourier transformed equations

0r=-Y ig;A 0+ A, (39

J

where

Hi=) (Al — AUy, + @y Q)U + f. (310)
j
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By the Moser inequality together with the small amplitude assumption, the last term in (3.8) can be
bounded as

Re(iK (&)IE]" ' H, |€]"'0)| < C|ay ' H| 5| 85U 2
< C(80+85)[3xU I+ + CIU L. (3.11)

By (3.7)-(3.11), for r > 1, there holds

li 40497 rrp\ -1 r—1
5 ¢ AP0V, U) = (K (003U, 3,7'U)
<coRe((1EPA%dy Q- — KA (©))lel "0, 15" 0)

)
+C(eo +85) U5 + Cleo +85) D |ox TU[% + ClU %,
j=1

.
—cof (1€ 1E70) + C(eo +85)|0U 1> + Cleo +85) > |35 UL + ClU%,

j=1
2 2 d 12
—0]0yU > + C(go +85) |94 U 12 + Cleo +85) Y _|ox U} + CIUIT, (312)
j=1
as long as |U|ys < &p. The second last inequality is true by (1.14).
We define
E(t) == (AU, U)+ Zc ((A%jU, ayU) — (K (309U, 85~ 'u)). (3.13)

r=1

It is easy to check that £(t) is equivalent to |U\HS (t) for a suitable choice of ¢ > 0. By (3.12) and the

smallness assumptions, &y + ds < 20c C , there is a 6; > 0 such that

;:r <<A0” u) +ZC ((A%u. 3,U) - (K(ax)a;lu,a;lu))>
r=1

—61|U 35 + ClU2,. (3.14)

Using (3.14) and (3.13), we have the Gronwall-type inequality:

d -
ag(t) < —0E(t) + CUI% (). (3.15)
Therefore, we have the desired result. O

3.2. High-frequency solution operator analysis

We present the high-frequency estimates, which can be proved via a simpler linear version of
Kawashima-type estimate. Since the proof is essentially the same as that of the scalar relaxation case,
we refer the readers to [20] for the proof.
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Lemma 3.2 (High-frequency operator estimate). Let G be the high-frequency part of Green function associ-
ated with (3; — L). For any f € H>, there holds

‘ / G"x, 6 y) f(y)dy < Ce | flys (3.16)
L

forsome 6 > 0.

4. Nonlinear stability

We are now ready to prove Theorem 1.6.
Proof of Theorem 1.6. Defining the nonlinear perturbation
U, t):=U0(x,t) — U(x1), (4.1)

and taking Taylor expansion, we obtain the nonlinear perturbation equation

d
Ut — LU = (0. I)"No(U) + Y N;(U)x;. (4.2)
j=1
where
NjU)=0(U*) forj=0,1,....d, (4.3)

as long as |U| remains bounded by some fixed bounded constant. Applying Duhamel’s principle, we
can express

U(x,t):/G(x,t; o (y)dy

Rd
t
- / / Gl(x.t—s; y)((on,1r>"No<U>+ZN,-(U>x,.) dyds
0 Rd J
t
_//G”(x,t—s; y)((On,Ir)"No(U)—i—ZNj(U)xj)dyds
0 Rd J
=h+hL+1s. (44)
Define
£ (t) :zos\glit|U(.,s)\L2(1+s)d?. (4.5)

Let g9 > 0 be a sufficiently small number as in Proposition 3.1. By the standard local existence the-
ory for a quasilinear symmetric hyperbolic system, there are T* > 0 such that there exists a unique
solution of (3.1) satisfying
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U ec®([o, T*]; HY), (4.6)
and
|UC.t)|,s <g0. te[0,T*] (4.7)

provided that |Ug|ys < &p/2. Thus, ¢(t) is continuous for t € [0, T*]. Let {p < €0/2 be a small number
which will be determined later. We shall establish

Claim. If |Ug|ys < &o, then

£(t) < C2(S0+¢(®)?) fort>0. (4.8)

From this result, it follows by continuous induction that ¢(t) < 2C2¢p for t > 0, provided that
Zo < 1/4C;. Definition (4.5) then yields the desired result

d—
UG <2000 +0" T fore>0. (4.9)

It is remained to establish the claim above.

Proof of Claim. Combining the low- and high-frequency bounds in Lemmas 2.17 and 3.2, we can

bound

d—1
|11|Lz<x>=‘fc<x,r; Yo dy|  <Coo(t+n77. (4.10)
L= (x)
Rd

The above inequality is true by Minkowski’s inequality and the local well-posedness of the linear
problem. Using the low-frequency bounds (2.76)—(2.77) in Lemma 2.17 together with the definition of
£(t), we obtain

t
2112 < Cfa +t—5) DG — VU2, (s)ds
0

t
<Cct f(1 +t—5)"DAC 57121 4 5)mW@-D2 g
0

< CC2(t)(1+ 1)~ @ D/4, (4.11)
By Lemma 3.2 and Proposition 3.1, we obtain
Bl < Ce™"d +CA+0" V220 <CA+0~ V(g + 20).  (412)

Note that the estimate (4.12) is true as long as |U|ys(t) < &p since it depends on the damping estimate
in Proposition 3.1. Thus we will use the continuation argument to prove the Claim above. Define

T::sup{t>0: U ([0, t]; H), sup |U|Hs(1:)<80}.

0<T<t
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This is well defined and T > 0 thanks to (4.6). Combining (4.10)-(4.12), we have
(0 <Cfo+¢®), 0<t<T. (413)
It follows by continuous induction that

¢(t) <2C%0, 0<t<T, (4.14)

provided that ¢p < 41?2. Using the damping estimate again together with (4.14), we have

T
|U[fs(T) < c(e—”;g +/e—9<T—S>|U|§Z(s) ds)
0

4C2 82
<Cle T+ =2 )2 <2 (4.15)
0 4
if we choose ¢ < min{%", % ———5 ___} Note that the choice of ¢ is independent of T. This

€27 Jeatacz /o)

implies that T = +oo0 if ¢ is chosen as above. This completes the proof of Claim. O
Therefore, the desired L? stability is established. Moreover, by the global existence of the solution

together with (4.15), we have the estimates (4.14) and (3.4) for t € [0, 00). These estimates give the
HS estimate for the global solution:

[U[ps () < Coo(14+t)~4"D/4 fort e [0, 00). (4.16)
This completes the proof. O
Appendix A. Block-diagonalization
In this section, we block-diagonalize the Fourier-Laplace transformed operator:
d
L(p:ro.k0) =Le — A =dyQ —ip »_£ojAj— phol. (A1)

j=1

with polar coordinates (1, &) = (pXo, p&o) for each (Ao, &p) € §¢. By standard matrix perturbation
theory, there is an invertible matrix 7 (p) defined in a neighborhood of p =0, such that

T~ (p)L(p)T (p) = diag(S(p). F(p)). (A2)

for sufficiently small p > 0. Here, 7(p) and 7 ~'(p) are analytic at p = 0. Let T(,o; &) and T(p; &)
be second-order expansions of 7~1(p) and 7 (p), respectively. Dropping the subscripts of (Ag, &) for
our notational convenience, we let

d d
T:= T0+i,02$ﬁ1,j+,02 Z £i&cTa, ik, (A3)
=1 J k=1
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and
(A4)

d d
T:=To+ ipZé‘jT],j + p? Z bk T2, jk-

j=1 J.k=1

Then without loss of generality, we can choose

and let

Cj
. aék Eék ék bék
Ta jk = ~jk ajk ) T jk = jk djk :
) )

We expand T (A — Lg)T up to the second order in p. It is easy to find the zeroth-order term:

~TodyQTo = (g _‘;v> . (A5)

Collecting all the first-order terms, we have

i£j(ToAjTo — T1jdyQTo — Tody Q T1)

T\ —(quaj + qve)) + g5 qudf I +dgi* —(qubj +qvd)) —djqy + a4y qu fi + &)

where df* := f} — fiq;1qy, and similarly, dg/* := g} — glq;1qu. We impose the block-diagonal con-
dition which implies that the non-diagonal blocks in (A.6) are zero blocks. Thus we have

B flg—1
bj=rvay (A7)
quaj +qvCj=q, qudf’* +dg’*.
From the inversion relation, we have
T]jT0+T0T1]’:O forj=1,2,...,d.
This yields the following four sub-matrix equations:
bj=fig," = bj=-flg,",
(A.8)

aj=bjq, " qu — j,
a;'quaj+cj=—(C—djqy'qu) = quaj+qvcj=—(qvj — qvd;qy qu),

a,'qubj+dj=—d; = qubj+qvdj=—qvd;.
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From (A.8), we find that

aj=0,
bj:_ ]q;],

¢j=a,"(q; ' qudf* +dg’).  fla =B,
dj=q,'qufla,’",

aj=f7q,'q, " qu.

bj=fiq,".

¢j=—cj=—a," (a;" qudf ™ +dg’),
dj=0.

(A.9)

Plugging these in (A.6), we have the following first-order terms:

dfi* 0 )

I (A10)
0 q,'qufi+8v

i&j(ToAjTo — T1jduQTo — TodyQT1j) = (
Calculating the second-order terms, we have

bj(quak + qvcr) bj(qubk+quk)>=<—3jk o)y (A1)

T d QT =<~ ~
VRS TRT 8(quak + qver) dj(@ubi + qvdi) 000

where Bj(quak + qvcy) = f,fqv‘1 (qv‘lqudf"* +dgh*) = —B;’?k is the Chapman-Enskog viscous term. On
the other hand, we have

: Gy bydgt it +higt) _ (—B7
leAkT0=<~]d kx a]d Kk ‘“] ‘l/< - I‘</ = ik s (A12)
Cj f* + jag ijv+djgv * *
and
ToA'T1k=< o floe+ flae o fibe+flde )
! @y 'qufd +gaj+ @y qufi + g (@7 'qufid + &bk + (@3 'qufi + &) d
_B%‘(k *
= L) (A13)
Combining (A.11)-(A.13), we have
- - ~ B*  x
£i&(T1jdy QT — ToAjTix — T1jAcTo) = &€& 4" E (A14)

Expanding T and T up to the second order, we have the additional resulting second-order terms:

~ 0 0
& Tod Ty ik =E&; i i i ik |, Al5
§i&kTody Q Ty ji = &jék <Qua£k+qVC£k qubék-i-quék) (A15)
and
B 0 Bjk
€&k T2, jkdu Q To = &jéi ( %kqv ) : (A.16)
0 dyqy
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Collecting all the second-order terms (A.14)-(A.16), we can choose T2,jk and T, jx in order to have
no second-order terms in non-diagonal blocks with the left-upper block unchanged. This is possible
since the left-upper blocks in (A.15)-(A.16) are zero blocks. Combining (A.5), (A.10), and (A.15)-(A.16),
we have the second-order block-diagonal matrix as follows:

d
T Y p)|ip) &A;—duQ |T(p)

j=1
_ (i,o Zj gjdff* + 02 Zj,ngngjfk ' 0 . )
0 —qv +ip Y ;65(8) + 0y qu ) + O(pP)
+0(IpP?). (A17)
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