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Abstract

In this paper, several sufficient conditions are obtained to guarantee that the n-dimensional cellular neural network can
have even (<2") memory patterns. In addition, the estimations of attractive domain of such stable memory patterns are
obtained. These conditions, which can be directly derived from the parameters of the neural networks, are easily verified.
A new design procedure for cellular neural networks is developed based on stability theory (rather than the well-known
perceptron training algorithm), and the convergence in the new design procedure is guaranteed by the obtained local sta-
bility theorems. Finally, the validity and performance of the obtained results are illustrated by two examples.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Cellular neural networks, first introduced in 1988 [1], are of great interest due to the fact that they are among
the easiest to implement in hardware. Cellular neural networks include the class of feedback neural networks
with local interconnections and they are also suitable for very large-scale integration (VLSI) implementations
of associative memories. The goal of associative memories is to store a set of desired patterns as stable memories
such that a stored pattern can be retrieved when the initial pattern contains sufficient information about that
pattern. In practice the desired memory patterns are usually represented by bipolar vectors (or binary vectors).
Several salient studies of associative memories based on cellular neural networks can be found in [2-8].

In [5], the synthesis of cellular neural networks with space-invariant cloning-templates is considered;
a designed algorithm based on the eigenstructure method [7] is developed. The realization of associative
memories is considered in [2] via the class of (zero-input) cellular neural networks introduced in [1]. In
addition, a synthesis procedure (designed algorithm) for cellular neural networks with space-invariant
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cloning-templates is developed based on the well-known perceptron training algorithm in [2]. The global con-
vergence of some neural networks is considered in [9-15]. This paper provides a new design procedure for cel-
lular neural networks based on local stability theory (rather than the well-known perceptron training
algorithm, or the global convergence of equilibrium point). The convergence of the neural networks resulting
from the design procedure can be guaranteed by the obtained local stability theorems.

Consider a cellular neural network with multiple time-varying delays

dxi(t) n n
q = )+ D auf ((0) + > buf (5t = 15(0))) + wi, (1)
J=1 J=1
wherei = 1,2,...,n,x = (x1,%2,...,x,) € R", is a state vector, 4 = (a;) € R™", B = (b;) € R"" are connec-
tion weight matrices, delay time 7;;(¢) < 7 (constant), Vr € R,
1
S0 =5+ 1] = = 1), )
u=(up,... ,un)T € R" is an external input vector.

Denote (—oo,—1)=(—00,—1)" x [=1,1]" x (1,400)"; [~1
(=00, —1)" x [=1,1]" x (1,400)", R=(—00,+00) = (—00,—1
disassembled into 3" subspaces:

] = (=00, =1)" x [=1,1]" x (1,400)"; (1,+00) =
JUI-1,1]U(1,+00). Hence, (—o00,+o0)" can be

i

Q= oo, =1 X =111 x (1, 400)%, (6969, 59 = (1,0,0) or (0,1,0) or (0,0,1), j=1,2,....n%.
1 2103 J

i=1
3)
In the following, denote —(—o0, —1) = (1, 00), —(1,00) = (=00, —1),

(—o0 _1)(5(”‘) _ { (—o0,—1), i # k,

(1700)7 i:kv
(=00 _1)5(%1) :{(—oo,—l)7 i # kori # I,
’ (1,00), i=kori=I

Denote a saturation region as

Q(S) = {H(_OO>—1)(5(i) X (17—|—OO)1_6®, 5(/) =1lor 0, j: 1,2,...,”}.

i=1

Hence, Q is made up of 3" elements, and Q® is made up of 2" elements. For example, when n = 2, all of the
elements of Q are depicted in Fig. 1.

A vector o is called a (stable) memory vector (or simply, a memory) of the cellular neural network (1) if
a=(f(B),f(B),... ,f(ﬁn))T, where = (1, B ... p,)" is an asymptotically stable equilibrium point of the
cellular neural network (1).

Denote %#" as the set of n-dimensional bipolar vectors, i.e.,

@":{xei}{", x:(xl,...,x,,)T, x;=1,0or —1, i:l,2,...,n}.
Hence, %" is made up of 2" elements. For any (sy, s, ... ,s,q)T e A", let

Llsi) = { (Ioo),  si=1

(—o0,—1), s;=-1.
Consequently, (s1,5,...,5,)" and [, L(s;)) = L(s1) x L(s2) X --- x L(s,) represent a one-to-one
correspondence.
The key problem to be addressed in this paper may be expressed as follows:
Design problem: Given m(m < 2") vectors o', o?,..., 0" € 4", determine the connection weight matrices
A = (ay), B = (b;) and the external input vector u such that o', o?, ..., o" are stable memory vectors of the
cellular neural networks (1).
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Fig. 1. Disassemble 2-dimensional space.

Definition 1. The set & C R" is said to be a globally exponentially attractive set of (1), if for solution x(¢; ¢y, ¢)
of (1) with any initial condition ¢(¥9) € C([to — 7, %], R"), there exist constants o« > 0 and f(¢) (depended on
¢) such that

inf (510, 6) — & < () exp{—a(t — t)).

Definition 2. The point x" is said to be an isolated equilibrium point of (1) if there exists é > 0 such that x* is
the only equilibrium point of (1) in {x|||x — x*|| < d,x € R"}.

The remaining part of the paper consists of three sections. In Section 2, the main results are derived. In
Section 3, two illustrative examples are provided. And in Section 4, concluding remarks are given.

2. The main results

In the following, we always assume u; = 0,i € {1,2,...,n}.

Theorem 1. If there exists (s,s2,. .. ,s,,)T € B" such that Vi € {1,2,... n},

(i(a"f + bij)sj> s> 1, (4)

j=1

then (1) has neither more nor less than 2 isolated equilibrium points located in Q. = [ L(s;) and Q_ =
[T, (—=ZL(s:)), respectively.

Proof. Choose x* = (xi,...,x)", where x’ = > i@ +by)s;. From (4), x* € Q. In addition, —xj+
> iauf (X)) + 320 byf (x;) = 0; ie., x* is an equilibrium point located in Q.. Similarly, —x* € Q_, and
x; 4> ayf (—=x7) + 320 byf (—x;) = 0. Thus, —x" is an equilibrium point located in Q_. In the saturation
region Q¥ if (1) has an equilibrium point, then this is always an isolated equilibrium point. Hence, (1) has
2 isolated equilibrium points located in Q. € Q® and Q_ € Q¥ respectively. [

Theorem 2. Y(sy,s5,...,s,)" € A", denote Q = [T Z(s)). If x* € Q is an equilibrium point of (1), then it is a
locally exponentially stable equilibrium point, and Q is its locally exponentially attractive region.

Proof. If x(¢), x(t — t(¢)) € Q, then from (1) and (2),
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dx,- ¢ n n
W )+ Y+ Y b, 5
= =1

Obviously, if (5) has an equilibrium point, then this equilibrium point must be globally exponentially stable.
Hence x* is locally exponentially stable, and Q is its locally exponentially attractive region. [

2.1. Numeration of equilibrium points
Without loss of generality, we assume a;;, b; = 0,7,j € {1,2,...,n} in proving theorems in this section. The
proof for the other case can be reasoned in the same manner.

Theorem 3. IfVie {1,2,...,n},

n

> (ay+by) > 1, (6)
=1
and Yk € {2,3,...,n},
Z (a1j+b1j)—a1k—b1k<l, (7)
J=L.j#k

then (1) has neither more nor less than 2 isolated and locally exponentially stable equilibrium points located in the

saturation region Q.

Proof. Choose x* = (x7,...,x%)" or x* = —(x7,...,x)", where x = >ii(a; + by). From (6), x; > 1. Hence,
—x; + 3 auf (X)) + 30 byf (x;) = 0; ie., x" is an equilibrium point located in (—oo,—1)" or (1,00)".
According to Theorem 2, x* is locally exponentially stable.

Assume that there exists another equilibrium point ¥* = (¥}, .. ,)?j)T located in the saturation region Q, and
moreover, without loss of generality, assume (1,s3,...,s,)" € 8", ¥* € Q = Z(1) x L(s7) x L(s,) € QY.
Then, there exists k € {2,3,...,n}, such that sy = —1, and —x; + 377 a,f (%)) + >7_ 1 byf (%)) =
—X‘? + Z_;.’:laijsj + E_';:lb,»jsj =0. Thus, from (7),

)_CT :zl:alij—FZl:b]ij < Z (a1j+b1j) —ay — by < 1.
J= J=

J=Lj#k

This contradicts that x* is an equilibrium point located in Q. Hence, Theorem 3 holds. [

Theorem 4. If there exists k € {2,3,...,n} such that Vi € {1,2,... n},

n

Z (aiy+by) —aw — by > 1, i #Kk (8)
oLk

Z (akj + bkj) —ay — by < —1, 9)
JoTk

and ¥Ym € {2,3,...,n},m #k,

Z (ai;+ bij) — aimw — b < 1, (10)

J=Ljm

then (1) has neither more nor less than 2+ 2 x 1 isolated and locally exponentially stable equilibrium points
located in the saturation region Q.

Proof. a;;,b; = 0, (8) and (9) imply that (6) holds. It is similar to the proof of Theorem 3 that (1) has 2 iso-
lated and locally exponentially stable equilibrium points located in (—oo,—1)" and (1, 00)", respectively.
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'n
1 | £ k n 5()
x?{i_’l 1R Hence, x' € [T (—(—o0.~1)"") € 00, and i+ Y1/ () + T ibuf () =

i.e., x* is an equilibrium point located in H?:l(—(—oo,—l)é ). It is similar to prove that —x* is an

Choose x* = (x7,... x*)T, where x; = Z}':L#k(a,j +b;) —ax —byx. (8) and (9) imply that

equilibrium point located in []}_,(—o0, —1)‘5(lk> € Qv

Assume that there exists another equilibrium point * = (¥, ...,% ) located in the saturation region Q,
and moreover, without loss of generality, assume that (I,ss,...,s,)" € ", ¥ € Q) = Z(1) x L(s1)x
L(sy) € Q¥ Then, there exists m e {2,3,...,n},m #k such that sm=—1, and —x; + >0 a,f (¥;)+

Z};lbijf()?]*.) =0;ie., —X + Z;-’Zla,jsj + Z;':lb,«jsj = 0. Thus, from (10),

n

Zaljs, +Zb1/S] < Z a1,+bl_/) — Ay _blm < 1.
J=1j#m

This contradicts that x* is an equilibrium point located in €,. Hence, Theorem 4 holds. [

Theorem 5. IfVie {1,2,....n},k € Ny = {ki,ka,... . k,} C{2,3,...,n} where p <n—1,

n

Z (@i +by) —aw — by > 1, i #k; (11)
Jr

Z (ak,-—l—bk_,«)—akk—bkk<—1, (12)
J=lj#k

Vm € {2737...,1’1}—]\]1,

n

Z (ay; + bij) —aim — by < 1 (13)

J=Ljm

in addition V1,q € Ny,

n

Z (Cl]j—|—b1j)—a11—a1q—b11—b]q<17 (14)

J=1j#lq

then (1) has neither more nor less than 2 + 2 x p isolated and locally exponentially stable equilibrium points
located in the saturation region Q.

Proof. a;;,b; > 0, (11) and (12) imply that (6) holds. It is similar to the proof of Theorem 3 that the cellular
neural network (1) has 2 isolated and locally stable equilibrium points located in (—oo, —1)" and (1, 00)",
respectively.

Vk € Ny, it is similar to the proof of Theorem 4 that (1) has 2 isolated equilibrium points located in

[T, (o0 —1)5( and []7,(—(—o0 —1) ) respectively, which are locally exponentially stable. Since N is
made up of p elements, (1) has 2 x p isolated and locally exponentially stable equilibrium points located in

ik (ik
Usew, (T (=00, =1)°" U T (=(=00, =1)")).

Assume that there exists another equlhbrlum point ¥* = (¥},...,X ) located in the saturation region Q®,
and moreover, without loss of generality, assume that (I,s,...,s,)" € ", ¥ € Q3 = Z(1) x L(s1)x
PLsy) € Q©)_ Then, there exists m € {2,3,...,n},m & N, such that s,, = —1, or there exist /,¢ € N such that
s;=—1,5,=—1, and —x} + Z/ la,]f( ) + Zj lb,]f( =0; ie, —X + Z_’;:laijsj + Z_;;lbijsj =0. Thus,
from (13) or (14)

n

Zaljs_] +Zbljs_] X Z al,«+b1_,-) — Qi — b1 < 1;

J=Llj#m
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or

n n n
XT = Zalij+Zb1ij < Z (a1j+b1j) —day —b” — dyg _blq < 1.
j=1 j=1

J=Lj#lq

This contradicts that x* is an equilibrium point located in Q5. Hence, Theorem 5 holds. [

Theorem 6. If Vi€ {1,2,...,n} and Vk,1 € {2,3,...,n},

n

Z (aij + bij) — ajw —ay — by —by > 1, i#k, and i # 1, (15)
J=V Ak

Z (ai; + bij) — ae — b < —1, (16)
J=1j#k

Z (ay; + by) —ay — by < —1, (17)
JoTA

and Nm,p,q € {2,3,...,n},

Z (a1j+b1j)— Z (a1j+b1j)<1, (18)

J=1j#mpg J=mpgq

then the cellular neural network (1) has neither more nor less than 2 + 2 x (n — 1) + 2 x %?_, isolated equilibrium

points located in the saturation region Q% which are locally exponentially stable, where G = %

Proof. a;;,b; = 0, (15), (16) and (17) imply that (11) and (12) hold. It is similar to the proof of Theorem 5 that
(1) has 2 +2 x (n — 1) isolated and locally exponentially stable equilibrium points located in

(_OO, —l)n U(], oo)" LnJ <]jl_‘[(_oo7 _1)5(“‘) U ]j(_(_oo’ _1)5([1<))> .

k=2 \i=1
Vk,l €{2,3,...,n}, choose x* = (x7,...,x*)", where x = Yt (@i + b)) = 37 (@ + by). (15), (16) and

]
(17) imply that xj{il_’l if’;’ﬁ . Hence, x* er;l(—(—oo,—l)‘)

n

s (ikl

(1) ; . ;
)€ QY and —x; + 307 a5/ (x))+

> ibif (x;) = 0; ie., x™ is an equilibrium point located in [, (—(—oo0, —l)o(lm). It is similar to prove that
—x* is an equilibrium point located in [/, (—o0, —1)°" € Q(SS, which is locally exponentially stable.

Since the set {(k,/),k,/ € {2,3,...,n},k # 1} is made up of (n— 1) x (n — 2) elements, (1) has 2 x (gﬁfl
isolated and local(% exponentially stable equilibrium points located in J;_, (U?:k 1 (H;’:l(—oq—l)o('w U
[T (=(=00, =1)* 7)),

Assume that there exists another equilibrium point ¥* = (x5, ... ,)‘c,*,)T located in the saturation region Q)
and moreover, without loss of generality, assume that (1,ss,...,s,)" € #", ¥ € Q4 = L(1) x L(s7)x
PLsy) € Q). Then, there exist m,p,q € {2,3,...,n} such that s,=-1,s,=-1,5,=—1, and
=X+ gayf (X7) + i byf (%) = 05 de., =X + D77 ays; + > bys; = 0. Thus, from (18),

XT:Zalij+Zb1ij< Z (alj+b1j)f Z (a1j+b1j)<l.
J=1 J=1 J=lj#mpgq Jj=mp.q
This contradicts that X* is an equilibrium point located in Q4. Hence, Theorem 6 holds. [

Theorem 7. If Vi e {1,2,...,n},
a,-,-—l—b,—,- —Z(a,J—l—b,,) > 1, (19)
j=2

then the cellular neural network (1) has neither more nor less than 2 +2 x (n — 1) + 2 x Z']:zl % _, isolated and

n—1
locally exponentially stable equilibrium points located in the saturation region Q°, where ¢ | =
(n—=1)x(n=2)x--x(n—j)

I1x2x--xj :
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x € [, Z(s;) € QY. In addition, —x; + dimauf () + 370 byf (x;) = 0; ie., x* is an equilibrium point
located in [[_, Z(s:).

Since the set 4" is made up of 2" elements, the cellular neural network (1) has 2" isolated equilibrium points
located in the saturation region Q. According to Theorem 2, these equilibrium points are locally
exponentially stable. [J

Proof. V(s;,ss,...,s,) € #", choose x*=(x],...,x")", where x; =y (a;+by)s;.  From (19),

Remark. 2+2x (n—1)+2x Y14 | =2"

2.2. Design of the connection weights

For convenience, in this subsection, we let b; = 0,Vi,j € {1,2,...,n}.
Corollary 1. IfVi,j € {1,2,...,n},
2/”7 i=j,
aij = L
1/"7 i #J,

then (1) has neither more nor less than 2 isolated and locally exponentially stable equilibrium points located in the
saturation region Q.

Proof. According to Theorem 3, Corollary 1 holds. [

Corollary 2. If there exists a constant k € {2,3,...,n}, such that Vi, j € {1,2,... ,n},
S, =ik

1/n, i#j, J#k,

2, i=j=k,

1/(2n), i#j, j=k,

then (1) has neither more nor less than 2 + 2 x 1 isolated and locally exponentially stable equilibrium points
located in the saturation region Q.

aij =

Proof. According to Theorem 4, Corollary 2 holds. [

Corollary 3. If there exists a set Ny = {ki, k2, ..., k,} C{2,3,...,n} where p < n—1, such that for all k € N,
Vi,je{l,2,...,n},

B+ @-1/2)/n, i=jF#k

L i), j#k,
ij — . .
2, i=j=k,
1/(2n), i#j, j=k

then (1) has neither more nor less than 2 + 2 x p isolated and locally exponentially stable equilibrium points
located in the saturation region Q.

Proof. According to Theorem 5, Corollary 3 holds. [
Corollary 4. If n = 4 and Vi, j € {1,2,...,n},
6/n, i=j=1,

aj; = 1/"a i#j,
2, i=j#1,
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then (1) has neither more nor less than 2 +2 x (n — 1) +2 x %i] isolated and locally exponentially stable equi-
librium points located in the saturation region Q.

Proof. According to Theorem 6, Corollary 4 holds [

Corollary 5. If'Vi,j € {1,2,...,n},
2, i=J
a;; =
o\ n, i #],

then (1) has neither more nor less than 2 +2 x (n — 1) + 2 x S04

' isolated and locally exponentially stable
equilibrium points located in the saturation region Q.

Proof. According to Theorem 7, Corollary 5 holds. [

2.3. A new design procedure

Step 1. Denote m desired patterns by m vectors in #4”"; i.e., we obtained m n-dimensional vectors
Y, B2 ... p™ € #". n is number of neurons in the designed cellular neural networks.

Step 2. Design connection weight matrix 4 according to Theorems 3-7 and Corollarys 1-5 such that
/3(1), [f(z), cee ﬁ("’> and their allelomorph vectors are stable memory vectors of the following cellular
neural network
dx(¢
SO 2+ 4700, (20)

while the other vectors are not. The allelomorph vector of f§ is defined as —f.

3. Examples

In this section, we provide two examples to illustrate the results obtained in the preceding section.

Example 1. Design a cellular neural network with 4 neurons (n = 4) to store three patterns shown in Fig. 2 as
stable memories (black = —1 and white = 1).

Step 1. pV = (1,1,1, I)T; g = (1,-1,1, I)T; and g = (1,1,-1, l)T are three patterns which are desired to
be stable memory vectors of the potential cellular neural network.
Step 2. Choose

7/8, 1/8, 1/8, 1/4
1/4, 2, 1/8, 1/4
1/4, 1/8, 2, 1/4
/4, 1/8, 1/8, 7/8
According to Corollary 3, the following cellular neural network
dx(2)
dr

Ay =

= —x(1) + A1/ (x(¢)) (21)

[ _

Fig. 2. Three desired memory patterns for Example 1.
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Fig. 3. Seven desired memory patterns for Example 2.

has 6 stable memory patterns; i.e., f"; f%; ¥ and their allelomorph vectors. In addition, any other vector is
not a stable memory vector of the cellular neural network (21).

Example 2. Design a cellular neural network with 4 neurons (r = 4). The objective is to store seven patterns
shown in Fig. 3 as stable memories (black = —1 and white = 1).

Step 1. Y = (1,1,1,1)" % = (1, -1, 1, )" g9 = (1,1, -1, ) g9 = (1, 1,1, - 1) g9 = (1, -1, -1, 1)";
B = (1,1,-1, —I)T and p7) = (1,-1,1, —I)T are seven patterns which are desired to be stable mem-
ory vectors of the potential cellular neural network.

Step 2. Choose

6/4, 1/4, 1/4, 1/4
1/4, 2, 1/4, 1/4
1/4, 1/4, 2, 1/4
1/4, 1/4, 1/4, 2
According to Corollary 4, the following cellular neural network

dx(n) _
S = —x(t) + ot (x(0) 22)

has 14 stable memory patterns; i.e., f"; @; ...; 7 and their allelomorph vectors. In addition, any other
vector is not a stable memory vector of (22).

Ay =

4. Concluding remarks

In the paper, a new design procedure for cellular neural networks is developed based on the stability theory
instead of base on the well-known perceptron training algorithm. The convergence of the designed cellular
neural network can be guaranteed by some conditions derived from the local stability analysis of cellular neu-
ral networks. With these conditions, an n-dimensional cellular neural network can always have m (m < 2") sta-
ble memory patterns, where m is an even number. In addition, the attractive domains of such stable memory
patterns can be easily estimated. Moreover, the conditions depend only on the parameters of the neural net-
works, and consequently, are easy to check. So, the new design procedure provides a novel and convenient
method to design cellular neural networks for associative memories. Finally, two examples are discussed to
illustrate the validity and performance of the results.
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