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1. Introduction

In this paper we give explicit formulas for the number of points on reductions of CM elliptic curves
(see Theorems 1.1 and 5.3 and Corollary 5.4). We also give models for CM Q-curves, in certain cases
(see Theorem 7.4).

If E is an elliptic curve over a finite field Fg, it is well known that to count the number of points
in E‘(IFq), it suffices to determine the Frobenius endomorphism of E over Fq, or more precisely the
trace of Frobenius acting on an appropriate vector space. The best methods known for accomplish-
ing this with a general elliptic curve are modifications of the method of Schoof [17,18] or p-adic
methods [15].

When E is the reduction of an elliptic curve E over a number field F with complex multiplication
(CM) by an order in an imaginary quadratic field K C F, a different approach is possible. In this
case, as shown by Deuring [4], there is a Hecke character vy of F with values in K* such that for
every prime ‘B of F where E has good reduction, ¢ (J3) € K = End(E) ® Q reduces to the Frobenius
endomorphism of E modulo ‘B. Thus if one can compute the Hecke character ¢, one can determine
the number of points on every reduction of E, including the original curve E. If E is an ordinary
elliptic curve over Fy, then E is always the reduction modulo 8 of some CM elliptic curve E defined
over some number field F. The field K determines the Frobenius endomorphism of E over Fq up to
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a root of unity in K (generally £1). The computation of the Hecke character of E can be viewed as
the determination of this root of unity, for every prime 3 of F.

This CM approach has been carried out in special cases by several authors. The Hecke character
of E was computed by Gross [7,8] when End(E) is the maximal order in Q(,/—p) with p prime and
p =3 (mod 4), and by Stark [26] when End(E) is the maximal order in Q(~/—d) with squarefree
d=3 (mod 4) and 3td (ie, d=7 or 11 (mod 12)). Individual special cases were done earlier by
a number of people, dating back to Gauss; see p. 349 of [12] for some of the relevant references. For
further discussion of the history of this problem, see §5 of [26].

In this paper we complete this program by computing, for every imaginary quadratic field K, ev-
ery imaginary quadratic order O, and every number field F D K, the Hecke character of every elliptic
curve over F with End(E) = O, thereby computing the number of points on the reductions of these
elliptic curves. This extends the results of Stark and Gross to all d, including d = 1,2 (mod 4) and
d =3 (mod 12), and to all orders, including non-maximal orders. Also, whenever d =2 or 3 (mod 4),
we produce a model of a Q-curve with CM by the maximal order in Q(v/—d). (There are no
Q-curves with CM by the maximal order in Q(+/—d) when d > 1 is a product of primes congru-
ent to 1 (mod 4).)

One motivation for studying this question comes from cryptography. For various cryptographic ap-
plications, such as finding “pairing-friendly” elliptic curves, one needs to find an elliptic curve over I,
with a given number of points. The usual way to do this (the “CM method” [1]) produces a CM elliptic
curve over a number field whose reduction E /Fp has the property that either E or its quadratic twist
has the correct number of points. In [13] we use the results in this paper to give a simple efficient
algorithm for determining which of the two elliptic curves is correct. This settles an open question of
Atkin and Morain (Conjecture 8.1 of [1]).

We now state our main result in the (useful) special case where j(E) = j(Ok), with Ok the
maximal order (it follows that E has CM by Ok).

Theorem 1.1. Suppose E: y%> = x> + ax + b is an elliptic curve over a number field F, and j(E) = j(Ok)
where Oy is the ring of integers of an imaginary quadratic field K = Q(~/—d) C F, with squarefree d # 1, 3.
Suppose B 1 2 is a prime of F where E has good reduction. Let > € Ok be a generator of the principal ideal
NF/K (P) and let q = NF/Q({«B)- Then

#E(OF/‘B) =q+1 —W.€ ~TI‘K/Q(A)

where
(), ifd=3 (mod 4),
w={ (i), ifd=2 (mod 4),

(B2, ifg =1 (mod 4),

the nth power residue symbols (%)n € |, and the Weber function y3 are defined in Section 2 below, z4 is
defined by

d (mod 8)| 2 3 6 7
g |V=d 3 34 mg 0 3

and € is defined by:

d=3 (mod 4):

A3 (mod4)|1,—v/—d —1,/—d
€ 1 -1
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d=2 (mod 4):

A(mod4) |1, —142/=d, £1+/=d —1,1+2J—=d, +1—/—d

€ 1 -1

d=1 (mod 4):

A(mod4)|1,1+4+2+/—d 24++—d,v—d -1, -1+4+2+/—d 2—+/—d,—v—d

€ 1 i —1 —i

Our method of proof is similar to the method of Stark [26], which follows an approach used by
Rumely in his thesis and [14]. Rumely showed how to use Shimura’s Reciprocity Law (for values of
modular functions at CM points) to compute the Hecke character of a CM elliptic curve in certain
special parametrized families.! Rumely (Example 1 on p. 394 of [14]) and Stark (Eq. (3) on p. 1121
of [26]) used Weber functions to write down a family E, of elliptic curves, parametrized by z in the
complex upper half-plane §) (take @ =1 in Definition 2.4 below). When d =3 (mod 4) and 31d,
then z € § can be chosen so that E, has CM by the maximal order O of K = Q(v/—d) and E, is
defined over the Hilbert class field Hx of K, and in this case Stark computes the Hecke character
of E; over Hg. If E is an arbitrary elliptic curve with CM by Ok over a number field F D K, then
Hg C F and E is isomorphic to a quadratic twist of some such E; over F, so one obtains the Hecke
character of E over F.

If either d is a multiple of 3 or d # 3 (mod 4), then there are z € §) such that E, has CM by Ok.
For all such z, the curve E; is defined over a small but nontrivial extension of Hg. For arbitrary
orders O there are z € $ such that E, has CM by O and E; is defined over a small extension H/,
of the ring class field Hp of O. If E is an elliptic curve with CM by O defined over a number field
F 2 K, then E is isomorphic to some E, over @ and F contains Hp but F need not contain H’O. In

order to compute the Hecke character of E over F, we need to determine what Gal(Q/Hp) does to
the torsion points of E,, not just the action of its proper subgroup Gal(Q/H/O) on the torsion points.
We do this in Proposition 3.3, extending the Rumely-Stark method. This allows us to compute the
Hecke characters for all elliptic curves with CM by O defined over F, for every d and O and every
number field F 2 K. Our main results are Theorem 5.3 and Corollary 5.4, and the heart of the proof
is in Theorem 4.4.

In [7], Gross defined a Q-curve to be an elliptic curve that is isogenous to all of its Galois con-
jugates, and studied these curves in detail when they have CM. In [8], Gross exhibited equations for
Q-curves with CM by the maximal order of Q(,/—p) when p is a prime congruent to 3 (mod 4),
and determined their Hecke characters. We use our Hecke character computations (Theorem 5.3) to
exhibit equations for Q-curves with CM by the maximal order of Q(+/—d) for all d =2 or 3 (mod 4),
and we use quadratic reciprocity over K to give another expression (Theorem 7.4) for the Hecke char-
acters of these curves. When d = 3 (mod 4), the formula for the Hecke character in Theorem 7.4 is the
one given by Gross (Theorem 12.2.1 of [7] and Proposition 3.5 of [8]) when d is prime and by Stark
(Theorem 1 of [26]) when 3 {d, while the formula in Theorems 1.1 and 5.3 is of a different form.

In Example 4.3 we give a counterexample to the common myth that ¥ () is necessarily in O,
where ¢ is the Hecke character associated to an elliptic curve with CM by an order O.

The reader who wishes to avoid technical details might prefer to start by reading the statements
of Theorems 1.1, 5.3, and 7.4 and Corollary 5.4, and referring back to the notation and supporting
lemmas and propositions as necessary.

Outline of the paper. In Section 2 we introduce notation, state Shimura’s Reciprocity Law, and describe
the setting in which we work. In Section 3 we state or work out the properties of the Weber functions

1 Shimura points out in Remark 14.12(3) of [24] that there is a gap in Rumely’s proof of Theorem 1 of [14], although the
statement of that theorem is correct in the setting of Example 1 of [14]. While our method was inspired by Rumely’s approach,
we do not use his results.
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and Dedekind’s n-function that we need to compute Hecke characters. In Section 4 (Theorem 4.4)
we use these properties to compute the Hecke characters of the twists of E; mentioned above. In
Section 5 we use Theorem 4.4 to prove Theorem 5.3 and Corollary 5.4, our main results on Hecke
characters and point counting, and in Section 6 we compute and exhibit the tables of values of an
important function that appears in our formulas in Theorem 5.3 and Corollary 5.4. In Section 7 we
obtain models for Q-curves and formulas for their Hecke characters (Theorem 7.4). In Section 8 we
give a point-counting result with a different flavor, under hypotheses that lead to a particularly simple
statement.

2. General notation

In this section we give definitions and notation that will be used in later sections, and state Shimu-
ra’s Reciprocity Theorem.
Let $ denote the complex upper half-plane. Let i denote the square root of —1 in $). For z € ), let

L, =747z,

2@:=60 » o and g(2):=140 Y "
0#£wel, 0#wel,

and let g (u; z) denote the Weierstrass gp-function of u € C for the lattice L;.

Note that g(z) is a modular form of weight 2k and level 1, with Fourier coefficients in (27i)2¥Q
(see for example §2.2 of [23]). Let 1 denote the Dedekind eta function

o0
77(2) — e2711'2/24 1_[(1 _ eZm‘nz),
n=1
and define the Weber functions

£3(2)
@mi)dn(2)1?’

£2(2)

i@ M »@ — g3

12(2) = 12

Then 18 (respectively, n'%) is a modular form of weight 4 and level 3 (respectively, weight 6 and
level 2) with Fourier coefficients in Q, and y,(z) and y3(z) are modular functions of levels 3 and 2,
respectively, with Fourier coefficients in Q. Let j(z) denote the usual j-function. Weber (see for ex-

ample p. 326 of [16]) showed
Y@ =j@ and y3(2)? = j(z) — 1728. (2.1)

If F is a subfield of Q or is a local field, let Of denote its ring of integers.

If F C C is a number field, let A¥ denote its idele group, and let F2P denote the maximal abelian
extension of F in C. If s € Af let [s, F] € Gal(F?®/F) denote its global Artin symbol. If w is a place
of F then F,, will denote the completion of F at w, and if s € A; then sy € F,, will denote the
w-component of s.

By a prime of a number field F we mean a prime ideal of Of. If 9 is a prime of F, let Fab:®
denote the maximal extension of F in F2 that is unramified at %3, and if a € F*, let ordy (a) be the
power of B in the prime factorization of the fractional ideal aOF. The Frobenius automorphism Frey
associated to P is the unique o € Gal(F?™%¥/F) such that o (x) = xN¥2® (mod POpav.g) for all
X € Opab,p.

Let R* denote the multiplicative group of positive real numbers, let GLZ+ (R) (respectively, GL;(Q))
denote the subgroup of GL;(R) (respectively, GL,(Q)) of elements with positive determinant, and let
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GL;(AQ) denote the subgroup of GL;(Ag) consisting of elements whose oo-component has positive
determinant. Let

U=GLJ (R) x [ [ GLa(Z¢) C GL (Ag).
L

y #) € GL (@) acts on § by g(z) = %8

Recall that g = ( s

Definition 2.1. Shimura (see [22] or §A5 of [24]; see also §6.6 of [23] or §1 of [14]) defined an action
of GL; (Ag) on the space of modular forms f of weight k with Fourier coefficients in Q?®, for every
k € Z, characterized by:

(i) the subgroup of GL;“(AQ) fixing f is open,
(i)) F22) =(rz+8)*f(g(@) for every g = ({ }) € GLj (@), and
(iii) if s e R* x [T, Z} and «(s) := (3)591 ), then f4® = fIQl, where [s, Q] acts on f by acting on the
Fourier coefficients.

If K is an imaginary quadratic field and 7 € K N $, let q; : K — M(Q) be the map defined by

T\ _ (urt
oo () =(7),
Then q; (K*) € GL>(Q). Extend g, to a map g :Ax — M2(Ag). Note that for all u e A;,

det(qr (1)) = Nk (1) (2.2)

so in particular det(q; (4)oo) = Hoofloo > 0, and therefore g (Ay) GLZ+ (Ag).
The following theorem is Theorem 6.31(i) of [23].

Theorem 2.2 (Shimura Reciprocity). Suppose f is a modular function with Fourier coefficients in Q2°, K is an
imaginary quadratic field, T € K N $, and f is defined and finite at T. Then f(t) € K*, and if s € A then

f@WH = far0 @),
Let u,:={zeC: 2"=1}.

Definition 2.3. Suppose F C C is a number field, u, C F, P is a prime of F not dividing n, and a € F*
is such that n | ordgs (a). Then F(a'/"y c F3% and we define the nth power symbol

n,

Note that if m | n then (%)m,p = (%)n,p. If further a € O — 3, then (%)n,p € I, is characterized
by the congruence

(E) = gNF(B)=D/n (mod ).
‘13 n,F

When n =2 this is the quadratic residue symbol, and it is 1 if a is a square in (Of/)* and —1 if
a is a nonsquare in (Of/B)*.

If E: y2=x3+ax+b is an elliptic curve, its discriminant A(E) is —16(4a> + 27b2). By End(E)
we mean endomorphisms defined over an algebraic closure of the ground field. When E is an elliptic
curve over C, let E[N]={P € E(C): NP = 0}.
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Definition 2.4. When o« € C* and z € 9, define an elliptic curve over C:

V2(2) o3l (2)

Byt =0 —o? g 864

Then:

JEP)=j@, A(EP)=a® and Endc(EX)=(reC: AL, C L. (2.3)

When o =1 we will often write simply E, instead of E?).
If K is an imaginary quadratic field, O is an order in K, and ¢ is a rational prime, let O, :=
O Qg Zy. If s € A, let s, denote the projection of s in (K ®g Q¢)* C Ax.

Definition 2.5. Suppose K is an imaginary quadratic field, O is an order in K, F is a finite extension
of K, and B is a prime of F. Let

Vp={xe F%: ordp(x) =1} C F% CA}.
We define an (O, F)-good generator of Nr/x (B) to be an element A € K* such that

ATINE/k (V) C 1<;o]—[(9;. (2.4)
4

Lemma 2.6. Let K, O, F, and B be as in Definition 2.5. If A is an (O, F)-good generator of Nrx (B), then:

(i) » € Ok and Ok = Np/k (P),
(ii) ifu € O, then ux is (O, F)-good if and only ifu € O,
(iii) if P12, then 1 € O5.

Proof. Let p be the prime of K below B. Suppose g is a prime of K and t € Viz. By (2.4), ordq(A) =
0 =ordq(Np/x (B)) if q #p, and ordy (1) = ord, (Nf /i (£)) = ordp (Ng/x (B)), so AOg = Ng/k (P), giv-
ing (i). If u € O%, then clearly ux is (O, F)-good. Conversely, if A and A’ are both (O, F)-good
generators of Nk (), then their ratio is in O for every ¢, so it is in O*. This gives (ii). As-
sume B 12. Then Ng/x (V) € O5 . Thus by (2.4), A € O, giving (iii). O

Remark 2.7. In general, an (O, F)-good generator of Nf,k (3) may not exist. We will show in Corol-
lary 4.2 below that if there is an elliptic curve E defined over F with CM by O and with good
reduction at ‘3, then Ng,x(*B) has an (O, F)-good generator, and if further 93 does not divide the
conductor of the order O, then Np,x () has an (O, F)-good generator in O, and a generator of
NE,/k (B) is (O, F)-good if and only if it is in O. By Lemma 2.6(ii), if K is not Q(i) or Q(+/=3) and
there is an (O, F)-good generator of N,k (), then every generator of the ideal N,k (*B) is (O, F)-
good.

3. Some background results

In this section we state or work out the properties of the Weber functions and Dedekind’s
n-function that we need to compute Hecke characters.

Fix an imaginary quadratic field K and fix T € N K. Let O, be the order associated to the lattice
Ly =7Z+7t, ie.,

O;={xeK: al; C L}

The ring class field H; of O; is the abelian extension of K corresponding under class field theory
to the subgroup K*KX [], OTX,Z of Ag. Then H; = K(j(t)) (see p. 23 of [5] or Theorem 5.7 of [23]).
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If A e (’);,Z C Ag then q; () € GLy(Z¢) C GL;(AQ), and if s € KX ], (9;[ then q;(s) € U. Note that
se KX T, O;K if and only if sy € (’);K for every /.

Definition 3.1. Let ¢ :SLy(Z/4Z) — p4 be the unique homomorphism that sends ((1) 11) to i. We will

also view ¢ as a homomorphism SLy(Z,) — p4 by composing with reduction modulo 4. We define
a function §; : OTX,Z — Ity as follows. If A € (9;2 then (3) NK/@(EA)*l)qT (A) € SLy(Zy) by (2.2), and we
let

1 0
8z(2) :¢<<O NK/Q()L)_l > q‘L’O‘)) € y.

Then §; () depends only on the reduction of A modulo 40; >, so we will also view §; as a function
from (Or2/40:2)* to py. Note that (O 2/40¢2)* = (O /40:)*.

Lemma 3.2. Suppose s € Ay is such that s, € O , for every rational prime €. Then

(,7111(5))6 = 87 (s2)1°.

Proof. Let p = 1%, and for every g = (;’ f) € SLy(Z) define p|g by

(0l9)@ = (yz+8)p(g(2).
Then p is a modular form of weight 3 and level 4 with Fourier coefficients in @, and p|gs = ¢(g)p
for every g € SL(Z) (see for example §1 of [9]).
Let

10 1 0
U4={V€UI V2_(0 ]>e4M2(Zz)}, and W:(O NK/Q(S)‘])'

By (2.2), w-q¢(s) e UNSLy(Ag), so by Lemma 1.38 of [23] we can write
w-qc(s)=v-h (3.1)

with v € Ug and h € SL,(Z). Since the Fourier coefficients of p lie in Q, Definition 2.1(iii) shows that
pY = p. Since p has level 4, Proposition 1.4 of [22] shows that p¥ = p. Thus (using Definition 2.1(ii))

,qu(s) — IOW'QT(S) — pv'h = ph = plh :¢(h),0 (32)
Since ¢ (h) = ¢(W2q7(s2)) = 8¢ (52), this proves the lemma. O

The next result is an application of Shimura’s Reciprocity Law. Its proof is similar to Rumely’s proof
of part of Theorem 1 of [14].

Proposition 3.3. Suppose N € Z™, F is a finite extension of K, B is a prime of F not dividing 2N, and
ueN10;/O;. Then:

() @' (u; 7)/(2mi)3n(t)8) e F- P,
(ii) If & is an (O, F)-good generator of Ng /i (B), then

') P L 90w 7)
(7. 3 6) =6 T35 —5-
(2mi)y*n(z) @ri)’n(T)
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Proof. For T € U, let Ty denote the image of T in GLy(Z/NZ). If (a,b) € (N"1Z/Z)? (viewed as a row
vector), define

_ '(az+b;2)
f(a,b) (2) = i)
Then (see §6.1 and §6.2 of [23], or p. 392 of [14]),

(a) f(,py is a modular form of weight 3 with Fourier coefficients in Q2b,
(b) if T € U then (f(a,b))T = f(a,b)TN-

Let p be the prime of K below 3, let p be the prime of Q below B, and write u = at + b with
a,beN~1Z/7Z. Then f(u,m/n6 is a modular function with Fourier coefficients in Q, and

' W) fan(T)
@ridn(®)® )

Suppose t € F% and ordg (t) = 1. View ¢ € A, and let s = A"'Np/k(t) € Ag. Since A is an (O, F)-
good generator of Ng/k (P), we have s e KX [], Of’e, so q.(s) e U.
By Theorem 2.2, o' (u; 7)/(2mi)3n(7)®) € K2 and

( o' (u; 7) )“*’“:(fm,b)(r))“"”:w

A s . 3.3
@mi)3n()® n(t)® (37" (1))6 33)

Let (¢',b') := (a,b)q: (5)y' € (N"'Z/Z)?. Since P+ N, we have s, =2~ for all £|N, and so q-(s)y' =
G (A)N. Thus in C/O¢,

AT +b =@, b) <§> = (@.b)g: ()" (ﬁ) = (@.b)g: (V) (ﬁ) =(a.b) (*{) = hu.

Using this and (b) above,

/
qr(s)’1 _ _ _ KJ ()VU; T)
(fap) O = fabyge 0y @ = fam (@ = o (34)
Since 312, we have s, =171, so by Lemma 3.2,
(O™ (0)° = 8: Wn(0)°.
Combining this with (3.3) and (3.4) immediately gives
glas \M9_ (-1 200 (35)
Qmi)n(r)s T @ripn(o)s’ '

Since the right-hand side is independent of ¢t (recall that s was defined in terms of t € F% ), for every
re OFX,ap we have

/(U 1) ( 9/ 1) )[””'“”*’”_ ( 9/ 1) )”’”

riPnms — \ 2ri)3n)s @mi)3 ()8
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Since {[r, F]: r e O; qs} is the inertia group at P in Gal(F2P/F), it follows that

©'(u; T) Fab. P
(2mi)3n(7)®

giving (i). Let L = K n Fa>% By class field theory,
[s. K1l = [Ng/k (0. K]|, =[t. F]l = Fryp];.
This and (3.5) give (ii). O

Lemma 3.4. Let D € Z _q denote the discriminant of the order O;. Then:

Y2(0)3, y3(1)? € Q(ji(1)) C He;

if D is odd then ~/Dy3(t) € Q(j(t)) C H; and y3(t) € Hy;

if D =4 or 8 (mod 16) then /—Dy3(t) € Q(j(t)) C H; and iy3(t) € Hy;
if D=0or 12 (mod 16) theni € H.

@
(ii
(iii
(iv

-z

Proof. Part (i) follows from (2.1). Let @ = (3 + +~/D)/2 if D is odd, and @ = +/D/2 if D is even.
Then L, = Oy, 5o y3(w)? = j(w) — 1728 and y3(7)? = j(r) — 1728 are Gal(H./K)-conjugates by
Theorem 5.7 of [23]. Therefore it suffices to prove (ii)-(iv) when 7 is replaced by w. In this case all
three statements (except D = —8, which is easy to check) are proved by Birch in §6 of [2] (who in
turn says that they were either proved or noticed by Weber in §§125, 126, 134 of [27]). O

4. Computing the Hecke character

As before, fix an imaginary quadratic field K and fix T € $§ N K. Theorem 4.4 below is the key to
our main results in Section 5. For example, when F = H; it allows us to compute the Hecke character
of E(f‘) over H; whenever Ei”) is defined over Hy, even if o ¢ H; (i.e., even if E; is not defined
over H;). We first state the basic properties we will need of the Hecke character.

Proposition 4.1. Suppose E is an elliptic curve over a number field F D K, and O := End(E) is an order in K.
Let B be the set of primes of F where E has bad reduction, and let 1(B) be the group of fractional ideals of F
supported outside of B. Then there is a unique character Y = ¥/ : 1(B) — K*, called the Hecke character
of E over F, such that for every prime 3 of F where E has good reduction:

i) v (P) € Ok, and ¥ (P) is an (O, F)-good generator of N x (B);
(ii) if O =Z + cp" Ok, where p is the residue characteristic of ' and p 1 c, then ¥ (B) € Z + cOk;
(iii) if 3 does not divide the conductor of O then ¥ () € O;
(iv) |E(OF/B)| = Ng/(P) + 1 —Trg o (B)).

Proof. Let ya:Af — C* denote the Hecke character of E over F on ideles, as defined in §7.8
of [23]. By Theorem 7.42 of [23], ¥a is unramified at 3. Then () = Ya(t) where t € qug C Af
is any element satisfying ordgq (t) = 1. It follows from Proposition 7.40(ii) of [23] that v (B)/Np k() €
KX T, OF, so ¥ (P) is an (O, F)-good generator of Ng/x(P) (in the sense of Definition 2.5). By
Lemma 2.6(i), we have ¢ (3) € Ok, giving (i).

For (ii), we follow a standard method as in, for example, the proof of Theorem 12 in Chapter 13
of [10]. Let E denote the reduction of E modulo %5, and let p be the rational prime below . It is
shown in the proof of Theorem 7.42 of [23] that the image of ¥ () under

K=0®Q=End(E) @ Q — End(E)  Q

is the Frobenius endomorphism ¢ € End(E) c End(E) ® Q. Thus for every rational prime ¢ # p, if Ty
denotes the ¢-adic Tate module we have a commutative diagram
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¥ (B)
T(E)®Q —— T(E)®Q

- ¢ ~
Te(E)@Q ——= T(E)®Q

where the vertical maps are induced by the reduction isomorphism T¢(E) 25 Te(E). Since e End(E),
we have ¢(T¢(E)) C T¢(E). Thus by Theorem 5 of [20], ¥ () € O, for all £ # p. Thus

Y(P) e Ok N Oy =7+ cOk.
U#p

This gives (ii). If 3 does not divide the conductor cp” of O (i.e., r = 0), then
Z + cOk :Z—f—cprOK =0,

giving (iii).
For (iv), see for example Corollary 11.10.4.1 of [25] for the case where O is the maximal order O,
and see Theorem 7.42 of [23] for the general case. O

Corollary 4.2. Suppose that F is a number field containing K, *§3 is a prime of F, and O is an order in K. If
there is an elliptic curve E defined over F with CM by O and with good reduction at 3, then:

(i) Nr/k (B) has an (O, F)-good generator;
(ii) if P does not divide the conductor of the order O, then:
(@) Ng/k () has a generator in O,
(b) a generator of Nr/x (B) is (O, F)-good if and only if it lies in O.

Proof. By Proposition 4.1(i), ¥ (*B) is an (O, F)-good generator of Nf,k (), where v is the Hecke
character of E. If 3 does not divide the conductor of O, then ¥ (3) € O by Proposition 4.1(iii). Part (b)
now follows from Lemma 2.6(ii). O

Next we give an example in which N/ () has no generators in O, under the hypotheses in

Corollary 4.2 (and Theorem 5.3), so ¥ () ¢ O. This is why we take an (O, F)-good generator of
Nr/k (), which always exists by Corollary 4.2(i), rather than a generator in O.

Example 4.3. Let K = Q(+/—11). Then Ok = Z[g] where = (1 ++—11)/2 € Ok. Let O =Z + 30k,
the order of conductor 3 in Ok. Then 3 = 8§,

j(O)=j(3B) =—18808030478336 — 3274057 859072+/33,

and Hp = K(j(0)) = K(+/33) = K(v/=3). Let E be the elliptic curve

5 (T+33) 5 (2487 +4334/33)
2

3 X — 21416 — 3728+/33.

Y +y=x
Then E is defined over F := Hp. Since j(E) = j(O), E has CM by O. The discriminant of E is the unit
—23 —44/33, so E has good reduction everywhere. Let 3 be a prime of F above B. Since ‘3 is totally
ramified in the extension F/K, we have Nr,k () = 8Ok, which has no generators in O. Therefore,
¥ (P) ¢ O. Note that the reduction of E mod ‘B has CM by Ok.

Recall §; from Definition 3.1.
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Theorem 4.4. Suppose K is an imaginary quadratic field, T € $ N K, and O = {£1}. Suppose F is a number
field containing K, and o € C* is such that a®y>(t), a3y3(t) € F. Let ¥ be the Hecke character of E\*’

over F. If 3 is a prime ideal of F where E&"‘) has good reduction, B 1 2, and X is an (O, F)-good generator of
NE/k (PB), then:

a8 eF,

4| ordgs (@),

Y (P) ==+, and

Y (P) =8 (W) (@) Fre=Dy = 5. 0) 1@ Fre -y,

i
(ii
(iii

(iv

-z

Proof. Let j = j(7), y2 = y2(7), and y3 = y3(7). Note that H; = K(j) = K(j(Eio‘))) C F. Since y23 and
y32 € H; (by Lemma 3.4(i)), and y23 and y32 cannot both be zero (by (2.1)), we have (i).
By (2.3), Endc(E\*)) = O;. The map t:C/L; — E¥(C) defined by

tw) = (ap u; 7)/(Rri’n)?), e w; 1)/(27i)n(1)°))

is an O;-module isomorphism. Suppose N € Z*t is prime to 9 and suppose u € N~'0;/O; =

(C/O)[N]. Then t(u) € E&‘”[N]. Since E(r“) has good reduction at 3 and B N, the coordinates of t(u)
generate an extension of F that is unramified at 3. By Proposition 3.3(i) it follows that F(a3/2)/F is
unramified at 3, and since (a3/%)* = a® € F this proves (ii).

By Proposition 7.40(2) of [23], t(u)® = t(y(P)u). Taking y-coordinates and applying Proposi-
tion 3.3(ii) gives

’ / Fr ’
328 W (EPu: ) _ ( 32 8 u; 1) ) » _ (- 3/2\Frp 1 ' Qu; 1)
O amin@s —\& apin@s) @) W s e

o)
’ Frop—1 _
9 (W (P 7) = o' Gt 1) (2/2) TP Vo )7 (41)
Since (4.1) holds for a dense set of u € C, it holds for every u € C by continuity. The left side of (4.1)
has poles exactly at all u € ¥ ()~'L, while the right side has poles exactly at all u € A='L;. Thus
Y (P)/r € OF ={+£1}, giving (iii). Since g’ is an odd function,
O (W Pu:t) =o' (VP /A)ru 1) = (¥ (P)/1)e' Gu: T) (42)
for all u € C. Comparing this with (4.1) gives
_ —1(,,3/2\Frp—1)
YP)/A =80 (?) €{£1}. (43)
Since ® € F by (i), we have («®)®-1 =1 and thus
5071 (@) TPV =5, G0 (@) TPV =5, G0 (@) TV,
Combining this with (4.3) proves (iv). O
5. Explicit formulas for Hecke characters and point counting
The main results of this paper are Theorem 5.3 and Corollary 5.4.
If K is an imaginary quadratic field and 7 € $H N K, let D(t) denote the discriminant of the or-

der O; (so D(t) = B2 —4AC=0 or 1 (mod 4) where At2 + Bt +C =0 with A,B,C € Z and
gcd(A,B,C)=1).
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Definition 5.1. With t as above and using §; of Definition 3.1, define a map € : (O;/40;)* — 4 by

() = iNk/o®)=D/25 (3) if D() =4 or 8 (mod 16),
t 8z (X) otherwise.
We will give €; in a concrete and explicit way in Section 6.
Recall the quadratic and quartic symbols (%)z,p and (%)4.1-‘ of Definition 2.3.

Remark 5.2. In Theorem 5.3 below, if K is not Q(i) or Q(+/—3), then by Lemma 2.6(ii) and Propo-
sition 4.1(i), every generator of the principal ideal N,k () is (O, F)-good. Thus in this case the
hypothesis “let A be an (O, F)-good generator of N,k ()" can be replaced by “let A be a generator
of Ng/x(P)". For arbitrary K, if ‘¥ does not divide the conductor of the order O, then by Corol-
lary 4.2(ii), the hypothesis “let A be an (O, F)-good generator of Nr,k (8)” can be replaced by “let A
be a generator of Nf k() in O”. The same simplifications apply to Corollary 5.4.

Theorem 5.3. Suppose E: y2 = x> 4+ ax + b is an elliptic curve over a number field F, and © := End(E) is an
order in an imaginary quadratic field K C F. Assume O* = {£1}. Take any T € $ N K such that j(E) = j(1).
Suppose P is a prime of F, not dividing 2, where E has good reduction. Let 1 be an (O, F)-good generator of
Nr/k (B), let g = Nr/(P), let y denote the Hecke character of E over F, let D be the discriminant of O, and
let j = j(T), 2 = y2(1), and y3 = y3(7) (so O = O¢). Then:

(i) If D is odd, then y3 € F, ordsz (6bys) is even,

6bys
- (22) o
v B Jar

and |[E(Op/P) =q+1— (a’%)z,pér(k)TrK/@(k)-
(ii) If D =4 or 8 (mod 16), then iy3 € F, ordg (—6biys) is even,

—6biys

v (P) =< ) € (M)A,
2,F

and |E(OF /)| =q+1— (F552)2,rer (W Tric/g(A).
(iii) If D =0o0r 12 (mod 16), then i € F, 4| ordg (62b2(j — 1728)),

62b2(j — 1728
w@):(#) ex (A,
B 4,F

2125
and [E(O /)| =q+1— (U, per )Tri ().

Proof. The choice of 7 implies that O = O;. Let u = 273%?b/(4a® + 27b%) € F*. The map (x, y) —
(u%x, u3y) defines an isomorphism over F from E to the curve y% =x3 + u*ax + uSb. The latter is

3 1
yr=x - szf(j —1728)x + Zb-”j“(j —1728)2,
which is E(,a) with « := 6bJ/24)/3. since

Vs =j=J(E)=283%a%/(4a® +27b%),  yi = j— 1728 = —263%p%/(4a® + 27b%).
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Thus E is isomorphic over F to E(,a), so they have the same Hecke character ¢ over F. Since j € F,
we have H; C F.

Case 1. Suppose D is odd. Then o® = 6°b%y3j12(j — 1728)* € F* by Lemma 3.4(ii), and ordsy (e®)

is even by Theorem 4.4(ii), so
(a9/2)<Frm*1) _ (a_g) - (_6b)/3> . (5.1)
B Jar B Jar

Case 2. Suppose D =4 or 8 (mod 16). Then ia® = 6°b%y3j12(j — 1728)* € F* by Lemma 3.4(iii),
and ordg (i) is even by Theorem 4.4(ii). If ¢ € pg, then ¢ 3~V = @D Thus,

. 9 4
(ag/z)(Frsp—l) :l-(qfl)/2<i) :i(Q*l)/2<ﬂ> . (52)
(»B 2.F (‘B 2,F

Case 3. Suppose D =0 or 12 (mod 16). Then
'8 = 6'8p18 24(j — 1728)% € F*,

i € F by Lemma 3.4(iv), and 4 | ordg («'®) by Theorem 4.4(ii). It follows that

9/2 (Frgp—l)=<a_18) =<62b2<j—1728>) . 53
(o) ) I 53)

The desired formulas for ¥ (3) now follow from Theorem 4.4(iv) along with (5.1)-(5.3) and Defi-
nition 5.1. By Theorem 4.4(iii), ¥ (P)/1 € {£1}, so

Tric/o (¥ (B)) = (v (B)/A) Trk ;o (A).
The desired formulas for |E(OF /)| now follow from Proposition 4.1(iv). O
Corollary 5.4. Suppose K is an imaginary quadratic field, T € $ N K, and O = {£1}. Suppose F is a finite

extension of Hy and 8 € F*. With j := j(t), y2 := y2(7), and y3 := y3(7), let E be the elliptic curve given
by the following table, depending on D(t) (mod 16):

D(1) E

odd B 2o By Pl
40r8 (mod 16) EPD y2 Bl x— Bl
0or12 (mod 16) |[EPY 1) y2 =y — LG8 | A 17282

Suppose B is a prime of F, not dividing 2, where E has good reduction. Suppose A is an (O, F)-good generator
of Np/k (B). Let ¢ = Nr o (B). Then:

(i) E is defined over F, End(E) = Oy, and j(E) = j,
(i) if D(t) is odd or D(t) = 4 or 8 (mod 16), and v is the Hecke character of E over F, then ordgy (8) is
even, v (P) = (§)2,r€x ()2, and

|E(QOr/B)|=q+1- (é) €z (M) Trg/R);
B/or
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(iii) if D(t) = 0 or 12 (mod 16), and v is the Hecke character of E over F, then 4 divides ordsy (B2(j—1728)),
20
¥ OB) = (BUHE), per (M2, and

B2(j — 1728)

|E<OF/£m!=q+1—( T

) €r ()\)TI'K/Q()\,).
4,F

Proof. By Lemma 3.4, E is defined over F. By (2.3), j(E) = j = j(t), so End(E) = O. Now (ii) and (iii)
follow directly from Theorem 5.3, using the fact that 864 =6-122. O

Remark 5.5. In Theorem 5.3 we exclude the cases where O is larger than {£1}. This excludes pre-
cisely those T with j(7) = 1728 (ie., Or = Z[i]; i.e., D(t) = —4) or j(t) =0 (ie., O = Z[eZT/3];
i.e.,, D(t) = —3). For completeness we include these cases in the next two results, which follow easily
from classical results that go back to Gauss (see for example p. 318 of [3]).

Theorem 5.6. Suppose F is a number field containing i. Suppose a € F*, and E is the elliptic curve y* =
x> — ax. Let y denote the Hecke character of E over F. Suppose % is a prime of F, not dividing 2, where E has
good reduction. Let A € Z[i] be the generator of the principal ideal Nf g, () congruent to 1 (mod 2 + 2i),
and let ¢ = Ng (). Then 4 | ordsg (a),

Y (P) = <£) A, and |E(Op/P)|=q+1 _TrQ(i)/Q(<£) A).
RY 4,F Pt 4F

Theorem 5.7. Suppose F is a number field containing /—3. Suppose b € F*, and E is the elliptic curve y? =
x> + 16b. Let v denote the Hecke character of E over F. Suppose 33 is a prime of F, not dividing 6, where
E has good reduction. Let 1 € Z[e*" /3] be the generator of the principal ideal N Jow—3)(B) congruent to
1 (mod 3), and let g = Np ;@ (B). Then 6 | ordgy (b),

b\~ b\
(Y s and |EOrm) | =q+1-Tr,, ((_) A).
¥ (P) (m>“ and [E(Or/P)|=q fav=30\\ g o

6. Computing €,

In order to make Theorem 5.3 and Corollary 5.4 explicit, it is necessary to compute the function €.
For any given t, this is a simple computation, following a method described (for example) in §1 of [9]
(see the proofs of Lemma 6.1 and Proposition 6.2 below).

Suppose O is an arbitrary order in an imaginary quadratic field K and define 7p as in (6.2) below.
Proposition 6.2 below gives the explicit values of the function €;,. Suppose E is an elliptic curve over
F 2 K. If j(E) = j(O) (= j(tp)), then Theorem 5.3 and Proposition 6.2 together give explicit formulas
for the number of points on the reductions of E. When O = Ok, this gives Theorem 1.1. Under
the more general hypotheses in Theorem 5.3 (i.e., j(E) = j(a) for a proper O-ideal a), take any t
satisfying the conclusion of Lemma 6.4(i) below. Then Lemma 6.4(ii) and Proposition 6.2 together
give an explicit value for the €;(A) that occurs in Theorem 5.3 and Corollary 5.4.

Throughout this section, suppose D is the discriminant of an order O in an imaginary quadratic
field K =Q(+/D) (i.e., D is a negative integer and D =0 or 1 (mod 4)). Define a positive integer d by

(6.1)

j|-D ifDisodd,
| -D/4 if D is even
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and let /—d denote the square root of —d in $). Then K = Q(+/—d), and we define 7p € H N K by
the following table:

D: |1 (mod 8) 5 (mod 8) 4 or 8 (mod 32) otherwise
Tp:| =3/ 34y=d 3+vd J=d

(6.2)

Then O = Oy, =Ly, =Z+ Z7p and j(O) = j(tp).

The function €; was defined in terms of the map ¢ of Definition 3.1. A strategy for computing
values of ¢ is given in §1 of [9]. We state the relevant ideas in the next lemma, and use them below.
Lemma 6.1. Suppose M € SL,(Z/4Z) and k € Z. Let C denote the commutator subgroup of SL,(Z/4Z). Then:

(i) ¢(M) = i* if and only if((l) ’]k)M e,
s -10 -10\—1 YIVR
(i) (7 IM(7, ;) ) =M.

Proof. The explicit description of C (see p. 498 of [9]) shows that (1 1) generates SLy(Z/4Z)/C.

01
Thus, given M, there is a unique k € Z/47 so that My := (:) qk)M € C. Then ¢(My) =1 (since fy
is abelian), so ¢ (M) = iX. Now (i) follows. Part (ii) follows from (i) and the fact that ((1) ’1")(_01 ?) =

(5 Dy) o

Proposition 6.2. The map €, : OZX — L4 is given by the following tables.
If D is odd:

A3 (mod4): |1, —v/—d —1,/—d
€, (A): 1 -1

If D =4 (mod 16):

A(mod4): |1, v/—d, —1+2v—d,2 —v/—d  —1,—v/—d,1+2v—d,2+/—d
€2, (M) 1 -1

If D = 8 (mod 16):

A(mod4): |1, —142v/=d, +14++v/—=d —1,1+2/—=d,+1—J/—d
€z, (M) 1 -1

If D =12 (mod 16):

A(mod4):[1,1+2v—d 2+4++—d v—d —1,-1+2J=d 2—+/—d,—/—d
€z, (V) 1 i -1 i

If D =0 (mod 16):

A(mod4):|1,—1+2v—d +1—+—=d —1,1+2v—d +1+/—d
€x, (V) 1 i -1 —i
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Proof. Since €; is a simple modification of é; (Definition 5.1), it suffices to compute §;, (). By Defi-
nition 3.1,

1 0
510 =0( (5 ng sy 1) 1) (63)

We follow the strategy for computing values of ¢ described in §1 of [9] (and Lemma 6.1 above).
1 0

Find k € {0, 1,2, 3} such that (3) ‘1")(0 Ni /(! )4z, (1) is in the commutator subgroup of SLy(Z/4Z)
(given explicitly on p. 498 of [9]). Then 8, (A) = i* by Lemma 6.1(i) and (6.3). We carried out this
computation in Mathematica, and obtained the values in the tables. O

Remark 6.3. The discriminants of maximal orders in imaginary quadratic fields are exactly the neg-
ative integers D such that either D is squarefree and D =1 (mod 4), or D = —4d with d € Z*
squarefree and d =1 or 2 (mod 4). So if D is the discriminant of a maximal order then D is odd or
D =8 or 12 (mod 16).

For x, y € Q, we write x=y (mod 2™) to mean ordy(x — y) > m.

Lemma 6.4. Suppose O is an order of discriminant D in an imaginary quadratic field K, E is an elliptic curve
over C, and End(E) = O. Then:

(i) thereis a T € $H N K such that j(t) = j(E) and T =rtp + s withr,s € Q, r =1 (mod 2), and s =
0 (mod 4);
(ii) with t asin (i), then for every A € O;z we have

€, (1) ifr=1(mod 4),
er (V) = { €7, (1D Ne®=1/2 ifr = 1 (mod 4) and D =4, 8 (mod 16),
€, (X) ifr=—1 (mod 4) and D # 4, 8 (mod 16).

Proof. By the theory of complex multiplication there is an invertible ideal a € O such that
j(E) = j(a). Changing a in its ideal class if necessary, we may assume that [O : a] is odd. Let a be
the smallest positive integer in a. Then a has a Z-basis {a, btp + ¢} with a,b,c€Z and btp +c€ 9,
and a,b must both be odd. Subtracting ca® from c if necessary, we may assume that 4 | c. If we
let T = (b/a)tp + (c/a) e HN K then Ly =a 'a, so j(r) = j(L;) = j(a) = j(E). This gives (i). Since
Jj(T)=j(E), it follows that O; = O (= Oqy).

By definition of g, for every A € K* we have

-1
qf(x>=(5 i)qmm(g j) :

By Definition 3.1 and the fact that s =0 (mod 4), if A € Of’z then

-1
6Tm:¢<(‘1) NK/QO(A)’]>(6 ?)qm(k)(g (1)) )
-1

r 0 1 0 r 0
=o((6 ) (0 moat) =@ (5 1) )

Thus 87 (A) =8, (1) if r=1 (mod 4), and applying Lemma 6.1(ii) with M = ((1) NK/Q(ZA)’l )qu (1) shows

that 8;(A) = 8¢, (1) if r=—1 (mod 4). Part (ii) now follows from Definition 5.1 (and the fact that
€7, (1) € {£1} when D=4,8 (mod 16)). O
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7. Q-curves

Suppose now that D is a (negative) fundamental discriminant, and let d € Z* be given by (6.1)
and tp by (6.2). Then d is a squarefree positive integer. With K := Q(+/—d), then O, = Ok is
the maximal order of K, and H := H, is the Hilbert class field of K. Following Gross (§11 of [7]), an
elliptic curve E over H is defined to be a Q-curve if E is isogenous over H to E° for all o € Gal(H/Q).
By Lemma 11.1.1 of [7], E is a Q-curve if and only if for all but finitely many primes 3 of H and all
o € Gal(H/Q),

VE(P7) = ve(P)” (71
where ¢ is the Hecke character of E over H. In Theorem 7.4 below we use Theorem 5.3 to exhibit,
whenever d =2 or 3 (mod 4), explicit models and Hecke characters of Q-curves, defined over Q(j),
with CM by Ok. When d is a prime congruent to 3 (mod 4), Theorem 7.4 was proved by Gross

(Theorem 12.2.1 of [7] and Proposition 3.5 of [8]), and when 3{d =3 (mod 4) it was proved by Stark
(Theorem 1 of [26]) (see Remark 7.5 below).

Remark 7.1. When all prime divisors of d > 1 are congruent to 1 (mod 4), there are no QQ-curves
with CM by Og. See Example 3 on p. 527 of [21] and §11.3 of [7].

We first need a lemma that we will use to prove Theorem 7.4.

Definition 7.2. If F is a number field, q is a prime of F, and a,b € F*, let [a, b]qr € {1} denote
the local Hilbert symbol at g, which is defined to be 1 if and only if b € NFq(ﬁ)/Fq(Fq(ﬁ)X). Let

[a,bl2,r = nqp[a? b]q,F~
Lemma 7.3.

(i) The function €z, :O,?2 — [y is @ homomorphism.
(ii) Ifd =3 (mod 4) and A € Oy is prime to 2, then

€rp (V) = [v/—d, M2 .

(iii) Ifd =6 (mod 8), A € O is prime to 2, and q = Ng g (%), then
€rp (1) = (=)@ D@6 /g 5], 4
(iv) Ifd=2 (mod 8), u,v € Z, A =u + v/—d is prime to 2, and q = Nk ,(), then
€rp (1) = (=)D (1) aDV@HEDOL /g 3]

Proof. Part (i) can be checked directly using Proposition 6.2. It is easy to check that both sides of
the displayed equations depend only on A (mod 80), so (ii)-(iv) can also be checked by direct
computations. O

Let j = j(tp), y2 =y2(tp), and y3 = y3(tp).
Theorem 7.4. Suppose d = 2 or 3 (mod 4). Let E be the curve

—d 4 B — -4 .

EW YD 2y 2y BT i = 3 (mod 4),
_Jdy4 . -4 .

E&D”Z): yr=x3— —‘f{;x - d—‘@’j] ifd=2 (mod 4).

E =
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Then:

i) E is defined over Q(}).
(ii) j(E) = jand A(E) = (=1)%d? 2.
(iii) E isa Q-curve.
(iv) Suppose B is a prime of H, not dividing 2, where E has good reduction. Suppose A = u + v+/—d € O
is a generator of Nk (B), with u, v € %Z, and let ¢ = Ny, (P) = u? +dv?. If d # 3 then the Hecke
character y of E over H is given by

EN ifd =3 (mod 4),
V(P = (71)<q4><q+d+">/16(ﬁ)x ifd =6 (mod 8),
(—1)<u—1>/2(—1)<q—1><q+d+3>/16(ﬁ)/\ ifd =2 (mod 8)

where (-) is the Jacobi symbol.

Proof. Note that E is the curve of Corollary 5.4 with 8 = +/—d. By Lemma 3.4(ii), (iii) we have (i).
By (2.3) and (2.1) we have (ii).
Suppose ¥, ‘B, A, g and u are as in (iv). By Corollary 5.4(ii) (with 8 =+/—d),

W(‘B)=(E> €rp (M)A, (7.2)
B Jon

We will evaluate (%)2 using quadratic reciprocity over K.

Let p be the prime of K below P and let f =[On/P : Ok/pl, so AOk = Ny, (B) =pf. By
Proposition 11.7.4.3(v), (viii) of [6] and the product formula,

<Q)2,H N (Q>f = Iv/=d Al = T T1V=d.20.x (7.3)

¥ P Jax ap

where ¢ runs over primes of K. If q+2d then q is unramified in K((~/—d)!/?)/K. Since ordg(A) =0
for all g+ p, it follows from Proposition I1.7.1.1(vi) of [6] that if q{2pd then [v/—d, A]qx =1, so

[TV=d gk =[] W=d. Mgk [TIvV=d. Mg (7.4)

q#p qld,q12 ql2

Suppose q |d and q12. Then A =u (mod qOKq) and [v'—d, A]q,k = [v/—d, u]q k. Further, q ramifies
in K/Q, so if £ =Ng/q(q), then

4
[V—=d, uly.x = [d, ul.g = (—”)

£

the first equality by Proposition I1.7.1.1(ii), (iv) of [6], and the second by Theorem 1 in §IIl.1.2 of [19]
(and the fact that u is a half-integer). Thus if d’ is the largest odd divisor of d and £ runs over primes
of Q, then (7.3) and (7.4) yield

SN ol T e

ed ql2
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Combining this with (7.2) gives

4
Y (P) = (d—”>[/—_a Ma.k€ey G

Now (iv) follows from Lemma 7.3.
To prove that E is a Q-curve, we need to check that (7.1) holds for all primes ‘@ of H as above
and all o € Gal(H/K). This is clear from the formulas of (iv). O

By Proposition 4.1(iv), Theorem 7.4(iv) gives formulas for |E(Ok /B)|.

Remark 7.5. Suppose that d =2 or 3 (mod 4), and suppose that 31d. Let A be the elliptic curve

4 E(;D/jd): y2=x3+%x—d‘8ﬁ% if d=3 (mod 4),
E(T;*/a): y2=x3—%x—dg/gf if d =2 (mod 4).

By §6 of [2] or Theorem 2 of [16], 2 € Q(j) (this is where 3 1d is used), so A is defined over Q(j) and
is isomorphic over Q(j) to the E of Theorem 7.4. By (2.3) and Lemma 3.4(i), j(A) = j and A(A) = —d>,
and A is a Q-curve by Theorem 7.4(iii). When d is a prime p, A is the model given by Gross in [7,8]
for the Q-curve that he denoted A(p). When 3{d and d =7 (mod 8) (respectively, d =3 (mod 8)),
A is the curve Eq (respectively, E_1) considered by Stark in Theorem 1 of [26].

8. Elliptic curves over F,, with p =1 (mod 4)

Theorem 8.2 below, which uses Theorem 5.3, gives a simple formula for the number of points on
an ordinary elliptic curve E over F, when p=1 (mod 4) and Endpr (E) = OQ(«/Td) with d =2 or
3 (mod 4).

We will use the following lemma, which is a variant of Deuring’s Lifting Theorem.

Lemma 8.1. Suppose p is prime, E is an ordinary elliptic curve over Iy, and O := Endp, (E) is an order in
an imaginary quadratic field K. Let H = K(j(O)). Then there are an elliptic curve € over H and a prime 3
of H such that Oy /B =Fp, Endy (£) = O, j(€) = j(O), and the reduction of £ modulo B is isomorphic to E
over IFp.

Proof. Since the proof is easy when j =0 or 1728, we can reduce to the case O* = {£1}. Since E is
ordinary, E has a canonical lifting Ecan to Qp (see Theorem 3.3 on p. 172 of [11]), i.e., Ecan is an elliptic
curve over Q, that reduces to E, and End@p (Ecan) = Endp, (E) = O. The action of Endg, (Ecan) on the
space §2 of holomorphic differentials induces an embedding K = Endg, (£can) ® Q < End(£2) = Qp.
By the theory of complex multiplication (see Theorem 5.7(iii) of [23]), we can fix an embed-
ding Qp — C under which j(Ecan) = j(O). Since K C Qp and j(O) = j(Ecan) € Qp, we have
H =K(j(O)) C Qp. Let P = Oy N pZp. Then P is a prime of H with residue field Oy /P = F).
Since Ecap is a lift of E, j(O) = j(Ecan) reduces to j(E) modulo .

Let A be an elliptic curve over H with j(A) = j(O). Then Ep is a quadratic twist of A by some
8 € Q. Choose 8 € Q% so that u:=4§/§ is in Zy and let £ be the quadratic twist of A by §.
Then A(E) = u®A(Ecan), which is in Zy since Ecan has good reduction at p. Thus £ is an elliptic
curve over H with good reduction at 8 and with j(£) = j(O). In particular, Endy () = O. Since
the reduction £ of £& modulo B has j-invariant j(E), and Aut(E) = O* = {£1}, it follows that Eis
a quadratic twist of E. Thus replacing £ by a quadratic twist ensures that £ is isomorphic to E over
Oy/B= Fp. O
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If aeFy is a square, let (%)4 be the quartic residue symbol defined by

(3) € {1}, (2) =a?"V/4 (mod p).
D/4a D/a

Theorem 8.2. Suppose p is prime, E is an ordinary elliptic curve over Fp, and O := Endg,, (E) is an order in
an imaginary quadratic field K. Suppose further that p = 1 (mod 4), and the discriminant D of O is either odd
and not —3, or is congruent to 4 or 8 (mod 16). Then:

(i) the discriminant A(E) of E is a square in ]F;,
(ii) there are u, v € $Z such thatu? + |D|v? = p and A := u + v+/D € O satisfies

13 =1 (mod 40) if D is odd,
(=1)PD/4)=10r1++/D (mod40) if D=4 (mod 16),
»=10r—1++/D (mod 40) if D=8 (mod 16),

(iii) if u is as in (ii), then |[E(Fp)| =p 4+ 1 — 2(%)411.

Proof. Let j = j(O) and H = K(j). Using Lemma 8.1, fix an elliptic curve £: y> =x>4ax+b over H
and a prime B of H such that O /P =TF)p, j(£) = j, and the reduction of £ modulo ‘B is isomor-
phic over Fp to E. Let p =P N K. Since Oy /P =Fp, we have Ny x(P) = p, so p is principal with
a generator A = u + v4/D € O. In particular u? + |D|v? = Ng/g(2) = p. Since p=1 (mod 4), we
have P 12.

Suppose first that D is odd. Then (0/20)* = (Ok/20x)* has order 1 or 3, so A3 =1 (mod 20).
Further, Ng /Q(k3) =p3 =1 (mod 4). A straightforward computation shows that the only elements in
(O/40)* that are 1 mod 20 and have norm 1 are +1, so A3 = £1 (mod 40). Replace A by —», if
necessary, to ensure that A3 =1 (mod 40).

Now suppose D =4 or 8 (mod 16). Since Nk ,g(%) = p =1 (mod 4), a straightforward computation
in (O/40)* shows that A =41 or £1++/D (mod 40). Replace A by —2, if necessary, to ensure that
(=D®PD/4) =1 0or 1+ +/D (mod 40) when D=4 (mod 16), and A =1 or —1 + +/D (mod 40)
when D =8 (mod 16). Note that if D =8 (mod 16) then p =1 (mod 8).

Thus we have (ii). Note that if u’,v' € %Z is another pair satisfying (ii), then u’ 4+ v/</D € O is
a generator of a prime of K above p, so u’ = 4u and v/ = £v. By the congruences on X in (ii), we
have u’ =u, i.e, the u satisfying (ii) is unique.

Let 7p be as defined by (6.2). We will apply Theorem 5.3 to £ with T =tp. Let v=1 if D is
odd, and v =i if D is even. By Proposition 6.2, €7, (1) = v(P~D/2 (we use here that p =1 (mod 8) if
D =8 (mod 16)). By Theorem 5.3, since Trg,q(}) = 2u,

[E@Fp)| = |£On/P)|=p+1 —2u<1’—1>/2<6b;fy3> . (81)
2

Note that (2°3%b)?/A(E) = j(£) — 1728 = £(vy3)?. It follows from Lemma 3.4(ii), (iii) and p =
1 (mod 4) that modulo B, A(E) is a square and

6b _
v(p—l)/Z(ﬂ) — VP2 (Bhyys) P2 = (6202 (j(£) — 1728)) P/
2

RY
= (2123%% /8 () P = (A(Er]) _ (““) .
p 4 P /4

Since the outer terms are +1, they must be equal. Now combine this with (8.1). O
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Remark 8.3. With notation as in Theorem 8.2, if E is supersingular rather than ordinary, and if further
p =5, then [E(Fp)|=p+1.
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