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A sequence of generalizations of the geometric series
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We consider the following initial members of a sequence of generalizations of the geometric
series:
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S(�; �; �; z)≡ 3F2(�+ 1; � + 1; �+ 1; 1; 1; z)

=
∞∑
n=0

(n+ �)!
n!�!

(n+ �)!
n!�!

(n+ �)!
n!�!

zn

=
1

(1− z)�+�+�+1

{�+�;�+�;�+�}∑
k=0

(�+ � + �+ 1)!
�!�!�!

×



k∑
j=0

(−1)j(�+ k − j)!(� + k − j)!(�+ k − j)!
j!(k − j)!3(�+ � + �+ 1− j)!


 zk : (3)

E-mail address: alfred.wuensche@physik.hu-berlin.de (A. W&unsche).

0377-0427/03/$ - see front matter c© 2003 Elsevier Science B.V. All rights reserved.
doi:10.1016/S0377-0427(02)00882-8

mailto:alfred.wuensche@physik.hu-berlin.de


534 A. W�unsche / Journal of Computational and Applied Mathematics 153 (2003) 533–534

The ;rst equation follows by di<erentiation of the geometric series. The second equation can be
obtained as a special case of the transformation relations of the hypergeometric function 2F1(�; �; ; z).
For nonnegative integer � or (and) �, it is at once a summation formula because the sum on
the right-hand side terminates in these cases. The third equation is also a summation formula, for
nonnegative integer (�; �; �), of the series on the left-hand side. Similarly to the preceding cases, the
series can be represented as a special case of the hypergeometric function 3F2(�1; �2; �3; 1; 2; z) and
the transformation to the right-hand side should ;nd an embedding into a transformation formula
of this hypergeometric function. However, in contrast to the preceding relations, it cannot be a
transformation into the same type of hypergeometric functions and it seems to us that these relations
and the class of functions are unknown up to now. In contrast to (1) and (2), the right-hand
side of (3) contains an inner ;nite number sum for which we could not ;nd a closed formula of
multiplicative type and are almost sure that it does not exist. However, in the special case � = 0 it
has to make the transition to formula (2) and the inner sum can be evaluated by a closed formula.

Therefore, a main problem is to embed the summation formulae (3) and possible continuations of
the mentioned sequence into transformation formulae for the corresponding hypergeometric functions.
Some subsidiary problems are the limiting transition to the special case � = 0 and the proof of the
necessary evaluation of the sums that appear. In the case of formula (2), all corresponding similar
problems are solved.
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