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Abstract

Linear and nonlinear coefficient problems for some class of typically real functions are studied. Different
inequalities for the Gegenbauer polynomials appear to be very useful.
(© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The so-called class 7Tr of typically real functions
f@=z+a?+ -, zeD={z[z| <1}, (1)
which are holomorphic in D, real for z€(—1,1) and satisfy the condition
Im f(z)Imz>0 forzeD\(-1,1) 2)

plays an important role in the geometric theory of holomorphic functions in the unit disk D.

The class Tr was introduced by Rogosinski [11] and intensively studied because of the Bieberbach
conjecture and the relation 7g =co Sg, where Sg denotes the class of univalent functions in D with
real coefficients, and co Sg denotes the closed convex hull of Sg.

* Corresponding author. Department of Applied Mathematics, Maria Curie-Sktodowska University, 20-031, Lublin,
Poland.
E-mail address: jsszynal@golem.umcs.lublin.pl (J. Szynal).

0377-0427/03/$ - see front matter (©) 2002 Elsevier Science B.V. All rights reserved.
PII: S0377-0427(02)00642-8


https://core.ac.uk/display/82031037?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:jsszynal@golem.umcs.lublin.pl

274 K. Kiepiela et al. | Journal of Computational and Applied Mathematics 153 (2003) 273-282

Robertson [10] proved an integral representation for Tr, namely f € T if and only if it has the
representation

! z
0= [ T, zeD, )

where u is a probability measure on [ — 1,1].
One can observe from (3) and (1) that

1
an:ll Unfl(x)d:u(x)a

where U, is the Tchebycheff polynomial of the second kind given by the formula

sin(n+ 1)0

U,(x)=U,(cos0) = Sin 0

, 0€]0,x].

The notion of the class 7Tg has been extended in [15] to the class Tr(4), 4 > 0, which is defined
by the integral formula

! z
1= [ gy duw, zeD, @)

where p is a probability measure on [ — 1,1]. Of course, we have Tr(1) = Tr and if f given by
(4) has the form (1) then we have

1 .
o= €0 At )

where C,Si)(x) is the Gegenbauer polynomial of degree n, and in particular:
CHx)=1, Cix)=2kx, Cix)=2Mi+ 1> -4
3CHx) =444+ D)(A+2)x° — 644+ 1)x,
6CH(x) =444+ )4+ 2)(A + 3t — 1224 + D)2+ 2)x* + 3404 + 1). (6)

One can easily see that the class Tr(/) is a compact and convex set in the linear space Hy(D)
of holomorphic functions f in D (which have the form (1)) endowed with the topology of local
uniform convergence on compact subsets of . The importance of the class Tr(4) follows as well
from the paper of Hallenbeck [5] who studied the extreme points of some families of univalent
functions and proved that (co A= closed convex hull of 4, ext 4 = the set of the extremal points of
A):

z

coSg(1 — 4)=Tr(A) and extcoSg(l — 1) = {(1—2}(24—22)’1’

xe[—l,l]}. (7)

Sg(a), 0 <o < 1, denotes the class of holomorphic functions (1) which are univalent and starlike
of order o, €[0,1) in D and have real coefficients. It is well known that f is starlike of order «,
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x€[0,1) in D if and only if, it satisfies the condition

zf'(2)
Re > o for zeD. (8)
f(2)
One can casily observe that the kernel function in (4):
s:(zx) = z xe[—1,1], zeD (9)

(1 — 2xz + 22)*’

is starlike of order (1 — 4) and has real coefficients. Moreover, we have Tr(41) C Tr(4y) for
0 < A1 < 4, < 1. One can consider the class Tr(4) as well for 4 > 1. Then the kernel function
s,(z;x) is still starlike but of negative order. However, such functions were studied as well and
share some properties with those of positive order, e.g., [5,13].

In this note we study some coefficients functionals within the class 7gr(/4). The properties of the
Gegenbauer polynomials and the representation (4) will play the key role. In the case of some linear
functionals the problem has an easy solution thanks to the Krein—Millman theorem and the simple
form of the extreme points of Tr(4) given in (7). When dealing with nonlinear problems one can
apply some other arguments (e.g., [12]). The results obtained not only extend and generalize known
results for 7r (a direct generalization of some results from [1] — Theorems 1 and 2), but also give
some new information about the class 7g(4) (Theorems 3 and 4).

2. Lemmas

Lemma 1 (Rainville [9]). For any 1 >0, x €[ — 1,1] and integer n the following sharp estimate
holds:

ICP ()| < =2 =CP(1). (10)
n

(2}“)n
!

More precisely we have the interesting:

Lemma 2 (Lohofer [8]). For any A >0, x€[ — 1,1] and integer n the following inequality holds:
|G| < Pz + (1 = x2)d, (11)
where

I'(n/2
dyy = D) (12)
o r(MI(n/2+1)
We observe that dy, ; = ]Céi)(O)\.
Inequality (11) will be sufficient in what follows only for even n. For odd n we have the following:

Lemma 3. For any A >0, x€[—1,1]and n=2m—1, m=1,2,... we have:
(21)2;11—1

|@ﬁﬁm<@gfﬁm if A>1 (13)
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and

(}“)m

(4)
‘CZm—l(x)‘ < 2(m . 1)'

x| f 0<i<l1. (14)

)
m+1
polynomials PP and the corresponding bound for Jacobi polynomials [14,6]:

Proof. We will use the formula for Cg (x) connected by quadratic transformation with Jacobi

C) () = EI/L)Wfo,f'_l/z’l/z)sz —1), A>0, xe[—1,1], (15)

2 Jm+1

: (16)

N —

m-+q
PP (0] < ( ) . g=max(ef) > —
m

If /> 1, then ¢ =max(Z—3,3)=4— 3 and

2
m+q _(i—k%)m

From (15) and (16) we get

(Dt <m+q> _ g @t Gt 3

1) ()] < Jx]

(%)mﬂ m (%)m-&-l m!
— |- 2" (D1 QA+ DRA+3) .- (24 +2m—1)  2A)amn x|
N (2m + 1)!Im12m S QmA1TT

The case 0 < 4 < 1 follows in similar way, by taking g = %
Another type of inequality for Gegenbauer polynomials (“the Bernstein-type inequality”) recently
obtained by Forster [3], will be needed as well.

Lemma 4 (Forster [3, p. 65]). For any A= 1, x€[ — 1,1] and integer n the following inequality

holds:
23| (A 2,04 —1) 1/2 A
(1 =x9)|G )| < (22— 1){1 TSy 1)} Lan )= H(n 1), an
where
I'(n/2+4+ 1)
\ W’ n even
e ntl Fn+1)+2)

n odd.

(1 +22n+ )2 TG)F(A(n+ 1)+ 1)
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Lemma 5 (Foster [3, p. 62]). If A=2, then for any x €[ — 1,1] and n € N the following inequality
holds:

(1 =) CP )| < 3(n+2).

3. Main results

We start with the following remark (see [1]) concerning the regular curve I': w(x) = C,Ei)l(x) +

iC,S};)l(x), x €[ —1,1] on the complex w — plane. The convex hull of the curve I' is the following
set of points:

2
W=<w: WZZHjW(xj)i mtmw=1, =20, =>0,-1<x <x <1
=

Therefore, by (4) and (5) and the Carathéodory theorem, the region of variability of the functional

1
Qf)= {w = ay + ia, = / 1 [C7 (x) +iCP ()] du(x); f € TR(M} (18)

is the convex hull of the curve I', i.e., the set W.
Therefore, when considering the extremal values of the continuous functional J(f) depending on
ar and a,, 2 < k <n, k,n fixed integers one can restrict consideration to the functions

f@)=u

zZ V4
: 19
M-z 122y P02z 122y (19)

where w1 =0, tp 20, iy +wp=1and —1 <x; <x; < 1.
(a) Putting £ =3 and n > 3, we have

Theorem 1. For any f € Tr(A), A > 0 the following sharp bounds hold.

(2A)am—1 as + 4 .
< >
el < G =\ e AP (20)
(A)m a+74
< <L
laanl <205, Vzirn FOsAS] 1)

az + A
2MA+ 1)

laam—1| < dm—1,) + (dam—22, — dm—1,)) A>0, (22)

where d,, ; is given by (12). The extremal function has the form

5E D = o =+ D A (23)
n=2
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where

(2)“)n—1
(n—1)!

and s;(z;x) is given by (9).

A1) = =c? (1)

Proof. First of all, we observe that if f(z) is given by (19) then

2 2 2
as =Y wCY(x) =Y w220+ xf — A1 =220+ DY wx; — A (24)

=1 j=1 j=1
and therefore
0<az+A<24(A+1).

From (5) and (19), for even coefficients, we obtain, using Lemma 3:

2

(21)2m 1
‘a2m|_ Z‘u“]cém l(x] Zlu] 1)' ’

_ @Dt e case 1> 1

( 1)1 2 Z,uj]xj| in the case 1 > 1,
=1

and
D
|axm| < 2%2 pjlx;| in the case 0 < A <1
m—1)! :

J=1

Using the Cauchy—Schwarz inequality we have from (19) and (24)

1/2 1/2

2 2 2

2 2 az + A
> ol < | Do > w5 | =\ mosn
Jj=1 Jj=1 Jj=1 ’

and then (20) and (21) follow.
In the case of odd coefficients we apply Lemma 2, and obtain

2 2
|azm—1| = Z 1S ()| < Z wil{dm—1.7 4 (dam-221 — dm-1.2)x}}

j=1 j=1

2
=dn—1,+ (dam—22, — dmfl,l)z ,ijf

Jj=1

which implies (22), by (24). O
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(b) Putting £k =5 and n > 5, we have

Theorem 2. For any f € Tr(A) the following sharp bounds hold:

12
< @ L[] [6(A+3)2a5 320+ DA+ 3)(2“3)} T s
S Cm =)\ 20 1 3) 204 DA+ 2)(A+3) ’
] <2 X 1 { 6(7 + 3)%as + 34 + 1)(A+3)(2z+3)}1/2 o
PSS =D 27 1 3) O+ D12 +3) :
Inequality (25) is valid for 1 = 1 and (26) for A€ (0,1].
laom—1] < dm—1., + (dam—2.2 — dm—1.;)
6(7 + 3)%as + 3104+ (4 + 3)(24+3)]"?
3 , A>0. 27
X{ +[ MO+ D+ 2)(A13) ~ 27)
The extremal function has the form (23).
Proof. For the extremal function (19) we have
2 5
as = 1,Cy"(x)),
j=1
where p1, 1y =0, 4+ =1, =1 <x; <x <1 and C{"(x) is given by (6).
After simple calculations we get
2
6(4+3)as + 3400+ DA +3)24+3) =+ DA +2)A+ 3)2 w204+ 3)x; — 37
j=1
(28)
Suppose 4 = 1. Then, by Lemma 3, we have
, 5 . 5 12
(2 )2m71 (2 v)mel 2
|axm| < M;H/Wﬂ S am— 1) ]Z;ﬂjxj

12 1/2

27 )om— 1 2
< Ao S QU+ -3 3},

S @m— 1!\ /20 +3) =

where we applied the Cauchy—Schwarz inequality twice. Substituting in the last line, the expression
in the square brackets from (28) we get (25). Inequality (26) is obtained in an analogous way by
using (14).
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In the case of odd coefficients we have by (19), (6) and (11):

2
|azm—1] < Z wildm—1,; + (dam—2,2) — dm—l,/l)sz‘]
=1

d2m—2 24 dm—l A : 2
=d,_ : : (22 4+ 3)xs.
Ty, Zjl (224 3)x;

Application of the Cauchy—Schwarz inequality and (28) complete the proof. [J

Remark. One can get a sharp bound for a, depending on a; or a4, etc., which is exact only for the
“Koebe-type” function s,(z; 1) given by (23). For example, we can find the relation:

2
3[as + (A + Da) =42(A+ DA +2)>
j=1

which easily implies the sharp bound
las + (2 + Daz| < 344+ 1)L+ 2).

The precise bound for @, depending on every prescribed value of a, is much more complicated
and will be considered elsewhere.
One more result where the “Koebe-type” function (23) is extremal is the following

Theorem 3. For any fe€Tr(A), A =1, n=1,2,... we have the sharp bound.
2A-1),

|ansa — an] < 2m(” + 2). (29)

Proof. The following recurrence formula can be found in [9]:

(n+D)CIT @) = [CYL ) - 2 NG -1, > 1.

n+1

Applying (5), we obtain the identity
1 "
(= Wiz = a) =0+ 2) [ U dute)
—1

(29) follows from this and Lemma 1. O

In the limiting case 4 =1 we have the result of Golusin [4].

In contrast to the bound contained in Theorems 1-3, the next result shows the situation in which
the function s,(z; 1) is not extremal. The problem leads us to the application of “the Bernstein-type
inequality” for the Gegenbauer polynomials even in the case of typically-real functions (the case
A=1). We have
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Theorem 4. For any f € Tr(A), A > 0 and any integer n = 2 we have the following bound.
|(n+22)(n+ 22— Da, —n(n+ 1)a,| < 44(n+ 2)H(n, 1), (30)

where H(n, 1) is given by (17).

Remark. The result is “almost” sharp for even n.

Proof. The following relation [9, p. 283] for the Gegenbauer polynomials
22(1 = ) CHD(x) = (n 4+ 22)xCH(x) — (n + 1)CY), (x)
and the three-term recurrence formula for the Gegenbauer polynomials [9, p. 279]

+1 24+
? Cw]( )+ -

(4) [ —
X = 2 m O 20+ n)

Lo )
give
4202+ m)(1 = x)C () = (n 4+ 22)24 + n — DC, (x) — n(n + 1HC, (x).
After integration we get:
(n+22)(n+ 24— Vay, — n(n+ ay = 44(n + 1) /11(1 — )P D) dp(x). (31)
Finally, we are led to apply the best-known bound for

1 —x2)C" D), xe[—1,1], 2>0, neN.

There are many of these and related inequalities (e.g., [3,7,8]). The “nearly” best bound (17) found
recently [3] is useful in our situation. From Lemma 4 (bound (17)) we find (30).
Application of the Forster inequality (17) implies the result. O

Corollary. For any f € Tr we have the following bound.
|(n+2)an _nan+2| 6(n+1), n=2.

For the initial coefficients and f € Tr = Tr(1) one can find from the formula (31) after some
calculations of the exact extremal values for (1 — xz)C,Sz_)l(x).

Theorem 5. For f € Tr we have the sharp bounds:

|3a; — a3| < 4| the extremal function f(z)= z ,
1+22
32v/3
[4a; — 2a4] < i the extremal function f(z)= ; ,
9 1+ 2\[2 +z2

25
|Sas — 3as| < — (the extremal function f(z)= - z ) . (32)

3 (7/3)z + 22
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