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1. Introduction

Consider a scalar linear system of the It6 stochastic delay differential equations

dy(t) = (ay(t) + by(t — 1))dt + (cy(t) +dy(t — 1))dW(1), =0, (1)
yo)y=v¢(@®, tel-r,0l]

Here a,b,c,d € R, t is a positive fixed delay, W (t) is a one-dimensional standard Wiener process and ¥ (t) is a
C([—t, 0]; R)-valued initial segment.

Stochastic delay differential equations (SDDEs) serve as models of physical processes whose time evolution depends on
their past history with noise disturbance. In many fields of science there has been an increasing interest in the investigation
of SDDEs, in particular, in the combined effects of noise and delay in dynamical systems. One can see, for example, [5,6]. The
fundamental theory of existence and uniqueness of solution of SDDEs has been studied in [14,16].

SDDEs arising in many applications cannot be solved explicitly. Hence, one needs to develop effective numerical methods
for such systems. The development of a numerical approximation scheme for SDDEs is relatively new, compared with that
for deterministic delay differential equations (DDEs) or for stochastic ordinary differential equations (SODEs)—see, e.g., [3,
11], respectively. Baker and Buckwar gave some results of convergence for explicit single-step methods in [1], and Mao [15]
proved that the numerical solutions produced by the Euler-Maruyama method converge to the true solutions under the local
Lipschitz condition. Hu et al. [10] developed a strong Milstein approximation scheme for solving SDDEs with convergence
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order 1. Liu et al. [13] studied the convergence and stability of the semi-implicit Euler method and Wang and Zhang [18]
analyzed the stability of the Milstein method for linear SDDEs. Wang [17] studied the convergence and stability of some
numerical methods for nonlinear SDDEs. Kiichler and Platen [12] introduced an approach for derivation of discrete time
approximations for solutions of SDDEs. Baker and Buckwar [2] obtained conditions for the pth mean stability of a solution
of SDDEs. Buckwar and Winkler [6] constructed multi-step Maruyama methods for SDDEs.

Higham et al. [9] introduced SSBE method for nonlinear SODEs firstly. The authors obtained that the strong convergence
order of the SSBE method is y = % under one-sided Lipschitz condition, which is weaker than the global Lipschitz condition.
In [8], the authors generalized the SSBE method to nonlinear stochastic differential equations with Poisson jump and
obtained analogous results with that in [9].

In this paper, we construct SSBE method for linear SDDEs. The convergence and mean-square stability of the SSBE method
are studied. The structure of the paper is organized as follows. In Section 2, we introduce some notations and hypotheses of
Eq. (1) and discuss the properties of its analytical solution. Furthermore, the SSBE scheme for linear SDDE (1) is constructed
in this section. In Section 3, convergence result of the SSBE method and its proof are presented. We prove that it is convergent
with strong order % in the mean-square sense. In Section 4, we investigate the MS-stability and GMS-stability of the SSBE
method. Numerical results are reported in Section 5.

2. Definitions and preliminary results

Let (£2, F, {Ft}te0.1), P) be a complete probability space with the filtration {#;}:c[o,r] satisfying the usual conditions
(that is, it is increasing and right continuous, and each {#},t € [0, T] contains all P-null sets in F). Let W(t),t > 0 be
{#:}-adapted and independent of #,. Moreover, we assume ¥/ (t),t € [—t, 0] to be Fy-measurable and right continuous
with norm || || = sup_, o |¥(t)| and E||¢||> < oo, where E is the expectation with respect to P.

Under the above assumptions, linear equation (1) has a unique strong solution y(t): [—t, +00) — R, which satisfies Eq.
(1) and y(t) is a measurable, sample-continuous and #;-adapted process. This result can be found in [14,16].

Now, we present some lemmas which will be used in the following sections.

Lemma 2.1 ([7]). If the constants a, b, c, d satisfy

1
a< —lbl — 3 (el + 1d)? (2)
then the solution of Eq. (1) is asymptotically stable in the mean-square sense, that is,

lim E|y(t)|* = 0. (3)
t—00

Lemma 2.2 ([14]). Forany given0 < T < o0, there exist positive numbers C;, C, and M such that the solution of Eq. (1) satisfies
E( sup : ly®OP) < GA+E[y|*) (4)
—T<t<

forallt € [—7,T],

Ely(t) — y(&)I* < G(t —9) (5)
forany0 <s<t<T,t—s < 1,and

Elay(t) + by(t — 7)| < v2M(1 +E[|¥[1?) (6)
forallt € [0, T].

Now, we construct the SSBE scheme for solving linear SDDEs. This stochastic numerical method can be regarded as a
generalization of the SSBE scheme for nonlinear SODEs [9] and of the SSBE scheme for nonlinear stochastic differential
equations with Poisson jumps [8].

We define a mesh with a uniform stepsize h on the interval [0, T]and h = T/N,t, = n-h,n = 0, ..., N. We assume
that there is an integer number m such that the delay can be expressed in terms of the stepsize h as T = m - h. We construct
the SSBE method for solving Eq. (1) by Y, = ¥ (kh) whenk = —m, —m + 1, ..., 0and when k > O,

{y; =Yy + hlaY; + bYi—mi1l,  (3)
Yirr = Y7 4 (cYy + dYeomi1) AW, (b)

where Yy, is the numerical approximation of y(t;) with t, = kh. Moreover, the increments AW), ;== W (ty4.1) — W (t), are
independent N (0, h)-distributed Gaussian random variables. If 1 — ah # 0, we can obtain the sequences {Y}’, k > 0} and
{Yk, k > 1} via(7), when given

Yo = ¢¥(t_y) fork € §whered :={0,1,..., m}.

(7)
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3. Convergence of the SSBE method

In the following of this paper, we always assume that 1 — ah # 0 holds. By (7) we have

a
Yit1 =Y
e k+<1—ah 1—ah 1—ah

b c bch
Yk + 1—an Yk+1—m h+ Yk + +d Yk+1—m AWk- (8)

Definition 3.1 ([4]). The local error of SSBE method (7) for the approximation of the solution y(t) of Eq. (1), for k =
0,1,...,N —1,is defined as

a
1—

c bch d AW 9
+ (1 — ah}’(fk) + <1 —ah + >}’(tk+1—m)> k} , (9)

where y(t;) denotes the value of the exact solution of Eq. (1) at the mesh-point ;.

b
Skt = Y(tey1) — (Y (t) + y(t) + Y(tky1-m) | h
ah 1—ah

Definition 3.2 ([4]). The global error of SSBE method (7) for the approximation of the solution y(t) of Eq. (1), for k =
1,2, ..., N,is defined as

ek = y(te) — Yi. (10)
Note that g is F, -measurable since both y(t;) and Yy are #;,-measurable random variables.

Definition 3.3 ([4]). SSBE method (7) is consistent with order p; in the mean and with order p, in the mean-square sense if the
following estimates hold with p, > 5 and py > p; + 3:

max. IE(8x)| < ChP1, ash — 0, (11)
<ks

and

Nl—

max (E(8)?)

1<k<N

<C'h”2, ash— 0, (12)
where the positive constants C and C’ do not depend on h, but may depend on T and the initial segment i of Eq. (1).

Theorem 3.1. SSBE method (7) is consistent with order p; = % in the mean and p, = 1 in the mean-square sense.

Proof. Without loss of generality, we assume that0 < h < 1and 1 — ah > % hold. When 0 <s <t < T, we have

t t
YO — y(s) = / [ay(r) + by(r — ©)ldr + / [ey(r) + dy(r — D)W (). (13)

First, we prove the consistent order p; = % in the mean sense. By (1), (9) and (13), we can derive that

te+1 L1
i1 = y(te) +[ ' (ay(t) + by(t — f))df+/ ' (cy(t) + dy(t — ))dW (1)

t tk

t a t b ¢ h c ¢ bch d . AW

_ {y( ) + (mJ’( 1) + m)’( k+1—m)> + <1 — ahy( k) + <1 p + ))’( k+1—m)) k}
k1 a b

B /tk (ay(t) 11— ahy“k)) + (by(t —7) = m}’(tkﬂfm)) dt

b1 c bch
+ / (CJ/(f) “1”ah )’(fk)> + (dJ/(f —-1)— ( + d) }’(tk+1—m)> dw (1)
t —ah 1—ah

2h2

e+1
= / ay(®) —y(t) + byt — ) — y(tir1-m))dt — fiy(tk)
tk —ah

abh? b1 ah
B Y(ter1-m) + C/ [O’(f) —y(t) — 7}’(&)] dW (t)
— ah & 1—ah

bt 1 bch
+ / [d(y(t = 1) = Y(tkt1-m)) — 1)’(tk+1—m)] dw(t)
t - ah
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Ck+1 tiet1
= a/ / (ay(r) + by(r — t))drdt + a/ / (cy(r) +dy(r — 7))dW (r)dt

[ o
+bf e / (ay(r) + by(r — 7))drdt + b / e+ 1 f (cy(r) +dy(r — ))dW (r)dt
te—

fer1 27,2 2
+b Y (te—m) — Y(ter-1-m))dt — y(te) — Y(ter1-m)
1—ah 1—ah

tk

Ck+1 ah
+c / [(®) —y(te) — y(tk)]dW(t)
tk

bch

T Y (- 1AW (). (14)

G+
+ / [/t — ) — Y(tes1-m)) —
tk

Taking mathematical expectation and using the properties of the It0 integral, we can obtain that

a? .
Ely(te)|h
—ah

tey1 ot
EGi)] < aE / / @) + by(r — ©)ldrdt + -
7% 7%

tky1 ot ab
+ IbllEf / lay(r) + by(r — 7)|drdt + [Ely(ti+1-m) | b
tx tyk—7 1— ah
k41
+ |b|Ef |J/(tl<,m) _Y(tk+17m)|dt
tk
k1
< |a|]Ef / lay(r) + by(r — t)|drdt + 202E|y(tk)|h

k41
4 IblE / / 1ay(r) + by(r — ©)[drdt + 21ablEly (s 1) 12
7% tk—T

Cie1
HIBIE [ i em) = Yt (15)
tk
It follows from inequalities (4) and (5) that
k41 3
E/ |y(tk+lfm) _y(tkfm)mt = \/(—Tzhf» (]6)
74
Ely(t)| < vCi(1 4+ Elly¥[12), (17)
and
Ely(tig1-m)| </ C1(1+E[y[|2). (18)

Substituting (6) and (16)-(18) into (15), we can obtain that

tey1 ot
[E@k+)| = |a|v2M(1+Elll/f||2)/ / drdt + 20/ C;(1+ E||y||2)h?
+ [blV/2M (1 + E|¥|?) / / drdt + |b|\/C>2h2 + 2|ably/Ci (1 + E|j[|2)h?
te—

= ElalﬂM(l +E||Y12)h? + 2a*y/C;(1 + E|[y |2k + ElblﬂM(l + E[ly|12)h* + IbI\@h%
+2|ab|/C1(1 + E||yr||2)h2.

Let

- 1
K = maxii(lal v [b)V2M (1 + E[[¢ [2), [bly/C, 2(a® V |abl)y/Ci (1 +E||1/f||2)} )

where a Vv b denotes the maximum of a and b. Then we have
B8] < 5Kh3.

That is to say, the SSBE method is consistent with order p; = % in the mean sense.
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Then, we prove the consistent order p, = 1 in the mean-square sense. When ¢, < t < i1, let
2

h
Y(tlc) - Y(tl<+1fm)

b
£(0) = a(t) = y(t0) + b/t = 7) = Yltip1m) = T 1a_ ah

and

ach bch
nt) = c) —yt) +dyt — ) = Y(ter1-m)) — 17}’(@) — ——— Y (et 1-m)-
—ah 1—ah

It follows from (14) that

tk+1 tk+1
Seen = / E(Hdt + / n(OIW (0). (19)

173 173

Taking the square of both sides of (19) and then taking mathematical expectation, by the Bunyakovsky-Schwarz inequality,
we have that

k1 2 k1 2 k1 Ckt1
E|8ps1)? = E (f g(r)dr) +E (/ n(t)dW(t)) +2E (f s(t)dr/ n(t)dW(t))
ty ty tk Tk
tkt1 2 tet1 fet1 272 tet1 272
E (/ S(t)dt) + f E|n(t)|2dt +2(E </ S(t)dt) E (/ n(t)dW(t))
ty ti ty tk

let1 k1
Zh/ E|§(t)|2dt+2f E|n(t)|dt.

Ik tk

IA

IA

Making use of the elementary inequality (a + b + ¢ + d)? < 4(a* + b?> + c? + d?), we obtain that

(O < 4a>|y(t) — y(t)I” + 8b*|y(t — T) — y(ti—m)|” + 8D*|y(tir1-m) — Y(ti—m)|®
+16a*h*|y(t)|* + 16a°b*h* |y (tis1-m)|?

and

N < 4c®|y(t) — y(t)1* + 8d*[y(t — 7) — y(tkem)|* + 8|y (bt 1-m) — Y(teem)|®
+16a*c*h*|y(t) |* + 16b°c*h? [y (tis1—m) |

It then follows from the inequalities (4)-(6) that

EIE(6)]* < 4a’Cy(t — ti) + 8b°Ca(t — ty) + 8b*Coh + 16a*h*Ci (1 + E||y ||?) + 16a*b*h*C1(1 + E[[¥ 1%
and

E[n(®)[* < 4c*Cy(t — ) + 8d°Co(t — i) + 8d°Coh + 16ac*h*Ci (1 + E||¥||?) + 16b*c2h*Ci (1 + E||y ||?).
Setting K = max{a?, b?, c2, d*}, we can estimate

E[£(t)[* < [20KC; + 32K*Ci(1 + E[[y[*)]h
and

E|n(t)> < [20KC, + 32K2Ci(1 4+ E||y[|H)]h.
So, we have

E|8p41]? < 4[20KC, + 32K2C;(1 + E||v||*) ]2
That is to say, the SSBE method is consistent with order p, = 1 in the mean-square sense. The proof is completed. O

The following theorem shows the strong order of convergence of SSBE method (7).

Theorem 3.2. The numerical solution produced by the SSBE method (7) is convergent to the exact solution of Eq. (1) on the
mesh-points in the mean-square sense with strong order y = % i.e., there exists a positive constant Cy such that

max (E(g)?)? < Coh?, ash — 0. (20)
1<k<N

Proof. According to Eq. (1), SSBE method (7) and Theorem 3.1, we can easily see that all conditions of Theorem 5 in [4] are
satisfied. Thus, this conclusion can be considered as a corollary of Theorem 5in[4]. O
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4. Mean-square stability of the SSBE method
We investigate the mean-square stability of the SSBE scheme in this section.

Definition 4.1 ([13]). Under condition (2), a numerical method is said to be mean-square stable, if there exists a
ho(a, b, c, d) > 0, such that any application of the method to Eq. (1) generates numerical approximations Y;, which satisfy

lim E|Y,>=0
k—o00
forall h € (0, ho(a, b, c, d)) withh = t/m.
Definition 4.2 ([13]). Under condition (2), a numerical method is said to be general mean-square stable, if any application of
the method to Eq. (1) generates numerical approximations Y;,, which satisfy
lim E|Y,>=0
k—o00
for any stepsizeh = 7 /m > 0.

We now state the main theorem of this section.

Theorem 4.1. Assume condition (2) is satisfied.
(i) If ad — bc = 0 and 4|b|c? + b?> — a*> < 0, then the SSBE method is GMS-stable.
(i) If ad — bc = 0 and 4|b|c? 4+ b*> — a®> > 0, then the SSBE method is MS-stable and the stepsize satisfies

h € (0, hi(a, b, c,d)),

where

— [2a + 2[bl + (Ic| + |d])?]
4|b|c? + b* — a? '
(iii) If ad — bc # 0, then the SSBE method is MS-stable and the stepsize satisfies
h € (0, hy(a, b, c, d)),

h1(aa b7 cC, d) =

where

—[2|b|c? — 2a|cd| + b® — 2ad? + 2bcd — a*] + VA

ha(a, b c.d) = 2ad by

Here,

A = [2|b|c? — 2a|cd| + b* — 2ad? + 2bcd — a®]? — 4(ad — be)?[2a + 2|b| + (|c| + |d])?].

Proof. In view of a < 0, we can see from ((7)-a) that

(Yk + thk+17m)-

*
K =

1—ah
Substituting this into ((7)-b) gives that

14 cAw,
Yir1 = fm"m + bhYie_mt1) + dYi 1 AW (1)

Noting E(AW,) = 0, E[(AW,)?] = hand Yy, Yiy1_pm are Fy -measurable, we have that

1+ c?h
(1 — ha)?

cdh
1—ah

EYY,, = (EY{ + 2bhEYyYi_ms1 + DPREYS ) + d*hEYZ | +2 (EYyYi—ms1 + DREY ).

It follows from the inequality 28yxy < |8y |(x* + y?) that
EYZ,, < P(a, b, c,d; DEY? +Q(a, b, ¢, d; DEYS .|,

where
pab = M Gy s 14y
a,b,c,d; =0 5
(1 — ha)? 1—ah
14 c%h d 2bcd
Q(a,b,c,d;h):L(|b|h+b2h2)+d2h+ lcd] ht 2 e,

(1 — ha)? 1—ah 1—ah
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Hence
EY? , < [P(a, b, c,d; h) +Q(a, b, ¢, d; h)] max{EYZ, EYS ..}

By recursive calculation we conclude that EY?, ; — 0(k — oo) if

P(a,b,c,d; h) +Q(a,b,c,d; h) <1, (22)
which is equivalent to
14+ c?h |cd| 2bcd
— (14 2|blh + b*Rn? 2— h+d*h+ —n* <1,
(1_ha)2(+||+ )+ 1_ah+ +1_ah <
ie.,
(ad — bc)?h? + [2|b|c? — 2a|cd| + b? — 2ad? + 2bcd — a*1h + [2a + 2|b| + (|| + |d])?] < 0. (23)

Now consider the following function on h
f(h) = (ad — bc)*h? + [2|b|c? — 2a|cd| + b* — 2ad? + 2bcd — a®1h + [2a + 2|b| + (|| + |d])?].
In the case of ad — bc = 0, the function f (h) reduces to
f(h) = [2|b|c? — 2a|cd] + b? — 2ad? + 2bcd — a?1h + [2a + 2|b| + (Ic| + |d])?]
= [4|blc* + b* — @®]h + [2a + 2|b| + (|c| + |d])?].
(i) When 4|b|c? + b* — a* < 0, considering (2), we can see that f(h) < 0 for any h > 0. Thus, (23) holds forany h > 0
with h = 7/m, i.e., the SSBE method is GMS-stable.
(ii) When 4|b|c? + b?> — a®> > 0, noting that (2), we can see that if h < %W,f(h) < 0 holds. Therefore, (23)
holds for h € (0, hy(a, b, c, d)), i.e., the SSBE method is MS-stable.
In the case of ad — bc # 0, in view of (2), we know that
A = [2|b|c? — 2a|cd| + b* — 2ad?® + 2bcd — a*]* — 4(ad — bc)*[2a + 2|b| + (Ic| + |d])?] > 0

always holds. We can easily obtain that f(h) < 0 holds when h € (0, hy(a, b, c, d)). Consequently, the SSBE method is
MS-stable in this case. The proof is completed. O

Remark 4.1. When the stochastic differential delay system (1) reduces to the stochastic differential system

{dy(t) = ay(t)dt + cy()dW(t), t >0,

y(0) = yo. (24)

Theorem 4.1(i) illustrates that the SSBE method is GMS-stable if system (24) is asymptotically stable in the mean-square
sense.

5. Numerical experiments

In this section we give several illustrative numerical examples of applying the SSBE method to linear SDDEs. Our objective
is to illustrate intuitively the rate of strong convergence obtained in previous Section 3 and the mean-square stability
obtained in previous Section 4. Furthermore, we compare the restrictions on stepsize of the MS-stable SSBE method with
that of the Euler-Maruyama method (cf. [7]) or with that of the semi-implicit Euler method (cf. [13]).

We apply the SSBE method to the following linear stochastic delay differential system

dy(t) = (ay(t) + by(t — 1))dt + (cy(t) + dy(t — 1))dW(t), t=>0, (25)
yo)y=t+1, tel[-1,0]
According to [11], when t € [0, 1], the solution of (25) is given by
t t
y(t) = Dr o (1 + / @, (b —cd)sds + / ds@;&dW(s)) , (26)
0 0

where

t t
Do = exp </ (a - 1cz) ds —i—/ ch(s)) .
0 2 0

When t € [1, 2], we obtain the explicit solution by using (26) as a new initial function. In the same way, step by step, we
can obtain the explicit solution on the subsequent intervals. In our experiments, we use the SSBE scheme to compute an

‘explicit solution’ with stepsize h = ﬁ.
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1.2 T T
exact solution
1 } numerical solution| |
e
0.8 -H
o
0.6 -3 ﬁ
0.4 F & 11 ‘H&#
} HX # b
02 1 h , ‘M
Wiy {s
0F 1 guf \%‘N 1 A ey
il
-02 \3
_04 \ L L L L L .
0 0.5 1 1:5 2 2.5 3 3.5 4
Fig. 1. The stable analytical solution and numerical solution of the SSBE method.
10 T T T T T
exact solution .
numerical solution M
8 |
6 L
4 |
2 ;}\ﬂ\
0 |-
2 . . . . . . .
0 0.5 1 15 2 25 3 35 4
Fig. 2. The unstable analytical solution and numerical solution of the SSBE method.
Table 1
The convergence of the SSBE method applied to Eq. (25)
Stepsize = = = 3 3
e 0.000074 0.000184 0.000409 0.001915 0.006980

First, we consider the theoretical order of strong convergence. In this case we choose the coefficients of system (25) as
Yy|? at the final time T = 2 is estimated in the following
way. A set of 20 blocks each containing 100 outcomes (w;;: 1 <i < 20,1 < j < 100) are simulated and for each block the

a = —5b=1,¢c = d = 0.5. The mean-square error E|y(T) —

estimator
100

ilmZan—mm|

is formed. In Table 1, ¢ denotes the mean of this estimator, which is itself estimated in the usual way:

We draw the numerical solution obtained from the SSBE method with stepsize h =

128

together with the explicit solution

of the test equationa = —10,b =2,c = 1,d = 1inFig. landa = 0.1,b = 1,c = 1,d = 1in Fig. 2. We note the difference
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1.4

— h=0.25

0.6 ]
0.4 B

0.2 1

Fig. 3. Simulations with fixed stepsize h = 0.25 for Case 1 of (25).

1.4

12

0.8 | 1

0.6

0.2 - p

0 . . .
0 5 10 15 20

n

Fig. 4. Simulations with fixed stepsize h = 0.2 for Case 2 of (25).

of stability between Figs. 1 and 2, which is caused by different values of the coefficients of the test equation. Owing to
the convergence of SSBE method, the figures illustrate that the numerical solution has the same stability property as its
analytical solution.

Next, we show the influence of stepsize h on mean-square stability of the SSBE method and compare our results with
that obtained in [7,13]. The data used in all figures are obtained by the mean-square of data by 100 trajectories, that is,

wi:1<i1<100,Y, = 1—50 Zl]:o? |Ya(w;)|?. In all figures t,, denotes the mesh-point.

Case 1. We choose the coefficients of the test equation (25)asa = —9,b = 7,¢c = 0 and d = 1. This test equation was
investigated in [7]. By Theorem 4.1 we know that the SSBE method is MS-stable when the stepsize h € (0, 0.2974). Fig. 3
illustrates the MS-stability of numerical solution obtained by the SSBE scheme when h = %. However, applied to the same

test equation, the Euler-Maruyama method is unstable when the stepsize h = % (cf 17D

Case 2. We choose the coefficients of the test Eq. (25)asa = —10,b = 7, ¢ = 1and d = 0.5. By Theorem 4.1, the SSBE
method is MS-stable when the stepsize h € (0, 0.2217). Fig. 4 illustrates the MS-stability of numerical solution obtained by
the SSBE scheme when h = % But we can see from [13] that the semi-implicit Euler method is unstable when the implicit

parameter @ = 0.1 and the stepsize h = %
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Fig. 5. Simulations with fixed stepsize h = 1/6 for Case 3 of (25).
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Fig. 6. Simulations with fixed stepsize h = 0.5 for Case 3 of (25).

Remark 5.1. Cases 1 and 2 indicate that the restriction on stepsize h of the MS-stable SSBE method is less than that of the
Euler-Maruyama method and that of the semi-implicit Euler method, respectively. On the other hand, we consider the test
Eq. (25) with parameters a = —8.5,b = 7, ¢ = 1and d = 0.5. Using Lemma 2.1, we easily see that the exact solution is
asymptotically stable in the mean-square sense. Theorem 5 in [13] shows that for any o € [0, 0.9089], the semi-implicit
Euler method is MS-stable if h € (0, 0.1176). By Theorem 4.1, however, the SSBE method is MS-stable if h € (0, 0.04596).
In this case, the restriction on stepsize h of the MS-stable semi-implicit Euler method is less than that of the SSBE method.

Case 3. To discuss whether the SSBE scheme is stable or not when the stepsizes are not in the stable range, we choose the
coefficients of the test Eq. (25)asa = —8,b = 4,¢c = 1and d = 1. By Theorem 4.1, the SSBE method is MS-stable when
the stepsize h € (0, %). Figs. 5 and 6 illustrate the numerical simulation by the SSBE scheme when h = % and h = %
respectively. Fig. 5 denotes the numerical solution of the SSBE method with the critical stepsize h = % still kept stable. This
implies that the mean-square stability bound that we obtained is maybe not optimal. From Fig. 6, we can see apparently
that whenh = % the SSBE method cannot preserve the mean-square stability of the test equation. Hence, in order to let the
SSBE scheme share the asymptotical stability in the mean-square sense of the linear stochastic delay differential system, we
require the restrictions on stepsize.
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