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KEYWORDS Abstract  Effect of vertical throughflow on Darcy convection has been investigated subject to time-

periodic temperature modulation of the boundaries. The amplitudes of temperature modulation at
the lower and upper surfaces are considered to be very small, and the disturbances are expanded in
terms of power series of amplitude of convection. A weak nonlinear stability analysis has been per-
formed for the stationary mode of convection, and heat transport in terms of the Nusselt number,
which is governed by the non-autonomous Ginzburg—Landau equation, is calculated. The effect of
vertical throughflow is found to be either to destabilize or stabilize the system for downward or
upward throughflows in the case of impermeable boundary conditions. The effect of amplitude
and frequency of modulation, Prandtl-Darcy number on heat transport has been analyzed and
depicted graphically. Further, the study establishes that the heat transport can be controlled effec-
tively by a mechanism that is external to the system.
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1. Introduction engineering, ceramic processing and nuclear waste repositories,

to mention a few. The enormous volume of work devoted to this

The buoyancy driven convection in fluid saturated porous
media is of fundamental interest due to its practical applications
such as geothermal energy utilization, enhanced recovery of pet-
roleum reservoirs, insulation of reactor vessels, polymer
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field is well documented in the literature, Ingham and Pop [1],
Nield and Bejan [2], Vafai [3]. Because of these applications,
together with the fact that porous media occur in many natural
situations, several studies have been undertaken to analyze the
effects of different phenomena connected with such media. An
excellent review of most of these studies has been reported in
Nield and Bejan [4]. In the aforementioned applications, control
of convective instability plays an important role. One of the
effective mechanisms that control convective instability is that
of maintaining a nonlinear temperature gradient. Recently, con-
sidering various convective flow models in porous medium [5-7],
fluid layer [8—10] the phenomenon of heat or mass transfer inves-
tigated, where the concept of regulating either heat or mass
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transfer is missing. The temperature gradient can be achieved by
time-dependent heating or cooling at the boundaries, the related
problems have been investigated by Nield [11], Chhuon and
Caltagirone [12], Rudraiah et al. [13], Rudraiah and
Malashetty [14], Caltagirone [15], Bhatia and Bhadauria
[16,17], Bhadauria [18-24], Bhadauria and Suthar [25],
Bhadauria and Srivastava [26], Bhadauria et al. [27],
Bhadauria and Kiran [28,29] and Kiran and Bhadauria [30].
However, several geophysical and technological applications
involve non-isothermal flow of fluids through porous media,
called throughflow (i.e., there is flow across the porous medium
and the basic flows not quiescent). Such a flow alters the basic
temperature profile from linear to nonlinear with layer height,
which in turn affects the stability of the system significantly.
The effect of throughflow on the onset of convection in a hori-
zontal porous layer has been studied by Wooding [31], Sutton
[32], Homsy and Sherwood [33], Jones and Persichetti [34].
Nield [35] and Shivakumara [36] showed that a small amount
of throughflow can have a destabilizing effect, if the boundaries
are of different types. Khalili and Shivakumara [37] have inves-
tigated the effect of throughflow and internal heat generation on
the onset of convection in a porous medium. They have shown
that throughflow destabilizes the system even if the boundaries
are of the same type; a result which is not true in the absence of
an internal heat source. The non-Darcian effects on convective
instability in a porous medium with throughflow have been
investigated in order to account for inertia and boundary effects
by Shivakumara [38]. Shivakumara and Nanjundappa [39]
investigated analytically, the effects of quadratic drag and verti-
cal throughflow on double diffusive convection in a horizontal
porous medium using the Forchheimer extended Darcy equa-
tion. It is found that, irrespective of the nature of boundaries,
a small amount of throughflow in either of its direction destabi-
lizes the system; a result which is in contrast to the single com-
ponent system. Shivakumara and Sureshkumar [40] have
studied convective instability in non-newtonian fluid saturated
porous medium in the presence of vertical throughflow and
found that throughflow has stabilizing or destabilizing effect
depending on the boundaries and the directions of the flow.
Brevdo [41] investigated three-dimensional absolute and
convective instabilities at the onset of convection in a porous
medium with inclined temperature gradient and vertical
throughflow. Barletta et al. [42] analyzed the convective roll
instabilities of vertical throughflow with viscous dissipation in
a horizontal porous medium. The effects of hydrodynamic
and thermal heterogeneity, horizontal throughflow on the onset
of convection in a horizontal layer of a saturated porous have
been investigated by Nield and Kuznetsov [43]. They found that
the horizontal throughflow has no effect on the stability. When
the permeability increases in the direction of the throughflow a
small amount of throughflow may destabilize the transverse
modes and so destabilize the layer as a whole. Reza and
Gupta [44] investigated the effect of throughflow on the onset
of convection in a horizontal layer of electrically conducting
fluid, confined between two rigid permeable boundaries, and
heated from below in the presence of a uniform vertical mag-
netic field. They found that magnetic field inhabits the onset
of steady convection, and a positive throughflow is more stabi-
lizing than negative throughflow. Patil and Rees [45], investi-
gated the effects of local thermal nonequilibrium on the linear
stability of the thermal boundary layer formed by a constant
downward throughflow. They found that the basic temperature

field is altered from the pure exponential form which arises when
the phases are in LTE. They also found that, small values of
either inter-phase heat transfer coefficient or the porosity-
modified conductivity ratio cause the boundary layer to split
into two distinct regions, an inner region, which arises because
of the effect of the intrinsic suction velocity, and an outer region,
which is due to the poor transfer of heat between the phases.
Recently Nield and Kuznetsov [46], considering iso-flux and
iso-temperature boundaries, investigated the effect on onset of
convection in a layered porous medium with vertical through-
flow and found that throughflow has a stabilizing effect whose
magnitude may be increased or decreased by the heterogeneity.

From the above paragraph, it is observed that a huge
amount of analysis on throughflow has been discussed on
the onset of convection for various flow models. However,
not much work has been done on throughflow considering
nonlinear theory, which is essential to analyze the effect of heat
transfer on the system. Further, to the best of authors’ knowl-
edge, not even a single study which considers linear/nonlinear
thermal instability on throughflow under modulation is avail-
able in the literature. Therefore, in this paper, we intend to
study, the effect of constant throughflow on Darcy convection,
subjected to temperature modulation of the boundaries, by
making a weak nonlinear stability analysis. The heat transport
across the porous medium is quantified in terms of the Nusselt
number, obtained by solving the non-autonomous Ginzburg—
Landau equation.

2. Mathematical formulation

We consider an infinitely extended horizontal porous medium
saturated by Newtonian fluid, confined between two free—free
boundaries at z =0 and z = d, and heated from below. The
temperature of the boundaries varies periodically in a time-
dependent manner. The temperature difference across the
porous medium is kept at AT. We choose Cartesian frame of
reference as, origin in the lower boundary and the z-axis in
vertically upward direction. The schematic diagram is shown
in Fig. 1, given below. It is assumed that the mechanical prop-
erties and thermal properties in x and y-directions are same.
Further, Darcy law and the Oberbeck—Boussinesq approxima-
tion are considered. Under these assumptions, the equations
which describe the system are given by the following:

downward flow

cooling
* ¢ + ¢ T=Ty - 25 (1- € 6 cos(Q1 +6)
000000000CGOCGOC Newtonian fluid saturated
0000000000000 porous medium
throughflow
T T T T=Ty + 55 (1 + € 6 cos(Q0)
o X
w0
upward flow heating

Figure 1 A sketch of the physical problem.
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%gq —Vp +pg - Kf’i, (2)
)

azT+ (G-V)T = x7V?*T, (3)
p = poll = B+(T — Tp)], 4)

where ¢ is velocity (u, v,w), wis a viscosity, K is permeability,
K7 is the thermal diffusivity, T is temperature, f; is thermal
expansion coefficient, y is the ratio of heat capacities. For sim-
plicity 7 is taken to be unity in this paper. p is density,
g=1(0,0,—g) is gravitational acceleration, 7} is the tempera-
ture at which p = p, is reference density. The externally
imposed thermal boundary conditions considered in this paper
are as follows:

AT
T="T +7[1 + €5 cos(wt)] atz=0

=T, — ATT[I — €26 cos(wt + 0)]

atz=d, (5)
where € is the perturbation parameter, ¢ represents the ampli-
tude of temperature modulation, o is the modulation fre-
quency and 0 is the phase difference. The basic state is
assumed to be quiescent and the quantities in this state are
given by the following:

qh = (0707”’0)7 p= pb(z7 t)> y4 :p/,(Z, t)> T= Tb(z7 Z)7 (6)
apb _ H

5, = K0 P (7)
oty T _ 82Tb ®)
or %0z ez

Py = poll — Br(Ts — To)]- )

The solution of Eq. (8) subject to the thermal boundary condi-
tions Eq. (5), is given by the following:

Ty(z, 1) = flz) + E5Re[f,(z, 7). (10)

Here f{(z) is the steady part, while f;(z, ¢) is the oscillatory part
of the basic temperature field, and will be defined later. The
finite amplitude perturbations on the basic state are super-
posed in the form,

q:qb+q/a p:pb+p/7 p:pb+p/> T:Tb+r (]1)
Since, we are considering only two dimensional flow model,
therefore, introduce the stream function, 1 as
%, w = —% Using Eq. (11) in Egs. (1)—(4), eliminating
the pressure term, non-dimensionalizing the physical variables

u =

by (xyyvz):d(x*ay*vz*)v l:%t*v lp:KTl//*v T =AT T,

we obtain the following equations (after dropping the asterisk)
1 0,_, ) 8T

m&(v W) =-V o (12)
aT, oy 2 d\, 0T 0,1

"&ﬁr(v‘”&7"5+mwy (13)

The non-dimensionalizing parameters in the above equations
_ d)\d

Pe =" i Péclet number, Prp = Ry is

KT

are as follows :

Prandtl-Darcy number, Ra = BTgvA%( is thermal Rayleigh num-
ber. Eq. (13) shows that the basic state solution influences the

stability problem through the factor Z "T” , which is given by the
following:
BT ,

== =1'(z) + €Relf} (2, 1), (14)

where f = f“;; ,jl (z,1) = [B(0;)e% + B(—0,)e~"?|e= B(0,)
Pe g, = VIEEE and j=(1-10),/2

3 Tra 2
Assuming small variation of time, and re-scaling it as
7 = €*t, we study the stationary mode of convection of the sys-
tem. We write the nonlinear system of Egs. (12) and (13) in the
matrix form as given below:

m _[ — o % (VW)

T ar+ﬁwn+625f](zf)ﬁ_w
(1

0|+07 (e” i _el) “2 91 _

2
v Raa

T (V- Pef)

5)

To solve Eq. (15), we consider impermeable and isotherm
boundary conditions as given below:

Yy=0and T=0atz=0,
Yy=0and T=0atz=1. (16)

3. Amplitude equation for stationary instability

We introduce the following asymptotic expansions in Eq. (15):
Ra=Ry+€ER + €' Ry+ ...,

V=l + 52W2 + €3¢3 +

T=el\ +ET+ET5 4+ ..., (17)
where Ry is the critical Rayleigh number at which the onset of
convection takes place in the absence of temperature modula-

tion. Now, we solve the system for different orders of e.
At the lowest order, we have

N [ B
R (VP -reg) LT 0J

The solution of the lowest order system subjected to the
boundary conditions, Eq. (16) is as follows:

¥, = A(r) sin(k.x) sin(nz), (19)
4 .m?
T, = ——————A(1) cos(k.x) sin(nz), 20
= e MO sl sinr) (20
where 6> = k. + °.

The critical Rayleigh number and the corresponding wave
number for the onset of stationary convection are calculated,
the expressions for Rayleigh number and wave number are
given by
5% (4m® 4 Pe?)

Ry = , 21
0 4n2k§ 1)
k., =m. (22)
At the second order, we have:
\va Ry Vz} B {Rzl} 23)
i (P ored) [ 1] [ Ra )
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Figure 2 Effect of Péclet number on critical Rayleigh number
R().

where
Ry =0, (24)
Ry = W 0T O, 0Ty (25)

T Ox 0Oz 0z Ox

The second order solutions subjected to the boundary condi-
tions, Eq. (16) is obtained as follows:

lﬁz =0, (26)
267
T, =— % A?(t) sin(2nz)
0% (4n2 + Pe?)
2,2
_ PRI n2(1) cos(2n2). 27)
O’ (4n2 + Pé?)

The horizontally averaged Nusselt number Nu, for the station-
ary mode of convection, is given by

s )0
T, & oo 1
[% o (52) dx] o
47.2( Pe _
Antk: (e 1)2A2 .
8 Pe(4n* + Pe?)

Nu(t) =1+

=1+ (28)
The above results, Egs. (21) and (22) are obtained by Lapwood
[47], Siddheshwar et al. [48,49], Bhadauria et al. [28] for Pe = 0
and isotropic porous medium.

At the third order, we have

v? R V;} _ {Rsl} (29)
—2 0 _(V2—Pel) || Ts Ry |
where
1o, oT, T,
R317—P—"Da(v ll/l)_ROE_RZW7 (30)
_ou, om, o, ot
R = Ox 0z +0h(z7) ox Ot (31)

Substituting y,, T and T into Egs. (30) and (31), we can easily
obtain the expressions for R;; and Rj,. Now, applying the solv-
ability condition for the existence of third order solution, we get
the Ginzburg—Landau equation for the stationary mode of con-
vection, with time-periodic coefficients, in the form

AA (1) — A A (1) + A3A (1) =0, (32)

L5FT T T —
10f
stable solutions
osk unstable solutions
< 00 .-....--t.. PRPEP Y
~0.5F .
~10F ]
~15F, \ A .
2 ~1 0 1 2
T
Figure 3  Supercritical pitch fork bifurcation diagram (OPM)

T
1400
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<
600 - -
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r
Figure 4  Supercritical pitch fork bifurcation diagram (LBMO).
_ & 4Ryn* k2 _ AR 2Rk
where A, = Py T S (dn2+pPe)’ 4> = (42 +Pe) 52 o,
2Rk}
Az = otk q9nd

T a2+ pe?)’

I = /lfl (z,7) sin®(nz) dz.
0

The Ginzburg-Landau equation given by Eq. (32) is a
Bernoulli equation and obtaining its analytical solution is dif-
ficult due to its non-autonomous nature. So, it has been solved
numerically using the in-built function NDSolve of
Mathematic 8 subjected to the initial condition A(0) = ay,
where qq is the chosen initial amplitude of convection. In our
calculations we use R, = Ry, to keep the parameters to mini-
mum. For unmodulated case, the analytical solution of the
above Eq. (32) takes the form:

A(r) = 1

(o[22

where A;, A; are same as in Eq. (32), 4, =

; (33)

4Ry K2
5 (42 +Pe) and C,,

which appears in Eq. (33), is an integration constant, can be
found by using suitable initial condition. We have calculated
the mean value of Nusselt number (Nu) for better understand-
ing the effect of temperature modulation on heat transport, a
representative time interval that allows a clear comprehension
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of the modulation is chosen. The interval (0,27) seemed an
appropriate interval to calculate (Nu). The time-averaged
Nusselt number (Nu) is defined as

2n

Nu= L Nu dr. (34)

T Jo
Since the amplitude A(s) is obtained numerically and hence
(Nu) is also obtained numerically. The factor /;, determines
whether the modulation amplifies or diminishes the amplitude
of convection. A discussion of the results now follows culmi-
nating in a listing of conclusions.

4. Results and discussion

In this paper, we study the combined effect of temperature
modulation and vertical throughflow on Bénard-Darcy con-
vection in a porous medium. A weakly nonlinear stability
analysis has been performed to investigate the effect of tem-
perature modulation and vertical throughflow on heat trans-
port. The effect of temperature modulation on Bénard—Darcy
system has been assumed to be of second order O(e?). This
means we consider only small amplitude temperature modu-
lation. Such an assumption helps us in obtaining the ampli-
tude equation of convection in simple and elegant manner,
and is much easier to obtain than in the case of the Lorenz
model. The purpose of weak nonlinear theory is to study heat
transfer, which linear study could not support. External reg-
ulation of convection is important in the study of convection
in porous media. The objective of this article was to consider
such as candidates, temperature modulation and vertical
throughflow for either enhancing or inhabiting convective
heat transfer as is required by a real application. The temper-
ature modulation has been considered in the following three
cases:

In - Phase Modulation

30 ]
a
25 F b
s 20Ff b
Z
= Pe=0.1,6=0.1,w=2.0 ]
1.0 | L L L : L
0 2 4 6 8 10 12
T
30
C
25 6=0.1,0.2,0.3
©=2,20,60
5 20 ]
Z
13 Pr,=1.0,Pe=0.1 ]
1.0 | . ) ) ) L]

1. In-phase modulation (IPM) (0 = 0).

2. Out-phase modulation (OPM) (6 = =).

3. Only Lower boundary modulated (LBMO) (0 = —ioc0),
which means that the modulation effect will not be consid-
ered in upper boundary but only in lower boundary.

Since the porous medium is assumed to be closely packed,
the Darcy model is considered in governing equation. Vadasz
[50], pointed that there are some modern porous medium
applications, such as mushy layer in solidification of binary
alloys and fractured porous medium, where the value of Prp
may be considered to be unity order, therefore the time-
derivative term in the present study has been retained.
Further, this is the reason that the values of Pr, have been
kept around one in our calculations. The values of ¢ are con-
sider very small, between 0 and 0.1, since we are studying the
effect of small amplitude modulation on the heat transport.
Also, since the effect of modulation on the onset of convection
as well as on the heat transport is maximum at low frequencies,
therefore the modulation of temperature is assumed to be of
low frequency. A small amount of throughflow in a particular
direction can either destabilize or stabilize the system, there-
fore, the values of Pe are taken around one.

It can be noticed that the critical Rayleigh—Darcy number is
an even function of Pe and as Pe increases, R, also increases,
thus onset of convection is delayed due to throughflow as shown
in Fig. 2. The reason for this according to Reza and Gupta [44] is
that as we increase throughflow velocity, a temperature bound-
ary layer forms at the one of the plates, this decreases the effec-
tive thickness of the stratified layer of fluid, while the
temperature difference across the layer remains constant, thus
R, would increase with Pe. However, due to nonlinear effects
we obtain the results opposite in heat transfer. Using linear sta-
bility analysis, Reza and Gupta [44] found that upward flow sta-
bilizes more than downward flow for two rigid plates.

b Pe=0.1,0.2,0.3

Pe=-0.3,-0.4,—0.5

Prp =1.0,6=0.1,w0=2.0

Figure 5  Effect of (a) Prp (b) Pe (c) 6, w on Nu with respect to time 7.
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Out of - Phase Modulation
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3.0

25

Nu

20

Pe=1.0,Pr,=1.0,0=2.0
1.0 L L L

0 5 10 15 20
T

Figure 6

One can observe from Eq. (32) that the coefficients
Ay, A> > 0 and A4, is a function of time. The solution gives as
T — —o0, A — 0 is unstable solution, and a new stable solu-

tion develops, r =+ :1% as T — 0o, whatever be the value of

A. This is known a supercritical pitch fork bifurcation. For
the range of t as (—oo,00) the coefficient 4, takes + values,
the origin has become unstable. Two new stable fixed points
appear on either side of the origin as shown in Figs. 3 and 4.
If we assume that 4 is very small in Eq. (32), then the equation
may be approximated by A, = r4 whose solutions are 4 = ¢"*".
Thus, for very small amplitude initial disturbances the flow
grows in strength is exponentially. Also R, represents the devi-
ation of Ra away from critical Rayleigh number, these distur-
bances eventually attained by nonlinear effects given in Eq. (33).

The numerical results for Nu, obtained from the expression
in Eq. (28) by solving the amplitude Eq. (32) are presented in
the (Figs. 5-8). It is clear to see the expression in Eq. (28) in
conjunction with Eq. (32) that Nu(z) is a function of system
parameters. The effect of each type of modulation on heat
transport is shown in (Figs. 5-8), wherein the plots of
Nusselt number Nu versus t are presented. It is found from
the figures that the value of Nu starts with one and remains
constant for quite some time, thus showing the conduction
state initially. Then the value of Nu increases with time, thus
showing the convection state and finally becomes constant
on further increasing t, thus achieving the steady state.

For IPM, the results are presented in Fig. 5a-d. From
Fig. 5a, we observe that Nu increases with Prandtl-Darcy
number, the effect is clearly visible at small values of Prp.
On further increasing the time the effect of increasing Prp on
heat transport diminishes. These results are earlier obtained
by Bhadauria et al. [27], Bhadauria and Kiran [28,29] without
throughflow. The effect of Pe on heat transfer is given in
Fig. 5b, for the cases of downward and upward throughflows.

Nu

351

30

251

Pe=—0.3,-0.4,—0.5

2.0
15 Prp=1.0,6=0.1,0=2.0
1.0 P ]
0 5 10 15 20
T
N CENAWIAYENTA
d JWAVTAW WAW AW AT AWAYAAW AWAW/ WAVAWATAA
3.0 \/w \}\V//VVVV\\\T/V-
2.5 1
=} w=20 w=60
Z 2.0
1.5
Prp=1.0,Pe=0.1,6=0.3
1.0 L L i ]
0 5 10 15 20
T

Effect of (a) Prp (b) Pe (c) 0 (d) w on Nu with respect to time 7.

351
3.0 F
25
=]
Z
20 |
15
Pe=0.1,Prp=1.0,6=0.3,w=2.0
1.0 . : i ]
0 5 10 15 20
T
Figure 7 Comparison of three types temperature modulations.
3.0 ¢ VAN
251 1
unmodulated system
Zs 2.0 modulated system 1
L5 1
Pe=0.1,Prp=1.0,6=0.1,w0=2.0
1.0 i i i ]
0 5 10 15 20
T
Figure 8 Comparison between modulated and unmodulated
cases.

It is found that upward throughflow (Pe > 0) has destabilizing
effect, whereas downward throughflow (Pe < 0) has stabiliz-
ing effect. The same results were also obtained by Nield [35]
in the case of a fluid layer with small amount of throughflows.
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Figure 9  Effect of phase angle (0) and frequency (w) of modulation on mean Nusselt number Nu.

The present results are compatible with the results obtained by
Shivakumara and Sureshkumar [40] and Suma et al. [51].
According to Shivakumara and Sureshkumar [40], the destabi-
lization effect may be due to the distortion of steady-state basic
temperature distribution from linear to nonlinear by the
throughflow. A measure of this is given by the basic state tem-
perature and this can be interpreted as a rate of energy transfer

into the disturbance by interaction of the perturbation convec-
tive motion with basic temperature gradient. The maximum
temperature occurs at a place where the perturbed vertical
velocity is high, and this leads to an increase in energy supply
for destabilization. Further, the amplitude é and the frequency
modulation o both have negligible effects on heat transport in
this case given in Fig. 5c.
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In Fig. 6a—d, we have depicted the variation of Nu with
time 7 for out of phase modulation. It is found that Nu starts
with one, increases with increasing time 7, and then becomes
oscillatory. However, on further increasing the time, we
observe from Fig. 6a and b that the effects of Prp, Pe on heat
transport are found to be similar to those of IPM. Further, we
found in Fig. 6¢ that the effect of amplitude of modulation is
to increase the magnitude of Nu, thus increasing the heat trans-
port and advancing the convection. We note the following in
respect of the influence of amplitude on heat transport.

Nus_o1 < Nus—p2 < Nus—o3

Also, from Fig. 6d, we observe that an increase in the fre-
quency of modulation decreases the magnitude of Nu, and so
the effect of frequency of modulation on heat transport dimin-
ishes. At high frequency, the effect of temperature modulation
on thermal instability disappears altogether. This result agree
with the linear stability results of Venezian [52], where the cor-
rection in the critical value of Rayleigh number due to temper-
ature modulation becomes almost zero at high frequencies.
The effect of amplitude and frequency of modulation is of sim-
ilar effect under rotation speed modulation [53] which is orig-
inating idea from temperature modulation. The results in the
case of lower boundary temperature modulation only were
also obtained, but found to be qualitatively very similar to
those obtain in OPM case, therefore not presented here.
Further, the magnitude of Nu in lower boundary temperature
modulation only is found to be less than that in the case of
OPM. In Fig. 7, a comparison of results of in phase modula-
tion, out of phase modulation and when only lower boundary
temperature is modulated, is presented. It is found that the
magnitude of Nu for LBMO is greater than that obtained in
case of IPM, but less than that of OPM as shown below:

Nupm < Nuggmo < Nuopwm.

In Fig. 8, we presented the unmodulated result of Eq. (33)
and compared it with the present results of modulated case. It
is found that the unmodulated results are very similar to the
results obtained for IPM, which also confirms that in-phase
modulation does not affect heat transport in the system.

We also have presented our results (according to
Siddheshwar et al. [49]) on mean Nusselt number (Nu), which
depends on both the phase difference 0 and frequency @ of
modulation than only on the choice of the small amplitude
modulation. Fig. 9a—d shows the effect of phase angle 0 on
(Nu) and Fig. 9e-h shows effect of w on (Nu). From the fig-
ures it is evident that for a given frequency of modulation
there is a certain range of € in which (Nu) increases with
increasing 0 and another range in which (Nu) decreases.
Thus, one can conclude that, the suitable combination or
choices of w and 0 can be used to regulate heat transfer
depending on the demands on heat transport in an application
situation. Heat transfer can be controlled (enhanced or
reduced) with the external mechanism of temperature modula-
tion effectively. We also can observe our results in Fig. 9 are
the results which are similar to Siddheshwar et al. [49] for the
Newtonian fluid case. It is clear that for temperature modula-
tion the boundary temperatures should not be in in-phase
modulation (synchronized), where the effect of modulation
is negligible on heat transport.

5. Conclusions

We have analyzed the effect of temperature modulation and
vertical throughflow on Bénard—Darcy convection by perform-
ing a weakly nonlinear stability analysis resulting in the real
Ginzburg-Landau amplitude equation. The following conclu-
sions are made:

1. The effect of in-phase modulation is negligible on heat
transport, while it is oscillatory in nature for OPM and
LBMO.

2. The effect of 6 and w is also found to be negligible on heat
transport when the boundaries temperature is modulated in
phase.

3. Effect of Prp is to enhance the heat transport for all three
types of modulations at lower values of time and same at
large values of time.

4. The effect of throughflow (Pe) enhances heat transport for
upward direction, diminishes for downward direction of all
three types of modulations.

5. The parameters 0 and w show significant effect on Nu given
in Fig. 9.

6. Supercritical pitch fork bifurcation exits for Eq. (32).

Acknowledgments

This work was done during the leave sanctioned to the author
B.S. Bhadauria by Banaras Hindu University, Varanasi, India,
to work as the professor of Mathematics at the Department of
Applied Mathematics, School for Physical Sciences,
Babasaheb Bhimrao Ambedkar central University, Lucknow,
India during July 07, 2011 to July 03, 2015. The author B.S
Bhadauria  gratefully acknowledges Banaras Hindu
University, Varanasi, India, for the same. Further, the author
Palle Kiran gratefully acknowledges the financial assistance
from Babasaheb Bhimrao Ambedkar University for a research
fellowship.

References

[1] Ingham DB, Pop I. Transport phenomena in porous media.
Oxford: Pergamon; 1998.

[2] Nield DA, Bejan A. Convection in porous media. 3rd ed. New
York: Springer; 2006.

[3] Vafai K. Handbook of porous media. 2nd ed. Boca Raton: CRC
Press; 2005.

[4] Nield DA, Bejan A. Convection in porous media. Berlin,
Heidelberg, New York, Tokyo: Springer; 1992.

[5] Kameswaran PK, Narayana M, Shaw S, Sibanda P. Heat and

mass transfer from an isothermal wedge in nanofluids with Soret

effect. Eur Phys J Plus 2014;129(7):01-11.

Shaw S, Kameswaran PK, Narayana M, Sibanda P.

Bioconvection in a non-Darcy porous medium saturated with a

nanofluid and oxytactic micro-organisms. Int J Biomath

2014;7(01):1450005.

[7] Shaw S, Sibanda P. Thermal instability in a non-Darcy porous
medium saturated with a nanofluid and with a convective
boundary condition. Bound Value Probl 2013;2013:186.

[8] Narayana M, Sibanda P, Siddheshwar PG, Jayalatha G. Linear
and nonlinear stability analysis of binary viscoelastic fluid
convection. Appl Math Model 2013;37(16):8162-78.

6

—_


http://refhub.elsevier.com/S2090-4479(15)00051-9/h0005
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0005
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0010
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0010
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0015
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0015
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0020
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0020
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0025
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0025
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0025
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0030
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0030
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0030
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0030
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0035
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0035
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0035
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0040
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0040
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0040

Nonlinear throughflow effects under modulation

481

[9] Shaw S, Sibanda P, Sutradhar A, Murthy PVSN.
Magnetohydrodynamics and Soret effects on bioconvection in a
porous medium saturated with a nanofluid containing gyrotactic
microorganisms. J Heat Transf 2014;136(5):052601.

[10] Narayana M, Gaikwad SN, Sibanda P, Malge RB. Double
diffusive magneto-convection in viscoelastic fluids. Int J Heat
Mass Transf 2013;67:194-201.

[11] Nield DA. The onset of transient convective instability. J Fluid
Mech 1975;71:441-54.

[12] Chhuon B, Caltagirone JP. Stability of a horizontal porous layer
with time-wise periodic boundary conditions. ASME J Heat
Transf 1979;101:244-8.

[13] Rudraiah N, Veerappa V, Balachandra Rao S. Effects of non-
uniform thermal gradient and adiabatic boundaries on convection
in porous media. ASME J Heat Transf 1980;102:254-60.

[14] Rudraiah N, Malashetty MS. Effect of modulation on the onset of
convection in a sparsely packed porous layer. ASME J Heat
Transf 1990;112:685-9.

[15] Caltagirone JP. Stabilite dune couche poreuse horizontale soumise
a des conditions aux limites periodiques. Int J Heat Mass Transf
1976;19:815-20.

[16] Bhatia PK, Bhadauria BS. Effect of modulation on thermal
convection instability. Z Naturforsch 2000;55a:957-66.

[17] Bhatia PK, Bhadauria BS. Effect of low-frequency modulation on
thermal convection instability. Z Naturforsch 2001;56a:509-22.

[18] Bhadauria BS. Thermal modulation of Rayleigh-Bénard convec-
tion in a sparsely packed porous medium. J Porous Media
2007;10:175-88.

[19] Bhadauria BS. Fluid convection in a rotating porous layer under
modulated temperature on the boundaries. Transp Porous Media
2007;67:297-315.

[20] Bhadauria BS. Magnetofluidconvection in a rotating porous layer
under modulated temperature on the boundaries. ASME J Heat
Transf 2007;129(7):835-43.

[21] Bhadauria BS. Double diffusive convection in a rotating porous
layer with temperature modulated on the boundaries. J Porous
Media 2007;10:469-84.

[22] Bhadauria BS. Double diffusive convection in a porous medium
with modulated temperature on the boundaries. Transp Porous
Media 2007;70:191-211.

[23] Bhadauria BS. Combined effect of temperature modulation and
magnetic field on the onset of convection in an electrically
conducting fluid saturated porous medium. ASME J Heat Transf
2008;5:0526 (19).

[24] Bhadauria BS. Effect of temperature modulation on the onset of
Darcy convection in a rotating porous medium. J Porous Media
2008;11:361-75.

[25] Bhadauria BS, Suthar OP. Effect of thermal modulation on the
onset of centrifugally driven convection in a vertical rotating
porous layer placed far away from the axis of rotation. J Porous
Media 2009;12:239-52.

[26] Bhadauria BS, Srivastava K. Magneto-double diffusive convec-
tion in an electrically conducting fluid saturated porous medium
with temperature modulation of the boundaries. Int J Heat Mass
Transf 2010;53:2530-8.

[27] Bhadauria BS, Hashim I, Siddheshwar PG. Effects of time-
periodic thermal boundary conditions and internal heating on
heat transport in a porous medium. Transp Porous Media
2013;97:185-200.

[28] Bhadauria BS, Kiran P. Heat transport in an anisotropic porous
medium saturated with variable viscosity liquid under tempera-
ture modulation. Transp Porous Media 2013;100:279-95.

[29] Bhadauria BS, Kiran P. Weak nonlinear double-diffusive magne-
toconvection in a Newtonian liquid under temperature modula-
tion. Int J Eng Math 2014;2014:01-15.

[30] Kiran P, Bhadauria BS. Chaotic convection in a porous medium
under temperature modulation. Transp Porous Media
2015;107:745-63.

[31] Wooding RA. Rayleigh instability of a thermal boundary layer in
flow through a porous medium. J Fluid Mech 1960;9:183-92.

[32] Sutton FM. Onset of convection in a porous channel with net
throughflow. Phys Fluids 1970;13:1931.

[33] Homsy GM, Sherwood AE. Convective instabilities in porous
media with throughflow. AIChE J 1976;22:168-74.

[34] Jones MC, Persichetti JM. Convective instability in packed beds
with throughflow. AIChE J 1986;32:1555-7.

[35] Nield DA. Convective instability in porous media with through-
flow. AIChE J 1987;33:1222-4.

[36] Shivakumara IS. Effects of throughflow on convection in porous
media. In: Proc 7th Asian congr fluid mech, vol. 2; 1997. p. 557—
60.

[37] Khalili A, Shivakumara IS. Onset of convection in a porous layer
with net throughflow and internal heat generation. Phys Fluids
1998;10:315.

[38] Shivakumara IS. Boundary and inertia effects on convection
in a porous media with throughflow. Acta Mech 1999;137:
151-65.

[39] Shivakumara IS, Nanjundappa CE. Effects of quadratic drag and
throughflow on double diffusive convection in a porous layer. Int
Commun Heat Mass Transf 2006;33:357-63.

[40] Shivakumara IS, Sureshkumar S. Convective instabilities in a
viscoelastic-fluid-saturated porous medium with throughflow. J
Geophys Eng 2007;4:104-15.

[41] Brevdo L. Three-dimensional absolute and convective instabilities
at the onset of convection in a porous medium with inclined
temperature gradient and vertical throughflow. J Fluid Mech
2009;641:475-87.

[42] Barletta A, di Schio ER, Storesletten L. Convective roll
instabilities of vertical throughflow with viscous dissipation
in a horizontal porous layer. Transp Porous Media 2010:81:
461-77.

[43] Nield DA, Kuznetsov AV. The effects of combined horizontal and
vertical heterogeneity on the onset of convection in a porous
medium with horizontal throughflow. Int J Heat Mass Transf
2010;54:5595-601.

[44] Reza M, Gupta AS. Magnetohydrodynamics thermal instability
in a conducting fluid layer with through flow. Int J Non-Linear
Mech 2012;47:616-25.

[45] Patil PM, Andrew D, Rees S. Linear instability of a horizontal
thermal boundary layer formed by vertical throughflow in a
porous medium: the effect of local thermal nonequilibrium.
Transp Porous Media 2013;99(2):207-27.

[46] Nield DA, Kuznetsov AV. The onset of convection in a layered
porous medium with vertical throughflow. Transp Porous Media
2013;98:363-76.

[47] Lapwood ER. Convection of a fluid in a porous medium. Proc
Camb Philos Soc 1948;44:508-21.

[48] Siddheshwar PG, Bhadauria BS, Srivastava A. An analytical
study of nonlinear double diffusive convection in a porous
medium under temperature/gravity modulation. Transp Porous
Media 2012;91:585-604.

[49] Siddheshwar PG, Bhadauria BS, Suthar Om P. Synchronous and
asynchronous boundary temperature modulations of Bénard-
Darcy convection. Int J Non-linear Mech 2013;49:84-9.

[50] Vadasz P. Coriolis effect on gravity-driven convection in a
rotating porous layer heated from below. J Fluid Mech
1998;376:351-75.

[51] Suma SP, Gangadharaiahand YH, Indira R. Effect of through-
flow and variable gravity field on thermal convection in a porous
layer. Int J Eng Sci Technol 2011;3:7657-68.

[52] Venezian G. Effect of modulation on the onset of thermal
convection. J Fluid Mech 1969;35:243-54.

[53] Bhadauria BS, Kiran P. Effect of rotational speed modulation on
heat transport in a fluid layer with temperature dependent
viscosity and internal heat source. Ain Shams Eng J
2014;5:1287-97.


http://refhub.elsevier.com/S2090-4479(15)00051-9/h0045
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0045
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0045
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0045
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0050
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0050
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0050
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0055
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0055
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0060
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0060
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0060
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0065
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0065
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0065
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0070
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0070
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0070
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0075
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0075
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0075
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0080
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0080
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0085
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0085
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0090
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0090
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0090
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0095
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0095
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0095
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0100
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0100
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0100
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0105
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0105
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0105
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0110
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0110
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0110
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0115
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0115
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0115
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0115
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0120
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0120
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0120
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0125
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0125
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0125
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0125
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0130
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0130
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0130
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0130
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0135
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0135
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0135
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0135
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0140
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0140
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0140
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0145
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0145
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0145
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0150
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0150
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0150
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0155
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0155
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0160
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0160
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0165
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0165
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0170
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0170
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0175
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0175
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0185
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0185
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0185
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0190
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0190
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0190
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0195
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0195
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0195
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0200
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0200
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0200
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0205
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0205
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0205
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0205
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0210
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0210
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0210
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0210
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0215
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0215
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0215
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0215
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0220
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0220
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0220
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0225
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0225
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0225
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0225
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0230
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0230
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0230
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0235
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0235
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0240
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0240
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0240
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0240
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0245
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0245
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0245
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0250
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0250
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0250
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0255
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0255
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0255
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0260
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0260
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0265
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0265
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0265
http://refhub.elsevier.com/S2090-4479(15)00051-9/h0265

482

P. Kiran, B.S. Bhadauria

Dr. Palle Kiran has completed his Ph.D.
degree from Department of Applied
Mathematics, Babasaheb Bhimrao Ambedkar
University, Lucknow, India. He has com-
pleted his M.Phil. degree from Pondicherry
University, Puducherry, India.

Dr. B.S. Bhadauria is presently working as
Professor of Mathematics at Department of
Mathematics, Banaras Hindu University,
Varanasi, India. His area of research interest
is nonlinear thermal instability, numerical
methods and mathematical modeling.



	Nonlinear throughflow effects on thermally modulated porous medium
	1 Introduction
	2 Mathematical formulation
	3 Amplitude equation for stationary instability
	4 Results and discussion
	5 Conclusions
	Acknowledgments
	References


