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In this paper we discuss classical aspects of spinor field theory on the coordinate dependent noncom-
mutative space-time. The noncommutative Dirac equation describing spinning particle in an external
vector field and the corresponding action principle are proposed. The specific choice of a star product
allows us to derive a conserved noncommutative probability current and to obtain the energy-
momentum tensor for free noncommutative spinor field. Finally, we consider a free noncommutative

Dirac fermion and show that if the Poisson structure is Lorentz-covariant, the standard energy-
momentum dispersion relation remains valid.
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1. Introduction

The idea to use noncommutative (NC) coordinates in quantum
mechanics appeared a long time ago. Peierls used noncommutative
coordinates in [1] to describe a charged particle in strong mag-
netic field and in the presence of a weak electric potential. In [2]
Snyder proposed an example of a Lorentz invariant noncommuta-
tive space-time. Since the commutator between the coordinates in
[2] is proportional to the generator of Lorentz transformation, the
coordinate operators do not form a subalgebra. So, if the field is
understood as a function of coordinates, then the product of two
fields will not be a field anymore, since it will not depend only
on coordinates, but also on momenta. Later the noncommutativity
was suggested as a mathematical tool for regularization.

In last decades, motivated by the string theory [3] and quan-
tum gravity [4], the subject gained a lot of interest and has been
studied extensively [5]. The main attention, however, was given
to the case of canonical noncommutative space-time, realized by
coordinate operators xX°, p =0,...,N — 1, satisfying the alge-
bra [x°,%°] =i6P°, with a constant 8°° being the parameter of
noncommutativity. Various phenomenological consequences of the
presence of this type of noncommutativity in the theory were
studied.

One of the main problems of the canonical noncommutativity
is the violation of physical symmetries, like the Lorentz symme-
try. Different approaches to the solution of this problem may be
found in the literature, like twisted symmetries [6]. However, the
discussion about physical consequences of the twisted symmetries
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is open, see [7]. For some other examples of Lorentz invariant non-
commutative theories, see [8] and references therein.

Physical motivations of the noncommutativity come from a
combination of quantum mechanics with Einstein relativity [9].
While, space-time in any dynamical theory of gravity cannot be
flat. So, the restriction to the canonical noncommutative spaces
does not seem to be very natural. The presence of a more gen-
eral type of NC spaces with the parameters of noncommutativity
depending on coordinates may lead to absolutely different phe-
nomenological consequences. For the particular examples of coor-
dinate dependent noncommutativity in the field theory, see the
following papers and references therein. In [10] the noncommuta-
tivity appears in the context of matrix models. A field theoretical
models on kappa-Minkowski space-time were discussed in [11],
a quantum field theory on fuzzy spaces was studied in [12].

In general case we may suppose that the operators of coordi-
nate X satisfy the algebra

(1)

where cbg ? (%) is an operator defined from physical considerations
and the parameter of noncommutativity is given by 6 = I2, with
I being a short-distance length scale. Saying this, we mean that
the antisymmetric (dimensionless) field w?? (x) obeying the Jacobi
identity

[, %] =i00]° (%),

@P’3,0°* + ™' 3,wP° + WV, =0,

(2)

which corresponds to the symbol of the operator &)qa(&), is given,
and the ordering of the operator & is specified.

The aim of this work is to propose a consistent deformation of
the relativistic quantum mechanics introducing noncommutativity
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of the general form (1). In Section 2 we describe the nonrela-
tivistic quantum mechanics with coordinate dependent noncom-
mutativity (1) and investigate some basic properties of the star
product. In Section 3, we construct a relativistic generalization of
this model, introducing a noncommutative Dirac equation and de-
riving the corresponding action principle. In Section 4 we propose
a method to derive conserved quantities on coordinate dependent
noncommutative spaces. This method is applied to obtain the con-
tinuity equation for the noncommutative probability current. Then
we derive an expression for the corresponding energy-momentum
tensor. Finally, in Section 5 we study, as an example, a free non-
commutative relativistic spinning particle.

2. Quantum mechanics with coordinate dependent
noncommutativity

A nonrelativistic version of quantum mechanics on coordinate
dependent noncommutative spaces was recently proposed in [13,
14] and can be defined as follows. Suppose that there exists a func-
tion w(x) # 0 such that

dp(nwP?) =0. (3)

Note that if detw”? # 0, the function w(x) can be chosen as
w(x) = |detwP? (x)|~1/2. If the external antisymmetric field w?°
is degenerate or has a nonconstant rank, one should solve Eq. (3)
to obtain the expression for w(x).

Let us define the Hilbert space as a space of complex-valued
functions which are square-integrable with a measure

2x) =dVx u(x). (4)

The internal product between two states ¢(x) and v (x) from the
Hilbert space is determined by the formula

<<p|w>=/9(x>(<p**w), (5)

where x is a star product. For our purposes we choose a specific
star product, that should be closed with respect to the measure
(4), see [14] for such a construction. For any two functions f and
g it can be taken in the form:

i 62
Fr=f g+ 0, 70,8~ ;w"“w‘”ﬁapaafaaaﬁg

2

6
- Ea)”” o 0P (300 fOpg — 80 f3,058)

62 3
- mao,(;w)ﬂ de )3, fopg + 0(03). (6)
The action of the coordinate operators X° on functions v (x) from
the Hilbert space is defined through the star product (6), for any
function V (x) one has

VEY ) =VE) *yX). (7)

In particular, from ¥°v = x° v, one may see that

5 i0 o 02 oo B
X =x" + —wP% 8 + =" 3" 8,08
2 12
~ iaﬁ (L do P*) 3y + 0 (67). (8)
241
The definitions (5) and (7) means that the coordinate operators
are self-adjoint with respect to the introduced scalar product:

(XP@|¥) = (@] ). The momentum operators p, are fixed from

the condition that they also should be self-adjoint with respect
to (5). Choosing it in the form

« . i
Pp=—i0p — 58,, In pw(x), 9)

we obtain

(Booli) = / QW[(Bp9)* +¥] = / QW[(Bp9)* -]

/Q(X) ~(Pp¥)] =/S2(X)[<p**(ﬁp¢)]
=(@lpp¥). (10)

The momentum operators (9) commute, [p,, po ] = 0. The com-
mutator between x°, defined in (8), and py is

R N )
(%, bo] =185 — 5<8aw”“(x)pa + 500 (@0 In M)(X)>

+0(6?). (11)

So, the complete algebra of commutation relations involving X”
and p, is a deformation in @ of a standard Heisenberg algebra.

Let us list here some important properties of the star prod-
uct (6). First of all, it is an associative product and satisfies the
relation

(fx*=g"* f*, (12)

here x stands for the complex conjugation. As it was already men-
tioned, due to its definition [14], the star product (6) is closed, i.e.,

[aweo=[aws e (13)
It means that

o (fxg)=p-f-g+dpa"(f,9), (14)
where

a(f, 8 = wp“(faag — 3, f8)

92
+ Té‘wp”w“ﬁ(aaaafaﬂg — 00 f860p8)

92
* 45(6‘)/308"
+0(63). (15)

Now differentiating the both sides of (14) one finds:

w“"aaa)pﬂ)aafaﬂg

da[pm-(fx)] =i Paf) -g+in- f-(Pug)
+ apaaap(f»g)- (16)

Using (14) one more time we end up with

in-[(Paf)*g]+in-[f *(Pag)]

=01 (f % Q)]+ 0pbG(f. ). (17)
where
bl (f,g) =ia” (Paf,g) +ia’(f, Pag) — daa’(f, g)

_ O (s — a0 )0 )3 f -8~ f - 209)

+o(92). (18)

As we will see, the property (17) of the star product (6) is crucial
for the derivation of the conservation laws in our approach.
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Finally, note that all constructions in the present approach are
formal perturbative series and we do not discuss the convergence
here. To study non-perturbative consequences of the underlying
noncommutative space-time one will need an explicit form of the
corresponding star product, like in [15].

3. Relativistic generalization

Now let us suppose that the antisymmetric field w”? (x) is a
dynamical field, describing new quantum degrees of freedom like,
e.g., in [16,17]. In this case, it transforms as a two tensor with
respect to a Lorentz group, i.e.,

P (x) > 7 (X) = AG*P (x) AG. (19)

So, the operators X° and p,, defined in (8) and (9) will transform
as vectors,

R — P = ALRY, pr—>ﬁ’p=A‘;f)a. (20)
Using this fact we may define the relativistic wave equations on
coordinate dependent noncommutative space-time.

Let us consider the spinning particle in an external electromag-
netic field defined by the vector potential A”(x) on the coordinate
dependent noncommutative space. We postulate the correspond-
ing Dirac equation as follows:

—YPDp¥ +eyPApxy —my =0, (21)

where y# are the Dirac matrices satisfying {y*, y°}=2n*?. One
may check that this equation is covariant under the Lorentz trans-
formations (19), (20) and

v =Y () =Sy x, AP - AP(X)=A0A(x), (22)

where S(A) belongs to the usual spinor representation of the
Lorentz group.
Action principle yielding Eq. (21) can be written as

1. . 1, - ,
S=/9(x)[—5wy"ppw+Eppwp*w+eW*y"Ap*w

_mgf*w}. (23)

Taking into account the properties of the star product (6) and the
operator of momenta p, discussed in the previous section one
may see that this action is real. Using Eqs. (10), (13) and the as-
sociativity of the star product the action (23) can be represented
as

szfmx)wﬁ[—w’ﬁpw+ey"Ap*w—mw]. (24)

The variation of this action w.r.t. the conjugate spinor i gives the
noncommutative Dirac equation (21). Similar considerations show
that the variation of the (23) w.r.t. the spinor i lead to the equa-
tion

Povy? +eyxyPA, —my =0, (25)

which is a conjugate Dirac equation.
4. Conservation laws

On the classical level the action (23) can be used to study the
global and local symmetries of the system and to derive the corre-
sponding Noether currents. However, due to the presence of higher
derivatives in the corresponding Lagrangian density the direct ap-
plication of the Noether theorem may be quite tedious problem. As

we will see below, sometimes it is easier to use alternative tech-
niques to obtain the conserved quantities.

The main idea of our approach is to derive the classical conser-
vation laws for noncommutative theories with non-constant Pois-
son structure using the corresponding equations of motion, the
properties of the star product (6) and the requirement that in the
commutative limit, # — 0 and pu =1, the conserved noncommuta-
tive current should reproduce corresponding commutative physical
quantity.

4.1. Continuity equation

According to the above prescription we will look for the non-
commutative probability current j4 (x) in the form jf = j§ +0(9),
where jg = ey P o is a standard probability current for the
fermionic field. The total derivative of the commutative electric
current ed, Yoy o) can be written as

edpYoy Vo + iemroyro — iemyroro
+ie* Yoy P Ap¥ — ie* Yoy P Apyr + evroy” 3, 0.

The above expression in turn can be represented as

—ie(idpPoy” +evoy” Ap — mio)vo
+ ieyo(—iy 0,0 + ey Apo — myr) = 0. (26)

This proves that the total derivative of the commutative probability
current jg vanishes on-shell. That is, in the commutative case the
continuity equation 9, jg =0 can be obtained from a combination
(26) of the Dirac equation and its conjugate.

To derive the conserved noncommutative current we will use
the same logic. Let us substitute in Eq. (26) the standard Dirac
equation and its conjugate by the noncommutative ones, the point-
wise multiplication by the star multiplication and also multiply the
resulting identity by the function w@(x) to be able to use Eq. (17).
We end up with

—iepy x (=yPPpv +eyPApxy —my)

+iew(povy” +eyxyP A, —my)xy =0. (27)
Now taking into account the associativity of the star product (6),
the above equation becomes
ieur xyP Py +ieuppy? i =0. (28)

Then, the property (17) implies that the left-hand side of Eq. (28)
can be written as:

ieuyr x yPppwr +iepp oy v = 8,45, (29)
where
j§ =epnyy? «y +ebl (Vy”, v). (30)

To obtain (30) we have also used the fact that gamma matrices
do not depend on x, i.e., one may write ¥y” x ¥ =¥ » ¥ and
bl (FyY, ¥) = bl (i, y' ). Taking into account the identity (29)
Eq. (28) becomes

dpjh =0. (31)

By the construction in the commutative limit the vector jg
tends to the standard current density for the commutative spinor
field, jg. According to Eq. (31) this quantity is conserved. So, we
call it as the noncommutative current density. Eq. (31) is the
continuity equation. See [19] for the definition of the conserved
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currents in the field theory on kappa-Minkowski space. In [20] the
conserved currents were determined in matrix models.

The probability density is determined as zero component of the
noncommutative current density,

o) = jo =euyxy +ebd (", ¥). (32)

Note that because of the continuity equation (31) the integral over
the classical hypersurface

/Q(X)d”“x,

which determines the electric charge for the given configuration of
fields is a constant in time. That is, as it was expected, the electric
charge in the present system is conserved.

4.2. Energy—-momentum tensor

To obtain an expression for the noncommutative energy-
momentum tensor one may apply the same technique as above.
For the free commutative fermionic field the stress-energy tensor
is known to be

TE =gy oy — 8P Uy de Y + 8P myry. (33)
Its total derivative can be written as:
VY (—iyPopy + my) + (3o y? +my)d’y = 0. (34)

It means that the conservation law of the free energy-momentum
tensor, d, Téw =0, is a consequence of the combination (34) of the
free commutative Dirac equation and its conjugate.

Substituting in Eq. (34) the free Dirac equation and its conju-
gate by the corresponding noncommutative analogues, using the
star product instead of standard product and multiplying the both
sides of the identity by the function w(x) one obtains:

—iup ¥ * (v ppvr +myr)
+iu(ppyy? —my) *p'y =0. (35)
Let us represent (35) in the form
1. .- A L= A
— (D I *y Doy +ipd 5"y Do)
1. . - A e A
+ 5 (iebpry? * B"Y +iui x oy ¥

| A Lo - N
+ S (Ip Doy y? x v +inbpyy” = pUY)
LI sy R
- E(U/Lpppvap * Y +ipup "y« yPhpvr)
+imup®y * ¢ +impuy x PPy =0. (36)
Now using the property (17) we represent the left-hand side of
(36) as a total derivative:

3pTH" =0, (37)
where

u, - n P
15" =Sy« Py =P+ y"y)

— L8 (Y ppw = by ey —2mi x )
1, .. 1, -

+ b (. v B ) — S (6" v)

1 1
—Ebp”(w,yﬁpwhEbﬂ”(p,swﬂ,w)

+mbPY (J, ). (38)

Again, in the commutative limit by the construction, the tensor
T} tends to the standard energy-momentum tensor T§" for the
commutative spinor field. Eq. (37) means that Tgw is a conserved
quantity. So, we call it as the energy-momentum tensor for the
free noncommutative spinor field.

As usual we define the energy and the momentum of the sys-
tem by integrating their densities, Tgo and Tgi, over the corre-
sponding hypersurfaces

E:/Tgo(x)dN_lx, Pi:/Tgi(x)dN‘lx. (39)

Due to Eq. (37) these quantities are conserved.

In conclusion we stress that the above analysis and results are
valid for the noncommutative theories corresponding to any Pois-
son structure, either Lorentz covariant or not.

5. Free noncommutative fermionic field

In this section we study the solution of the free noncommuta-
tive Dirac equation

[iyp <8p + %ap In /L(X)) - m}/f(x) =0. (40)

It is important to note that if ¥(x) is a solution of a free commu-
tative Dirac equation [iypap —m]yo(x) =0, then

1
v (x)

is a solution of the free noncommutative Dirac equation (40). How-
ever, due to the modification of the expression for the probability
density (32) in the noncommutative case, the normalization factor
N should change.

Consider a noncommutative spinning particle in (2 + 1) di-
mensions. In this case the antisymmetric field which determines
noncommutativity can be chosen as

v(x) = Yo(X) (41)

@P% (x) = P9 x,. (42)

Since 8,wP% (x) = 0, x; = 85“ =0, the function w(x) from the
definition of measure (4) can be chosen as a constant, so we set
w(x) = 1. That is, p, = —id,. Dirac gamma matrices in (2 + 1)

dimensions can be represented by the Pauli sigma matrices. Let
0

y® =0, y! =ioy and y2 =ioy. In these notations the solution of
the free noncommutative Dirac equation reads
1 —ippxP
1)[,(X) = N ip1—p2 e pp ’ (43)
€+m

where p, = (¢, —p1, —p2) are the eigenvalues of the momentum
operators pp, i.e., o (x) = pp¥(x). Eq. (40) implies the relation
€ =p> +m?. (44)

To find the normalization factor N we use the definition of the
probability density (32). Note that due to the choice (42) of the
external antisymmetric field w”? (x), one finds that

by (f,g) =ia’ (—id, f, ) +ia’(f, —idyg) — d,a’(f, )
i0
- —’ansp“’%faag — 0, f2)
92

- Enw(a”“rsaﬁ“ + &PV e T)x, (06 00 fOp 8

— 00 f050p8)

92
_ E(7;0‘/’55 +10PP5%) 3. fopg + 0(6°). (45)
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Taking into account the identities

_ Zp"
vy = N2,

€+m

dy =" N2, (46)

€+m

we calculate that

e —p)

0(7.,V _ 3

by(vy”.v) = 2 ctm +0(0°), (47)
and

T a2 2€ _ﬁ 22 3]
w*w_N€+m|:1 12(6 p°)+0(6°) | (48)

So, the spacial integral of the probability density (32) in the
state (43) is

2¢ 62
8

/Q(x)d2x=N2V6+m 1——(62—p2)+0(93)]. (49)
Vv

From the normalization condition one finds

_e+m  6%(e+m)
T 2e 16¢
Now substituting the solution (43) in the definition of the

energy-momentum tensor (38) one finds for the energy and mo-
mentum densities

N2V m? +0(6%). (50)

00 _ a2 2€ _92 22 3

T =eN* ——11 8(e p°)+0(6°)|.

0i _ o N2 2€ _92 22 3

TS = —piN e 1 8(e p°)+0(6°)|. (51)

Integrating these expressions and using the normalization factor N
from (50) we end up with

E=e+0(0), Pi=-pi+0(). (52)

Since the eigenvalues of the momentum operators p, satisfy the
relation (44), we obtain the standard energy-momentum disper-
sion relation

E2=P?> +m* + 0(%). (53)

Here we stress that even though the normalized solution (43) of
the free noncommutative Dirac equation (40) is different from the
commutative one, the energy-momentum dispersion relation (53)
remains valid for the free noncommutative relativistic particle. It
happens because the definition of the energy and momenta of the
system was also deformed.

Finally we note that the energy-momentum dispersion relation
(53) is a consequence of the relativistic invariance of the consid-
ered model, i.e., the choice (42) of the antisymmetric field w?? (x).
If the Poisson structure is not Lorentz covariant, the energy-
momentum dispersion relation will change.

6. Conclusions

In the present paper we have defined the noncommutative
Dirac equation and proved that the basic properties of relativis-
tic wave equations, like the Lorentz covariance and the continuity
equation for the probability density remain valid on coordinate de-
pendent noncommutative space-time. Choosing the specific star
product and using its properties we have derived the correspond-
ing probability current density and proved its conservation, with-
out using Noether theorem. The energy-momentum tensor for the

free noncommutative spinor field was calculated. The example of
the free noncommutative fermionic field show that in the first
orders in 6 the standard energy-momentum dispersion relation
E? = P2 4+ m? is recovered.

In conclusion we would like to address some questions con-
cerning the physical meaning of the proposed model. What is the
form of the gauge transformation leaving the electromagnetic cou-
pling invariant and how to describe the dynamics of the corre-
sponding gauge field. The standard abelian U(1) gauge symmetry
is broken in the canonical noncommutative field theory. To re-
store the gauge invariance one should substitute U(1) with the
non-abelian group U,(1). If the noncommutativity parameter is
point dependent the situation becomes much more complicated. In
[18] it was shown that to make the field theory on x-Minkowski
space-time gauge invariant one should admit the derivative de-
pendence of the gauge field A,. The proper gauge transformation
also becomes derivative valued. To obtain this result the authors of
[18] used the explicit form of the co-product for the x-Minkowski
space-time. In general case of the Kontsevich star product the co-
product is unknown. One may use the perturbative techniques [13,
14] to construct the gauge transformation leaving invariant the
noncommutative field theory of the general form. To study the dy-
namics of the corresponding gauge field one needs to employ the
spectral action techniques.

Another important problem is the nature of the antisymmetric
field w”? (x) and its connection with the gravity gf° (x). Here we
mention some interesting ideas in this respect. The authors of [4]
have shown that the effective dynamics of matter fields coupled to
3d quantum gravity after integration over the gravitational degrees
of freedom is described by a braided noncommutative quantum
field theory. In [10] the noncommutativity links the compact and
noncompact dimensions providing the mechanism for emergent
gravity on the brane solutions in Yang-Mills matrix models. In
[21] the holographic duality was discovered between the Poisson
sigma models, which are equivalent in the specific configuration of
the target space to the two-dimensional dilaton gravities, and the
quantum mechanics with coordinate dependent noncommutativity.
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