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Abstract

In this paper, the authors investigate the growth of solutions of a class of higher order linear differential equations
f(k) +Ak—1f(k_l) +-4+A49f=0

when most coefficients in the above equations have the same order with each other, and obtain some results which improve
previous results due to K.H. Kwon [K.H. Kwon, Nonexistence of finite order solutions of certain second order linear differential
equations, Kodai Math. J. 19 (1996) 378-387] and Z.-X. Chen [Z.-X. Chen, The growth of solutions of the differential equation
"+ e 2 f 4+ Q) f =0, Sci. China Ser. A 31 (2001) 775784 (in Chinese); Z.-X. Chen, On the hyper order of solutions of
higher order differential equations, Chinese Ann. Math. Ser. B 24 (2003) 501-508 (in Chinese); Z.-X. Chen, On the growth of
solutions of a class of higher order differential equations, Acta Math. Sci. Ser. B 24 (2004) 52—-60 (in Chinese); Z.-X. Chen,
C.-C. Yang, Quantitative estimations on the zeros and growth of entire solutions of linear differential equations, Complex Var. 42
(2000) 119-133].
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1. Introduction and results

We shall assume that reader is familiar with the fundamental results and the standard notations of the Nevanlinna’s
value distribution theory of meromorphic functions (see e.g. [11,15]). In addition, we will use the notation o (f) to
denote the order of growth of entire function f(z), (f) to denote the type of f(z) with o (f) = o, is defined to be

—— logM(, f)

T(f)= lim
: r—00 re
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We use o2 (f) to denote the hyper order of f(z), is defined to be (see [18])

or(f) = mloglogT(r, f).
r—00 logr

We use m E to denote the linear measure of a set E C (0, +00) and use m; E to denote the logarithmic measure of
aset E C[1,+00).If P(z) is a polynomial, we use the notation deg P to denote the degree of P(z).
For second order linear differential equations

f"+B@)f' +AR)f =0, (1.1)

many authors have investigated the growth of solutions of (1.1), where A(z) # 0 and B(z) are entire functions of finite
order. It is well known that if either o (B) < 0 (A) or 6 (A) < o (B) < 1/2, then every solution f £ 0 of (1.1) is of
infinite order (see [9,13]). For the case 0 (A) < o(B) and o (B) > 1/2, many authors have studied the problem. In
2000, I. Laine and P.C. Wu proved the following result.

Theorem A. (See [16].) Suppose that o (A) < o (B) < 0o and that T (r, B) ~log M(r, B) as r — 00 outside a set of
finite logarithmic measure. Then every non-constant solution f of (1.1) is of infinite order.

Thus a natural question is: what condition on A(z), B(z) when o (A) = o (B) will guarantee that every solution
f #£ 0 of (1.1) has infinite order? For second order linear differential equations,

"+ hief@ f 4 hpef@ f =0, (1.2)
in 1996, K.H. Kwon investigated the growth of the solutions of (1.2) for the case deg P = deg O and obtained the

following result.

Theorem B. (See [14].) Let P(z) = a,z" + ---, Q) = by7" + - -- (anb, # 0) be non-constant polynomials, h1(z)
and ho(z) # 0 be entire functions with o (hj) <n (j =0, 1), if arga, # argb, or a, = cb, (0 < c < 1), then every
solution f # 0 of (1.2) has infinite order with o2 (f) > n.

In 2001, Z.-X. Chen investigated the problem and proved the following theorem.

Theorem C. (See [2].) Let Aj(z) Z0 (j =0, 1) be entire functions with o (Aj) < 1, a, b be complex numbers such
that ab # 0 and a = cb (c > 1). Then every solution f # 0 of the equation

I+ AR+ Ap)e” f =0 (1.3)

has infinite order.

Combining Theorems B and C, we obtain that if ab # 0 and a # b, then every solution f s 0 of (1.3) has infinite
order. Can we get the similar result in higher order linear differential equations which has the same form as (1.3)? The
following Corollary 3 gives the affirmative answer.

For higher order linear differential equations

f(k)+Ak_1f(k_l)+"'+A0f:O’ (1.4)
Z.-X. Chen obtained the following theorems.

Theorem D. (See [6].) Let Aj(z) (j =0, ...,k — 1) be entire functions such that
max{o(A;), j=1,....k—1} <o (Ag) < +oo0.
Then every solution f %0 of (1.4) satisfies o2(f) = o (Ag).

Theorem E. (See [3].) Suppose thata; (j =0, ...,k — 1) are complex numbers. There exist a; and a; such that s <1,
as =dgse'?, aj = —dje'?, dy > 0,d; >0, and for j #s,l,aj =dje'? (d; 20) ora; =—dje'?, max{d; | j #s,l} =
d <min{dy, d;}. If Aj = hj(z)e®*, where hj are polynomials, hsh; # O, then every transcendental solution f of (1.4)
satisfies o (f) =00 and or(f) = 1.
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Theorem F. (See [4].) Let hj(z) (j =0, ...,k — 1) be entire functions with o (h;) <1 and A; = h(z)e%?, where
aj (j=0,...,k—1) are complex numbers. Suppose that there exists as such that hy # 0, and for j #s, if Aj #0,
aj=cjas, 0 <cj <1;if Aj =0, we define c; = 0. Then every transcendental solution f of (1.4) satisfies o (f) = oo.
Furthermore if max{cy, ..., cs—1} < co, then every solution f % 0 of (1.4) has infinite order.

The aim of our paper is to investigate the growth of the solutions of (1.4) when most coefficients in (1.4) have the
same order with each other, and we obtain the following results.

Theorem 1. Let Aj(z) (j =0,...,k — 1) be entire functions satisfying o(Ag) =0, 1(Ag) =71, 0 <0 <00,
O<t<oo andleto(Aj) <o, t1(Aj) <t ifo(Aj)) =0 (j=1,...,k — 1), then every solution f #0 of (1.4)
satisfies o2 (f) = o (Ag).

Corollary 1. Let Aj(z) (j =0,...,k — 1) be entire functions satisfying 0 (A;) = o and max{t(A;), j=1,...,
k— 1} < t(Ap), where 0 <o <00, 0 < 1(Ag) < 00. Then every solution f # 0 of (1.4) satisfies o2(f) =o0.

Corollary 2. Let hj(z) (j =0,...,k — 1) be entire functions with o (hj) <n, and let Aj(z) = hj(z)epf' @ where
Pi(z)=ajuz" +---+ajo (j =0,...,k — 1) are polynomials with degree n > 1, aj, (j =0, ...,k — 1) are com-
plex numbers. If |ag,| > max{|a;,|, j=1,2,...,k — 1} and ho(z) # 0, then every solution f # 0 of (1.4) satisfies
o (f) =n.

Remark 1. Theorem 1 is an extension of Theorem D. For example, when k = 2, fi(z) = e¢ and H(z) = e‘e’
are two linearly independent solutions of equation f” — (1 + 2¢%) f/ + €% f =0, where o (1 + 2¢%) = o (%) = 1,
() =2>1(1 429 =1.

Theorem 2. Let hj(z) (j =0,...,k — 1) be not all vanishing entire functions with o (hj) <n, and let A;(z) =
hj(z)epf(z), where Pj(z) =aj,z" +---+ajo (j =0,...,k — 1) are polynomials with degree n > 1. If aj, (j =
0,...,k — 1) are distinct complex numbers and ho(z) # 0, then every solution f £ 0 of (1.4) satisfies o (f) = oo.

Corollary 3. Let hj(z) (j =0,...,k — 1) be not all vanishing entire functions with o (hj) <1, and let A;(z) =
hj(z)e%*, ifa; (j=0,...,k — 1) are distinct complex numbers and ho(z) # O, then every solution f # 0 of (1.4)
satisfies o (f) = oo.

Remark 2. The hypothesis that a;, (j =0, ...,k — 1) are distinct complex numbers is necessary. For example, the
equation f” 4 2e3 f + ze* f’ — ¢** f = 0 admits a polynomial solution f(z) = z, where aj| = ag; = 2.

Theorem 3. Let hj(z) (j =0,...,k — 1) be entire functions with o (hj) < n, and let A;(z) = hj(z)ePf(Z), where
Pi(z)=aj,7"+---+ajo (j=0,...,k—1) are polynomials with degree n > 1, a, are complex numbers such that
aon = laon|e'™, agy = lasale'®, aonasn #0 (0 < s <k —1), 60,65 € [0,27), 6o # 05, hohs # 0; for j #0,s, ajn
satisfies either aj, = djao, (d; < 1) or argaj, = 0y, then every solution f # 0 of (1.4) satisfies o2(f) =n.

Remark 3. Theorem 3 is an extension of Theorem B, since Theorem B is just the case for k = 2, argay,, # argag, or
ain = dlao,, (O < dl < 1).

From Theorem 3, we know that every solution f % 0 of equation f® + 32 f3) 1274 f7 4 7o f/ 4 32 f =0
satisfies o2 (f) =1, in this example, we have 0 (A;) =1 (j =0, 1,2,3), 1(Ag) =3 <max{t(A;), j=1,2,3} =5.
So Theorem 3 is a complement to Theorem 1.

Theorem 4. Let hj(z) (j =0,...,k — 1) be entire functions with o(h;) <n, and let A;(z) = hj(z)eP!'(Z), where
Pi(z) =ajnz" +---+ajo (j =0,...,k — 1) are polynomials with degree n > 1. Suppose that there exist nonzero
complex numbers ag, and aj, such that 0 <s <l <k —1, ag, = |asn|ei9~‘, ap, = |a1n|ei9’, Os,0; € [0,2m), 05 # 6,
hsh; #0; for j #s,1, aj, satisfies either aj, =djas, (0 <dj <1)oraj, =dja;, (0 <d; <1), then every transcen-
dental solution of (1.4) satisfies o () = oo. Furthermore if f(2) is a polynomial solution of (1.4), thendeg f <s—1,
if s = 1, then every non-constant solution f(z) of (1.4) satisfies o (f) = oo.
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Remark 4. Theorem 4 is an extension of Theorem E, since Theorem E is just the case forn =1, 6, =0, 6, = 7,
0 <s <! <k — 1. Theorem 4 is also an extension of Theorem F, since Theorem F is just the case forn =1, s =1,
as1 =aj1,0; =0, =0.

In Theorem 4, we can only obtain that every transcendental solution of (1.4) satisfies o (f) = oo, but the
sharper result o2(f) = n remains open. In Theorem 4, Eq. (1.4) may have polynomial solutions, for example,
FO 42632 f) 4 512 £O) 3042 £ 4 2707 f — 2% f = 0 admits a polynomial solution f(z) = 2z, where s = 2,
1=3,00=0,0;=7.

Question 1. Can we get the same result as Theorem 1 when all the coefficients in (1.4) are analytic in the unit disc
{z: |z] < 1} (see Theorem 1.5 in [12]).

2. Lemmas for the proofs of theorems

Lemma 1. (See [8].) Let f(z) be a transcendental meromorphic function, and let @ > 1 be a given constant, for any
given € > 0,

() there exist a set E C [0, 00) that has finite logarithmic measure and a constant B > 0 that depends only on o
such that for all z satisfying |z| =r ¢ E, we have

9@
f@

(i1) there exist a set E C [0, 2m) that has linear measure zero and a constant B > 0 that depends only on «, for any
0 € [0, 2m)\E there exists a constant Ry = Ro(0) > 1 such that for all z satisfying argz = 6 and |z| =r > Ry,
we have

@

(@)

< B[T(ar, f)rflogT(ar, )]* (ke N); 2.1)

< B[T(ar, NlogT(ar, /)] (keN). 2.2)

Lemma 2. (See [5].) Let f(z) be an entire function of order o (f) = a < +00. Then for any given € > 0, there is
a set E C [1, 00) that has finite linear measure and finite logarithmic measure such that for all 7 satisfying |z| =r ¢
[0,1]U E, we have

exp{—r®T*} <|f(2)] <exp{r**}. 2.3)

Lemma 3. Let Aj(z) (j =0,...,k — 1) be entire functions with 6 (A;) <o < 00, if f(z) is a solution of (1.6) then
o (f)<o.

Proof. Using the Wiman—Valiron theory, we can easily prove Lemma 3.

Lemma 4. (See [8,10].) Let f(z2) be a transcendental meromorphic function with o (f) =0 < oo, I' ={(k1, j1), ...,
(ks jm)} be a finite set of distinct pairs of integers which satisfy ki > ji 20 fori =1,...,m. And let ¢ > 0 be
a given constant, then there exists a set E C [0, 2r) which has linear measure zero, such that if ¢ € [0, 2n)\E, there
is a constant Ry = Ry (@) > 1 such that for all z satisfying argz = ¢ and |z| > Ry and for all (k, j) € I', we have

‘ P
£ (2)

< |Z|(k_j)(a_1+8). (2.4)

Lemma 5. (See [1].) Let P(z) be a polynomial of degree n > 1, where P(z) = (« 4+ Bi)z" +---, §(P,0) =acosnf —
Bsinnb, a, B € R, and let € be a given constant, then we have

1) If§(P,0) > 0, then there exists an r () > 0 such that for any r > r(6),

7<) | > exp{(1 — £)8(P, )" }; 2.5)
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(1) If§(P,0) <O, then there exists an r(0) > 0 such that for any r > r(60),

P | < exp{(1 — £)8(P, 6)r" ). (2.6)

Lemma 6. (See [10].) Let f(z) be an entire function and suppose that | f ) (2)| is unbounded on some ray argz = 6.
Then there exists an infinite sequence of points z,, =rype'® (m=1,2,...), where r,, — 00, such that f®(z,,) — oo

and
f(j)(Zm) k—i .
‘f(k)(zm) <|Zm| J(1+0(1)) (] :()’,k_l) (27)

Lemma 7. (See [7].) Let k > 1, Py, Pa, ..., P, be non-constant polynomials with degree dy, da, ..., di, respectively,
such that deg(P; — P;) = max{d;, d;} for i # j. Set A(z) = lezl B; (2)e?i® where Bj(z) # 0 are entire functions
with o (Bj) < dj, then 0 (A) = max g ;<ald;}. '

Lemma 8. Let f(z) be an entire function with o (f) =0, t(f) =1, 0 <0 <00, 0 < T < 00, then for any given
B < 1, there exists a set E C [1, +00) that has infinite logarithmic measure such that for all r € E, we have

logM(r, ) > Br°. (2.8)

Proof. By definition, there exists an increasing sequence {r,,} — oo satisfying (1 + %)rm < m+1 and

log M (ryy,, f)
m ——— - =1.

m— 00 r}frfl (29)
Then there exists a positive integer m( such that for all m > m¢ and for any given ¢ (0 <& <17 — ), we have
logM (rp, ) > (v —&)ry. (2.10)
For any given 8 < t, there exists a positive integer m; such that for all m > m1, we have
(e
< n ) P Q2.11)
m+1 T—¢
By (2.10) and (2.11), for all m > my = max{mg, m1} and for any r € [ry,, (1 + %)rm], we have
o
logM(r, f) ZlogM(rm, f) > (t —e)rf, > (t —8)< n lr> > Bro.
m
Set E = Upe_,, [rm. (1 4+ L)ry], then
(1+ml)rm
> T 1
me=3 [ Ty (1) =
m=my * m=my
Therefore, we complete the proof of this lemma. 0O
3. Proof of Theorem 1
Assume that f(z) is a non-trivial solution of (1.4). From (1.4) we have
AMG) ARG /'@
Ap(2)| < + A1 || ————— |+ -+ |A1(2) . 3.1)
| | (@) | | f(@) | | (@)

By Lemma 1(i), we know there exist a set E1 C [0, co) that has finite logarithmic measure and a constant B > 0 such
that

V@)
f(z)

<B(TCr, H))*

(G=1....k) (3.2)
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holds for all |z| = r ¢ E; and for sufficiently large r. If 0 (A ;) < o (j # 0), by Lemma 2, there exists a set £ C [1, 00)
having finite logarithmic measure such that for all z satisfying |z| =r ¢ E», we have

|Aj(@| <exp{r®'} (j#0), (3.3)

where 0 <) <o.If0(Aj) =0,7(A)) <1 (j #0), we choose o, a3 satisfying max{t(A;), j#0} < <a3z <7
such that for sufficiently large r, we have

|Aj ()| <exp{aar®} (j #0). (3.4)
By Lemma 8, there exists a set Eg C [1, +00) having infinite logarithmic measure such that for all » € E¢, we have

M(r, Ag) > exp{a3r“ } (3.5)
Hence from (3.1)—(3.5), for all z satisfying |Ao(z)| = M (r, Ag) and for sufficiently large |z| =r € Eg\(E1 U E3), we
have

exp{a3r”} <kB exp{azr”}(T(Zr, f))Zk. (3.6)
By (3.6), we have 02 (f) > o. On the other hand, by Lemma 3, we have o> (f) < o, hence, 02(f) =0 =0 (Ap).

4. Proof of Theorem 2

Assume that f(z) is a transcendental solution of (1.4), we show that o (f) = oco. Suppose to the contrary that
o(f) =0 < o00. By Lemma 4, there exists a set E3 C [0, 27r) with linear measure zero, such that if 6 € [0, 27)\ E3,
there is a constant Ry = R{(6) > 1, such that for all z satisfying argz =6 and |z| =r > Rj, we have

‘f(j)(z)
f@)
Setaj, = |ajn|ei‘/’i, and E4 =1{60 €[0,2m): 6(Pj,0) = lajn|cos(p;j +nb) =0, j=0,1,...,k =1} U {6 €[0,2m):
§(P; —P;,0)=0,0<i<j<k—1},thenmEs=0.

For each entire function A (z) = hj(z)eRi(Z> (j=0,...,k—1), by Lemma 5, there exists a set H; C [0, 27) with
linear measure zero, such that if z = re'?, 6 € [0, 27)\ H}, and for sufficiently large r, then A satisfies (2.5) or (2.6).

<l k=j>i=0). (4.1)

Set E5 = Ull‘;(l) Hj, then E5 is also a set having linear measure zero. For any given 6 € [0, 27)\(E3 U E4 U Es), we
have

8(P;j,0)#0, O8(P,0)#8(Pj,0) (0<i<j<k—1).

Since a, are distinct complex numbers, there exists only one s € {0, ..., k — 1} such that 6 (Py, ) = max{5(P;, 0):
Jj=0,...,k—1}for any given 6 € [0, 271)\(E3 U E4 U E5). Set § = §(Ps, 0), 51 = max{5(P;,0): j #s},thend; < 4.
We divide the proof into two cases:

(i) §>0,
(i) 8 <0.

Case (i). § > 0. By Lemma 5, for any given constant &1 (0 < 3¢ < %), we obtain for sufficiently large r,

|45 (re"”)| > exp{(1 = ensr”}, (4.2)
|A; (rei9)| <exp{(1+eDdir’"} (j #9). 43

Now we prove that |f(s) (re'?)| is bounded on the ray argz = 0. If |f(s) (re'?)| is unbounded on the ray argz = 6, then
by Lemma 6, there exists an infinite sequence of points z,, = rmet? (m=1,2,...), such that r,, — o0, f(s)(zm) — 00
and

F9@m)

J " m) 5= i = —
I <lzmlP 7 (1+0() (G =0,...,5 = 1). (4.4)
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Substituting (4.1)—(4.4) into (1.4), we obtain

exp{(1 — e)dr)h} < |As(zm)|

f®zm) ‘ O () ‘ SO D ()
< ‘7f(‘v)(Zm) +---+ |As+l(2m)’ 7]((‘?)(&”) + |As71(zm)| —f(s)(Zm)
S @m)
o755 )‘
<kexp{(l+81)81rm}-|zm|M, 4.5)

where M > 0 is a constant, not always the same at each occurrence. By (4.5), we obtain

1
exp{ 5(8 Srlk } M (4.6)
This is a contradiction. Hence | £ (re’?)| < M on argz = 6. We can easily obtain

| f(re'®)| < mrt (4.7)

onargz =0.
Case (ii). § < 0. By (1.4), we get

&0 () f<f>< ) f( )

Now we prove that | £® (rei?)] is bounded on the ray argz = 0. If | F&® (rei9)| is unbounded on the ray arg z = 6, then
by Lemma 6, there exists an infinite sequence of points z,, = r,,e!’ (m =1, 2, ...), such that r,, — oo, FO (z,0) = 00
and

—1= A1) “8)

f(j) (zm)
f(k) (Zm)

By Lemma 5, for any given constant &7 (0 < &7 < %), we have

<z (140(1) (j=0,....k—1). 4.9)

|Aj )| <exp{(1 —e2)drl} (j=0,....k—1D). (4.10)
Then by (4.9) and (4.10), we have for sufficiently large 7,
FY9@m)
f(k) (zZm)
Substituting (4.11) into (4.8), we get

‘Aj(zm) éexp{(l—82)8rs1}~r,]2_‘/(1+0(1))—>0 (j=0,....k—1). 4.11)

1<0. (4.12)

This is a contradiction. Hence | f X (re'?)| < M on argz = 6. Therefore

| f(re'®)| < mr* (4.13)

holds on argz = 6. Combining (4.7), (4.13) and the fact that E3 U E4 U E5 has linear measure zero, by the stan-
dard Phragmén-Lindelof theorem, we obtain that f(z) is a polynomial, which contradicts our assumption. Therefore
o(f)=o00

In the following, we show that any non-constant polynomial cannot be a solution of (1.4). If f(z) is a polyno-
mial, then by Lemma 7, we have o (f® + Ay f*~D 4 ... 4 Ao f) = n. By a simple order consideration, we get
a contradiction. If f(z) is a constant solution of (1.4), then f(z) = 0. Hence, every solution f £ 0 of (1.4) satisfies
o(f)=00
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5. Proof of Theorem 3

Assume that f(z) is a non-trivial solution of (1.4). By (1.4), we have

f(k) f(j) f(S) f/
—Ag="—+--+A;—+---+ A, + A= (5.1

S ! S f f
We suppose that aj,,, ..., aj,n (o €{1,...,5s = 1,5 +1,...,k —1}) satisfy a,, =dj, a0, (@ =1,...,m) and
argaj, =0, forjefl,...,s —1,s+1,...,k—=1}\{j1,..., jm}. Choose a constant c satisfying max{d;,,...,d},} <

¢ < 1. We divide the proof into two cases:

(@) ¢ <0
b 0<c< 1.

Case (a). ¢ < 0. From [17, pp. 253-255], there exist constants 61, 6>, «, Ry satisfying 0y, 6, € [0, 27), 6] < 6>,
o >0, Ry > 0 such that for all z satisfying |z| =7 > R, and argz =0 € (61, 6»), we have
8(Py, 0) = |apn| cos(6y + nb) > «, 8(Py, 0) = |as,| cos(6s +nb) <0,
and
8(P;j,0) <0 (j#0).
By Lemma 5, for any given constant ¢3 (0 < &3 < %) and for sufficiently large r, we have
|Ao(re'®)| = exp{(1 — e3)ar"}; (5.2)
|Aj(re)| <exp{(1 = 3)8(P;. )"} <M (j #0). (5.3)
By Lemma 1(ii), we know there exist a set Eg C [0, 27r) with linear measure zero and constants B > 0, R3 > 1 such
that for all z satisfying argz =6 € (61, 62)\Eg and |z| =r > R3, we have
f(j)(z)
f @)
Substituting (5.2)—(5.4) into (5.1), we get for sufficiently large r,

<B(Ter N G=1,...,k). (5.4)

exp{(1 —enar"} < |Ao(re’®)| <kM - B(T@r, )™ (5.5)

By (5.5), we obtain 03 (f) > n. On the other hand, by Lemma 3, we have o2 (f) < n, therefore o2 (f) =n.
Case (b). 0 < ¢ < 1. From [17, pp. 253-255] there exist constants 0y, 6, «, R; satisfying 61, 6> € [0, 27), 61 < 62,
o >0, Ry > 0 such that for all z satisfying |z| =7 > R, and argz =0 € (61, 6»), we have

8(Py, 0) = |aon|cos(By +nb) > «, 8(Ps,0) =l|ag,|cos(fs + nb) <0,
hence

8(Po — capn?”, 9) > (1 —o)a, 8(—ca0nz”, 9) <0,
and

8(Pj —capn",0) <0 (j #0).
By Lemmas 5 and 2, for any given constant €3 (0 < &3 < %) and for sufficiently large r, we have

|Age™%n" | = |noeP ¢ | > exp{(1 — 3)(1 — c)aur™} (5.6)
and

|Ajemcams | = | jefimeams | Lexplo(Dr"}  (j #0). (5.7)
Substituting (5.4), (5.6), (5.7) into (5.1), for all z satisfying argz =0 € (01, 62)\Eg and |z| =r > R3, we have

exp{(1 — £3)(1 — )ar"} < |Ap()e %" | < kBexplo(1)r™} - (T 2r, ). (5.8)
By (5.8), we get 02(f) = n. On the other hand, by Lemma 3, we have o, (f) < n, therefore o2 (f) = n.



J. Tu, C.-F. Yi/ J. Math. Anal. Appl. 340 (2008) 487-497 495

6. Proof of Theorem 4

Assume that f(z) is a transcendental solution of (1.4), we show that o (f) = oco. Suppose to the contrary that
o (f) =0 < o00. By Lemma 4, there exists a set E3 C [0, 27r) with linear measure zero, such that if 6 € [0, 27)\ E3,
there is a constant Ry = R (6) > 1, such that for all z satisfying argz =6 and |z| =r > Rj, we have

‘ f(j)(z)
FD@)

Set E7 =1{6 € [0,27): |as,|cos(0s +nb) =8(Ps,0) =8(P;,0) = |aj,|cos(0; + nb)}, since 65 # 6;, then mE7 = 0.
For any given 6 € [0, 27)\(E3 U E7), we have

8(Py,0)>6(P,0) or 6(Ps,0)<6(P,0).

<z (k>=j>i=0). 6.1)

Set c; = 8(Ps, 0), co =6(P;, 0), we divide the proof into two cases:

(i) c1 > c2;
(ii) cl1 <(Ca.

Case (i). c1 > ¢p. Here we also divide (i) into three cases:

(@) ¢1 >cy > 0;
(b)) ¢c1 > 0> co;
©) 0>c1 > .

Case (a). ¢c1 > c2 > 0. Set ¢3 = max{§(P},0), j # s}, then ¢3 < ¢;. By Lemma 5, for any given constant &4
(0 <3e4 < %) and for sufficiently large r, we have

|As(re'?)| = exp{(1 — ea)e1r™}, (6.2)

and

|Aj (rei9)| < exp{(l + 84)C3r"} (j #s)- (6.3)

Now we prove that | £ (ret?)| is bounded on the ray argz = 0. If | £ (ret?)| is unbounded on the ray argz = 6, then
by Lemma 6, there exists an infinite sequence of points z,, = rme'? (m=1,2,...)suchthatr, — oo, f (S)(zm) — 00
and

f(j)(Zm)

f(s) (Zm)
Substituting (6.2)—(6.4) into (1.4), we obtain

<lzml ™ (1+0() (j=0,...,s = D). 6.4)

exp{(1 — e)errp} < |As(zm)|

O @m) O @m) Ot (@)
< m +--+ ‘Al(Zm)| m + 4+ |As+l(zm)‘ m
O™ (zm) ‘ f@m)
+ ’Asl(Zm)|‘ f—(s)(Zm) + -t ’AO(Zm)’ f(s)(Zm)
<kexp{(1 +ex)esrp} - lzml™. (6.5)

By (6.5), we obtain
1
exp{ §(Cl — 63)r,’,11} < r%.

This is a contradiction. Hence | f*) (re!?)| < M on argz = 6. We can easily obtain
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| f(re)| < Mrt 6.6)

onargz=0.
Case (b). ¢; > 0 > ¢». Using the same reasoning as in the case (a), we can also obtain

| f(re'®)| < Mr* (6.7)
onargz =6.
Case (c). 0 > c1 > ¢3. By (1.4), we get
A ¢ M@ Y@ f@
-1= Ak—l(Z)W +-+ AZ(Z)W +- 4+ As(Z)W +-- 4+ AO(Z)W- (6.8)

By Lemma 5, for any given constant ¢5 (0 < &5 < %) and for sufficiently large r, we have
|Aj(rei9)| < exp{(l — 85)c1r”} (j=0,...,k—1). 6.9)

Now we prove that | f® (re'?)| is bounded on the ray argz = 6. It | £® (rei?)] is unbounded on the ray arg z = 6, then
by Lemma 6, there exists an infinite sequence of points z,, = r,e'® (m =1,2,...) such that r,, = oo, f®(z,,) = oo
and

S (zm) e o
TG <lzm 7 (1+0M) (j=0,....k—1). (6.10)
Substituting (6.9) and (6.10) into (6.8), we get
1<0.

This is a contradiction. Hence | f ® (re'?)| < M on argz = 0. Therefore
|f(rei9)| < Mrk (6.11)

holds on arg z = 6. Combining (6.6), (6.7) and (6.11) and the fact that £3 U E7 has linear measure zero, by the stan-
dard Phragmén-Lindelof theorem, we obtain that f(z) is a polynomial, which contradicts our assumption. Therefore
o (f) = oce.

Case (ii). ¢1 < ¢2. Using the same reasoning as in the case (i), we can also obtain that f(z) is a polynomial, which
contradicts our assumption. Therefore o ( f) = oo.

In the following, we show that if f(z) is a polynomial solution of (1.4), then deg f < s — 1. If f(z) is a polynomial
withdeg f > 5. If 0y #£ 60+ or 6) # 65 + 7, set Eg = {6 € [0,27): §(Ps,0) > §(P;,0) > 0}, then mEg > 0. We
can choose a curve I = {z: argz =6 € Eg}, by the same reasoning as in case (a) of Theorem 4, for all z € I" and for
sufficiently large r we obtain

exp{(1 —ex)err™} < |As(2) £O D)
<P+ 44 @O+ [Am1@ TP @)+ + A0 £ )
<kexp{(1 +eg)esr"} - [z/M. (6.12)
By (6.12), we obtain
1
exp{ g(cl —c3)r” } <M,
This is a contradiction. If 6, = 6; + m or 6, = 65 + 7, set E9g = {0 €[0,27): 6(Ps,0) >0 > 5(P;,0)}, then mEg > 0.
By the same reasoning as in (6.12), we can also get a contradiction. Hence every polynomial solution of (1.4) satisfies
deg f <s—1.
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