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The new approach of generalized (G’/G)-expansion method is significant, powerful and
straightforward mathematical tool for finding exact traveling wave solutions of nonlinear evolution
equations (NLEEs) arise in the field of engineering, applied mathematics and physics. Dispersive
effects due to microstructure of materials combined with nonlinearities give rise to solitary waves.
In this article, the new approach of generalized (G'/G)-expansion method has been applied to con-
struct general traveling wave solutions of the strain wave equation in microstructured solids. Abun-
dant exact traveling wave solutions including solitons, kink, periodic and rational solutions have
been found. These solutions might play important role in engineering fields.

© 2014 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University.

1. Introduction

Microstructured materials like alloys, crystallites, ceramics,
and functionally graded materials have gained wide applica-
tion. The modeling of wave propagation in such materials
should be able to account for various scales of microstructure
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[1-3]. The existence and emergence of solitary waves in compli-
cated physical problems apart from the model equations of
mathematical physics should be analyzed with sufficient cor-
rectness. It has recently become more attractive to obtain exact
solutions of nonlinear partial differential equations through
computer algebra that facilitate complex and tedious algebraic
computations. Evaluating exact and numerical solutions, in
particular, traveling wave solutions, of nonlinear equations
in mathematical physics play an important role in soliton the-
ory [4,5]. There are several studies where the governing equa-
tions for waves in microstructured solids have been derived
and solitary waves are analyzed [6,7]. Mathematical modeling
of physical and engineering problems is innately governed by
nonlinear partial differential equations and hence investigation
of exact solutions of nonlinear partial differential equations is
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very much important. The exact solutions of these equations
give information about the structure of these problems. To this
end, in the past several decades various effective methods have
been developed and established to solve and understand the
mechanisms of these phenomena. Among them the notable
are, the modified simple equation method [8-12], the (G'/G)-
expansion method [13-21], the Adomian decomposition meth-
od [22], the Lie group symmetry method [23], the homotopy
analysis method [24,25], the first integration method [26], the
inverse scattering method [27], the theta function method
[28,29], the tanh-function method [30,31], the extended tanh-
function method [32,33], the homogeneous balance method
[34], the Jacobi elliptic function method [35,36], the Hirota’s
bilinear method [37], the sine-cosine method [38], etc.

Recently, Naher and Abdullah [39] presented an effective
and straightforward method, called the new approach of
generalized (G'/G) expansion method to obtain exact traveling
wave solutions of NLEEs. In this article, we put forth the new
approach of generalized (G’/G) expansion method to construct
exact traveling wave solutions including solitons, kink,
periodic and rational solutions to the strain wave equation in
microstructured solids.

2. Description of the new generalized (G'/G)-expansion method

Consider the general nonlinear partial differential equation
H(uvuhuxvulhul‘xvuxw--')1 (1)

where u = u(x, ) is an unknown function, H is a polynomial in
u(x,t) and its partial derivatives in which the highest order par-
tial derivatives and the nonlinear terms are involved. The main
steps of the method are as follows:

Step 1: Combining the real variables x and 7 by a com-
pound variable &, we suppose that

u(x, 1) = u(e), &=x+ W1, ()

where ¥ is the speed of the traveling wave. The transformation
(2) transforms Eq. (1) into an ordinary differential equation
(ODE) for u = u(¢)

Flu,u' " "), (3)

where F'is a function of u(¢) and its derivatives.

Step 2: According to possibility, Eq. (3) can be integrated
term by term one or more times, yields constant(s)
of integration. The integral constant may be zero,
for simplicity.

Step 3: Suppose the traveling wave solution of Eq. (3) can
be expressed as follows:
N ) N .
= dip+ M)+ elp+ M), (4)
=0 i=1

where either dy or ey may be zero, but both of them could be
not zero at a time. d; (i=0,1,2,...,N) and e¢;

(i=1,2,...,N) and p are constants to be determined later
and M(&) is
M(¢) = (G'/G) ©)

where G = G(¢) satisfies the following auxiliary nonlinear or-
dinary differential equation:

mGG" — hyGG' — hy(G')* — hyG* = 0, (6)

where the prime stands for derivative with respect to &; hy, ho,
h3 and hy are real parameters.

Step 4: To determine the positive integer N, taking the
homogeneous balance between the highest order
nonlinear terms and the derivatives of the highest
order come out in Eq. (3).

Substitute Egs. (4) and (6) including Eq. (5) into Eq.
(3) and the value of N obtained in Step 4, we obtain
polynomials in (»p + M) (N=0,1,2,...) and
(p+ M)y (N =0,1,2,...). Then, we collect each
coefficient of the resulted polynomials to zero yields
aset of algebraic equations ford;(i = 0, 1,2, ..., N)

Step S:

ande;(i=1,2,...,N),pand V.
Step 6: Suppose that the value of the constants d;
(i=0,1,2,...,N), e (i=1,2 ,N), pand V

can be found by solving the algebraic equations
obtained in Step 5. Since the general solution of
Eq. (6) is well known, inserting the values of d,,
e;, p and V into Eq. (4), we obtain more general
type and new exact traveling wave solutions of
the nonlinear partial differential Eq. (1).

Using the general solution of Eq. (6), we have the following
solutions of Eq. (5):

Family 1: When /,#0,
(hy — h3) >0,

. (G h oA smh( “’é) + Bcosh (2,1 )
M) = (6) 2‘; i 2¥ 4cosh (f£> + Bsinh (2/ g)

Wo="h —hy and ©=h +4h

Family 2: When h,#0, =/ —h; and @ =h; +4h,
(hy — h3) <0,
M) = (5) 2, V=0 —sin (57¢) + Beos (52¢)
G W 29 Acos <‘/A f) + Bsin (% 5)
(8)
Family 3: When h,#0, =/ —h; and & =h;+4h,
(hi = h3) =0,
G hy G
M@ =|=]=—2+—2— 9
©) (G) 21//+C1+sz ®)

Family 4: When /1, = 0, y = h; — hz and Q = yhy > 0,

B G NG, A sinh ( ) + Bcosh (@ 5)
9= (5) =5 1o (5¢) + Bsinn (2¢)

Family 5: When /i, =0,y = hj — hyand Q = yhy < 0,

. G _\/__Q—Asin<hI f)-i—BCOS(\/_g)
M) = (E) Y A cos <J_q> + Bsin (Fé)

(10)

(11)

3. Application of the method

In this section, we will implement the application of the new
approach of generalized (G’/G) expansion method to construct
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more general traveling wave solutions of the strain wave equa-
tion in microstructured solids. The governing equation of the
strain waves in microstructured solids is given by

— Yol + 50‘3“)@\%{

- (5554 - V2“7)MA‘,x11 + y(s(“Sux,\‘xxt + o56“):,(11!) = 0 (12)

Uy — Uy — €0y (uz)xx

Porubov and Pastrone [40] discussed the bell-shaped and
kink-shaped solutions of the strain waves in microstructured
solids in engineering applications problem. If y = 0, we have
the non-dissipative case, and governed by the double dispersive
equation (see [41] for details)

The balance between nonlinearity and dispersion takes
place when 6 = O(g). Therefore, Eq. (13) becomes

Uy — Uyxx + 5(13 Usxxx — 5“4“,\'.\’” =0. (13)

Uy — Uxx — 8{0{1 (u ) — 03Uyxxx + 0(41/[\,(,,} = 0. (14)

Now, using the wave transformation (2) into the Eq. (14)
yields:

(V2 = D — ey (1) + e(o3 — Ve )u™ =0, (15)

where «’ denotes the second derivative, and u® denote the
fourth derivative with respect to £. Eq. (15) is integrable, there-
fore, integrating we obtain

(V* = Du — eoy (u) + e(os —

where K is an integral constant.

Taking the homogeneous balance between »* and «” in Eq.
(14), we obtain N = 2. Therefore, the solution of Eq. (16)
takes the form:

u(&)=do+d,(p+M)+ds(p+M)* +e,(p+ M)

Vg + K =0, (16)

+e(p+M) 7,
(17)
where dy, d,, d>, e, and e, are constants to be determined.
Substituting Eq. (17) together with Egs. (5) and (6) into Eq.
(15), the left-hand side is converted into polynomials in
p+ MY N=01,2_.)and (p+ MV N=12..).
We collect each coefficient of these resulted polynomials to
zero, yields a set of simultaneous algebraic equations (for sim-
plicity which are not presented) for dy, d;, d>, €1, e> p, Kand V.
Solving these algebraic equations with the help of symbolic
computation software, we obtain following:

Setl: d, =0,d, =0,
1
K=—- (=162 V iy’ —
deoy it )
— 82 V2 Inhay + 1662V auhioshgy — 1662020507 + V2

+ 28 VPouhyos — 03y + b — E Vel — 205 17),

8e2o2 i3 hay + 3262 V2 ago iy’

dy = 5 {128V20C4]7 l// 1280(3]721//2 + 128V2fx4h2p1//
Zsoclh
— 82V auhyy— 12803 hapty + Seoshaty — VIt + It
+ 8V2064h§ — 80(3}1%}, (18)

6
el =—— {0{3/’!4}12 — 063h§p — 2O(3P3 lﬁ2 — 30(3/12p21ﬁ + 20(3]14plp

+ O(4h P— 14 064/121’14-‘1-2V20(4]) l// +3V2064h2]) l// 2V20(4h4]71//}

e = {hz 2oy(14p°) —05) + (2hap™y — p*yr*) (05 — VPou)

fa3th —2hy(p* — phy) (o3 — V2a4)},

where Yy = hy — h3, hy, hy, h3, hy are free parameters and V, p
are constants

Set 2:
dy= 6h2(2V2a4plﬂ + V2ol — 2oy —o3y),e; =0,e,=0,
o
6 2
= ———(—u? + Vag)?),
wl (19)
dy=— ! - (12eVayp? W2 = 12e03p20% + 126V oy hypil
280(1/1[
— 86V aghg\y — 12803 hapiy + 8cois hatp — VZhT +hl
+eVPoyl — ea3h3),
_ 1 2742722 2212 212 22
K=- L (=162 Vi gy — 82 aghahayy + 3267 Voo iy
4eo h) °
— 8V 2o hay + 1667V ouhyonhay — 166203 gy” + V2 4*
+ 267 V2 auhion, — 2ol + iy — VA h3od — 2K V),
where Y = hy — hs, hy, hay, h3, hy are free parameters and V, p
are constants
Set 3:
6y ) _ ok _
d, fm(% — V), e =0, P*—E? dy =
1
=5 (=1 + Vi — 8easha\y + 8eV oyt — 2e0uhy + 26V oul3),
sou hy
3
_W (—1130(3 + hg V2o + 8/1% V2oyhaty — 8/1%053/14¢
+16V2 oyl — 16agl1i¢2),
(20)
1
K=— ; (51262 V2ol — 256623 h3y°

480(1/’11
— 256 Va2l — 12862025 hay + 2568 V2ol o haty
— 1282V a2l hay — 213V + V2 -kt — 1662023
— 1682 V*h302 + 32 V20(41120h)
where y = hy — ha,p,hy,hy,hz,hy are free parameters and V'is constant.

For set 1, substituting Eq. (18) into Eq. (17) along with Eq.
(7) and simplifying, yields following traveling wave solutions
(if 4 = 0 but B#0; B = 0 but 4 #0) respectively:

L6 h VB (VB
ull(é)_2soc1hf+oclh2 {lz( 21//+21// coth <2h1 >)
h Vo Ve N\

#3530 (5,9)) }
ly 6 hy \/6 \/5 -
—28a1h%+r}ﬁ{b(p+ﬂ+ﬁtanh(2—;“5))

h Vo <\/5 ))2
+1h +—+—tah ,
( Yy 2y 2h
where
Iy = —{12eVaup™* — 12eoap™” + 126V 0hopy

—862 V2 aghathp—12e03opiy + Seashay — Vit + by
+eV2auh; — 80(3/1%},

ulz(f)
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b= {o3hyhy — a3l5p — 203 p° W — 3oz hop + 203 hapiy
V20(4h§p7 V214h2h4 +2 VZO(4[)3 l//2 +3 V2d4h2p2lp -2 VZOQ;I’MPW}7

and

L= —{h2 V2ay(1 + p*) — o3) + (2hap™y —P4‘P2)(Of3 — Vay)

— 2 (PM — phy) (o — Vo)),

If 4 = 0 but B#0; B = 0 but 4 #0, substituting Eq. (18) into
Eq. (17), along with Eq. (8) and simplifying, the exact solutions
become respectively:

o 6 hy V-@ V-2
uh(é)_zﬁdllﬁ—’—cx]hz{b( +ﬂ+ o cot( z))

— wsh3p?

hy =@ V=b \\
Jrls( +E+W Ot(zhl 5)) }7
l] 6 h2 \/3 \/3” B
“14(5)‘M+W{lz(p+ﬂ‘—zw un ()
h V=B (VBN
+13< +E—th(2hl g)) }7

Substituting Eq. (18) into Eq. (17), together with Eq. (9) and
simplifying, the obtained solution becomes:

L 6 hy G )1
(&) = +—59h(p+5r
() = 2o T i { ’ (" WGt Ge

+1( iy G )
\2 21// Ci+ Gé ’

If A =0but B£0; B= 0 but 4 #0, substituting Eq. (18)
into Eq. (17), along with Eq. (10) and simplifying, we obtain
following traveling wave solutions respectively:

L6 Ve (e
el Y ol {17 < 2 coth < hy é))
va . (va "
L6 Ve (va\
u17(f) = 280(1/1% + m {12 <p + 7 tanh <— f))

-2
+1; p+\/—§tanh @f .
1 h
If 4 =0but B#0; B =0 but 40, substituting Eq. (18)

into Eq. (17), together with Eq. (11) and simplifying, the
obtained exact solutions respectively become:

-1
/ 6 V—Q V-Q
- s+——=<hlp+ cot [ ——¢
2e00hy  anhy v hy

+13<p+\/l;_gcot <\/h_1_95>> },

ul(,(é)

ulx(i)

o 6 v=a_ (v=a.\\
y (6) = Qe /it i ol {12< W tan ( hy i))

oL (2)) )

where ¢ = x — V1.

Similarly, for set 2, substituting Eq. (19) into Eq. (17), along
with Eq. (7) and simplifying, the traveling wave solutions be-
come (if 4 = 0 but B#0; B = 0 but 4 #0) respectively:

(@) = 1h2 (Beha (V25 — ) + (V2 = 1)

+ (Vo — o3) (2gh§ — 3gdcoth? Q/Ta? c>)
(&) = EoE (8ehap(eV?os — ) + Iy (V2 = 1)

+ (Voy — ) (Zsh 3¢dtanh’ (;/75; g))

If 4 = 0but B20; B = 0but 4 #0, substituting Eq. (19) into
Eq. (17), along with Eq. (8) and simplifying, yields exact solu-
tions respectively:

uy, (&) = /2(88h4l//(8V 0(475(-4)4»]1 (=1
o h
+ (Vo — ) (28/1; + 3edcot? (\/3 é))
2/11
Uy, (&) = — (Behap (Vo — 03) + RV = 1)+ (Pay

290(1111

—o3) (erh% + 3edtan’ (\/_—(ﬁ 5)),

2hy
Substituting Eq. (19) into Eq. (17), along with Eq. (9) and
simplifying, the obtained solution becomes:

U, (&) = Sehqy(eV20y — o3) + I (V2 — 1
25(€) stlhf( (el oy — o) ( )

C 2
+ (V2a4—a3)<2shz 12¢ey° (C +7C €> ))
1 2

If 4 = 0but B#0; B = 0but 4 #0, substituting Eq. (19) into
Eq. (17), together with Eq. (10) and simplifying, yields follow-
ing traveling wave solutions:

e () qeTwE (8ehath (V0 — o) + 1 (V2 — 1)+ (03 — Vo)
1

X <£h§ - 128\/§<<hzcoth <\2§§) —VQcoth? (\}/155> > ) >7

u, (&)= 28;1}[ (8ehap(eVouy —ot3) + I (V2 — 1) + (03 —

X <£h§ —12:VQ < (hz tanh <\Z§€> —v/Qtanh? (fﬁ) ) > ) ,

If A = 0but B#0; B =0 but 40, substituting Eq. (19) into Eq.
(17), along with Eq. (11) and simplifying, the exact solutions become:

V2064))

us (&) = ! ——— (8ehq (VP —o3) +hF (V2 = 1) + (a3 — Vo)

2eo i}
X (shi — 123\/5( (ihz cot ({5 > +VQcoth? (fg) > > )
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1
1y, (&) = —— (8ehap(eV 2oy —o3) + I (V2 — 1) + (013 — Vouy)
2e00 1y

X (shg +12:VQ ( (ihz tan (?5) —/Qtan? <?5> ) ) ) 7

where £ = x — V1.

Finally, for set 3, substituting Eq. (20) into Eq. (17), together
with Eq. (7) and simplifying, yields following traveling wave
solutions (if 4 = 0 but B#0; B = 0 but A4 # 0) respectively:

IA 30 5 (VP
= —— (a3 =V th” | ——
s, () 26lehf + 2oclhf (2 %) c0 2h :
31 [
—52 tanh? (\/__é)
20 hy 2h
IA 30 5 (VO
= - - V ay) tanh™ [ ——
(&) = g e Vo) tanhT{
315 2<x/5 )
+ coth™( —¢& ),
20, h; 2 ¢
where

Iy = fhf + Vhf — 8eoshgy + 8V ashay — 25054/15 + 2¢ Vzoc4h§,

and
Is = —(=hyon + h3VPou + 81 V:ouhay — 8hyoshay
+ 16V2cx4hil//2 — 16a3/1i¢2),
If 4 = 0but B#0; B = 0but 4 #0, substituting Eq. (20) into

Eq. (17), along with Eq. (8) and simplifying, we obtain follow-
ing solutions respectively:

N 3P ) 2(\/747 )
= — — 1 t
s, () 2£a1h% Zalh% (2 %)co 2h ¢
35 ) <\/—<15 V)
- 5 tan ¢,
2(15061/11 2hl
N 3P 5 ) (\/745 y)
=————— (a3 — V°ay)ta _—
s, (¢) 26a1hf Zalh% (2 %) tan hy :
V-0
__ 35 2cot2< (Z),
2@0(1}11 2hl

Substituting Eq. (20) into Eq. (17), along with Eq. (9) and
simplifying, the obtained solution becomes:

2

Iy e ) ( G, )
= +— (3 — Veou) | =———
280(1/’1% O(ll’l% ( } 4) Cl + CQC

L3 ( G )‘2
Sl \C1 + &)

If 4 = 0but B#0; B = 0but 4#0, substituting Eq. (20) into
Eq. (17), along with Eq. (10) and simplifying, yields following
exact traveling wave solutions respectively:

u3g (&) i + o (05 — V2aty) <_—hz+\/—500th (%f))

Uss (é)

:2£a1h% i 2y Y
)
+% ;h2+@(30th @é ,
Sy \ 2y hy

@ = S (%_Vw(’” Y (“—i))

= — 2+
2806111% oclh? 2 v h
2
3l —h Q Q
; 3 - + £ tanh £ f ,
80(1/’[1111 2‘// l// hl

If 4 = 0but B#0; B = 0but 4 #0, substituting Eq. (20) into
Eq. (17), along with Eq. (11) and simplifying, the obtained ex-
act solutions become respectively:

£) — la 6‘p2 2 —hy V-0 @V ?
w0t g (355 ()
s _—hz—l-@cot mf N
Sy \ 2% Y Iy :

N 4 o voa_ (v=a\\
6= o (345 (554))
3 (= v=a  (v=a\\

~ tan 14 ,
By’ \ 200 ¥ hy "

where £ = x — V1.

In this article, we obtain twenty seven solutions with
more free parameters by the new approach of generalized
(G'/G)-expansion method. Accordingly, the applied method
might be an advance and efficient mathematical tool in solving
nonlinear equations that arise in the field of engineering
problems. If y# 0, (12) can also be solved by this method.

4. Discussions

The advantages and validity of the method over the generalized
and improved (G’/G)-expansion method have been discussed in
the following.

4.1. Advantages

The crucial advantage of the new approach against the gener-
alized and improved (G’/G)-expansion method is that the
method provides more general and abundant exact traveling
wave solutions with much real parameter. The exact solutions
of PDEs have its important significance to disclose the internal
mechanism of the complex physical phenomena. Apart from
the physical application, the close-form solutions of nonlinear
evolution equations assist the numerical solvers to compare the
accuracy of their results and help them in the stability analysis.

4.2. Validity

In Ref. [15] Akbar et al. used the linear ordinary differential
equation as auxiliary equation and the traveling wave solu-
ti.ons are presented in the form, u(&) =Y m’ where
either e_,, or ¢,, may be zero, but both e_,, or ¢, cannot be
zero at the same time. It is worth mentioning that some of
our solutions are coincided with already published results, if
parameters taken particular values which validates our meth-
ods. Moreover, in Ref. [15] Akbar et al. investigated the
well-established strain wave equation in microstructured solids
to obtain exact solutions via the generalized and improved
(G'/G)-expansion method and achieved only six solutions (see
Table 1 below). Moreover, in this article twenty seven solu-



Table 1 Comparison between newly obtained solutions and Akbar et al. [15] solutions.

Solutions obtained in this article

Akbar et al. [15] solutions

Ifh = 1,hy=2hy =3\ hy=2%¢=1 Q= 7%and u(x, 1) = up, (¢) becomes:

312

) 1
S a 24 Ao o2, g2 _ 2
P (o3 — VPay)coth (2 f) + P {202 (03 — Vo) +1— 12}

U, (é) =

Ifhy=1,hy =2 h =30, hy =22 e=1 Q= —)>and
u(x, t) = up, (&) becomes:

342

U, (é) = 7“1

il 1

(3 — V2ag)eot? (L&) 4+ {—22(as — VPag) + 1 — 12}
2 20{1

Ifhy =1,h3 =0, hy =24, hy = —2% ¢ = 1 and u(x, 1) = uy, (&), becomes:

6 G\ 1=
= — V2 _
s (¢) o (e %) (Cl a4 Czé) 20

Ifh =1, h=0h=—-h =0 Q=/>and u(x,t) = uy, (¢) becomes:

ull(é):a_(M_V%M)x(d—),) (d—%—l—%coth(;f))z

6d

061

24 2d — 2)(d - 2)(os — VPtg) x (d—§+§ coth Gg))l

280( — {2 (Vg — a3) + 12ed(d — 2) (o3 — Vo) + 1 — V?}
1

Ifh =1, hs = 0,hy = =), hy = 0, Q = —)? and u(x, t) = uy, (&) becomes

. 6d A il i2 \\
MIB(Q) = a—(ag — V2OC4) X (d— ))2 X (d—z-f—? cot (Eé))

1

6d(2d )(d— 2) (o3 — V) ¥ (d_%+% (%é))l

o

28 ——{e)? (o3 — Vo) + 12ed(d — 1)(03 — Vo) + 1 — 12}
o

IfA=0, u=0, d=%, ¢=1and u(x, 1) = uy, (£), solution u, (&) becomes:

(063 — V20(4)C0th2 <% é> +2L{—2/L2(oc3 — VZOC4) +1— V2}
o

IfA=0,u=0,d=4%, e=1and u(x, ) = uy,(£) becomes:

377 i 1
ulz(ﬁ) = —2—“1( V20(4)C0t2(2 i) — 27”{—2]?(0(; — V20C4) +1— Vz}
If u=0, d=4%, ¢=3and u(x, ) = uy, (&), becomes

6 ) B \* 1-12
(@) = = V) (15 ) 5

If 4 =0, u=0and u(x,t) = uy, (&), becomes:

] =)
uzl(é):%lz(og—Vzm)x(d—)») (d—%+%coth <26)>

1
6d
OCl

1
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Ifhy =1, h3 =0, hy = —2 and hy = 0 and u(x, ) = uy, (&) becomes:
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No solution found corresponding to this solutions.

No solution found corresponding to this solutions.
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tions of the strain wave equation in microstructured solids are
constructed by applying the new approach of generalized (G'/
G)-expansion method.

Similarly, no solution is found corresponding to the solu-
tions uls(é)’ ule(é)’ u19(é)’ uzz(‘f)’ u24(6)’ uze(ﬁ)’ u29(£)’ u32(6)
and w3, (&) in the Ref. [15].

5. Conclusion

In this article, the new approach of generalized (G'/G)-expan-
sion method has successfully been implemented to investigate
the nonlinear partial differential equation, namely, the strain
wave equation in microstructured solids. Abundant exact trav-
eling wave solutions including solitons, kink, periodic and ra-
tional solutions are attained. It is worth mentioning that some
of newly obtained solutions are identical to already published
results. It has been shown that the applied method is effective
and more wide-ranging than the generalized and improved (G'/
G)-expansion method because it gives many new solutions.
Therefore, the method can be applied to study many other
nonlinear partial differential equations which frequently arise
in engineering, mathematical physics and other scientific real
time application fields.
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