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Abstract

We prove a conjecture due to Y. Last. The new determinantal representation for transmission coefficient
of Jacobi matrix is obtained.
© 2008 Elsevier Inc. All rights reserved.

In this paper we consider discrete Schrodinger operator on the half-lattice with bounded real
potential v

V1 1 0 0
1 vy 1 0

J=10 1 vy 1 (1)
0O o0 1 g

In [1], Last posed the following problem

Conjecture 0.1. Prove that the following conditions: v, — 0 and
Upntqg — Un € 0

(q € ZT—fixed) guarantee that 6,.(J) = [-2, 2].

E-mail address: denissov@math.wisc.edu.

0021-9045/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jat.2008.08.013



https://core.ac.uk/display/82026382?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/jat
mailto:denissov@math.wisc.edu
http://dx.doi.org/10.1016/j.jat.2008.08.013

S.A. Denisov / Journal of Approximation Theory 158 (2009) 194-213 195

The symbol o,.(J) conventionally denotes the absolutely continuous (a.c.) spectrum of self-
adjoint operator J. In this paper, we give an affirmative answer to this question. The manuscript
consists of two sections. The first one is mostly algebraic, it contains the determinantal formula
for the so-called transmission coefficient that allows us to immediately treat the case ¢ = 1. In
the second part, we show how asymptotical methods for difference equations provide the solution
for any ¢. The appendix contains elementary lemmas for harmonic functions which are used in
the paper.

Recently, many results on the characterization of parameters in the Jacobi matrix through the
spectral data were obtained and the £2-condition on coefficients was often involved in one form
or another (see, e.g., [2-5]). This paper makes the next step in this direction by developing the
technique suggested in [6].

We will use notations: (§v), = Vpt+1 — Un, (§Dv), = Vntq — Un, Xjem is the characteristic
function of the set M. For the sequence o € ¢”, the symbol ||a||, denotes its norm in £7.
As usual, the symbol C denotes the positive constant which might take different values in
different formulas. For any matrix B € Ck>k | the symbol || B|| will denote its operator norm
in CK. Consider a linear bounded operator A acting in the Hilbert space. Assume that it is
Hilbert—Schmidt, i.e. A € S,. Then, we define the regularized determinant by the formula (see,
e.g., [7D

det,(1 + A) = det(/ + R2(A))
where
Ry(A) =+ A)exp(—A) -1 € 5.

The symbol S, is reserved for the standard Schatten—von Neumann class.
1. Determinantal formula and ¢ =1

It will be convenient for us to start with Jacobi matrices on ¢2(Z). Let H be a discrete
Schrédinger operator on ¢2(Z) with potential v. Later on, we will make the following choice
for v. For positive indices, it will be taken from (1). For negative indices, it will be set to zero.
By Hyp we will denote the “free” case, i.e. the case when the potential v is identically zero on all
of Z. Consider the right and the left shifts acting on £2(Z)

(Rf)n = fa-1 L=R"

Obviously, R = L~!. For any z € C, introduce the following diagonal operators A(z) = {A,(z)}
and A%(z) = A(z) - I, where

2 2
—vn_[(Z—Un)2—4]l/ 5\( )_Z—[Z2—4]1/
2 ’ 9= 2
and v has a cut along the positive axis. Notice that both functions map the upper half-plane into
the lower half of the unit disc, i.e. {z € C: |z] < 1,Imz < 0}. Let §A(z) = A(z) — Ap(z). We
also need the finite-dimensional versions of these operators. Take m = 2n + 1-dimensional linear

hn(2) =~ @

space spanfe_,, ..., e,} and let R, and L, be right and left cyclic shifts, respectively. They are
unitary operators and L, = R, L Let A, /12, §A, = A, — /12 be restrictions of A, A°, and §A.
Define wj = Ajy1 — Aj, j = —n,...,n — 1, w, = A_, — A, and the corresponding diagonal

operator {2, = {w;}, j =—n,...,n.
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If K, =L, + R, — A, — A7, then we have an elementary

n >

Lemma 1.1. For any z € R, we have

(Ln - An)(Rn - An) = _AnKn - QnLn = _KnAn - RnQn
(Rn - An)(Ln - An) = _KnAn + QnLrw

Proof. The proof is a straightforward calculation. [

Lemma 1.2. Forany 7 € CT,

_det(Ly — Ay) det(R, — Ay) .
det K, = — oL exp (tr [QnLn[(L,, — AR, — A)] ])
x dety[1 + 2y Lol(Ly — A)(Ry — 4171
_det(Ly — Ay) det(R, — Ay) 3)
- det A,
x exp (tr[ 2 Lal(Ro = A} (Ly = An) = RuS = 2 Lal™'])
x deto[I + 2y Ln[(Ly — A)(Ry — A)]17']
_ det(Ly — Ay) det(Ry — 4y) 1
detK, = — i exp (tr [~ 2 Lal(Ry = A0) (Lo = 40)17'])
x dety[I — Dy Lu[(Ry — An)(Ly — A)17'] 4
detK, = _det(Ln — Ay) det(R, — Ay)
det A,
X exp (% tr [QnLn(Ln - An)_l(Rn - An)_l(Rn-Qn + QnLn)
X (R, — An)_l(Ln - An)_l] )
x [detz[l 4 LRy — A) ™ (L — 47"
1/2
X detz[l — Ly (L, — An)_l(Rn - An)_l]] . (5)

Proof. (3) and (4) follow immediately from the previous lemma. Multiplication of (3) and (4)
yields (5) after application of the second resolvent identity:

A+V)yT—al=—a"lva+wv)!
and taking the suitable square root. [
Writing down the formula (5) for the “free” case with

KO=L,+R,— A% — (A%)~!
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and dividing, we have

I— (L, — A%"154, I — (R, — A9~154,
det [Kn/K,?] _ det(Z —( N=154,) det(I — ( N=154,)
det[A,/A9]

X exp (% tr [!ZnLn(Ln — /1,1)*1

X (Ry = An) ™ (R + QL) (R = M)~ (L — An)—l])

x [detyll + QuLu(Ro = A)™ Ly = A7

X detyll = QuLy(Ly — A Ry — 4~ ] . (6)
Later on we will need the following bound.

Lemma 1.3. For any z € CT and v, we have the following estimates for the operator norms

I(Ly — A) 7' < CAmz)'(A +1Imz), (L -7 < CAmz)~'A +Imz) (7)
(R, — Ap) 7' < CAmz)~' (1 +Imz), (R — A7 < CcImz)~(1 + Imz).

Proof. Writing A(z) in polar coordinates, one can prove that

- —VZZ=4| Ja+(Imz?-1
5.(0)| = Z Z < + (Im z) mz7 cecCt
2 2
and
V4+ (Imz)?2 —Imz
A, < > .
Since
Clmz
ToIme = 1= [[Apll < [((Ln = A [y Ln )1 < (L — A) £, IFl=1
+1Imz

we have the statement of the lemma. The statements for L, R;, R have the same proofs. [l

Taking n — oo in (6), we get

Lemma 1.4. Assume that v is supported on |j| < I. For z € Ct,

det(I — (L — A%~18A) det(I — (R — A%)~151)
det [A/A0]

det[(H —z2)/(Hyp — 2)] =
X exp (% tr [QL(L ~ )Y R = )TN R2+ QLYR — AN - A)—lD
1/2
x [detyl1 + QLR = )7L = D7 detyl1 = 2LL = HT'R=DH7] T ®)

Proof. Since v is compactly supported, all determinants and traces in (6) and (8) are taken of the
finite matrices with size of order ~ [. Therefore, it is sufficient to check that the corresponding
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matrices converge componentwise, which follows from the bound (7). In the same way one can
show that

det[I + (K™Y (K, — K®)] — det[I + (Hy —z) "' (H — Hp)].
Then, taking n — o0 in (6), one has (8). U

Lemma 1.5. If 7 € C*, then

n

(L= = DY M HF@ficr, IR=ADT =) 3@ fig
k=n

k=—00
Proof. The sums are in £%(Z) by Young’s inequality for convolutions since |1(z)| < 1. The rest
is a direct calculation. [J

By inspection, we have
Lemma 1.6. If 7 € C¥, then

da[[—(L—<N5_%A]=:L da[l—(R-A°y*5A]=1

l ~
det[/ﬁhdf‘] - 11 [x(z)/xj(z)].
j=—1

Proof. It is a direct corollary from Lemma 1.5. O
Thus the formula (8) can be simplified and we have

Lemma 1.7. For compactly supported v,

o0

det[(H = /(-1 = [ [f@/%,@)]

j=—00

xew<%{QUL—A)%R—m‘m9+0mm—A)%L—m‘D
12
x[mQU+QuR—AY%L—AYH@%U—QL@—AY%R—M”] )

Consider the first factor. Take any sequence v = {v;}, j € Z of real numbers such thatv; — 0
as |j| — oo and let vV =v. X|jl<N be its truncation where N is large. For each NV, introduce!

N
WKBx () = [] [F@/2)]
j==N

where A (z) and i(z) are defined in (2). Obviously, if v is compactly supported, then WKB n (z)
will coincide with the first factor in (9) as long as N is large.

I The use of symbol WKB is justified by analogous results in asymptotical theory of ordinary differential equation
(see, e.g., [8]). This abbreviation is after Wentzel-Kramers—Brillouin.
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Notice that, for any fixed &, we have
IWKB,~(2)| =1 (10)

for any z € [-2 4+ 8,2 — §] and any N provided that ||v|| o is small.

In scattering theory, the inverse to the transmission coefficient is usually denoted by a(z).
We will introduce its modification (or, rather, regularization). It will be denoted by a,,(z). For
compactly supported v, consider the second and the third factors in (9). Let

am(2) = exp <% tr [QL(L — YR =) RQ2+ QLYR — )~ (L — /1)‘1])

x [det [I + QLR — A)~'(L — &)~ det,[I — QL(L — A)~' (R — /1)*‘]1/2 (11)
2 2 .

The relevance of ay, (z) to the scattering will be clear from the proof of Theorem 1.1.
We want to control a,,(z) for Imz > 0 and |z| < 4. Specifically, we need estimates on the
boundary behavior as z approaches [—2, 2]. For the Hilbert—Schmidt norm || {2|| 52 of {2, we have

[121ls2 < Clisvl2.

Combining this estimate with (7), we get

Lemma 1.8. For Imz > 0, |z| < 4,

Infan )] < c 12012 (12)
T T Imgt
Also, for any fixed € > 0 and any 7 : Imz > €, |z| < 4, we have
lam (2)] > C(e, [|5vll2) > 0 13)

provided that ||§v||2 is small.

Proof. The estimates follow from Lemma 1.3 and from the properties of the trace and det,
(see [7], p. 107 (b)). O

Now, we are ready to prove the main statement of the first section.

Theorem 1.1. Assume that v, — 0 and v,4+1 — v, € 62(Z+). Then, o4.(J) = [-2, 2].

Proof. By Weyl’s theorem, the essential spectrum of J is [—2, 2]. By the Kato—Rosenblum
theorem, the support of a.c. spectrum does not change under the trace-class perturbations and
Oac(J) = 04c(J (L)) where J(L) has potential v(L) = v - xj>L.

lv(Dlloo + I8v(L)ll2 > 0, L — o0 (14)

and therefore we can assume ||v] s + ||v]|2 to be as small as we wish.

For large N, consider truncations oV e vV = v - Xj<N- Also, take HY on EZ(Z) with
potential v; = vjv for j > Oand v; = Ofor j < 0. Let J N denotes analogous truncation for
J. Then, the Jost function v, (k) is defined as the solution to H Ny = (k + k! )y that satisfies
Yu(k) = k" forn > N.Itis well known that such a solution exists for all k # 0. We will be
interested in k : Imk < 0, 0 < |k| < 1 which corresponds to z = k + k~lecCHt.
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Since vj.v = 0 for negative j, ¥, (k) = a”v(2)k" 4+ b (2)k™" for n < 0. We will use the
following well-known facts

N _
aN(Z)=(ht[§%v——E}

0 —Z
a¥ ()| >1 forze (=2,2) (15)
1 4|sinf| N
Imm"™(z), z=2cosf €[-2,2] (16)

N @R~ mV () + e ]?

(see p. 346, [2]), here mN (z) is the Stieltjes transform of the spectral measure doy (A) of J N,
From (15),

2-48
/ Inla¥(z)|dz > 0
—2+4

for any small § > 0.

Consider the formula (9) for a™ (z) and use (10), (11), and Lemma A.3 from Appendix with
f(z)=—In |ar],\l’ (2)],a = =243, b = 2 — 4. The estimates (12)—(14) guarantee its applicability
because the function @’ (z) is continuous up to the real line in the specified domain since v" has
a finite support. Thus, we have

2-8
—/ In |a,1,\,[(z)|dz > —C.
—2+45

Therefore, due to (10) and (16),

2-5
/ Inpy(z)dz > —C a7)
248

uniformly in N. Since dpy(A) — dp(A) in the weak sense [2], the semicontinuity argument
from [3], Corollary 5.3 gives

2-8
[ Inp'(z)dz > —C (18)
—2+46

for all § > 0. This implies that the a.c. part of the spectrum covers [-2,2]. O
2. Last’s conjecture for any ¢

In this section, we will apply the standard method of asymptotical analysis to study the
Schrodinger difference relation, then the asymptotics obtained will be analyzed to conclude the
presence of a.c. spectrum.

Consider a general solution

Xpt1 +VpXp + X1 =2X5, n=12,...

X,,=|:x"+11|, n=0,1,...

Xn

an(-Q‘I'Vn)anlv Q:[i _01:|,Vn=Un |:_1 O:|,Vl=1,2,....
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If Z, = Xomg, then

Zms1 = TpZm, m=0,1,... (19)
where
T = (Q + qu+q) s (»Q + qu+l)~
Let
24
o= 2Z

so that k(z) maps (C~\ [—2, 2] onto D conformally.
Notice that if P, P and Q, Q are (¢q,q — 1)th and the (¢ — 1,9 — 2)th polynomials
corresponding to the first Jacobi coefficients vy, ..., v, and (1,0), (0, 1) initial conditions,

then
Py 0O
T — m m .
= o]

Notice that det 7;, = 1 and therefore Ism On— Py Qm = 1. We also have

ka+1 _ p—q—1 k9 — k=4
04 — k—k-! k—k-!
k9 — k=4 ka—1 _ p—q+1
k— k-1 C k—k!
and therefore
P+ Qm =k + k0 +dk, Vg1 - -+ » Umgtq)- (20)
The function d(-) is a polynomial in v;;g41, ..., Vng4q and
dk, Ving+1, -+ s Umgtq) = 0, m — oo. 21

Introduce )»Y("z)) by

Ism m ﬁm m2_4
L _ + Om F/ (P + Om) ' 22)

12 = 2

These are the eigenvalues of T,,,.
Let us take U,,

(m) (m)
- Qm + A - Qm + A :|
Uy, = 1 2. (23)
" [ P Py
Then we have
1
Pt (A§m+1) _ A;nz+1))

1 1
P G = 0w = PGS = 0 Pt 057 = 0u) = Pu G = 041)
*Pm+l(}¥(lm) - Qm) + Pm(}hl (m+1)

-1 _
Um-HUm -

D = 0 =Py 057 = Q) + Pa "V = Qi)
(24)



202 S.A. Denisov / Journal of Approximation Theory 158 (2009) 194-213

The matrix Uy, can be used to diagonalize 7, as follows
Tn(2) = Un (@) An (DU, (2)

where

I R ETCO
Am(Z)_[ 0o A"l

Lemma 2.1. The matrix T,, has eigenvalues kgrg) (2) such that

)Lgm)(z) . )g”)(z) =1, zeC (25)
PV DI =1, zele;+8@, 201 —8@] j=0,....q—1
and
5(v) — 0
as
¢m = max{|Vmgiqls - - -5 [Vmg11} = 0.

Herezj =2cos(mr —mj/q), j=0,...,q.

Proof. The first identity follows from det 7;,(z) = 1. Since the function d(-) in (20) is real for
real z, the second one is immediate from (20)-(22). O

Notice that 29 has eigenvalues

Z:I:VZ2—4)q

w1 =kT(z) = ( 3

We have the following elementary perturbation result
Lemma22. [f0<Imz<1,z;+8<Rez<zj;11—-6,j=0,...,q9—1, then
AY?z)) () = w12)(2) + O(Lm)
Z SO R NE) P ocw) (26)

and § > 0 is fixed arbitrarily small number. Moreover, for all 7 in these domains we have the
following estimate

In A" (2)] = (C + O(¢n)) Imz 27)

with some positive constant C. We also assume here that m > mo(8) and mo(8) is large
depending on 4.

Proof. For d(-), we have |d(k, Vg1, ..., Ung+q)l < Clenl. It is also a polynomial in
Umg+1s - - - » Umg+q- Then, (26) follows from the Mean Value Theorem and (20)—(22). To prove
(27), we fix j and consider the following function

h(z) = In |2 (@) fr (2)]
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harmonic in the domain of interest: 0 < Imz < 1,z; +§ < Rez < z;j411 — 4. On the real line,
ie,forz; +8 <Rez < zj41 —8,Imz = 0, we have 2(z) = 0 and at all other points we have

h(z) = O(&m)-
Therefore, the interpolation Lemma A.1 gives
h(z) = O(fm) Imz.
For w1 (z) we have |w;(z)| > 1 4+ C Im z with positive C, and one gets (27). [
Let us find Z,, in the form Z,, = U,, S,, and

Smi1 = Uyt TnUnSm = Uy Un A S = (U 4 (U = Upg1) + 1) Ay S (28)
Lemma23. [f0<Imz <1,z; +d <Rez <zj41—36,j=0,...,q9 — 1, then for the matrix

norms we have
1U, 4 (Ui — Uns)ll2 < C.
Proof. Away from the points zj, ||U,;j_l|| is uniformly bounded and the proof follows

immediately from (23) and (26). O
We need the following

Theorem 2.1. Let

Kn 0 an  PBn 1
Upyr = U+ W | T W= . W=,
n+1 ( n) |:0 K 1] n n |:)/n 5ni| 0 |:O:|

where k, € C, C > |k,| > |k| > 1, the sequence ¢, = |Wy|| € £2(Z) and its € norm is small.
Assume also that there is a constant 0 < v < 1 so that

i !
n [T +anl| < C+ovi—k InJTI1 46 < C+vvi—k (29)
n=k n=k
Then,
!pn = DPn [f:i| y
where
n—1
Pn = HKj(l +aj), po=1
j=0
and
C Cv?
|@ul, [vn| < Cexp exp . (30)
k] =1 k] =1

Moreover, for any fixed € > 0 and any k : |k| > 1 + €, we have
|¢nl > C >0, lval < ClIZ|2 (3D

uniformly in n provided that || |2 is small enough.
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Proof. Let

_|pn O
w-[o 0w

where

n—1
an=[]e7'0+8),  q=1
1L

Then,
-1 -1
Yn+1 = —} qnpn+1Kn ﬂ” Y.
Pnq, 1KnVn 1
If
_ | ®n
v, = [
then
Va = quDy Un (32)
and we have the following equations
n—1
-1 -1
¢n =1 +ZCIij+1Kj Bjvj
Jj=0
n—1
—1
Un =) Pidi Vb (33)
=0
For ¢,,:
n—2 n—1
$n =1+ Z¢k6k,n, €k = Vi Py K Z K]lquﬁlﬁj-
k=0 Jj=k+1
For € p,
) J
(i 146
el < €= Clyel 3 181 el 2070 [T | —— (34)
j=k+1 =i |1 o
0 .
< Clul Y 1Bi1IKI20™ - exp (Cuy/j = k).
j=k+1

From the obvious inequality

S ; C Cv?
Z|K|_] - exp (Cvﬂ) < exp|: v ]
Jj=0

In k| In k|

and Young’s inequality for convolutions, we get an estimate for the £' norm of the sequence ¢
introduced in (34):

2

] =1

C
el = 'CXP[ ] Ayl - 1Bl (35)
k| —1
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This yields the same estimates for

n
Z €k 1|
k=0

uniformly in n. Now, to prove (30), one can use the following lemma below.

Lemma 2.4. If x,,, v, >0, xo = 1, and

n
Xn+1 = Z ViX;j
i=0

foralln > 0, then

n—1
xXp < vg exp [Z vj:| , n=>2; x1 < vp. (36)

j=1
Proof. 2 Consider the functions

(0.¢] [e )
X(t)=2xj)([j,j+1)(t), U(t)=ZUjX[j,j+l)(f)~
i=0 j=0

J
We have

t

-1
x(t) < vy —i—/ x(s)v(s)ds < vg —i—/ x(s)v(s)ds, t>1.
1 1

The application of Gronwall-Bellman inequality gives (36). [

The estimate for v, and the line (31) are straightforward corollaries from the bound for ||¢ ||,
(32) and (33), and the Cauchy—Schwarz inequality. [

Introduce

Un;-}-l(Um - Um+1) = [;.im lgm:| . 37

Then, (28) can be rewritten as

(m)
oam B A 0
S, =117 e 1 Sm- 38
i |: +[Vm 5mi|i| X|: 0 )\gm):| " (58)

Now, let us apply Theorem 2.1 to (38). Foreach k = 0, ..., g — 1, consider z in the following
domain: 0 <Imz < 1, zx +§ < Rez < zx4+1 — & where § is a small positive number. We have
A(lm) . Agm) =1 and |)»§m)| > (1 + CImz) by Lemma 2.1, (27). In our notations

am Bm
W, =
" |:Vm S ]

2 This lemma can also be proved by induction.
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and k,,, = kgm). The estimate | W, || € 22(Z) follows from Lemma 2.3. Now, let us control

n n

[Ta+en,  JJa+8

j=0 Jj=0

and the constant v(z) in (29).

Theorem 2.2. Forz: 0 <Imz <1, zx +8 <Rez < zx+1 =68, k=0,1,...,9 — 1, we have
]
[l +an <C+(CIm2) — k)2,
n=k
1
In[ 1148, <C+(Clmz)(I —k)'/? (39)
n=k

as long as ||v||so is small.

Proof. Consider the product for «,,, the product for §,, can be treated in the same way. In notations
of (24) and (37),

1
Pui1 G\ = Q) = Py WYY — 01
1 1
P "D =50 D)

1+ am) = =142 +2 48+t 40

where
1 PQO+1 _Pm+1Qm

m 1 1
Pm+1()\(1m+ ) )\’(szr ))

t2 _ _ Pm+1 — Py

" 2Pm+l

3 (Pm—i-l - Pm)(ﬁm—i-l + Qm+l)
- 1 1
2Py (" = 25"y

t4 __Ism—i-l_ﬁm"'Qm-H_Qm

" 204D gDy
i o /:;mm) oy
2D 30D,
since
P — P PG =) (Pug1 — P)AY" Y
Pm+1(x§m+1) _ Aé’”“)) Pm+1(kgm+l) — A§m+1)) Pm+1()»§’"+l) _ A;m+1))
)LEer]) _ )LgnJrl) )L(1m+l) _ Aém+l)

1 1 1
)‘ier ) )L(lm) ()‘(ler ) A§m+ )) _ (Aim) _ )L(zm))

(m+1) (m+1) — (m+1) (m—+1)
Al 0 2D gmt Dy

+ ﬁm+1 _ﬁm+ Qm+1 - Qm
2(}L§m+1) _ A§m+1))

as follows from (22)
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and
(m+1) D
(Pm+l - Pm))‘-z _ _Pm+1 — P + (Pm+1 - Pm)(Pm—H + Qm+1)
Pt 04" =20y 2Py 2P "D = 28D
Obviously, all t,f, € 2(Z"), j =1,...,5and are small if ||v| s is small.

Therefore, we have

=<

+C. (40)

)
Reln [ [ (1 +an)
n=k

5 ]
Z Re Z t,'{
n=k

j=1

We need the following lemma.

Lemma 2.5. Let €, — € € C, |e,11 — €,| € €2, and f(z) is holomorphic around €. Then,

<C

I
D (€ns1 —€n) f(en)
n=k

for k and [ large enough.

Proof. Consider g(z) holomorphic around € such that g(¢) = 0 and g’(z) = f(z). The Taylor
formula around €, yields

/

[
gleren) = 8(er) = Y glens)) = g(en) = Y [ Enr1 =€) f(€n) + Ollenss — &)
n=k

n=k
which shows that the second term on the right-hand side is bounded. [

Taking f(z) = z~! in the lemma yields

l
>
n=k

where j = 2, 5. Now, for the other j, consider the following functions

[
Re Y 11 (2)
n=k

which are harmonic near the intervals of interest. By Cauchy—Schwarz, we have

<C

l .
Re ()| <ci —k'? 41)

n=k

for any z in the specified domain. For real z within the intervals [z + 8, zk+1 — 8],
l .
Re > 41 (z) = 0. (42)
n=k

Indeed, all polynomials P, 13, 0, Q are real for real z. On the other hand, for real z within these

intervals and small ||v||s, we have Agm) = )Lg"), and so )\im) - Agm) is purely imaginary. Now,
the theorem follows from (41) and (42) and interpolation Lemma A.1. [
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As a corollary, we get

Theorem 2.3. Consider z : 0 <Imz <1, zxy +8 <Rez < z4+1 — 8, k=0,1,...,9g — 1 and
introduce k j(z) and oj(z) as before. If vi = v, = --- = vy, = 0and Xg = (k~Y(2), 1)!, then
we have the following estimates for the solution of the Schrodinger recursion:

C
~eXp E

where the first factor on the r.h.s. is uniformly bounded for z € (zx + 6,2k+1 — 8), k =
0,1,...,q9 — 1. Moreover, for any fixed € > 0 and any z : Imz > € > 0, we have

|an @) =

n—1
[]xi @0 +a;)
j=0

n—1 -1
Xng (2) <H kj(2)(1 +aj<z))> >C=>0

j=0
uniformly in n, provided that ||v||sc + 18P v||2 is small enough.

Proof. We have

1 1 —k
-1 _
Yo T k9 — k4 |:—1 kl]’
If
qu =Zn =UnSm (43)

then we have recursion (28) for S,, and So = (k(z) — k' (z))(k%(z) — k~9(z))~' (1, 0)*. From
(43), an explicit form (23) for U,,, and Theorems 2.1 and 2.2, we get the statement of the
theorem. [

Remark. One can easily see that the analysis suggested above proves the asymptotics for x, (z)
in the corresponding domains of complex plane, not just bounds from above and below. It is
also conceivable that the complicated product of 1 + «; in the asymptotics can be simplified and
possibly eliminated (as for ¢ = 1) by applying some analog of Lemma 2.5. We do not pursue it
here and employ technique which is somewhat more powerful.

Now, we are ready to prove the main result of this paper.

Theorem 2.4. If the Jacobi matrix J given by (1) has coefficients v, — 0 and vy14 — v, €
2(Z7) for some q, then o40(J) = [—2, 2].

Proof. By Weyl’s theorem, the essential spectrum is [—2, 2]. Take any small § > 0. We will
show that all intervals [z; + 8, zj4+1 — 6], j =0, ..., — 1 are contained in the support the a.c.
spectrum of J. Fix § > 0. Just like in Theorem 1.1, we can assume that ||v]|so + [|6@v]| is as
small as we wish.

Then, we will prove

Zj41—8 ,
/ Inp'(z)dz > —o0, j=0,...,9—1 (44)
Zj+9

where p(z) is the spectral measure of the matrix J. Consider the truncated potential vV =
V- Xj<N, the corresponding matrix J N and the spectral measure pN , (we take N = gm). Since
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the potential is finitely supported, there exists the Jost solution:

N N_N N _ N
xn+1+vn X, +xn71 = zX,

with the following asymptotics
x,llv =k" n>N.
Then, the factorization (see, [3], (1.32))
)
g @12

7 (p") (z) = ze[=2,2]

holds.

Obviously, x is the solution of the Cauchy problem x§ = k", x| = k! and x can be
obtained by solving the recursion “backward”. Theorem 2.3 can be applied then. Introduce the
function (modified Jost function)

m—1 -1
@ =x @) (kN [T+ (z))

j=0

where «; and «; are taken from Theorem 2.3 (with “backward” ordering for potential). From
this theorem,

C
on <o ()

mz

uniformly in NV aslongasz; +8 <Rez < zj11 — 6,0 < Imz < 1. On the real line,

m—1
kN l_[(l +oaj(2)kj(z)| ~ 1
j=0
and we obtain
Zj41—8 N Zj41—0
/ In(p™) (z)dz > —Cq — CQ/ In|fy(z)|dz (45)
Zj+4 Zj+4
Zj+1—9 Zj+1—9 +
[ cmipenta<a [T (e @) wre<c (46)
zj+6 zj+9

uniformly in N. Moreover,

[fn()]>C>0

if Imz > €(v), also uniformly in N.

The function —In|fn(z)| is harmonic in z; +6 < Rez < zj41 — 6,0 < Imz < 1
because x((z) has no zeroes in C* (otherwise the asymptotics at infinity would yield the complex
eigenvalue for JV which is impossible) and 1 + « j(z) # 0 since ||v]|oo is small. This function
is also continuous up to the boundary since the potential is finitely supported. Due to (46), the
Lemma A.3 of Appendix is then applicable. It yields

Zj41—9
/ (—In|fy@D">-C j=0,....,9—1
zj+4
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uniformly in N. By (45), we also have
AL N/
/ In(p™)(z)dz>C, j=0,...,q9—1.
zj+4

Now, notice that dp”¥ — dp weakly as N — oo (see, e.g., [2]) and the semicontinuity of the
entropy argument from [3] (see Corollary 5.3) gives (44). Since § > 0 was arbitrary positive, that
proves that the a.c. spectrum is supported on [—2,2]. [

Remark. It would be nice to perform analogous analysis for the general case of Jacobi matrices.
The determinantal representation of the Jost function for any ¢ is also interesting to obtain.
One can suggest more general conjecture: if v, — 0 and the Fourier transform v(x) €
L?((—m, ), w(x)), where w(x) — some reasonable weight, then the a.c. spectrum contains
2K ~!, K being the support of this weight.
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Appendix
In this Appendix, we prove several auxiliary statements used in the main text.

Lemma A.1. Assume that f(z) is harmonic in II = a < Rez < b, 0 < Imz < c and is
continuous on the closure II. Then, two estimates

If@l<vy, zell
and

f(@=0, z¢€la,b]
imply

|f(@)| <CyImz, a+8<Rez<b—34
and the constant C depends on the domain Il and § only.

Proof. Map II conformally onto the upper half-plane such that [a, b] goes to, say, [—1, 1]. Let
g(&) be the transplantation of f(z). Then, an application of the Poisson representation

LY 8

provides the necessary estimate. [

Consider the domain ¥ = {z = x +iy : a < x < b,0 < y < ¢} in the complex plane.
The next lemma is rather simple and is taken from [9]. Below, the constants C are all positive,
f-independent, and can change from one formula to another; f* denotes the positive/negative
parts of a real-valued function f (i.e., f* = fif f > 0and f = 0 otherwise, f~ = f — fT).
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c

.27

=]

Fig. 1.

Lemma A.2. Assume f(z) is harmonic on X, continuous on Y and

b
/ f+(x)dx <C (47)
f@<Cy™, zeXa>0 (48)
and
f(z1) > —C 49

for some z1 € Y. Then,

b—3§
Fm(x)dx > —C(6).
a+é

Proof. Take isosceles triangle ABC as shown in Fig. 1 and write the mean value formula for f

f f(z)w(z)d|z|+/ S(@Dw(z)d|z] +/ f@w@)d|z] = f(z1)
AB AC BC

where w is the harmonic measure for triangle and z; assuming that z; is inside it. That can be
rewritten as

/f_(Z)w(Z)dIZI-i-/ f_(Z)w(Z)dIZI+/ [T (@w(2)dlz|
AB AC BC

=f(Z1)—/ f+(z)a)(z)d|z|—/ f+(Z)w(Z)dIZI—[ [f@o)dlzl.
AB AC BC

By taking the angle y small enough we can always guarantee that w will decay fast at A and B
so that the integrals of f over AC, BC are uniformly bounded due to (48). The integral of £+
over AB is bounded due to (47). Therefore, since f(z1) is bounded from below by (49), we get
the uniform estimate for the left-hand side. If z; is not inside the triangle, an analogous argument
would work if one takes a slightly different shape (e.g., a curved triangle). [

In the main text, the condition that z; is inside a triangle can always be realized by assuming
the norm of v to be small.

The slight modification of the argument provides the next lemma which is crucial for our
considerations. It allows obtaining the entropy bounds from very rough estimates on modified
Jost functions.

Lemma A.3. Assume f(z) is harmonic on X, continuous on Y and

b
/ fr)dx < C

f(@)>-Cy™, zeX a>0 (50)
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D

Fig. 2.
and
f)<C (51
forImz > d(a) = C(1 + @)~ > 0. Then,
b—8
f(x)dx > —C($).
a+é

Proof. Take two equal triangles ABC and ADC as shown in Fig. 2. As in the previous lemma,

/ f*(z)w(z)dIZIJr/ f*(z)w(z)dlz|+f [T @w(z)d|z]
AB AC CB

= f(m)—[ [T@o@)dlz| —f [T @o()dl] —/ [T@o)dlz]. (52)
AB AC CB

By the same arguments, we only need to provide a uniform estimate from above for the integrals
over AC and BC. Consider the integral over AC, the other side can be treated in the same way.
Consider AC D with z; being symmetric to z; with respect to the line AC. The harmonic measure
for ACD and z; is equal to the same @ and we have

/ fH(@w2)dz| +/ (@ (2)dz| +/ fH(@wz)dz|
AD AC DC

— () - / F@w@dlz| - f F@w@dlz| - f F@o@dlz].
AD AC DC

The estimate (51) gives a bound for f(z2) from above and (50) controls the other terms on the
right-hand side if the angle y is small enough. Thus,

/ ff@w()dz] <C
AC

and that finishes the proof due to (52). Choosing d(«) = C(1 + «)~! with small C guarantees
that (51) is applicable to z,. [
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