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Abstract

In this paper we develop the theory of Schauder estimates for the fractional harmonic oscillator H® =
(A + |x|2)", 0 < o < 1. More precisely, a new class of smooth functions C];[’a is defined, in which we
study the action of H? . In fact these spaces are those adapted to the operator H, hence the suited ones for
this type of regularity estimates. In order to prove our results, an analysis of the interaction of the Hermite—
Riesz transforms with the Holder spaces C ];I’O[ is needed, that we believe of independent interest.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

For a given partial differential operator L, the analysis of its regularity properties with respect
to Holder classes is one of the tools employed in the theory to prove important facts about partial
differential equations. Indeed, being a bit imprecise, it is well known that if f is a Holder con-
tinuous function with exponent «, then the equation —Au = f has a unique solution u, whose
second order derivatives belong to C%, and ||u||-2.« is controlled by || f||ce. This result was first
applied to obtain classical solutions of second order elliptic equations of the form Lu = f (see
for instance [7, Chapter 6]). Recently, and motivated by the obstacle problem for the fractional

* Research supported by Ministerio de Ciencia e Innovacién de Espaiia under project MTM2008-06621-C02-01.
* Corresponding author.
E-mail addresses: pablo.stinga@uam.es (P.R. Stinga), joseluis.torrea@uam.es (J.L. Torrea).

0022-1236/$ — see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2011.02.003



3098 PR. Stinga, J.L. Torrea / Journal of Functional Analysis 260 (2011) 3097-3131

Laplacian, L. Silvestre proved in [11] (see also his thesis [10]) the regularity properties for the
operator (—A)?,0 < o < 1, when acting on Holder spaces. For more applications see [5] and [6].
Let H be the most basic Schrodinger operator in R", n > 1, the harmonic oscillator:

H=—A+ x|’

The fractional powers H?, 0 < o < 1, were introduced in [13].

The aim of this paper is to prove regularity estimates in Holder classes for the fractional
harmonic oscillator H?. For this purpose, we define new Holder spaces C';f‘, different than
the classical Holder spaces CX¢, in which the smoothness properties of H° are analyzed, see
Definition 1.1 and Theorem A.

The classes C ];f are the natural spaces associated to H. This becomes evident, for instance,
in the fact that the Hermite—Riesz transforms have the expected behavior: they preserve them,
see Theorem 4.1. Also the fractional integrals produce a kind of “inverse fractional derivative”
process when acting in C ];,’a, see Theorem B.

Our estimates, together with Harnack’s inequality for H° proved in [13], are the basic regu-
larity estimates one expects to get for the fractional powers of a second order operator. Moreover,
we found the right spaces for which Schauder estimates are appropriated. We expect to obtain the
correct regularity estimates for nonlinear problems related to the fractional harmonic oscillator
in these spaces. Applications will appear elsewhere.

Let us introduce the definition of H?. For a function f in Schwartz’s class Sand 0 <o < 1,
the fractional harmonic oscillator H? is given by the classical formula

1

H* )= o

r d
f (e f0) — ) tth (L.1)
0

where v(x, 1) = e"H f(x) is the solution of the heat-diffusion equation ;v + Hv =0 in R" x
(0, 00), with initial datum v(x, 0) = f(x) on R". In [13] it is shown that

H"f(x)=/(f<x>—f(z))Fa<x,z>dz+f<x)Bg<x), xeR', fes, (1)

Rn
where
1 T dt
FU(X,Z):m/G[(X,Z)E,
0
1 T dt
BO'(-X): F(—O’)/ /G[(X,Z)dZ—l W, (13)
0 R»

and G, (x, z) is the kernel of the heat-diffusion semigroup generated by H, see (3.1).
Next we define the Holder spaces in which the regularity properties of the operators will be
considered.
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Definition 1.1. Let 0 < @ < 1. A continuous function u : R” — R belongs to the Hermite—Holder
space Cgf‘ associated to H, if there exists a constant C, depending only on u# and «, such that

C
ulx)) —u(x)| <Clx1 —x21% and |u(x)| < —-——,
|u(x1) — u(x)| lx1 — x2 |u(x)| ARG
for all x1, x2, x € R". With the notation
u(xy) —u(x
[u]co« = sup M and [ulpye = sup |(1+ |x])“u(x)|,
x1,x2€R” lx1 — x2 xeR”?
X17£x2

we define the norm in the spaces C?f‘ to be
il e = T+ s
When working with the harmonic oscillator H some special first order partial differential

operators are considered, see (3.3), which are the natural derivatives. Then the classes C Z’a can
be defined in a usual way, see Definition 3.1. We present now our first main result.

Theorem A. Let o € (0, 1] and o € (0, 1).

(Al) Letu € C%’a and 20 < «a. Then Hu € C%"‘_ZU and
o
|71 coa2e < Cllul -
(A2) Letu e C}i’a and 20 < a. Then Hu € C}f‘_z" and
Hou| 1020 <C
[ Hul cra-2r < Cllull,
(A3) Letuc C}{vd and 20 > a, witha — 20 +1 0. Then Hu € C%O‘_Z‘TH and

” Hu HC%a—Z(H»l < Cllu ||C}_1.a.

(A4) Letu e CZ’“ and assume that k + o — 20 is not an integer. Then H u € Cll;ﬁ where [ is
the integer part of k + o« — 20 and B =k + o — 20 —I.

The last theorem can be interpreted as saying that the Holder spaces C ];,’“ are the reasonable
classes in order to obtain Schauder type estimates for H?. Indeed, if we define the negative
powers of H, i.e. the fractional integral operators

dt
tl—D’ ’

H_"f(x)zL e f(x) 0<o <,
I'(0)
0

then we are able to prove our second main result:
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Theorem B. Let u € C(I)i’a,for some<a<1l,and0 <o < 1.

(B1) Ifa 420 <1, then H"u € C%**** and
||H—"u||c%a+2a < Cllull -
(B2) If | <a+20 <2, then Hu e Cy;*"* " and
||H—0u||c}i.a+zm < Cllul oo
(B3) If2 <a+20 <3, then Hu € C*"*° % and

H H %u ”C§1'a+2072 < Cllu ||C%a.

It is worth noting that, if in Theorem B(B3) we take o = 1, we get the Schauder estimate for
the solution to Hu = £, in R”, with f € C;".

To prove the two main theorems of this paper we need a study of the first and second order
Hermite—Riesz transforms, R; and ‘R;;, acting on the spaces C 2,’“, that we believe of independent
interest. See the final part of Section 3 and Theorem 4.1.

The first main task in our paper is to obtain explicit pointwise expressions for all the operators
involved, when they are applied to functions belonging to the spaces C ];1’“, and the second one
is to actually prove the regularity estimates. Section 2 contains two abstract propositions dealing
with these two aspects: Proposition 2.1 takes care of the pointwise formulas and Proposition 2.3
contains a regularity result. We will apply, in a systematic way, both propositions in order to
reach our objectives: see Section 3 for all the pointwise formulas, and Section 4 for the proofs of
Theorems A and B. In Section 5 we collect all the computational lemmas used in the previous
sections.

In some recent papers, B. Bongioanni, E. Harboure and O. Salinas studied the boundedness
of fractional integrals (see [2]) and Riesz transforms (see [3]), associated to a certain class of
Schrodinger operators £ = —A + V, in spaces of BMOQ type, 0 < B < 1, using Harmonic
Analysis techniques. In [2, Proposition 4], they showed that the spaces BMOE coincide with a
Holder type space AP , 0 < B < 1, with equivalent norms. In the case V = |x|?, our space C %ﬁ

coincides with their space AZ, forO< g < 1.

A natural question to think about is the possibility of getting (at least the local part of) our
results by modifying, in an appropriate way, the kernel of the classical fractional Laplace op-
erator. In our opinion our procedure is the natural one and we haven’t found a smooth bridge
to pass from one case to the other. Even more, some recent (local) results by R.F. Bass in [1]
about stable-like operators cannot be applied in our case because, clearly, his assumption on the
kernel A(x, h) [1, Assumption 1.1] is not fulfilled by our kernel Fy (x, z), see Lemma 5.4 be-
low. Moreover, he does not allow for & + 8 to be an integer [3, Assumption 1.1], but we do.
We want to complete the thought of this paragraph by establishing the parallelism with possible
definitions of Sobolev spaces for the harmonic oscillator that were considered by R. Radha and
S. Thangavelu in [9], by S. Thangavelu in [15] and also by B. Bongioanni and J.L. Torrea in [4].
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In that case natural definitions of Sobolev spaces were given in order to get the results for the
harmonic oscillator.

Throughout this paper, the letter C denotes a positive constant that may change in each oc-
currence and it will depend on the parameters involved (whenever it is necessary, we point
out this dependence with subscripts), and I" stands for the Gamma function. Recall that
I'(—o)=-I'(1 —0)/o, 0 < o < 1. Without mentioning it, we will repeatedly apply the in-
equality re™ < Cne_’/z, n=>0,r>0.

2. Two abstract results

Proposition 2.1. Let T be a bounded operator on S such that (Tf, g) = (f,Tg), forall f,g € S.
Assume that

Tf(x)=/(f(x)—f(z))K(x,z)derf(X)B(X), x eR",

Rn

where the kernel K verifies

C _brlv—zl _ x=zf?
C

|K(x,z)|<| e” ¢, x,zeR”, (2.1)

— ¢
x —z|"tY

for some —n <y < 1, and B is a continuous function with polynomial growth at infinity. Let
ue CQI’H_S, withO <y +¢e <1, ¢ >0. Then Tu is well defined as a tempered distribution and

it coincides with the continuous function

Tu(x) = /(u(x) - u(z))K(x, 2)dz+u(x)B(x), xeR" (2.2)
Rn

Proof. By (2.1) and the smoothness of u, the integral in (2.2) is absolutely convergent. Since
B has polynomial growth at infinity, the right-hand side of (2.2) defines a tempered distribution.
Let us take 18 < p < 00. Then, the finiteness of [u];sy+e implies that u € LP (R"), and Tu
is well defined as a tempered distribution. Fix an arbitrary positive number 1 and suppose that

R > 0. Let fj(x) :=¢(x/j)u * Wi;j)(x), j €N, where W;(z) = (drrr)™/2e~ /41 ig the
Gauss—Weierstrass kernel and ¢ is a nonnegative smooth cutoff function (that is, £ € C°(R"),
0<¢<1,¢=1in B1(0), ¢ =0in B5(0), and |[V¢| < C in R"). Note that each f; belongs
to S. It is easy to check that the sequence {f;};jen converges to u in L”(R") and uniformly in
Bgr(x) foreach x e R", and [ f}]co.y+s < C||u||cgy+s =:M.As j— o0, Tf; > TuinS'. Since

B is a continuous function, f;B converges uniformly to uB in Bg(xp), xo € R". There exists
0 <8 < R/2 such that

=

M/IZIsfndzé—.
Bs(0)

w
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For x € Bgr/2(xp), we write
/(fj(x) — fi@)K(x,2)dz = / + / =1+I1l.
R Bs(x)  B{(x)

Then, by the choice of &,

|I|+‘ / (u(x) —u(2))K (x,2)dz <§n.

Bs(x)

We also have

l/p
‘II— f (u(x) —u(@)K(x,2)dz gC|fj(x)—u(x)|+C< / |fj(Z)_”(Z)|de>

BS(x) BS(x)

<

w3

9

for sufficiently large j, uniformly in x € Bg,2(xo). Therefore,

[(fj(x)—f,(z))K(x,z)dz:;f(u(x)—u(z))K(x,z)dz, Jj— 00,

R» R”

in Bg/2(x0). Hence, by uniqueness of the limits, T'u is a function that coincides with (2.2), and
it is a continuous function because it is the uniform limit of continuous functions. O

Remark 2.2. In the context of Proposition 2.1, assume that, instead of having estimate (2.1) on
the kernel, we just know that |K (x, z)| < @ (x — z), where @ € L (R™), and p’ is the conjugate
exponent of some p such that # < p < oo. Then, it is enough to take u € C?f‘, for some
0 < a < 1, to get the same conclusion, since the approximation procedure given in the proof
above can also be applied in this situation.

Proposition 2.3. Let T be an operator satisfying the hypotheses of Proposition 2.1, with 0 <
y <land0 <y +e <1, for some 0 < & < 1. Assume that the kernel K and the function B also
satisfy:

_ \szz—z\z _ \xzfz\z
C

(a) |K(x1,2) — K (x2,2)| < C X2 e” T, when |x1 — z| > 2|x1 — x2|.

|x2—z\”+1+7’
(b) There exists a constant C > 0 such that | f‘xlew K(x,2)dz| < Cr77, forall x e R".

(¢c) Forall x e R", |B(x)| < C( + |x])Y, and VB € L (R").

0,y+¢ . 0,¢ .
Then T maps Cy into Cy” continuously.
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Proof. Given x1,x; € R", let B = B(x1,2|x1 — x3]), B = B(x2,4|x1 — x3]) and B’ =
B(x3, |x1 — x2]). We write

Tu(x) = f(u(X) —u(2))K(x,2)dz +/(M(X) —u(2))K (x,2)dz 4 u(x)B(x)
B B¢
=1 (x) +1(x) + HI(x).

By (2.1) we have
|1(x1) — I(x2)]
</|(u(x1)—u(z))K(x1,z)}dz+/|(M(Xz)—u(z))K(xz,z)!dz
B B

Ix; —z|V*e |xy — z|V T

lx) — z|" Y J w2 —z|MtY
B

< C[M]Co.y+s[ dz:| = Clulco.y+e|x) — x2|°.

For the difference 11(x1) —II(x>), we add the term u (x>) K (x1, z) and we use the smoothness
and cancellation properties of the kernel K (x, z) (hypotheses (a) and (b)) to get:

(1 (x1) — 1 (x2)]

</|(u(xz)—u(z))(K(x1,z)— K(Xz,z))}der‘/(u(xl)—u(m))K(m,z)dz
BL' BC

)

/K(xl,z)dz

Be

lx1 — x2]
< _ e AT A2 e |yte
< C[u]co,y+s |:/ |x2 Z| |x |n+l+y dz + |X1 )C2|

lx1 — x2] e .
COW[ / Jxp — zjrF1=¢ dz+Ix1 —x2f" | = Clulcoysexr — xof".
(B')°
1
If [x; —x2f < Trx’ by (¢),

|11 (x1) — HI(x2)| < [ (x1) — u(x2)l
lx1 — x| T fxg — x| e

|B(x1) B(x2)|
—x2|®

|BxD)|Ix1 — x21” + |u(x2)]

< Clulcoyse + [Wlygr+e [V Bl ooy 161 — x2| '~ < Cllall oo

Assume that [x] — xp| > Then 1 + |x1| < 14 |x2| + |x1 — x2|, which implies

l+|x [

1+|Xl| lx1 — x2]
1Jrlle 1+ x|’

and then,

1 < 1 |x1 — x2|
T+l ~ T+xl (4 xahd+ |x2|)

2|x1 — x2].
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With this and hypothesis (c) we have

([ (x1) — I (x2)]

1 nlf < JuGe)BGe)|(1+ x11) + |u(2) Bo (x2)[2° (1 + |x21)° < Clulpgy+e.

Let us finally study the growth of Tu(x). For the multiplicative term uB we clearly
have |u(x)B(x)| < Clu]pr+(1 4 |x])7¢. Consider next the integral part in the formula for
Tu(x), (2.2). Since Tu and B are continuous functions, it is enough to consider |x| > 2. We

UREAL

1
\x—z|<m

‘/(u(x) —u(2))K(x,2)dz
Rn

1
U2 T

On the one hand,

| _ |)/+s
/ |u(x)—u(z)||K(x z)|dz Clulcoy+e / &_ﬁdz

1 1
\xfz|<m I)cfz|<rlxI
C
(14 xpe’

= [M]CO,)/+5

On the other hand, by (b),

[M]My+£ C
Kx,2)dz| < ———— ¢,
Wx)" / (20 dz| < G e (LT = ldare s
|X—Z|>l+l\x
Since |x —z| > 1+M implies that l-HzI < 2|x — z|, applying (2.1) we get
| e,\xué—z\e le—z2
K dz<C ¢ d
f lu(@)||K (x,2)|dz < Clulpy+ f T g %
- /l+1\x\ - /l+l\x\
_M‘é—z' _I)C—Czl2
_rHel - € °
< Clulpypr+e / [x — z| P dz
v —2|>
0 - lelly—2l - |x—Cz\2
= C[M]My+s Z / W dZ
T a2
C C
X & T T Ng JS u &€ T o
<l 3 - Z =l T

where in the last line the constant C’ appearing in the exponential is independent of x because
|x||x — z| ~ 2/. By pasting the estimates above the result is proved. O
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3. The operators

In this section we give the pointwise definitions, in the class Cll‘f, of all the operators involved.

3.1. The heat-diffusion semigroup: e ~'H

In our paper, the kernel of the heat-diffusion semigroup generated by H will play an essential
role. We shall need the pointwise formula for it.

Recall (see [14]) that the eigenfunctions of H are the multi-dimensional Hermite functions
hy(x) = e"x'z/z%(x), v=(v1,...,v,) € N, where ¥, are the multi-dimensional Hermite
polynomials, with positive eigenvalues: Hh, = (2|v| +n)h,, forall v € Ng, [V|=vi+---+v,.
Moreover, span{h,: v € Nj} = L?(R™). The heat-diffusion semigroup generated by H is given
as an integral operator: for u € U1< p<oo LP(R™),

e "Mu(x) =/Gt(x,z)u(z)dz 3.1)

Rn

:/[Zel(2j+ﬂ) Z hv(x)hv(Z)i|u(Z)dZ
R”

Jj=0 vl=j

u(z)dz.

/ e—[% |x—z|? coth 2¢+x-z tanh1]

(27 sinh 2¢)"/2
Rn

Note that, for all v € N, e Hp,(x) = e !CVED R (x), r > 0. With the following change of
parameters (due to S. Meda)

1 145
t= Elog T t€(0,00), s€(0,1), (3.2)
-5

the heat-diffusion kernel can be expressed as

X 1 —s\/T?
G“”(”):Z<1+s) > h(@hy ()

Jj=0 lvi=Jj

_2\"/2
=<1 s ) e il Hi=Pl e o1,

dms

3.2. The fractional operators: H° and (H £2k)°, ke N

Let us first analyze the fractional harmonic oscillator H?. Let (f, h,) = f]R" f(@hy(2)dz.
If f €S, the Hermite series expansion Y, (f, hy)h, =Y o 2 jvj=k {fs )y converges to f
uniformly in R” (and also in L2(R™)), since ||k, | Loo®ny < C, forall v € Njj, and, foreachm € N,
we have |(f, hy)| < [H™ fll 2gmy Qv+ 1) As e H f(x) =Y, e @V (£, )by, from
(1.1) we get H? f =Y, (2|v| +n)? (f, h,)h,, and the series converges uniformly in R". As a
consequence of the last reasonings, H? is a bounded operator in S. Note that, by using Hermite
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series expansions, we can check that (H° f,g) = (f, H’g), for all f,g € S,and H' f = Hf,
HYf=f.

The proof of the identity (1.2) can be found in [13]. We sketch it here for completeness. Since
e~ "M 1(x) is not a constant function, we have

1 r _ dt
ey [ €10 10) 5

1 T G d dt
_U)f</ (5,2 f) z—f(x))tm
0

Rn

T d
/[/Gt(x D(f) - f(x))dz—l—f(x)(/G,(x,z)dz— 1)} ﬂ%
0

Rn Rn

e ¢]

dt
)m

(e 1(x) -1

dt
//Gr(x,z)(f(z)—f(X))dzm+f(x i

0 R? 0

~T(=0)

= /(f(x) — f@)Fs(x,2)dz+ f(x)Bs(x).
Rn
The subtle point in the calculations above is to justify the last equality. If 0 < o < 1/2, the last
integral is absolutely convergent. In the case 1/2 < o < 1, a cancellation is involved (which is
also exploited in the proof of Theorem 3.2 below), that allows to show that the integral converges
as a principal value.

As we said in the Introduction, some type of derivatives (first order partial differential opera-
tors) are usually considered when working with the operator H. Recall the factorization

1 n
=52 (AL +AA),

i=1

where
A =0y, +x;, A,,-=A,’-‘=—8xi~|—xi, i=1,...,n. 3.3)

In the Harmonic Analysis associated to H, the operators A;, 1 < |i| < n, play the role of the
classical partial derivatives 9y, in the Euclidean Harmonic Analysis (see [14,4,8,12]). Now, it is

natural to consider the classes of functions whose k-th derivatives are in C%’a

Definition 3.1. For each k € N, we define the Hermite—Holder space ck H ,0 <o <1, as the set
of all functions u € C¥(R") such that the following norm is finite:

lullgbe =lulye + 30 [Aq - Al + Y0 LA Ao

1< ity oo lim|<n I<it],onlig|<n
1<m<k
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We are ready to show that the pointwise formula for H°u, when u belongs to the Holder
class C];f‘, is the same as (1.2).

Theorem 3.2. Let 0 <a <1land0 <o < 1.

(1) If0<a—20 < 1andu e Cy*, then

H”u(x):/(u(x) —u(z))Fo(x,z)dz+u(x)Bo(x), x eR", (3.4)
Rl‘l

and the integral converges absolutely.

Q) If-1<a—20<0anduce C}f‘, then H® u(x) is given by (3.4), where the integral con-
verges as a principal value.

(3) When —2 <a —20 < —1, it is enough to take u € C}jl to have the conclusion of (2).

In the three cases above, H° u € C (R").

Proof. If 0 < @ —20 < 1, then o < 1/2. The properties of F, and B, established in Lemmas 5.4
and 5.5 (see Section 5), allow us to apply Proposition 2.1, with K (x, z) = F5(x, z), B= B, and
y =20 < 1,to get (1).

Under the hypotheses of (2), we will take advantage of a cancellation to show that the integral
in (3.4) is well defined. Suppose that § > 0. By Lemma 5.4,

xf \2
u) = u@| Fi 2 dz < Colullmn [ ¢ dz < ox.
|x—z|=8 [x—z|=8
For p € R, the change of parameters (3.2) produces

ds
~ (- dlog e

dr

so that,

1—s2\"? | 2.1 2
—zlslx+zl®+ 5 lx—z|7]
Fy(x,2) = e 0)/( Ams > e 4 die(s), (3.5)

which, up to the multiplicative constant 1 /(—1I"(—0)), gives

I = / (u(x)—u(x—z))Fa(x,x—Z)dZ

|z|<é

) 1
1_ / r2
Z/r”‘l / u() = u(x = rZ) /( S) AR P gy (5) dS () dr
4ms
0 0

|z'|=1
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By the smoothness of u, u(x) — u(x — rz’) = Vu(x)(rz’) + Riu(x, rz’), with |Rju(x,rz’)| <
[Vu]coarl""". We apply the Mean Value Theorem to the function V¥ (x) = v ,(x) =
! r2 r2
FlslxP+5 ] ,to see that e~ alsi2e—r P+5] e_élT[‘Y‘lez"'T]—l—Rol/f(x, rz"), with |Royr (x, r7)| <
Csl/zre_’ /(8”. Therefore,

S 1
/ n—1 / Vu(x) rz /(1 ) Row(x,rz’)d,ua(S)dS(z’)dr
0 lZ/|=1 0
5 1
/ n—1 / /(1 S )
+ [ r R1u x,r7
0 l2’|=1 0

> (e—%[sIZX\2+%] + Row(x, rzl)) dpg(s) dS(Z/) dr

=1L+
Note that
ds ds
d ~—_ ~0, d ~ , ~ 1. 3.6
Hols) s S Ho(S) (1 —s)(—log(1 —s))!+r g (3.0)

With the estimates on Rju and Ry given above and (3.6), we obtain

p 1 1 — S n/2 r2
|11 <C|W(x)|/r"+1/(T> 51275 dpg (s)dr
0 0

it
<C|Vu(x)|/mdr=6’83_20,
0

and

1

; 1 — S n/2 72
|| <C[Vu]co,a/r"+°‘/< ) e 5 dug(s)dr
S
0

0

3 e 20+1
_ oa—20
<C[VM]C0,a/de—C5 .
0

Thus, the integral in (3.4) converges as a principal value. The same happens if we take u € C }L[’l:
we repeat the argument above, but applying in I, the estimate |Rju(x, rz")| < [Vulco1 - r?

To obtain the conclusions of (2) and (3), we note that the approximation procedure used in the
proof of Proposition 2.1 can be applied here (with the estimate [V f;]co« < Clull cle = M). O
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Remark 3.3. As in [13] (and [10,11] for (—A)?), some easy maximum and comparison prin-
ciples can be derived from Theorem 3.2. For instance, take 0 <o < 1,0 <o < 1, and u,v

in the class C%a (or C}I’a, depending on the value of @ — 20), such that u > v in R”, with
u(xo) = v(xg) for some xg € R". Then Hu(xp) < H°v(xp). Moreover, H° u(xo) = H° v(xo)
only when u = v.

In order to prove the regularity estimates for H°, we will have to work with the derivatives

of H, that is, with operators of the type A; H?, 1 < |i| < n. We recall that, for all v € N7, we
have

Aihy= @) Phy_e;.  A_ihy=Qui+2)Phyy,,. 1<i<n,

where ¢; is the i-th coordinate vector in Ng. Then, forall f € Sand 1 <i <n,
Aif =Y )" fihh e A=) Qo422 ) hyye,
v v

and both series converge uniformly in R".

Remark 3.4. Let b € R. Then, by using Hermite series expansions, it is easy to check that for all
feSand1<i<n,wehave

AHV f=(H+2A;f,  HYAif=Ai(H=-2"F,
ALH f=H-2D"A_if, HPA_if=A_j(H+2"Ff,
where we defined (H £ 2)%h, := Q|v| +n £ 2)%h,,.

Consequently, we need to study the operators (H =+ 2k)?, k € N.
Let us start with (H + 2k)?, k being a positive integer. For f € S and k € N we define

(H+26)7 f(0) =D 2] +n+2k)7 (f h)hy(x), xR,

v

The series above converges in L? (R™) and uniformly in R", it defines a Schwartz’s class function,
and

1
['(—0)

(H +2k)° f(x) = /(e_Zk’e_tHf(x) - f() tl%, x eR".
0

By using Lemmas 5.4 and 5.5 stated in Section 5, the following theorem can be proved in a
parallel way to Theorem 3.2. We leave the details to the interested reader.
Theorem 3.5. Let u be as in Theorem 3.2. Then (H +2k)°u € &' N C(R"), and

(H +2k)u(x) = f(u(x) —u(2)) Fak 0 (x, 2)dz + u(x) Bop o (x),  x €R",
Rﬂ
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where

1
Faio )—;7—2’%( y a1 /l_s G52 2) it 5)
sho (2= —pos [ NG D) g = s [ Ty ) G die (),
0 0

and

5 R Tl=s\e [ 1—s2 \"? ~Z2it ]y
2,0 (X) = F(—a)/[(1+s> <2n(1+s2)) e Mt — ] Mo (5).
0

Consider next the operators (H — 2k)?, k € N. We say that a function f € S belongs to the
space Sy if

/ f@hy(zx)dz =0, forall veNjsuch that [v] <k.
R}’l

For f € Sk define

(H =2k f(0) = Y (2Iv]+n—26)° (f. by ().

lvi=k

Note that, on Sk, the operator (H — 2k)° is positive. Let

k=l g\ FHn/2
b (X) = P (x, 2, 8) = [2{‘)(1 +s> lzlhv(x)hv(w] X(/2,1(5),
J= v|=j

the sum of the first (k — 1)-terms of the series defining G,y (x, z), for s € (1/2, 1). Then, the
heat-diffusion semigroup generated by H — 2k:

1 k
120 p(x) — / Gy (x,2) f(2)dz = / (E) Gy (6, 2) f(2) dz
Rll Rn

— e*l(S)(H72k)f(x),
can be written as
—1(s)(H—2k) 145\
e fo= 1= [Gi(s)(x,2) — p(x,2,9)| f(2)dz, f €&k
R)‘l

Moreover,



PR. Stinga, J.L. Torrea / Journal of Functional Analysis 260 (2011) 3097-3131 3111

7 d
(H =207 () = 1 f (e "0 f () — f () lli,

1

/ —t(s)(H—Zk)f(x) — () dpto (5).

0

F(U

The following idea is taken from [8]. By the n-dimensional Mehler’s formula (see [14, p. 6]),

M, (x,2) =) rl Y b (0)hy(2)
J=0  Ivl=j
1

P | § =12 S R e e z|]
= w21 _,z)n/z " re(0,1). (3.7)

Then, for all r € (0, 1/3),

2

r 147 2 _ lxllx—z] |x—z|”
C14 x+ 2P + v — 2P) e i tal TPl ¢ oM o,

k
‘ M, (x,2)| <

drk

where in the second inequality we applied Lemma 5.1 of Section 5, with s = § +r Thus, by
Taylor’s formula,

— belle=2) _l—zf?

Zr’ > hy()hy(2)] < . re(0,1/3).
j=k  vl=j
Therefore, letting r = W above, we obtain

S 1—s Jj+n/2
Z(1+s) > h(@)hy(z) (3.8)

Jj=k vl=j

|Gt(s)(-x7 Z) _¢2k(xv Z,S)i =

1—s\*"2 s e
< C( ) e C e <, forallse(1/2,1). (3.9
1+s

Ifue C]I‘f‘, then we have
/A_,~1 e Aju(x)h,(x)dx =0, 1<iy,..., ik <n, V| <k.
RH
Theorem 3.6. Let0 <o < 1land 0 <o < 1. Assumethat0<oz—2cr<1andtakeueC “If

v(x) = (A, - A_ju)(x), 1 <iy,...,ix <n, then A_; ---A_j, H°u € ' N C(R"), and for
all x e R",
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A_j - A HOu(x) = (H — 2k)v(x)

= /(U(X) —0(2)) F-2k,0 (¥, 2) dZ +v(x) B_gk o (x),  (3.10)
Rn

where

1
1 1+5)*
Foato (6,0 = =53 /(141?) [Grio(x,2) = dou(x, 2.9) [ diao (5),
0

and

1
B_jio(x) = T 0)/[< +S) /[Gus)(x,z)—¢zk(x,z,S)]dz—1]dua(S)-

]Rn
The integral in (3.10) is absolutely convergent.

Proof. Even if we have good estimates for F_o; » and B_p; » (see Lemmas 5.4 and 5.5), we
cannot apply directly Proposition 2.1 here because the test space for (H — 2k)° is not S, but Sk.
Nevertheless, the same ideas will work. Indeed, using Lemmas 5.4 and 5.5, it can be checked
that the conclusion is valid when u is a Schwartz’s class function (and then v € S;), and, for the
general result, we can apply the approximation procedure given in the proof of Proposition 2.1,
noting that (A—;, --- A_;, f;)(x) can be used to approximate v(x). O

3.3. The fractional integral: H™°
For f € S, the fractional integral H=° f, 0 < ¢ < 1, is given by

o0

1 1
H_Uf(x)zl_,—a)f _tHf(x) Zm<f’h”>h”(x)’

0

and H~7 is a continuous and symmetric operator in S. Moreover, H° f = (H°)"' f, f € S.
By writing down the expression of the heat-diffusion semigroup and applying Fubini’s Theorem,

H™ fx >—/[r( )/ Gi(x. ) C,}f(z)dz—/F_a(x OF @) dz.

Rn Rn

In [4] it is shown that the definition of H 7 extends to f € L”(R"), 1 < p < 00, via the previous
integral formula.
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Observe that, for f € S, we have

H™° f(x) =/(f(z) — f))F_o(x,2)dz+ f(x)H 1(x), forallx e R",

Rn

where

dt
tl—O‘

=‘/1FLﬂ(x,z)dz. 3.11)

—0 _ 1 i —tH
H°1(x)= —F(G) /e 1(x)
0 R®

The next theorem shows that the operator H~? can be defined in C ([)J’a precisely by this formula.

Theorem 3.7. For u € C%O‘, O<a<l,and0<o <1, HueS NCMR"), and

H7u) = [ (1(2) = u00) Foo G 2)dz +u(OH 7100, x R,
Rn
Proof. In Lemmas 5.6 and 5.7 we collect the properties of the kernel F_ (x, z) and the function

H~%1(x). When n > 20, an application of Proposition 2.1 with y = —20 and ¢ = « + 20 gives
the result. For the case n < 20, we use Remark 2.2. O

We shall also need to work with the derivatives of H~°u. The following theorem gives the
pointwise formula that will be used along the paper.

Theorem 3.8. Take 0 <o < 1 and 0 <o < 1, such that « +20 > 1. Ifu € C%a then, for each
1<i|<n,wehave A;H °uecS NCMR"), and

AiH %u(x) = /(u(z) - u(x))AiF,U(x,z)dz +u(x)A,H%1(x), xeR"
Rn

Proof. Let us first prove the result when u = f € S. It is enough to consider 1 <i < n. We have

AiH™? f(x) = A; /(f(z) — f(0))Fo(x,2)dz+ 3y, f(X)H 7 1(x) + f(x)A; H " 1(x).

Rn

We want to put the A; inside the integral. In order to do that, we apply a classical approxima-
tion argument given in the proof of Lemma 4.1 of [7], that we sketch here. By estimate (5.10),
Lemma 5.7 (see Section 5), and the fact that « + 20 > 1, the function

g(x)zfax,'[(f(z)_f(x))F—a(va)]dZ
Rn

= /(f(Z) — [(0)) 3y, F—g (x, 2)dz — 8y, f (x)H " 1(x)

]Rn
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is well defined. Fix a function ¢ € C'(R) satisfying0 < ¢ <1, ¢(t) =0fortr < 1, ¢p(t) =1 for
t >2,and 0 < ¢’ < 2. Define, for 0 < ¢ < 1/2,

he(x) = /(f(Z) — f(x))F_g(x, z)¢(£_l|x — Z|)dz.
]Rn
Then estimate (5.9) implies that, as ¢ — 0, &, (x) converges uniformly in R" to
/(f(Z) — f(0)F_o(x,2)dz.
Rn

Moreover, h, € C'(R"), and, again by (5.9) and (5.10),

|8(x) — Oy he ()] < /|axi[(f<z) — ) Fo(x,2)(1 = p(e7 ' |x — 2I))]| dz
Rn

1
<Cy / |:F_U(x, D+ Ix —zl| Ve Foo (x, 2) | + |x — 2| F_o (x, z)g} dz
lx—z|<2e

< Cf(pn,cr(g)a

where @, ,(¢) — 0, as ¢ — 0, uniformly in x € R". Thus,

Bxi/(f(z)—f(X))Ffa(x,z)dz=/(f(z)—f(X))axiFfa(x,z)dz—ax,-f(X)H_"l(x),

R~ R
and the theorem is valid when u is a Schwartz function. For the general case, u € C %a, we argue
as follows. If n > 20 — 1, then, by (5.10), Proposition 2.1 can be applied with y =1 — 20 and
e=a+20 —1,and, if n =20 — 1, we can use Remark 2.2. 0O
3.4. The Hermite—Riesz transforms: R; and R;;
The first order Hermite—Riesz transforms are given by

Ri=AH "2 1<li|<n.

These operators were first introduced and studied by Thangavelu [14]. The second order
Hermite—Riesz transforms are (see [8,12])

Rij=AA;H™', 1<]il.]jl<n.
Using Hermite series expansions it is easy to check that the first and second order Hermite—Riesz

transforms are symmetric operators in S and that they map S into S continuously.
Taking o = 1/2 in Theorem 3.8 we get
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Theorem 3.9. If u € C?f‘, 0 <a < 1, then, forall 1 < |i| < n, we have Riu € &' N C(R"), and
Riu(x) = /(u(z) —u(x))AiFo1pp(x, 2)dz +u(x)A;H 2 1(x), xeR™
Rn

Using the properties of the kernel of the second order Riesz transform R;;(x,z) =
A;jAjF_1(x,z) (see Lemma 5.8 in Section 5), it is easy to get a pointwise description of R;; f,
f € S. Hence, we can apply Proposition 2.1, with y = 0 and ¢ = «, to have the following
theorem.

Theorem 3.10. Ifu € C%a, 0 <a <1, then, forall 1 < i|, |j| <n, we have R;ju € S’ NC(RM),
and

Riju(x) = f(u(z) — u(x))Rij(x, 7)dz ~|—u(x)Al-AjH_11(x), x eR".
Rn
4. Proofs of the main results

4.1. Regularity properties of the Hermite—Riesz transforms

As we already said in the Introduction, a study of the action of the Hermite—Riesz transforms
in the Holder spaces C ];f‘ is needed.

Theorem 4.1. The Hermite—Riesz transforms R; and R;j, 1 < |il, |j| < n, are bounded opera-
tors on the spaces C%a: ifue C%a,for some 0 <o < 1, then Riu, Riju € C(I)f, and

IRiullcoe + IRijull oo < Cllulloe-
Proof. By Lemmas 5.6, 5.7, and 5.10 of Section 5, and Theorem 3.9, the result for R; can be

deduced applying Proposition 2.3, with y =0 and ¢ = «.
Let us consider the operator R;;, for some j € {1, ...,n}. Then, by Remark 3.4,

Rij=AiAjH "= Ai(A;H YA H V2 = A [(H+2)7 V2 A JHV? = Aj(H +2)7 12 0 R

Therefore, it is enough to prove that A;(H + 2)~!/? is a continuous operator on C(I)_I’a. When
f €8, we can write

Ai(H+2)"V2f(x) = / (f@ = fFO))AiFo—1p(x, ) dz + f(X)A;(H +2)" 21 (x),
Rn

where

1
1 1-—
F—1p(x,2) = /2 /(ﬁ)Gt(s)(va)dU«—l/Z(s)»
0
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and

(H+2)_1/21(X)=fF2,71/2(x,z)dz.
Rn

Following the proof of Lemmas 5.6 and 5.7 given in Section 5, it can be checked that the ker-
nel A;F> —1,2(x,z) and the function (H + 2)~1/21(x) share the same size and smoothness
properties than the kernel A; F1/2(x, z) and the function H —1/21(x) stated in the mentioned
lemmas (the details are left to the reader). Thus, as a consequence of the results of Section 2,
Ai(H+2)"V2: C?f‘ —C ?1’“ continuously. Therefore R;; is a bounded operator on C%a, when
jef{l,...,n}.

Note that

R,'j = afi,xjH_l +xj8x,.H_1 +x,~8xjH_1 +x,»x.,‘H_1 +5in_1,
which, at the level of kernels, means that

Rij(x,2) =05, Fo1(x,2) 4 )0 Fo1 (¥, 2) + %0, F_1 (¥, 2) + i F-1(x, 2) + 8 F-1 (x, 2).

By the estimates given in Lemmas 5.6, 5.8 and 5.9 of Section 5, we can apply the statements
of Section 2 to show that the operators x; 8xjH_l, xl-xjH_1 and H~! are bounded on C%a.

> YUXi,X

Hence, 92 jH ~1 maps C%“ into C%“ continuously. Observe now that the operator R; _;, for
j €{l,...,n}, can be written as

Ri—j= =0 H ' +xj0 H ™ = xide, H 4 xix H 48 H
The observations above give the conclusion for R; _;, j € {1,...,n}. O

For technical reasons we have to consider the first order adjoint Hermite—Riesz transforms,
that are defined by

R;‘f(x)=H—1/2A,~f(x)=fF_1/z(x,z)<A,~f>(z)dz, feS, xeR", 1<]i|<n.
]R)l

Theorem 4.2. The operators Rf 1 < |i| < n, are bounded operators on C?f‘, O<a<l.

Proof. Observe that, if 1 <i < n, then, by Remark 3.4, R*, = H~'/?A_; = A_j(H +2)7'/2.
This operator already appeared in the proof of Theorem 4.1, and there we showed that it is a
bounded operator on C%’O‘.

On the other hand, Rii = —H’l/zaxi + H’l/zx,-. But by Lemmas 5.6, 5.7, and 5.9 of Sec-
tion 5, and Proposition 2.3, we can see that the operator f > H~!/2x; f, initially defined on S,
maps C%a into itself continuously. Therefore, we obtain the same conclusion for the operator
f> R, f—H 2x; f =—H"'23,, f.Consequently, R} = H~'/2A; = H=1/?9,, + H~/?x;

is a bounded operator on C %a. O
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4.2. Proof of Theorem A

We start with (A1). By recalling the results in Lemmas 5.4 and 5.5, if we put y =20 < 1 and
& =« — 20 in Proposition 2.3, we get the conclusion.
Consider now (A2). Using Remark 3.4 and Theorem 3.6, we have

HoueCl*™ = AHu,A_H°ueCy*
— (H+2)°Au,(H—-2)°A_jueCh .

By Theorem 3.5, together with Lemmas 5.4 and 5.5, we can apply Proposition 2.3, with
0,00 0,0—20
il C ’

y =20 <land e =a — 20, in order to get (H +2)° : Cpj~ — Cy continuously, and then
(H +2)7 Ajull L0020 < CllAjull 0.« < Cllull o1« Applying Theorem 3.6, Lemmas 5.4 and 5.5,
H H H
and Proposition 2.3, we get ||[(H — 2)UA_1'M||C0,01—20 < C||u||C1<a. Thus, ”HUM”CI.O(*ZU <
H H H
Cllull o1.e-
H .
Let us prove (A3). We can write

] n
H =H° "2 o 2o H=H"""20 5 D (R* AL+ R} A,
i=1

where RY; are the adjoint Hermite-Riesz transforms, that are bounded operators on C?,’“ (The-
orem 4.2). Consequently,

n
%Z(R:A,iu +RiAju) =:v e Cy*.
i=1

Now we distinguish two cases. If o — 1/2 > 0, then 0 < o — 2(o — 1/2) < 1 by hypothesis,
so we can apply (Al) to obtain that Ho=1/2y ¢ C%a_zaﬂ, and ”HGMHCO.afZ(H»l < C”M”Cl,a.
H H

If o —1/2 <0, then 0 < & +2(—0 + 1/2) < 1, and we will get H~o+1/Dy ¢ 9727+
and ”HUM”CO,O(—ZU-H < Cllullo1.e, as soon as we have proved Theorem B(B1). If o = 1/2, the
H H

result just follows from the boundedness of the adjoint Hermite—Riesz transforms on C%a, The-
orem 4.2.

By iteration of (A1), (A2) and (A3), and using Remark 3.4 and Theorems 3.5 and 3.6, we can
derive (A4). The rather cumbersome details are left to the interested reader.

4.3. Proof of Theorem B

To prove (B1) note that, if « + 20 < 1 then 0 < o < 1/2. Let us write

H™%u(x1) — H %u(xp) = /[u(z) —u(x)][F-o(x1,2) — F-5(x2,2)]dz
Rn
+ux)[H 7 1(x) — H 7 1(xp)].

By Lemma 5.7, the second term above is bounded by C[u]ps«|x1 — x2 |0‘+2". Split the remaining
integral on B = B(x1,2|x] — x2|) and on B¢. By Lemma 5.6,
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lx1 —z|*

/}u(z)—u(X1)|F o (x1,2)dz < C[M]C0a/|

B

2
2 dz = Clu]coelx —xz|a+ .

Let B’ = B(x3, 4|x1 — x2|). Then, by the triangle inequality,

/\”(Z) — u(xl)|F—o(X2, z)dz

lx1 —z|*
C[M]C()a/| —Z|n 2(1’

1
< C[u]co.a |:|x1 —.X2|a / mdz +/ |x2 - Z|a_n+20 dZ:I
B’ B’

= Clu] o |x1 — x2|%72.

Denote by B the ball with center x7 and radius |x; — x»|. Note that, for z € EC, lz — x1| <
2|z — x2|. Then, apply Lemma 5.6 to get

/|u(z) —u(x)||F-o(x1,2) — F_o(x2,2)| dz
B(,’

|z —x2|% lx—z[2
- = C
< Clulcoelxr — le/ T ——¢ dz

< Clulcoalxr — xz|“+2°.

Thus, [H ™% u]co.e+20 < Cllu“CO,(x. For the decay, we put
H

H_"u(x)=/(u(z)—u(X))F_a(x,z)der/(u(z) —u(X))F-o(x,2)dz +u(x)H 7 1(x),

B B¢
where B = B(x, ﬁ). We have

|z — x|* C

/|u(z) —u(x)|F_s(x,2)dz < Clu] Coa/ dz < [M]CO,QW,

|n —20

>}

and

/|M(Z)|F—0(x 2)dz+2u()||H 1)

BC

‘/ (u(z) —u(x))F—o(x,2)dz + u(x)H " 1(x)

To estimate the very last integral, we can proceed as we did for the integral part of the operator
T in the proof of Proposition 2.3, splitting the integral in annulus (the details are left to the
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reader). By Lemma 5.7, |u(x) H % 1(x)| < Clu]pe (14 |x])~©*29) This concludes the proof of
Theorem B(B1).

In order to prove (B2), we observe that, by using the boundedness of the first order Hermite—
Riesz transforms on C%a (Theorem 4.1), we get

|| Ai H_UM || C%aﬁ»Zo*l = ||Rl H_U'H/Zu || C%a+2071 < C || H_0+1/2M ”C?-I,otJthffl < C”I/l ”C%a 5

where in the last inequality we applied Theorem A(Al) if —o + 1/2 > 0, and the case (B1) just
proved above if —o + 1/2 < 0. The case o = 1/2 is contained in Theorem 4.1.

Under the hypotheses of (B3), we have to prove that A; A ; H ™% u belongs to
AiAjH u="R;;H 1-0, Therefore, Theorem A(A1) and Theorem 4.1 give the result.

0,420 -2
Cy . But

5. Computational lemmas

Lemma 5.1. For each positive number a, let

2,1 2
1}ﬁsaz(x) :efa[S|X+Z| +5lx—z ]’ x.ze€R", s¢ ©0,1).

Then,
a x|y — g =t
Yy (x)<e e C (5.1
Proof. We have
a _a =g —4ls|x4z|? + Hx—z1 _a b=z —4|x—z||x+z|
ws’z(x)gg 27 s e 2 L<e 2 5 e 2 3

The first inequality above is obvious. For the second one, we argue as follows: if [x +z| < |x —z|
then it is clearly valid; when |x — z| < |x + z| we minimize the function 6(s) = %[s|x +z]2 4+
Al,|x —z%1, s €(0,1), to get 0(s) > %|x — z||x + z|. To obtain the desired estimate let us first

2
z

_glx_ _al=® _a

assume that x - z > 0. Then |x +z| > |x|,and e" 2 > Fh—zllvtal o= G 5 gl =zl 1f
_al=z> _ay _ _al=z? _alxllx—]

x -z <0, then |x — z| > |x|, and e 2 seZ‘xz||x“‘<e4 s e 4 5 <

2
e S —ixlx—z . Thus, (5.1) follows. O

2
Ix]lx—z| lx—z|

Remark 5.2. Note that Lemma 5.1 gives the estimate G, 5)(x, z) < C(ls;s)"/ze_ cC e "G5,
s €(0,1), x,z € R", which appeared in Lemma 5.10 of [13].

Lemma 5.3. Let n, p € R. Then, forall x,z € R",

(5

"/21 24 12 b=z x—zf?
Cls|x+z|"+5 lx—z] ]dﬂp(s) < Ce T e T 'In,p(X»Z),
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where

L ifn/24+n+p>0,

|x_zln+2n+2p ’

Iypx,2) =11 +10g(ﬁ)x{‘x_%lz>”(x —2), ifn/24+n+p=0,
1, ifn/24+n+p <0.

Proof. By (5.1), we get

j(

7C[s|x+z\ +5 Lix—z2]
) o€ dpp(s)

1/2

— belle—z] _ ez ds
“Cs —
sn/2+77+p s
0 1/2

[ee)
—z2
— bz /2t =2 4 +ce
X — Zn+2n+20
lx — ZI”Jr e r

=22
_lx—z? ~|2 S J 5
Ll r"/2+'7+,0€*r _r + e*%
|x — |n+277+2p r
‘A*Z‘z
-
_ Ixllx—z]
= Ce C
Ifn/2+n+ p >0, we have
Cx—z? o0 J s c
e C r Jx—z|%
< - - n/24n+p ,—r 2 < =
I's Ix — Z|n+277+2p r e r te = Ix — Z|n+277+2p e

2
Suppose now that n/2 4+ n + p < 0. Consider two cases: if @ > 1, then,

o]

lx—z/? 1 dr
[ <e T n/24n+p ,—r =7 1
N4 |:7|x_zln+27]+zp /r e - +
1

_ \x—wz C il<c
=Ce~ W_'— =

2
and, when % < 1, we have

d“p(s))

_ |xfl\2
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1
=g 1 n/24n4p dr
fse s [W( / ’ )+t

Jx—z2

_2 L A _
<Ce_% . 1+log(‘x_2|2)a 1fl’l/2—‘,—n+p 0’
b if n/2+n+p <0.
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Lemma 5.4. Denote by F any of the kernels F5(x, z) (defined in (1.3)), or Fiok o (x, 2) (given

in Theorems 3.5 and 3.6). Then,

)

C =zl x—zf?
|.7:(X,Z)| B | Z|n+20_ C e C ,
forall x,z e R", and
Clxi —xp| _Higzl o
| F(x1,2) — Fx2,2)| < | | l = -2

Xy — Z|n+]+2cr

for all x1, x3 € R" such that |x; — z| > 2|x1 — x2|.

(5.2)

(5.3)

Proof. Let us first consider F = F, . The estimate in (5.2) is already stated in [13, Lemma 5.11].
Nevertheless, we can prove it here quickly by using, in (3.5), Lemma 5.3, withn =0and p =0o.

To get (5.3), we observe that, by the Mean Value Theorem,

n/2 1

$1/2

1

1—ys
|Gi(s)(x1,2) — Gy (x2,2)| < Clxy — x2|(T)

for some & = (1 — A)x1 + Axp, A € [0, 1]. Then, by Lemma 5.3, withn=1/2 and p =0,

| Fo (x1,2) — Fo(x2,2)| < |x1 — 12 sup |ViFo (8, 2)]
{E=(1—=1)x14+rx2: 1€[0,1]}

L=s\"? 1 el je—cp)
< Clx; — x2|sup o —e 8 T die(s)
&

s 5172
cc 1 _ lzlls—z] _\E—CZ\Z
S Cn = nlsip e e

X1 —Xx lzllxo—z =z

|x1 — x2] =

|2 _Z|n+1+206 ’

e wlslE+aP+11E—2P],

(5.4)

where in the last inequality we used that |§ — z| > %|x2 —z|, since |x; — z| > 2|x; — x2|. Ina
similar way we can prove both estimates for 7 = Fy; o, because 0 < Fak » (x, 2) < F5(x, z), and
the details are left to the reader. Note that, by (3.8)—(3.9), up to a multiplicative constant we have
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|Foak o (x,2)|
1/2 1 k 1 - k
= /<li_i> Gt(s)(x,Z)dU«U(S)‘i‘/‘(l—_::) [GI(S)(X’Z)_¢2k(x)]d,ug(s)
0 172
<C| Fo(x )+e_%e_%22/1<1—s)”/2d )
= ol 1+ Mo s

1/2

and therefore, (5.2) is valid for F_y; . By (5.4),

1—s

172

1+s k
/( ) |Gt(s)(xlsz)_Gt(s)(x27z)|dﬂo“(s)
0

: 1—s\"? 1 sletePr Lg—e ]
< Clx1 — xa| sup / (T me‘ﬁ“'s A g (s). (5.5)
&

Recall the definition of M, (x, z) given in (3.7). It can be checked that

d x||x—z x—z?
L VM (x| <Ce M a0, 1)3).

k
‘drk

Thus, by Taylor’s formula,

1=—s\"? e pea?
e C e

|vx[G,(s)(x,z)—¢2k(x,z,s)]|<c(1+s c, se(1/2,1), (5.6)

and, consequently, when |x| — z| > 2|x; — x3|,

1
1 k
/( ji) [(Gr(s)(x1,2) — dar(x1, 2, 8)) — (Gris) (X2, 2) — P (x2, 2, 5)) | d o (5)

1
1/2

! k

1+s
<Cla —xlsup [ { — Ve [Grs)(€.2) — ¢ (€, 2.9)] | d 1o (5)
: 1/2
allg—zl _ Jg—zf? Ll =zl p—zf?
e <O — e e e .7)

< Clx1 — x2|supe
3

Pasting estimates (5.5) and (5.7), (5.3) follows for F = F_p; . O
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Lemma 5.5. Denote by B any of the functions By or Biok o defined in (1.3) and in Theorems 3.5

and 3.6. Then B € C*°(R") and, for all x e R",
x|, if lx] <1,
] bl (5.8)

< 1 20 , \% S
|Bx)| < C(1+[x*), and | B(x)‘<C{|x|za—l’ if x| > 1.

Proof. The first inequality in (5.8) for the case 5 = B, is contained in [13, Lemma 5.11]. The

identity

1 tanh 2¢ 2
—tH _ _ — 5= x|
1 =1 G;(x,9)d7=———— 2
¢ x) [ 1, ) dz (27 cosh 2t)”/2e
]Rn

(stated in [8]) and Meda’s change of parameters (3.2) give

By (x) = : /1[ o )"/2 g
o(X)= T(—o) (27T(1—|—52) e - :| Mo (5).
0

We differentiate under the integral sign to see that B, € C*°(R"), and

1
2x s 1—s2 \"? s
VB = 1452 d
VE0l= |7 / 1+s2(2n(1+s2)) ‘ o)
0
1
<C|x|/se_%""2dua<s) = 1),
0
By (3.6),
12 1 XT‘z
~ s dA x2 d \xz
T < cm[/ P LR o f d,ug(s)j| = Clx[?~! / e L4 Clale
N r
0 12 0
If |x] < 1,
L2 L2
1 1
\/e_rd—r< f ﬂ—C|x|2_2a,
ro r
0 0
and, if [x| > 1,
L m L2
( d ‘ dr R 2
/e_r—r /—+/e_rdr:C—e_XC <C
rO’ rO’
0 0 1/4

Hence, (5.8) with B = B, is proved.
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We can write

5 1 T(1—s\of 1-s2 \"2 ey
2o (X) = F(—U)/[(l—i—s) (27r(1+s2)) ]e s Mo ()
0

— S _x]2
+ o) /(e ez l)dug(s) =:1+1I
0

The bounds for I and /I can be deduced as in the proof of Lemma 5.11 of [13]. We give the
calculation for completeness. For both terms we use (3.6) and the Mean Value Theorem. That is,

1/2 LNk g e B 1 12 i
i< 1|+ [ duo(9) < = tc=c.
1 C./‘(l—i-s) <27‘r(1+s2)) ‘s"+1+/ Mo (5) C/SS1+G+C c
0 12 0

For IT we have to consider two cases. Assume first that [x|> < 2. Then,

1/2 1 1/2
1| < C |e‘ﬁ'x‘z_1 ds_ dug(s) <C | |x|%s . ccc
= sl+o g = glt+o N
0 12 0
In the case |x|? > 2,
L L
2 1 2
d
1) < f f djio(s) < f 7 ds + / °
slto (1 —s)(—log(1 —s))!+o
0 12 0 W
|x| x

1 —0
=Clx|* +C —10g<1—— <Clx|*,
|x|?

since —log(l —s) ~ s, as s ~ 0. On the other hand, observe that |V By »(x)| < IN(x). Thus, (5.8)
follows with B = Bo -
When B= B_j ¢,

12
3 () = 1 T4+s\/ 1—42 ”/zg—ﬁ\xﬁ )
“Hhe =T oy 1—s) \2r(1+52) Ho

0

1
1 1 k
+ I'(—o) /[(11_?) /(Gt(s)()ﬁz)—¢2k(x,z,s))dz—1} ditg (s)
12

Rn

=I1I+1v.
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If we write III as

1 Y2 1+s\F 12 n/2 | 172 i
: —¢ ——

r(-o) /[(l—s) (2n(1+s2)> _1}”"(”* (o) /(e 1) dpo (),

0 0

then we can handle these two terms as we did for I and II above to get |[III| < C(1 + |x|*°). By
(3.8)—(3.9), [IV| < C. For the gradient of B_j; », similar estimates to those used for V B, can be
applied for the term V. III. Finally, (5.6) implies that |V, IV| < C. The proof is complete. O

The following lemma contains a small refinement of the estimate for the kernel F_, (x, )
given in [4, Proposition 2].

Lemma 5.6. Take o € (0, 1]. Then, for all x, z € R",

1 _ Ixllx=z] \x—ﬁ

|x,Z|n—2r7 e C e ) lfn > 2(7,

0< Fo(r,2) < C { o~k -t [1+log(+ 2)X{ I (5.9)

[ R

e C e <, ifn <20.
IfF(x, z) denotes any of the kernels Vy F_s(x, 2), xi F_5(x,2) or z; F_5(x, 2), then

1 b=zl x=z? &|2

Ix_zanrleae C e ) lf‘n > 20 — 1,
[Fo,a|<cy ™ y (5.10)
- c -2, ifn=20—1.
Moreover, when |x1 — z| = 2|x1 — x2|,
|F_o(x1.2) = F_g(x2,2)|
llp=zl -z )
mome ¢ e T, ifo #1,
< Clxp — x2| b -l 2 (5.11)
e C e~ [1+10g( C > }(x—z)], ifo=1,
,|
and,
|x1 — x2| -zl -zl
[F(x1,2) —F(x2,2)| S C———55-¢ ¢ e © . (5.12)

|x2 _ Z|n+2—20

Proof. By (3.2),

1

1
1
F—a(x,Z)Zm/‘Gz(‘y)(x,Z)du—a(S)ZC/<
0

0

1—s2

nz oy ] 2
e alsletzl"+glx—z| ]d,u_g(s).

(5.13)
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Then apply Lemma 5.3, with n =0 and p = —o, to get (5.9). Differentiation with respect to x
inside the integral in (5.13) gives

1

1—s\"* 1 ‘
Veroa<c [ (Ts) e SR a0, (s14)
0

and then Lemma 5.3, with n = 1/2 and p = —o, implies (5.10) with F(x, z) = V, F_5(x, 2).
Take x,z €e R". If x - z > 0, then |x| < |x 4 z| and, in this situation, |x|F_, (x, z) is bounded by
the RHS of (5.14). If x - z < 0, we have |x| < |x — z|, and in this case

1
1 2 1—s\"% 2,1 2
X F_g (x,2) < Clx — z]e™ / (T) e SURHP = gy (o),

Therefore, by Lemma 5.3, we obtain (5.10) for F(x, z) = x; F_; (x, 7). The same reasoning ap-
plies to F(x, z) = z; F_ (x, 2), since |z| < |z — x| + |x|. To derive (5.11), we follow the proof
of (5.3) in Lemma 5.4, with —o in the place of o, and we use Lemma 5.3. Estimate (5.12) for
F(x, z) = Vi F_s(x, z) can be deduced by using the Mean Value Theorem and Lemma 5.3, since

1

1 1_S2 n/2 Ly, 2,1 2

a)%i,ij—o(X,Z)z F(o)/( . > e bzl =zl
0

s 1 s 1
x |:<_§(xi tai) — (i —m)) (_E(xj +2j) = 5o _Zj)>

1
+8i,-<—% - g)]du_a(s)

gives that

1
> l—s "2 1 —Clslx+zP+Lx—z?]
|DiF_o(x,2)|<C - Se s dp—q (s). (5.15)

Similar ideas can also be used to prove (5.12) when F(x, z) is either x; F_; (x, z) or z; F_4 (x, 2).
We skip the details. O

Lemma 5.7. The function H™°1 belongs to the space C*°(R"), and

C
(1+ x>’

C

H1(x)| < -
| (x)’ (1+|x|)1+20

and |VH 71(x)| <
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Proof. Observe that (3.2) applied to (3.11) gives

1 1 )
— 1 —t()H 1—s2\" - |x[?
H %1(x)= ) e "YVTIx)du—(s)=C a2 e l+s diu_s(s). (5.16)
0 0
Since
, 1—s2 s e s
|Vxeft(.S)H‘l(x)|:2|x|1_isz <2n(1_isz)> e l+s2|xl <CS1/2676|X‘2’ (5‘17)

differentiation inside the integral sign in (5.16) is justified. By repeating this argument we obtain
H~%1 e C*®°(R"). To study the size of H 7 1, note that we can restrict to the case |x| > 1 because
H~?1 is a continuous function. By (3.6), we have

Ix2
1/2 172 5c
2\ n/2
1—s n/ e_ﬁ‘)qzd (S) <C e_%lxlz dS —C|x|_20 e_r dl” <C|x|_2o.
1+s2 U =0 o S ’
0 0 0
and

1 1
_2N\n/2 s _ /2—1
J (2ot gy oot [ U=

1+ 52 (—log(l —s)!—°
172 12

Plugging these two estimates into (5.16) we get the bound for H 1. For the growth of the
gradient, we can use (5.17) and similar estimates as above to obtain the result. O

Lemma 5.8. For 1 < |i|,|j| < n, denote by R(x,z) any of the kernels Bi_,ij_l(x,z),
xiBXjF_l(x,z) or xixjF_1(x,z). Then

C _lallr—zl _ Jx—g?
|R(x,z)|<|x_z|ne T e T, (5.18)
and, when |x| — z| = 2|x1 — x3|,
lx; — x| _llp-d np—z?
R(x1,2) =R(x2,2)| SC———=e¢™ € e © . (5.19)
|x2—z|”+l

As a consequence, the kernel of the second order Hermite—Riesz transforms R;j(x,z) =
A;jAjF_1(x, z) also satisfies these size and smoothness estimates.

Proof. We put o =1 in (5.15) and we use Lemma 5.3, with n = 1 and p = —1, to obtain the
desired estimate for D2 F_;. From (5.14),
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: 1—s\"? 1 " 2.1 2
|xidy; Fo1(x, 2)| < Clx| / (T) e T dp 9. (5.20)
0

If |x] <2, then Lemma 5.3, with n = 1/2 and p = —1, applied to (5.20) gives

_ |,\'le2
C .

C _ lxllx—z]
|xi0x; F1(x,2)| < | T e

X — Z|n—l e
Assume that |x| > 2 in (5.20). Consider first the case |x| < 2|x — z[, then by Lemma 5.3,
1

1=5\"? _critsPalieop
Ix,'3ij—1(x,z)| < C/(—) e~ Clslxtzl"+5lx—z] ]dM—l(S)
N

C — el _\x—Cz\Z
{—e e .
|x — 2|2

In the other case, namely |x| > 2|x — z|, we use the fact that |x| > 2 to see that |x + 7> =

2|x|? — |x — z|> +2|z|* > |x|?. Hence,

: 1—ys n/2 c 2,1 2
|xjde, Foi(x,2)| < C [ ——)  —ze Clhteltcl==lay ()
J P $1/2
0

_=zf?
C

C _ lxllx—z]
e C

e
Sx =zl

Collecting terms we have (5.18) for R(x, z) = x; ij F_1(x, z). Finally, to obtain (5.18) with
R(x,z) =x;x;F_1(x, z), we note that by (5.13),

1
1—s n/2 1 1
i Fy (. 2)| < Cla? / (T) oSl =l gy s),
0

and we consider the cases |x| < 2 and |x| > 2 as before. In the second situation, we assume first
that [x| < 2|x — z| and, then, that |x| > 2|x — z| (which implies |x| < |x 4 z|), and we use the
method of the proof given for x;dy, F_1 above.

To prove (5.19) we can use the Mean Value Theorem and Lemma 5.1 (see the proof of (5.3)
and (5.12)). We omit the details. O

Lemma 5.9. Denote by K(x, z) any of the functions |x|*° F_q (x, 2), |2|*° F—_s(x,2), 0 <0 < 1,
or the kernel x; axj F_1(x,z). Then

sup/|K(x, z)|dz <C.
X
Rn
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Proof. Consider the function |x|2"F_,, (x,z).If |x| <2 then, by (5.9), |x |2" fR,, F o(x,2)dz<C.
If |x| > 2, we consider two regions of integration: |x| < |x — z| and |x| > |x — z|. In the first
region, by Lemma 5.3,

1
2% 1-s\"? 1 —Clslx+z|*+11x—z12]
x| Fo(x,2) <C P pural s dp—o(s) S CP(x —2),

with @ € L'(R"). To study the second region of integration, namely |x| > |x — z|, we use the
fact that |x + z| > |x| and we split the integral defining F_, into two intervals: (0, 1/2) and
(1/2, 1). To estimate the part of the integral over the interval (0, 1/2) we note that, by using (3.6)
and three different changes of variables, we have

1/2 1/2
1 d
f Goioy (¥ 2) dpt—g (5)dz < C / / L el

sn/2 sl—o
lx|Zlx—z| O [x|Z2lx—z| 0

rn/2 rl—o
x| Zlx—z

%
=Clx|n—20 f f 1 e_%[r+%|x|2|x_zl2] dr dZ
| 0
|

[
2

1 | 1,27 dr
|| -20 — L Lwp?)
=Clx| f /rn/ze 3 T dw
0

[x[2 > wl

Ly 2y dr -1
¢ alr+571 s p" " dp

- [
2 e 4 _o2 ,dp |dr
< Clx| /rn/2—5|:/e T p 7 —
0
o0
=c|x|—2"Ue—£r0 _r][
’

0

dt
e—ttn/z 7i| — C|x|—20"

The integral over the interval (1/2, 1) is bounded by

x—z[?

1
x—z|?
Ix |2 /(1 — 2R T gy () < Cem T e LU (RY).

1/2

Hence we get the conclusion for K(x, z) = X127 F_y (x, 7). To prove the result for the func-
tion |z|%? F_4 (x, z), observe that || < C(|z — x|*® + |x|>?), so we can apply the estimates
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above. When F(x, z) = x; ij F_1(x,z) we can argue as we did for |x|2" F_;(x, z) above, be-
cause of (5.20). O

Lemma 5.10. Forall 1 <|i| <n,and 0 <r; <ry < oo,

sup
X

AiF_1)2(x,2)dz| < C,

ri<|lx—z|<r
where C > 0 is independent of r1 and r;.

Proof. By estimate (5.10) given in Lemma 5.6, it is enough to consider 2 < 1. From Lemma 5.9,
with o = 1/2, we have that fRn xi F_1,2(x,z)dz < C. We can write

f Oy, Fo12(x,2)dz = / I(x,2)dz+ / I(x,z)dz,

ri<lx—zl<ry ri<|x—zl<r ri<lx—zl<r

where

1
1 1—s2\"? 2.1 2 )
I — —glslx+zl"+5le—zl71( _2 ... N du_ )
(x,2) 1’(1/2)/( Tms ) e 2(x1+zz) m—12(s)
0

Lemma 5.3 shows that

1

1—s\"? 1 1 1
|I(x, Z)| < C/( . ) 371/2e_z[slﬂ_z‘“_ﬂx_zlz] dp_1/2(s) < @ (x — 2),
0

for some integrable function @. To deal with /I(x, z), we consider the integral

1
~ 1 1—s2\"? | 2.1 2 —(x; — 2i)
Tx. 2) = — 2P e ZW 2D
(x,2) F(1/2)/< Ims ) e 2 m—12(5),
0
which verifies

‘ / Il(x,z)dz| =0.

ri<|x—zl<ry

Therefore, by applying the Mean Value Theorem and some argument parallel to the one used in
the proof of Lemma 5.3, we have
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_1

~ : 1—s n/2 1 lx—z|2 2 Le1ox|?
|II(x,z)—II(x,z)|<C/<—> Wei C e asirel o3P gy (s)
0

N

1 1—s\"? e
<C/< > e” O du_1p06) <Y —2),
S
0

for some ¥ € L'(R"). O
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