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where n is the dimension of the algebra. In the present paper we
deal with naturally graded quasi-filiform non-Lie-Leibniz algebras
- which are described by the characteristic sequence C(L£) = (n —
f:lyglv_l‘l’zrisl ebras 2,1,1) or C(£) = (n — 2,2). The first case has been studied
Natural grgadation in [Camacho, LM., Gémez, ].R., Gonzalez, A.J., Omirov, B.A., 2006.

Naturally graded 2-filiform Leibniz Algebra and its applications,
preprint, MA1-04-XI06] and now, we complete the classification
of naturally graded quasi-filiform Leibniz algebras. For this purpose
we use the software Mathematica (the program used is explained
in the last section).
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1. Introduction

The knowledge of naturally graded algebras for a family of non-associative algebras is relevant
because it contributes to obtaining information about the structure of the family, its irreducible
components and some cohomological problems.

Leibniz algebras appear as a generalization of Lie algebras (Loday, 1993), so it is expected that the
naturally graded algebras will play a similar important role in the study of the Leibniz algebras as in
the Lie algebra case. The cases of 0-filiform and 1-filiform Leibniz algebras were studied in Ayupov and
Omirov (2001) and naturally graded p-filiform Leibniz algebras in Camacho et al. (2006) and G6mez
and Jiménez-Merchan (2002). Let £ be a graded n-dimensional quasi-filiform non-Lie-Leibniz algebra,
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then it is clear that either C(L£) = (n — 2,1, 1) or C(L£) = (n — 2, 2). The first case (the 2-filiform
case) has been studied in Camacho et al. (2006). In this work, we consider the second case, that is, the
algebras with C(£) = (n — 2, 2).

In the theory of nilpotent Lie algebras powerful techniques have been generated in naturally
graded Lie algebras (for example, in cohomology description and structural properties, see Goze
and Khakimdjanov (1996)) which have been applied to non-graded algebras (Cabezas and Pastor,
2005; Gémez and Jiménez-Merchan, 2002). Since finding naturally graded Leibniz algebras is always
possible for nilpotent algebras, these techniques are always applicable. They are more effective when
the number of non-zero subspaces of the gradation is big enough. The works (Gémez and Jiménez-
Merchan, 2002; Vergne, 1970) deal with naturally graded filiform and quasi-filiform Lie algebras up
to isomorphism. The main aim of this paper is to extend the classification of naturally graded quasi-
filiform Lie algebras to Leibniz algebras.

Definition 1. An algebra .£ over a field F is called the Leibniz algebra if it verifies the Leibniz identity:
[x, v, z]l = [Ix, y], z] — [[x, z],¥y] for anyelementsx,y, z € £ and where [, ] is the multiplication
in L.

Note that if in £ the identity [x, x] = 0 holds, then the Leibniz identity coincides with the Jacobi
identity. Thus, Leibniz algebras are a generalization of Lie algebras.

For a given Leibniz algebra .£ we define the following sequence: £! = £ and £¥! = [£X, £1].

In this paper, we will work over C. Let .£ be a nilpotent Leibniz algebra for which the index of
nilpotency is k+1. Let us define the natural gradation of algebra £ as follows, £; = £//.£7*, then
LA L DL D D Ly Using [L1, L] C L7, it is easy to establish that [£;, £;] C L. So, we
have the gradation. The above constructed gradation is called natural gradation.

Let x be a nilpotent element of the set .£ \ .£2. For the nilpotent operator of right multiplication Ry
we define a decreasing sequence C(x) = (nq, ny, ..., 1), which consists of the dimensions of Jordan
blocks of the operator R,. In the set of such sequences we consider the lexicographic order, that is,
Cx) = (n1,nz,...,m) <Cy) = (my, my, ..., ms) & there exists i € N such that nj; = m; for any
j<iandn; < m.

Definition 2. The sequence C(L£) = max C(X), s\ .2 is called characteristic sequence of the algebra L.
Example 1. If C(£) = (1, 1, ..., 1), then evidently, the algebra .£ is abelian.

Definition 3. A Lie algebra g is said to be quasi-filiform if "2 # {0} and g"~! = {0}, where
n = dim(g).

The set R(L) = {x € £ : [y,x] = 0Vy € L} is said to be the right annihilator of L. Note that for
any x, y € £ the elements [x, x] and [x, y] + [y, x] are in R(L).

2. Naturally graded quasi-filiform Lie algebras.

The following theorem describes the classification of naturally graded quasi-filiform Lie algebras.

Theorem 4 (Gomez and Jiménez-Merchdn, 2002). Let g be a complex n-dimensional non-split naturally
graded quasi-filiform Lie algebra. Then there exists a basis {Xo, X1, ..., Xn_2,Yy} of g, such that the
multiplication in the algebra has the following form:

Lin,ry(n>5,3<r< ZL"%lj —1, rodd): Q(n,r)(n>7,nodd,3 <r <n-—4, rodd):

[x0, il = Xit1, 1 <i<n-—-3
X, %_i]=(—D"ly, 1<i< =t

{[Xoixi] =Xit1, 1<i<n-3
: 2
[Xis Xn2—i] = (=D %y, 1<i < 552

X x—i] = (=D y, 1<i< 5t
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t(n,n—3) (n > 6, neven):

[X0, il = Xit1, 1<i<n-3

[Xn1, x1] = 52,

[Xi, Xp—3-i] = (_1)i71(xn73 +x,21), 1 <i< nz;4
[Xi, Xp—pi] = (—D 1Oy, 5 1<
T(n,n—4) (n>7, nodd):

[x0, %] = Xip1, 1 <i<n-—3
[xn-1, %] = B52%, 4ps, 1 <0 <2
[Xi, Xn—4—i] = (_1)171(sz—4 +Xn—1)y 1 =< i < o=

[Xis Xnos—i] = (-T2 5 1<i< B2
[Xi Xo2-i] = (= 1)/ = DEFx, 5, 2 < i< 152
e(7,3): £1(9, 5): £2(9, 5):
[x0, Xi] = Xi11, I<i<5 50;:.(]1.]_:2);%17 } E ; E g
[y, X,‘] = 2XH,5, 1 < i < 2 [X’ ;{ ]__ Xl+iy - =
(X0, %] = X1, 1<i<3 [[x1,xa] =%+, [x:,x:] _ 2;6 ’
[y, x;] = Xi13, 1<i<2 J[x1,xs5] = 2%, [x’x]:x '
[x1. %] = x3 +. [x1, %5] = 3%7, [ 2] = x5 — y
xl=xu1,  3<i=4 [[o,x]=-x-y, o x] = —xe
[X2, X4] = —X6, 200 _ &
[, Xs] = —%5. [x2,x5] = X7,
’ [x3, x4] = —2x7.

3. Naturally graded quasi-filiform Leibniz algebras

For Lie algebras the notions of 2-filiform and quasi-filiform coincide. However, for Leibniz algebras
these notions are not equal and are the following:
Definition 5. A Leibniz algebra £ is said to be 2-filiform if C(£) = (n — 2, 1, 1).

Theorem 6 (Camacho et al., 2006). Let £ be an n-dimensional (n > 6) graded 2-filiform non-split non-
Lie-Leibniz algebra. Then L is isomorphic to one of the following pairwise non-isomorphic algebras:

i, e1] = eita, 1<i<n-3 .
[e' o] '+e e {[ei,el]=ei+1, 1<i<n-—3
1, En—1] = €2 ns

) [eq, en_1] = en.
[ei, en—1] = €it1, 2<i<n-3 ! !

Note that the classification of such algebras of 2-filiform Leibniz algebras of dimension less that 6
can be found in the papers Albeverio et al. (2005) and Camacho et al. (2006).

Definition 7. A Leibniz algebra .£ is called a quasi-filiform Leibniz algebra if £7~2 # 0and £"~! = 0,
where dim £ = n.

Note that Definitions 3 and 7 hold.

Let £ be a graded quasi-filiform n-dimensional non-Lie-Leibniz algebra. It is not difficult to see
that either C(£) = (n — 2,1,1) or C(L£) = (n — 2, 2). Since the case C(L£) = (n — 2,1, 1) was
classified in Theorem 6, we now consider the case C(L£) = (n — 2, 2).

From the definition of the characteristic sequence, C(L) = (n — 2, 2), it follows the existence of
a basic element e; € .£\.£? and a basis {e;, e,, . . ., e,} such that the operator of right multiplication
Re, has one of the following forms:

Jaiz O > 0
0 .]2 ’ 0 Jn—2 ’
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Definition 8. A quasi-filiform non-Lie-Leibniz algebra .£ is called an algebra of first type if there exists
a basic element e; € .£\£2 such that the operator Re, has the form: <(;"2 J(l) ; if Re, has the other
form, it is called an algebra of second type.

Theorem 9. Let £ be a naturally graded Leibniz algebra of first type. Then it is isomorphic to one of the
following pairwise non-isomorphic algebras:

L7

[ei,e1]l=¢e1, 1<i<n-—3
[en—1,e1] = en,
[e1, en—1] = Aey, A €C

L34

[ei,ei] =ejy1, 1<i<n-3
[en—1,e1] = e, + e,
[el7 en—l] = )Len’ A S {_15 Oa l}

°C5,A,,u_:

[e;,e1]l =eip1, 1<i<n-—-3
[en—1,e1] = e + e,

[ela en—]] = )"env ()"a ,LL) = (15 1) or (2’ 4)

[en—1, en—1] = uey,

L2

[ei,e1]l=¢€4q1, 1<i<n-3
[en—1, e1] = en,

le1, eqn_1] = Xe,y, A € {0, 1}
[en—h en—l] =€y

L4

lei,el] =€, 1<i<n-—3
[en—1,e1] = e, + ey,

[en—h en—l] = )Lenv A # 0
£5:

[e;,e1] =ei41, 1 <i<n-—3
[en—1,€1] = e,

[e1, en—1] = —en,

[en—1, en—1] = €2,

[en—1,€n] = €3.

Proof. From the condition (6’_2 })) we have the following multiplication:
2

[e,e1]l =ep1, 1<i<n—-3 [e,2,e1]l=

, len—1,e1] = ey, [en, 1] = 0.

It is easily seen that £1 =< eq,e,_1 >, L3 =< e3,e, >, L5 =< ¢ >for3 <i <n—2and
{es,e3,...,e,_2} € R(L). Therefore, for defining the multiplication of £ it is enough to study the

multiplication of the element e,_ on the right side.

Let [e1, en_1] = a1z + azey, [€n_1, €n_1] = Bre2 + Baen.
Considering the Leibniz identity for the basic elements:

lei, [e;, ex]] = [lei, €1, ex] — [[ei, ex], g1

forj,k € {2,3,...,n—2}andj = k € {1, n} we do not obtain any restrictions. Therefore, the
consideration of the Leibniz identity is reduced to the consideration of the cases:

j=landk=n—-1,n; j=n—1landk=1,n—1,n; j=nandk=1,n-—1.

These cases lead to the following equalities for 1 <i < n:

azle;, en] = [[e;, e1], en_1] — [[e;, en—1], €1]
[ei, en] = [[e;, en—1], 1] — [[ei, 1], en—1]

[ela en] €n— l] - [[eh €n— l]a en]

(1
(2)
(3) [lei, e1l, ea] = [[ei, enl, €1]
(4)
(5) ,32[6,, en] =0.

From Eqgs. (1) and (2) we have as[e;, e,] =

Consider the following cases.

Let us suppose | e, € R(L).

—[e;, en].
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Then from Eq. (2) fori = 1, 2, ..., n we have that §; = 0 and
lei, en1] = 1€, 2=<i<n-3,
[en—2,en—11 =0,
[en—1,en—1] = ,32611,

[en, en—1] = 0.
Making the following change: e, _; = e;_1 — aje1, ¢ = e; fori # n — 1 and renaming the
parameters, we obtain that the multiplication of £ is
lei, e1] = eiyq, 1<i<n-3, [er,e,1]=Ben,
[en—1,e1] = en + aey, [en—1,€n—1] = yen.

Let us consider the general change of the generators of basis:
n n
9/1 = ZAiei, 6;171 = ZBiei.
i=1 i=1

We express the new basic elements {e], €}, ..., e],_;, e} } via the basic elements {e;, e,,

s Chno1s <. lno1,
en}. Computing all the products we obtain that the parameters are the following:
©) o = Bn_1 o , A+ A )A B +An1y) Y= Bn—1(A1 + An—1) y
A+ A A(A Ay —ap)) Ar(Ar +An1(y —af))

and the restrictions

(7)  ABy_1(A1 + A1) (A + A (y —aB)) #0
IBI(Bn73(A1 +Ap—1a) —Aq—3B_1) =0
Y (Bn—3(A1 + Ap—1t) — Ap_3Br_10) =0
Bi—A,'Ol,ZO 2<i<n-—4
B; = 0.

Note that coefficients A,_3, B,_3 do not participate in the expressions for the parameters «’, ', y’
Hence, we may assume they are equal to zero.

At this moment, we consider the possible cases.

(@) @ = y = 0.Then, from (6) and (7) we have:
A1Bn_1 # 0, B’ = B.

Since A; # 0, then B; = 0 where 1 < i < n — 3 and we obtain the algebra LA,
(b) « = 0and y # 0.Then, from (6) and (7) we obtain that:
A An_ B,_
o =0, '3/=M’ y= et
A1+ A1y Ar+ Ay
Bi_1A1(Ay +Ap_1y) #0, Bi=0 1<i<n-3.

Note that the following equality:

A
p—l= " (p—1
A +An717/

holds.
Therefore for the expression § — 1 there exist two possible cases and in each of them we have
non-isomorphic algebras, that is, the nullity of § — 1 is invariant.

, . A] +An—1y .
b.1 8 = 1. Then, 8’ = 1. Since y # 0, then putA,_; = 0,B,_; = ——  , we obtain that

4
y’ = 1 and in this case we have the algebra .£>* where 1 = 1.
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-5
14

b.2 8 # 1.Then, taking A,_; = —éAl,Bn_l = A1, we obtain that 8/ = 0,y’ = 1and so
14

we get £2* where A = 0.
. A+ A .
(c) @ #0 and y = 0. Then, taking B,_; = ———, we obtain that:
o
A+ A

o =1, B =———8,
Ay — afAny
Bi:A,‘, 2515“-3

y'=0

Note that the following equality is true

B+1=—" (g4
Ay —afAny

c.1 8 #0and B # —1.Then, choosing A,_1 = —/32 5
o

c2 S #0and 8 = —1.Then, g’ = —1.

c.3 B8 =0.Then, 8/ = 0.

Note that restriction A1B,—1(A1 + Ap—100)(A1 + (¥ — @B)A,—1 # 0 in the cases c.1-c.3 also
holds. Thus, in these cases we have the algebras £3* where A € {—1, 0, 1}.

(d) @ # 0and y # 0. Using (6), we have the following equalities:

A1, we obtain 8/ = 1.

Y —ao'p = i (y —ap)
A+ A1 (y —ap)
Og/’B’Z + y/ _ ﬂ/y/ — Bn—l(Al +An_10[)

(A1 +Ana(y —ap))?
1Pn—-1

(A1 + An—10) (A1 + A (y — ap))
Therefore, in the cases below, we obtain the algebras, pairwise non-isomorphic.
) . A1 Ail(y —ap)
d1y —aff #0andaB” +y — By # 0.Then, taking A,y = ———, B = ———, we
14 ay
obtain that

o =1, p'=0 y'=

@B’ +vy —By)

y’—a/ﬂ/—a/:

(y —ap —a).

(y —ap)y®
a(@p?+y — By)
that is, we obtain the one-parametric family of algebras £,

d2y —aB #0andaB? + y — By = 0.The case B = 0 is a contradiction. Let us suppose that
B = 1, then « = 0 which contradicts case (d). Therefore, 8 ¢ {0, 1}.

)

—1
Let us replace the expression o = (ﬂﬁiz))/ in other expressions and we obtain
o — (B —DyBn_1 g = B*A1+ (B — 1)yAn1
B2A1+ (B — DyAnr’ BA1 ’

P Y (B*A1 + (B — 1)yAn—1)Bn_s
BA1(BA1 + YAn-1) .

-2 2
PuttingA,_ = —uALB,H = 7ﬁA1,we obtainthate’ = 1,8 =2,y = 4.
-y T T By
Note that in this case the restriction A
4A
ABi_1(A1 + A1) (A +H A (y —ap)) = ! #0

(B—13%y

is also verified. Thus, we have the algebra .£>** where A = 2, u = 4.
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A
d3y—ap =0andap?+y — By #0.Then,af # 0and f = © . Taking B, ; = ——— and
o /oy
o+
An1 = —Mz‘h. we obtain thato’ = B’ = y’ = 1, hence we have the algebra £>*#
ay
where A = u = 1.

Since y # 0, then the case y — a8 = 0and 82 + y — By = 0is impossible.

Let us suppose | e, ¢ R(L).

Then from (1), (2) and (5) we have that o,

[e1,en] = yes, [en—1,en] = pes,
From (3) we obtain [e;, e;,] = yei 2, 1 <i<n-—4.
Using equalities (2) and (4) we obtain the following restrictions:
A= p1r—u, ylor—2y) = a1y — Ayl —iy) = y(la1 —(—2)y), 3 i <n—4
u(aq —2y) = Byy from which we conclude that 8; = i, y = * = 0and oy 0 = 0. Since e, ¢ R(L),
1

then i # 0 and, therefore, oy = 0. Making the change of basis: e = ﬁ

= —1and B, = 0. Consider
[en, en] = Aeq.

/
—en, e, = en_1 we

obtain the algebra £8. O

The theorem below describes naturally graded quasi-filiform Leibniz algebras of the second type.
The next theorem completes the classification of quasi-filiform non-Lie-Leibniz algebras.

Theorem 10. Let £ be a naturally graded quasi-filiform Leibniz algebra of second type. Then J[L is
isomorphic to one of the following pairwise non-isomorphic algebras: n even

L1

[ei, e1] = ey 3<i<n-1

{[91, ell=e;

[e1,e] = —e€ir1, 3<i<n-—1
£3.
[e1, el =e;

[ei, e1] = €1 3<i<n-—1
[e3, e3] = e,
[er, ] =—ey1, 3<i<n-—1

n odd
L1, 02,03, 04, £

[er,e1] =e;

[e;, e1] = eiq

le1, el = —e€it1,

[eh en+2 1] - ( 1)16117

3<i<n-1
3<i<n-1
3<i<n-1

£2:

[e1,e1] =e;

[ei, e1] = ey 3<i<n-—1

[e1, e3] = e; — ey,

le1, ej] = —ejy1, 4<j<n-1
4

[er,e1]l =e;

[ei, e1] = eit1 3<i<n-—1

[e1, e3] = 2e; — ey,

[e3, e3] = e,

[e1, ;] = —ejy1, 4<j<n-1

£6,}».
[er,e1]l =e;

[ei, e1] = eirq

[e1, e3] = dey — ey,
le1. ] = —ej+1,
lei, eny2—il = (—=1'ey,

3<i<n-—1
A ef{1,2}

4<j<n-1
3<i<n-—1

£7,7»: °CS,)\,H:
[e1, e1] = e,
e, e]=e )
{e-l 611]]=6'2+1 3<i<n—1 [[G&l=eu 3si=n—1
e;’ 33] — ):‘ez A ; 0_ [elv 93] = )\162 — €y,

A, w)=(=2,1), 2,1 or(4,2)
4<j<n-1
3<i<n-1

[es, e3] = ey,
[e1, ] = —ej4q,

[
[e1, &i] = —eitq, 3<i<n-1
[ [ei, ensoi] = (—1)iey.

e, en+2—i] = (_1)ien7 3< i <n-1
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Proof. From the condition of the theorem we have the following multiplication of the basic element
e; on the right side:

[er,e]=ex, [e,e]l=¢€yq, 3<i<n-—1
[ez,e1]1 =0, [en, e]=0.

Note thate, € R(L) and that £ =< e1,e3 >, L3 =< e3,64 >, L=< e >for3 <i<n-—2.
Let us pose

[e1, e3] = a1e; + /3134: [e2, 3] = Baes, [e3, e3] = aze; + Bsey,
lei,es] = Bieiz1, 4<i<n—1 [eye]=0.

We consider the following equality
(8) [ei, [es, e1]] = [lei, e3], e1] — [lei, eq], es], 3<i<n-—2.
From (8) we have

[e1, eq] = (B1 — Br)es, [e2, es] = Baes,

[ei, e4] = (Bi — Bir1)eira, 3<i<n-—2 [en—1, e4] = [en, 4] = 0.
The following equality holds.
-3 )
9 leig] = <Z(—1)k (J P 3) Cjk_3ﬂi+k> €itj-2
k=0

wherei+j<n+2, 3<i<n-—-1, 4<j<n+2-i
This equality will be proved by induction on j for any value i. For j = 4 we have that [e;, e4] =

lei, [e3, e1]] = [[ei, es], er] — [[ei, e1], es] = (Bi — Biy1)eia where 4 <i<n—2.
By the induction hypothesis and the following chain of equalities:

lei, ejr1] = [ei, [ej, e1]] = [[e;, g1, e1] — [[ei, e1], €]

j-3 j-3
= (Z(—1)kcjk_3ﬁi+k> €itj—1 — <Z(_1)kcjk_3,8i+k+1> €itj-1
k=0 k=0

=3 i=2
= <,3i + ) (=D B+ Z(—Ukcj!{_g]ﬂwk) €itj—1
P

k=1

-3 ,
(ﬂf + Y DM+ ) B+ (—1)12Cf33/3i+j—2> eigj1

k=1

j=2
(Z(—1)kcjk_2ﬁi+k> €itj—1
=0

we complete equality (9).
Thus, for the basic element e, there exist two possible cases.

Let us suppose | e4 € R(L).

Then we obtain that
Bi=pB=0 and Bi=y 3<i<n-—1.

Making the change of basis e; = e; — yeq, e, = e — ye,, we obtain the algebra with the following
multiplication:

[e1, e1] = ey, [e1, e3] = aey,

[e2, e1] =0, [e2, e3] =0,

e, el]l =eip1, 3<i<n—1 [es e3]=Pey,
[e,—,eg]:O, 4§l§n
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If we make the following change e = Ae; + Bes, e],_; = e; where AB(A + Ba) # 0, we have that

Re/l = (J 2 0 > that is, it contradicts that £ is an algebra of second type.

0 2
Let us suppose
Then, from the equality [e;, [e3, e3]] = 0, we have that B3[e;, e4] = 0 foranyi € {1,2,...,n}.
As the following identity [e;, [e3, e1]] = —[e;, [e1, es]], then [e;, e4] = —pBile;, e4], and therefore

B1 = —1, B3 = 0 (otherwise e4 € R(L)).

Now, we consider the following equality:

(10) [es, [es, e1]] = [lei, eal, e1] — [[es, e1], eal.

From (10) we have that

[e1, es] = —(1 + 2B;)es,
[e2, es] = Baes.

Suppose thates € R(L), then 8, = —% and B, = 0, which is a contradiction. Therefore, es ¢ R(L),
then from [e4, e1] + [e1, e4] = —pBae5 € R(L), we obtain that 8, = 0. By induction on i, we can
establish that [e;, e;] = [e;, e2] = 0 (thatis, e; € R(L£)) and [eq, e;] = —ej11 with4 <i<n— 1.

From (9) and the following equality: [2e1, [e3, ex]] = [[e1, e3], e2;] — [[e1, ey], e3] we obtain that

2j—4

(A1) 2Byi1 = Ba+ Boj+ Y _ (=D C_3(Bars — Bsa)-
k=1

Now we prove that
(12) Bi=pBs, 5<i<n—1 forneven
Bi=PBs, 5<i<n-—2 fornodd.

Firstly, consider the case n even.
According to (11) we have that

j=2 = ps=ps,
j=3 = Ba=PpHs, Pr=—Bs+20.
Replacing 84 = s, B7 = — B4 + 2 in the following equality:
[es, [es, es]] = [[es, eal, es] — [[es, es], e4]
we obtain that 84 = B¢ = B7. Thus, we have the basis for the induction.

Suppose that 8; = B4 forany i < 2j+ 1. Let us prove that 84 = fj1». From (11) and the induction
hypothesis we obtain that

(13)  Bojyz3 = —( — DPa +jByjr2-
From the induction hypothesis and the following equality:
[e3, [es, ez1]] = [[e3, e4], ezjr1] — [les, ej11], e4]

we have that 8,1, = B4. Then from (13) we obtain that 8,j;3 = B4. Hence, (12) is proved.
By induction and the equalities [e4, e;] = 0 with4 < j < n — 2, it is easy to show that

les, e;] = —Bejr1, 4<j<n-1
Thus, we have the following family:
[e1, e1] = e, [e1, 3] = a1e; — ey, ler, el = —e€iyq, 4<i<n-—1
[ei,ei] =eip1, 3<i<n—1 [es, e3] =awe, [es,e]] = —Beiy1, 4<i<n—1
[ei, es] = Beip1, 4<i<n-—1

(the rest are equal to zero).
Making the following change of basis: e, = e3 — feq, €] = e;, fori # 3 we have the family:

[er, e1]l =e; [er,es] =Ae; —ey, [er,e] =—€4q, 4<i<n-—1
[ei,ei]l =€, 3<i<n—1 [es, e3]=pne;

(the rest are equal to zero).



536 LM. Camacho et al. / Journal of Symbolic Computation 44 (2009) 527-539

n n
Let us make the general change of the generators of basis: e] = ZA,-ei, ey = Z Bie;.
i=1 i=1

Then computing all the products we obtain the following restriction and the expressions of A’
and u':
. Bs(Aih+2430) / BS

TR AR T R A a2

A1B3(A? + AAsh + A2p) #0
Consider the following cases:
Bs

—_—
A1 + AsA
a.1 A = 0.Then, A’ = 0 and we obtain the algebra ..

. A + A3l . .
a.2 A # 0.Then, taking B; = % we obtain A’ = 1, that is, we have the algebra £2.

2p2
(b) u # 0. Note that the equality 4u’ — 1”2 = AiBs
(A7 + A1Ash + AZp)?

Vau — A2

(@ w=0.Then, ' =0and ' =

(4 — 2?) holds.

A
b.1 4,1 # A2, Then, taking A3 = —2—A1,83 =+ A;, we obtain that A’ = 0, i/ = 1.
m

2u
AV — 22)?
Moreover, AiB3(A? + AjAsh + AZp) = A(Vau = 277 # 0. Thus, in this case we have the
n
algebra .£3.
22 2A; + Ash
b.2 44 = A%2. Then, A # Oand 4 = R Replacing the value of i and B3 = % in the

expressions A/, i/, we obtain that A’ = 2, 1’ = 1. Therefore we have the algebra .£*.

Consider now the case when n is odd.
In this case we have the family:
[e1, e1] = e, [e1, e3] = a1ex — ey, [e1,e] = —eir1, 4<i<n-—1
lei,er]l =eip1, 3<i<n—1 [e3, e3] =oey, [es, el = —Beir1, 4<i<n-—2
[ei, e3] = Beiy1, 4<i<n-—2,
[en—1,e3] = ﬁn—len
lei, enp2-il = (=1)'(Bn1 — Blen, 4<i<n—2, [es, e 1] = —Po16n.
(the rest are equal to zero).
If B = Bu—1, then the study of the above family is the same as for n even.
If B # Bn—1, then making the following change of basis: €] = (B.—1 — B)e;, €5 = e3 — Be;, we
obtain the following family:
[e1, e1] = ez, [e1,e3] = Aex —eq, [er, 6] = —eiyr, 4<izn-1
leier]l =eip1, 3<i<n—1 [es, e3]=pey, lei, ensa—il = (=1D'en, 3<i<n-—-1
(the rest are equal to zero).
Let us consider the general change of the generators of basis in the form:

n n
’ } : / } :
e = A,‘Ei, e; = Bie;.
i=1 i=1

Then thinking as in the proof of Theorem 9, we obtain the following restriction and the expressions

for the parameters A/, '

s = Bt A OA A 2uhs) W= (A1 4 A3)® "
A2+ AAAs + A3 A% + AA1As + A2
and Ay (A1 + A3)(A] + AA A3 + pA3) # 0.
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, At As , =1
(@ pu=0.Then, ' =0,A’ = ———A. Notethat .’ — 1 = ——A,.
A] + )\.A3 A] + )&A3
a.1 L = 0.Then, }’ = 0 and we obtain the algebra .£>.

a2 A #0and A = 1.Then, A’ = 1 and we have £%* with A = 1.
A —
a.3 Let A # 0and A # 1. Then taking A3 =

obtain the algebra .£%*, where A = 2.
(b) u # 0. Note that the following equalities hold:

Al (A1 + As3)?

2
A4, we obtain A’ = 2. Then, in this case, we

M —4y = A2 —4p),
W= 5 ks + iy 2
A1(Ar + Ag)
MW = (- 2).
A1 -+ }\.AlA;; =+ /,LA3

2 . A . ’ ’ ()" _ZM)Z
b.1 A —4u # 0and A —2u # 0.Then, if A3 = —2—A1,weobta1nk =0and ' = TSI
u W

The following restriction A;(A; + A3)(A2 + AA1As + /LA ) # 0 is also verified and therefore

we have the algebra £7*.
b2 A% — 4 # Oand A — 2 = 0. Since 4u(w — 1) # 0, then u # 1. Taking A; =
2 =D+ )
i
case A1 (A, —|—A3)(A2 +AA1A3+ ,uA ) # 0is also verified. Thus, in this case we have the algebra
L3%# where A = 4and u = 2.

A1, we obtain that A" = 4, ©’ = 2. We note that the restriction in this

200 +4As) A (A1 + As)?

281+ AAs T (2A1 + AA3)?
2

—: A1, we have A = —2, u/ = 1. We obtain the algebra

b.3 A>—4p =0and A—2u # 0.Then, ' = .Since A2 —2A # 0,

then A # 0, 2. Therefore, if A3 = —

LEMHwithdh = =2, u = 1.
b4 A2 —4u=0and A —2u = 0.Then4u(u — 1) = 0, thatis, u = 1and A = 2. Hence, ' = 2,
W = 1.We have £3** whereA =2, u=1. O

To conclude, the classifications appearing in the above theorems complete the classification of
naturally graded quasi-filiform Leibniz algebras.

4. Computational processing

In the final section, we describe the computational process. The classification is very complex
because there are a lot of computations. So it is necessary to use a program to compute the Leibniz
identity and then, by a process induction, to generalize the calculations for an arbitrary finite
dimension. Some examples can be seen in the following Web site, http://www.personal.us.es/jrgomez.

As the first step, we introduce the necessary conditions of the Leibniz algebras and then write the
brackets of the quasi-filiform Leibniz algebra family.

dim =12; base = Table[x[i], {i, 1, dim}];

mul[0, x_] := 0; mul[x_, 0] := 0;

mul[x_ + y_, z_] := Simplify[mulx, z]+muly,z]];
mulz_, x_ + y_] := Simplify[mulz, x] + mulz, yll;
mu[x_, a_ y_] := a mu[x, y];

mula_ x_, y_] := a mu[x, y]l;

mu[x[1], x[1]] = x[2];
Module[{s}, For[s = 3, s <= dim - 1, s++,


http://www.personal.us.es/jrgomez
http://www.personal.us.es/jrgomez
http://www.personal.us.es/jrgomez
http://www.personal.us.es/jrgomez
http://www.personal.us.es/jrgomez
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mulx[s], x[1]1] = x[s + 111];

Module[{s}, For[s = 4, s <= dim - 1, s++,

mul[x[1], x[s]] = -x[s + 1111;
mul[x[1], x[3]] = \[Lambda] x[2] - x[4];
mu[x[3], x[3]] \[Mul x[2];
mulx[i_],x[j_1] := 0O;

As the second step, we compute the Leibniz identity and we obtain the relations between the
parameters of the initial family.

lei[i_Integer, j_Integer, k_Integer] := Collect[mul[x[i], mulx[j],x[k]]1] -
mulmulx(i], x[3]1], x[k]] + mulmulx(i], x[k]1], x[j]], basel;

Restlei := Module[{i, j, k},For[i = 1, i <= dim, i++, For[j = 1,j<=dim,
j++,Forlk = j, k <= dim, k++, If[leili, j, k]1==0,

Print['Leibniz(", i, j, k, W->",1leili, j, k11, {3,
Print['Leibniz(", i, j, k, "->", leili, j, k1111111;

listl = Select[Flatten[Table[ Coefficient[lei[i, j, k], basel], {i,1, dim},

{j,1, dim},{k, j, dim}]1]1, ! NumberQ[#] &]; Print["null list---->", listi]

As the third step, we make a general change of basis and we compute the new products in the new
basis:

y[1] = sum_{k=1}"{dim} A[k] x[k];
y[2]=Collect[muly[1],y[1]],base,FullSimplify];
y[3]=sum_{k=1}"{dim} B[k] x[k];

Module[{i}, For[i = 4, i <= dim,i++,
y[i] = Collect[muly[i - 1], y[1]1], base, FullSimplifyll];

basel = Table[y[il, {i, 1, dim}]; base2 = Table[Y[i], {i, 1, dim}];
eqn = Table[Y[i] == y[i], {i, 1, dim}];
resolution =Solveleqn, base] [[1]];
For[u = 1, u <= dim, u++,
For[v = 1, v <= dim, v++,
product[u_, v_] :=
Collect[Collect[muly[ul, y[v]l], base, Simplify] /. resolution,
base2,FullSimplify]]]

Module[{u, v}, For[u = 1, u <= dim, u++,
For[v = 1, v <= dim, v++,
If[! NumberQ[product[u, v]], Print["[", T[u], ",", T[v], "1=",
product [u, v111111;

Finally, we compute the new parameter and then we discuss the nullity invariants.

The classification of nul-filiform naturally graded Leibniz algebras and filiform naturally graded
Leibniz algebra is known and by this work we complete the classification of naturally graded quasi-
filiform Leibniz algebras.
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