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Abstract

Let a = exp(−1/
√

n). Newman inequality is

n−1∏
k=1

1− ak

1+ ak
< e−√

n, ∀n � 5.

We prove in this paper that

s−1∏
k=1

1− ak

1+ ak
= n

1
4 e− π2

4
√

n+O(1), ∀s � n,

which will be applied to improve the estimate concerning the approximation of|x| by using New-
man’s construction.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let a = exp(−1/
√

n). In 1964 Newman established the following well-known inequ
ity:

n−1∏
k=1

1− ak

1+ ak
< e−√

n, ∀n � 5. (1.1)

Using this inequality Newman proved

max
|x|�1

∣∣|x| − Nn(x)
∣∣ � 3e−√

n, ∀n � 5, (1.2)

where the rational functionsNn(x) are given by

Nn(x) = x
P (x) − P(−x)

P (x) + P(−x)
and P(x) =

n−1∏
k=1

(
ak + x

)
.

Because of the simple construction ofNn Newman’s approach was used widely to constr
interesting rational functions in approximation theory (see [1–4,6] and the papers
there).

Recently we find out that the right-hand side of (1.1) can be replaced by a sm
number, thus (see [7]), there holds

n−1∏
k=1

1− ak

1+ ak
< C′e−1.3

√
n, (1.3)

whereC′ > 0 is an absolute constant. Using this inequality, we obtain the asymptot
press of max|x|�1 ||x| − Nn(x)| (see [7]):

max
|x|�1

∣∣|x| − Nn(x)
∣∣ = A√

n
e−√

n +O
(

1

n
e−√

n

)
, (1.4)

whereA = max0�t�∞ t/(1+et ). Therefore, the exact approximation rate for|x| by Nn(x)

is e−√
n/

√
n.

Comparing (1.1) and (1.3) with Newman’s approach it is natural to ask what i
exact order in (1.3) and whether can we modify this term to improve the approxim
rate of|x|. The aim of this paper is to answer these questions. For this goal let us de

∆s =
s−1∏
k=1

1− ak

1+ ak
, ∀s = n,n + 1, . . . .

Let further

Nn,s(x) = x
Ps(x) − Ps(−x)

Ps(x) + Ps(−x)
and Ps(x) =

s−1∏
k=1

(
ak + x

)
.

The main result of this paper is
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n-

p-

e.
ach is
Theorem 1.1. For all s � n � 1 there holds

∆s = n
1
4 exp

(
−π2

4

√
n +O(1)

)
, (1.5)

where O(1) does not depends on s and n. Consequently,

max
|x|�1

∣∣|x| − Nn,s(x)
∣∣ ∼ 1√

n
e
− s√

n + n
1
4 e− π2√

n
4 , (1.6)

where B1 ∼ B2 means that there is an absolute positive constant C such that C−1B2 �
B1 � CB2.

Therefore, (1.3) can be improved by

n−1∏
k=1

1− ak

1+ ak
= n

1
4 exp

(
−π2

4

√
n +O(1)

)
.

Moreover, we can modify Newman’s functionNn(x) to get better approximation rate. I
deed, for suitables the estimate (1.6) is better than (1.4). In particular, fors = vn we have

Corollary 1.2. There holds

max
−1�x�1

∣∣|x| − Nn,2n(x)
∣∣ = O(1)e−2

√
n.

Moreover,

max
−1�x�1

∣∣|x| − Nn,vn(x)
∣∣ = O(1)n

1
4 e− π2

4
√

n, ∀v = 3,4, . . . .

We notice that if we useNvn(x) to approximate|x| then (1.4) tells us that the exact a
proximation rate is exp(−√

vn)/
√

vn. Therefore, for 2� v < π4/16 (i.e.,v = 2,3, . . . ,6)
the rational functionNn,vn(x) is better thanNvn(x) for the approximation of|x|. We no-
tice also that the degree for bothNn,vn andNvn as well as the construction are the sam
However, this modification is “saturated.” The best approximation rate by this appro
n1/4 exp(−π2√n/4), which can be reached if

1√
n
e
− s√

n = O
(
n

1
4 e− π2√

n
4

)
.

In other words, for thoses there holds

max
|x|�1

∣∣|x| − Nn,s(x)
∣∣ ∼ n

1
4 e− π2√

n
4 .

We will prove Theorem 1.1 in the next section.

2. Proof of Theorem 1.1

We need the following lemma.
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to
Lemma 2.1. Let a = exp(−1
√

n), n = 1,2, . . . , and s � n. Then there holds

∆s = exp

(
−2

∞∑
m=1

a2m+1

(2m + 1)(1− a2m+1)
+O

(
1

n

))
,

where O does not depend on s.

Proof. It is known that for 0< t < 1 one has

ln
1− t

1+ t
= −2t − 2

3
t3 − 2

5
t5 − · · · .

Hence,

1− t

1+ t
= exp

(
−2

∞∑
m=0

1

2m + 1
t2m+1

)
,

which in turn implies

∆s =
s−1∏
k=1

1− ak

1+ ak
= exp

(
−2

∞∑
m=0

1

2m + 1

s−1∑
k=1

ak(2m+1)

)
. (2.1)

It is clear that
s−1∑
k=1

ak(2m+1) = a2m+1 − as(2m+1)

1− a2m+1
. (2.2)

Thus, replacinga by exp(−1/
√

n ), we conclude

as(2m+1)

1− a2m+1
�

√
n

2m + 1
e
−(s−1) 2m+1√

n .

Now ass � n we obtain

e
−(s−1) 2m+1√

n = O
(
n−2(2m + 1)−4).

In particular, one has

as(2m+1)

1− a2m+1
= O

(
1

n(2m + 1)

)
. (2.3)

The assertion follows from (2.1)–(2.3).�
Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. We first verify (1.5). According to Lemma 2.1, we need only
calculate

∞∑
m=0

a2m+1

(2m + 1)(1− a2m+1)
.

To this end we observe first the terms withm � √
n. By Taylor’s formula, we conclude
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1

e
2m+1√

n − 1
=

√
n

2m + 1
× 1

1+ 2m+1
2
√

n
+ 1

6

(2m+1√
n

)2 + · · ·

=
√

n

2m + 1

{
1− 2m + 1

2
√

n
+O

((
2m + 1√

n

)2)}
.

Thus,

[√n]∑
m=0

a2m+1

(2m + 1)(1− a2m+1)
=

[√n]∑
m=0

√
n

(2m + 1)2
− 1

2

[√n]∑
m=0

1

2m + 1
+O(1).

On the other hand, it is easy to see that

1

2

[√n]∑
m=0

1

2m + 1
= 1

8
lnn +O(1).

Therefore, we get

[√n]∑
m=0

a2m+1

(2m + 1)(1− a2m+1)
=

[√n]∑
m=0

√
n

(2m + 1)2
− 1

8
lnn +O(1)

=
∞∑

m=0

√
n

(2m + 1)2
− 1

8
lnn +O(1)

= π2

8

√
n − 1

8
lnn +O(1). (2.4)

Next, we consider the terms withm >
√

n. Clearly, in this case one has always

1

e
2m+1√

n − 1
= O

( √
n

2m + 1

)
.

Hence,

∞∑
m=[√n]+1

a2m+1

(2m + 1)(1− a2m+1)
= O(1). (2.5)

We conclude from (2.4) and (2.5) that

∞∑
m=0

a2m+1

(2m + 1)(1− a2m+1)
= π2

8

√
n − 1

8
lnn +O(1).

The desired assertion follows from Lemma 2.1 and the last estimate.
To show (1.6), we use Newman’s approach (see [5]) to obtain

max
as�x�1

∣∣∣∣∣
s−1∏ ak − x

ak + x

∣∣∣∣∣ =
s−1∏ 1− ak

1+ ak
.

k=1 k=1
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Hence,

max
as�x�1

∣∣∣∣∣x
s−1∏
k=1

ak − x

ak + x

∣∣∣∣∣ =
s−1∏
k=1

1− ak

1+ ak
. (2.6)

But Nn,s(x) is an even function, so there is

max
as�|x|�1

∣∣|x| − Nn,s(x)
∣∣ = max

as�x�1

∣∣|x| − Nn,s(x)
∣∣ = max

as�x�1

2x|Ps(−x)|
|Ps(x) + Ps(−x)|

= max
as�x�1

2x
∣∣∏s−1

k=1
ak−x
ak+x

∣∣∣∣1+ ∏s−1
k=1

ak−x
ak+x

∣∣ .
It follows from (2.6) that

2
∏s−1

k=1
1−ak

1+ak

1+ ∏s−1
k=1

1−ak

1+ak

� max
as�|x|�1

∣∣|x| − Nn,s(x)
∣∣ �

2
∏s−1

k=1
1−ak

1+ak

1− ∏s−1
k=1

1−ak

1+ak

.

From (1.5) we conclude

max
as�|x|�1

∣∣|x| − Nn,s(x)
∣∣ = n

1
4 e− π2

4
√

n+O(1). (2.7)

Next we estimate max|x|�as ||x| − Nn,s(x)|. Thus, for 0� x � as we have

∣∣|x| − Nn,s(x)
∣∣ = 2x

1+ ∏s−1
k=1

ak+x
ak−x

. (2.8)

On the other hand, using

ln
1+ t

1− t
= 2t + 2

3
t3 + 2

5
t5 + · · · ,

we obtain

s−1∏
k=1

ak + x

ak − x
= exp

(
2

∞∑
m=0

1

2m + 1

s−1∑
k=1

a−k(2m+1)x2m+1

)
. (2.9)

Denote

y = 2
∞∑

m=0

1

2m + 1

s−1∑
k=1

a−k(2m+1)x2m+1.

Obviously,

y � 2x

s−1∑
k=1

a−k.

Thus, it follows from (2.8) and (2.9) that for 0� x � as ,
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∣∣|x| − Nn,s(x)
∣∣ �

y
1+ey∑s−1
k=1 a−k

= y

1+ ey
× e

1√
n − 1

e
s√
n − e

1√
n

.

Clearly,

e
1√
n − 1= 1√

n
+O

(
1

n

)
and max

0�y�∞
y

1+ ey
= y0

1+ ey0
,

wherey0 = 1.2784. . . . Hence, forA = y0/(1+ ey0) we get

max
0�x�as

∣∣|x| − Nn,s(x)
∣∣ � A√

n
e
− s√

n +O
(

1

n
e
− s√

n

)
. (2.10)

Moreover, ifx0 satisfies

2

(
x0

s−1∑
k=1

a−k + x3
0

s−1∑
k=1

a−3k

)
= y0,

thenx0 = O(1)exp(− s√
n
)/

√
n. Hence, there existsn0 such that for alln > n0,

x0e
s√
n <

1

2
. (2.11)

But (ln(1− t)/(1+ t)) < 2(t + t2) for 0< t < 1/2. Therefore, we obtain forn > n0,

s−1∏
k=1

ak + x0

ak − x0
� exp

(
2x0

s−1∑
k=1

a−k + 2x3
0

s−1∑
k=1

a−3k

)
.

Combining the last inequality with (2.8), we obtain∣∣|x0| − Nn,s(x0)
∣∣ � A∑s−1

k=1 a−k + x2
0

∑s−1
k=1 a−3k

,

while (2.11) implies

s−1∑
k=1

a−k + x2
0

s−1∑
k=1

a−3k �
e

s√
n + x2

0e
3s√
n

e
1√
n − 1

.

Therefore,

∣∣|x0| − Nn,s(x0)
∣∣ � A

e
1√
n − 1

e
s√
n + x2

0e
3s√
n

= A√
n
e
− s√

n +O(1)
1

n
e
− s√

n .

It follows from this inequality and (2.10) that

max
0�x�as

∣∣|x| − Nn,s(x)
∣∣ = A√

n
e
− s√

n +O(1)
1

n
e
− s√

n .

The desired assertion follows from (2.7) and the last inequality.�
From the above proof one can easily obtain an analogue of (1.4).
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)

10

y 92

98 (in

ta
Corollary 2.2. Let n � s < π2n/4− 5/4
√

n lnn. Then

max
|x|�1

∣∣|x| − Nn,s(x)
∣∣ = A√

n
e
− s√

n +O(1)
1

n
e
− s√

n .
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