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Abstract

This article deals with mathematical models for controlling vehicles behav-
ior in a virtual world, where two behaviors are considered: 1) curve turning 
and 2) car following situations, in this last is essential to provide a safety 
distance between the leader and the follower and at the same time keep the 
follower not delayed with respect to the leader, and in a curve turning the 
complexity is to provide a safety speed inside the curve and keep the car 
inside the lane. Using basic information as vehicles position, mathematical 
models can be developed for explaining the heading angle and the autono-
mous vehicles speed on curves, i.e. the controlled by the models. A model 
that predicts the autonomous vehicle speed on curves is developed consid-
ering previous data in other curves. Two models that control the accelera-
tion/deceleration behavior of autonomous vehicles in a car following 

a proposed algorithm which enables accuracy in order to imitate the human 
behavior for accelerating and braking, and the second model provides a 
safety distance between the follower and the leader at sudden stops of the 

the leader car similar to the human behavior.
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Introduction

The car following situations had been studied over the 
years because its importance in understanding and pre-
dicting the human behavior to accelerate and brake. A 
historical review of the models that describe this phe-
nomenon is presented in Brackstone & McDonald 
(1999), where it can be seen the car following model 
proposed by Gazis et al. (1961), called GHR, with for-
mula                                                            where af  is the 
car following acceleration,       is the car following speed, 

v x are the relative speed and distance between 
the leader and the follower, c, m and l are the model 
parameters. Ceder & May (1976) found the parameters 

split the GHR model in two phases, when the vehicle 
accelerates or decelerates. Recently in Ma & Andréas-
son (2006), the reaction time, i.e. the time required by 
the driver to respond, is estimated and used in the non-
linear General Motor model. The reaction time is calcu-
lated analyzing data in the frequency domain through 
Fourier transform and spectrum analysis, then with 
the estimated reaction time the parameters of the mod-
el are calibrated, the data used for calibration is taken 
from the stable following regime. In Ranjitkar et al. 
(2005) an optimization considering a genetic algorithm 
is implemented in order to calibrate car following 
models, some of these are the Chandler, Gipps, and 
Leutbach models, the results of their work are the 
mean and standard deviation of the models parame-
ters optimum values.

In relation with the vehicle speed on curves, it be-
comes important to consider the curve design and the 
vehicle behavior in order to implement speed predic-
tions. In Zhang et al. (2013) an algorithm based on a re-

employed to calibrate their model, employing as inde-
pendent variables the vehicle velocity at the entrance of 
the curve, the road curvature and two regression coef-

particular user driver behavior. In Wolfermann et al. 
(2011) a model that describes the vehicle speed at inter-
sections is presented, including vehicle turning to right 
and left, where it was observed that when a vehicle is 
turning decelerates until a minimum speed is reached, 

speed is reached. The model is presented as a polyno-
mial of third degree where the dependent variable is 
the turning speed and the independent variable is the 

maintain on a curve, in Abbas et al. (2011) an equation 
for predicting the 85th percentile operating speed on 
horizontal curves through multiple linear regression 
analysis is presented, where the inverse square root of 
the radius curve and the 85th percentile speed at ap-

that 85th speed. 
Two mathematical models are proposed in this ar-

ticle to control the autonomous vehicles in car follow-
ing situations. The models simulate the behavior of a 
vehicle that is following another vehicle in the next 

( ) ( ) ( ( )m l
f fa t cv t v t -T) / x t -T

m
fv

Resumen

Este artículo introduce modelos matemáticos para controlar el comportamiento de 
vehículos en un mundo virtual; estos comportamientos consideran dos situaciones: 
1) en toma de curvas, donde la complejidad es resultado de mantener al vehículo a 
una velocidad segura durante la toma de la curva y dentro del carril y 2) de segui-
miento vehicular, donde es esencial mantener una distancia segura entre los vehícu-
los, así como evitar que el vehículo seguidor quede rezagado con respecto al líder. 
Usando información básica sobre la posición de los vehículos se desarrollan modelos 
matemáticos que explican el ángulo de dirección y la velocidad en curvas de vehícu-
los autónomos. Se desarrolla un modelo para predecir la velocidad del vehículo 
autónomo en curvas considerando datos previos en otras curvas. Se proponen dos 
modelos para controlar el comportamiento para acelerar y desacelerar de los vehícu-
los autónomos en situaciones de seguimiento de coche, el primer modelo se calibra 
con un algoritmo propuesto y asemeja el comportamiento humano para acelerar y 
frenar, el segundo proporciona una distancia segura para evitar colisiones cuando el 
líder frena repentinamente, además emplea la máxima capacidad para acelerar y de-
sacelerar del vehículo autónomo y asemeja el comportamiento humano.

Descriptores: 

 modelo matemático
 seguimiento de coche
 tomando curvas
 comportamiento autónomo
 simulación
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front called leader vehicle, so that the behavior of the 

model is designed to describe the human acceleration/
deceleration behavior and its parameters are calibrated 
to represent a particular behavior driver, e.g. a moder-

users, calibrated to represent a general behavior. The 
-

tion of the following car is calculated so that its speed is 
smoothed to reach the leader vehicle’s speed according 
a calculated distance and this last depends on the actual 
velocity and acceleration of the follower and leader.

The other contribution is the explanation of the au-
tonomous vehicle speed when it enters on a curve until 
the desired speed is reached, using the time as the inde-
pendent variable, the speed is obtained with a regres-
sion equation employing a least square technique. 

-
dicted for a set of curves. Additionally, the vehicle’s de-
sired speed on a curve is explained, i.e. when the vehicle 
reaches the safety speed that will be maintained during 
the rest of the curve. In order to explain this behavior, 
the radius curve size, and the time to reach the safety 
speed are used as independent variables, the equation 
is obtained using data from a set of curves and tested in 
another set obtaining positive results about its predic-
tion capability.

The article is organized as follows: the method sec-
tion presents the equations employed in the conducted 
tests as well as the form of the proposed models. The 
models that control the acceleration/deceleration of the 
autonomous vehicles and the experimental vehicle –con-
trolled by the user– in a car following situation and  the 
model that describes the turning speed are presented.

The experiments and discussion section presents 

following model and the general motors (GM) model, 
in addition to the experiments to test the accuracy of 
the second proposal model. In addition, the results of 
the models that control the heading angle and the speed 
of the autonomous vehicle during a turning maneuver 
are included, as well as the results obtained with the 
proposed model to predict the comfortable (or safe) 
speed in a curve. Finally the conclusions are drawn 
considering the contributions obtained.

Method 

In this section, the mathematical models to set the ac-
celeration and deceleration of the user controlled vehi-

cle and the autonomous vehicle in free driving 
conditions are presented, also the proposed models in 
car following situations.

For simulation purposes, in the particular case of car 
following situations, i.e. when the behavior of a car is 
related to a car right in front, is required to control the 
acceleration of both cars using a model for each one, an 
example from the simulations of a car following situa-
tion can be observed in Figure 1.

leader car is called polynomial model, explained in de-
tail in Akcelik & Biggs (1987), the model is presented in 
Equations 1 and 2 that calculates the acceleration and 
speed, respectively.

   (1)

   (2)

Where r and m are model parameters, am is the maxi-
mum acceleration, and ta is the acceleration time, i.e. the 

vi and 
vf are employed to approximate the acceler-

ation time with Equation 3.

      (3)

In the case for decelerating the leader car the same 
model presented in Equation 1 is employed, explained 
in Akçelik & Besley (2001), with the variant that instead 
of ta , td
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in car following considering two situations: 1) when the 
leader car speed vl is greater than the following car speed 
vf , i.e. vl > vf , and 2) in the case where vl < vf

case, the model presented in Equation 5 is proposed for 

  

 (5)

where d is the distance between the leader and the fol-
lowing car, measured from the centers of the cars, the 
parameters of the model are a1, a2, a3 and a , and T = 1 
is the reaction time, i.e. the time that the driver needs to 
react. In the second case, the deceleration of the follow-
ing vehicle is presented in Equation 6,

     (6)

where d1, d2 and d3 are parameters. The models form 
Equations 5 and 6 are calibrated according to a pro-
posed algorithm called parameter estimator, which 

range, the calibration of the parameters is conducted in 
the order of appearance in the model, i.e. following the 
parameters subscript numerical order. In order to cali-

parameterized search is performed of the parameter 
value that reduces the error model. The next parameter 
is calibrated in the same way but keeping the previous 
parameter value as it was tuned, and so on, until all the 
parameters are calibrated. The annex presents the coef-

-
eration cases. The algorithm is presented next, where N 
is the number of parameters, linf = –20 and lsup = 20 are 

-
ment cases), the model function to calibrate could be 
equation 5 or 6, oi is the observed data of size j, the out-
put yn is the parameter value with the minimum error. 
The case for calibrating equation 6 is presented in algo-
rithm 1.

Input: d1,…,dN=0; n=0; k=1; 
Output=yn ;

n=n+1; linf<dn<lsup; 
Step 2: for dn= linf…lsup {
 for i=1…j{
      Evaluate the model function
      fi (d1... dN) =ad

  Evaluate the criterion function
  
        

              if 

Step 3: if n<=N, go to step 1;
      otherwise end;

After the acceleration or deceleration is calculated,  the 
speed is obtained with the Newton’s law of motion, 
discretized in time and presented in Equation 7, where 

t » 0.2s is the step simulation time.

    (7)

The second model proposed simulates the acceleration/ 
deceleration human behavior according the form of the 
double sigmoid, see Figure 2; the proposed model ex-
trapolates the leader vehicle speed using four samples 
behind with a polynomial of third order to predict the 
distance between the vehicles to be used in the calculus 
required by the model.

The acceleration of the following car is rigged by 
Equation 8, in which the parameters S, R and A will 
modify the aggressiveness to approach the leader and 
the distance between them.

   (8)
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R is the ratio between the safety distance dS and the ac-
tual distance d between the leader and the following car 
minus a minimal distance dm , this last should be at least 
the car size plus one meter in order to avoid collisions, 

-
trol a robotic arm movements) can be found in De Jesús 
et al

     (9)

A is the maximum acceleration or deceleration that can 

   (10)

S is the aggressiveness of the acceleration and decelera-
S < 1 make it 

S <  make it less smoother, S is se-
lected as presented in Equation 11, allows reacting at 
sudden changes of the leader velocities.

    (11) 

The safety distance dS is calculated in Equation 12, 
where the second term allows the following car to react 
to the next position data rate and gives an extra space to 
avoid collisions,

     (12)

where af and vf are the acceleration and speed of the fol-
lowing vehicle and T is the time step at which the sta-
tus of the leader vehicle is obtained.

The experimental vehicle is the controlled by the user 
through the keyboard in the Virtual World, the model 
that set its behavior for accelerating is explained in de-
tail in Ramsay (2007) as well the procedure for calibrat-
ing the parameters. The acceleration model and their 

          (13)

   

   (15)

with vm vm the 
-

celeration respect the speed, and vi is the initial speed. 

    (16)

To decelerate the experimental vehicle, a linear model 
is used, the model and their integrals are presented in 
Equations 17, 18 and 19.

a (t) = b1 + b2 t    (17)

    (18)

    (19)

where b1 is the maximum deceleration and b2 is the rate 
at which the deceleration decreases respect time, b1 is 
the maximum deceleration that can be applied, b2 is 
calibrated with Equation 20.

     (20)

where td is the time when v = 0, td can be calculated with 

     (21)

The behavior of the experimental vehicle when it enters 
in a curve is explained, where the dependent variables 
are heading angle and speed, and the independent vari-
ables are in the time and the vehicle position coordi-
nates. The variables chosen for describing the heading 
angle of the vehicle in curves are the coordinates of the 
vehicle position in a three dimensional coordinate sys-
tem; however, in the explanatory equation the axis nor-

cases the vehicle has no movement in that axis.
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To set the degree of relationship between the depen-
dent and independent variables of the proposed mod-

 
tiple regression using the least squares method is used 
to explain the heading angle using the coordinates of 
the vehicle position, the speed is explained using the 
time with a polynomial regression.

Experiments and discussion 

The Virtual World created in order to implement the ex-
periments was developed in the Unity engine; the data 
employed was obtained from user tests. In the vehicle 
turning tests cases, it is considered that the vehicle enters 
the curve an approximated speed of 60 km/h, and there 

created curves represent one quarter of the circle circum-
ference since the vehicle reaches the comfortable speed 
before completing the circle circumference quarter. In 
order to obtain data in car following situations the leader 
vehicle accelerates gradually from zero to the maximum 
acceleration and then smoothly returns to cero, the same 
for decelerating; in the case of the following vehicle, i.e. 
the vehicle controlled by the user, it accelerates linearly 
from the maximum acceleration to zero and the same 
way for decelerating. The tests to obtain the data are per-

-
er– as initial conditions are stopped, then the leader 
accelerates and the follower begins to follow it until both 
enter in a stable regime, after that the leader begins to 
decelerate and the follower does the same until both ve-
hicles are stopped.

The scenarios of the Virtual World which were em-
ployed to implement the experiments conducted in this 
article, were created in the Unity engine as well the ve-
hicles and roads; nerveless González & Arámburo 
(2013) present a method that allows the construction of 
the linear and curve roads where a vehicle equipped 

with a simulated GPS has circulated, i.e. the vehicle po-
sition coordinates are obtained.

The proposed models in Equations 5 and 6 were tested 

parameters, all the data were obtained with the leader 
car using the acceleration and deceleration model of 
Equation 1, the following car is controlled by the user 
as the experimental vehicle, using the model for accel-
erating presented in Equation 13 and for decelerating in 
Equation 17. The results obtained with the proposed 
model are compared with the General Motors model, 
this last detailed in Mathew & Krishna (2007). Table 1 
shows the mean absolute error (MAE) obtained with 
the proposed and the GM models, this last calibrated 
with the algorithm proposed in this article employing 
the same data as the used for calibrating the proposed 
models. As can be observed in Table 1, there is an im-
provement in the acceleration and deceleration phases 
with respect to the GM model.

The equation employed to obtain the mean absolute 
error is presented in Equation 22, where oi is the ob-
served value, mi is the modeled value, and n is the total 
number of observations.

    (22)

Figure 3 depicts the observed vs predicted acceleration 
vs predicted decelera-

tion, each graph for the corresponding model present-
ed in Table 1.

The proposed model in Equation 8 was tested for 

2

2 (–16.2 km/h/s) for maximum deceleration, 
T varies and is the time step at the obtained vehicles 

position coordinates. In Figure 5, the leader car is 200 
meters from the follower, then we observed the vari-

n
i i im o
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n
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ables –acceleration, velocity and distance– of the fol-
lower to reach the leader, with T = 1s and applying 
extrapolation between the intervals of time. Figure 6 
presents the case considering T = 0, i.e. the data of the 
leader is used at the time step at which the simulator is 
running, in this case, extrapolation results redundant. 
The leader car departs from 0 to 80 km/h and employs 
the model presented in Equation 1. The units of the 
plots from here to the end of the subsection are distance 
in meters, velocity in km/h and acceleration in km/h/s, 
the horizontal axis shows the time in seconds.

In Figure 7 we can observe the behavior of the fol-
lowing car for a test where the leader starts moving 
from 0 to 80 km/h and decelerates to a complete stop, 

with T = 1s and extrapolating. The test is conducted in 
the same way without extrapolation with the results in 
Figure 8, where it can be observed the acceleration 
abrupt changes.

In Figure 9 we observed the following behavior 
when the leader car suddenly stops, with T = 1s and 
extrapolating. The same test was performed with the 
following car using the GM model with the parameters 

 
m = –0.2 and l m = 0.9 
and l = 1 for decelerating, results are presented in Fig-
ure 10, where it can be observed that the following ve-
hicle needs to apply a maximum deceleration of 

-
ceeds the proposed limit of –16.2 km/h/s.
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Figure 11 presents the extreme case with T = 5 s 
and the leader going from 0 to 80 km/h; then gradu-
ally decelerating until it is at rest. It can be observed 
that the extrapolation procedure maintains a more 
realistic behavior than without extrapolating, as in 
Figure 12.

In the next experiment a second follower car is in-
troduced, both followers are working with the pro-
posed model in Equation 8; in Figure 13 it can be 

T = 1 s 
and the leader going from 0 to 80 km/h and then gradu-

-
celeration of the second follower.

the leader going at 80 km/h is presented in Figure 15, 
Figure 16 shows the second follower behavior, the ex-
periment with T = 1 s.

Heading angle model 

The data employed to calibrate the heading angle mod-
el are obtained driving the experimental vehicle on 

were conducted on curves with radius in the size range 
r r being the radius. The driving results 

shows the case of a curve with a radius of 100 meters 
and the x coordinate vs heading angle, Figure 18 shows 
time vs speed.

The coordinate where the curve begins is denoted as 
(xc, yc), this location is used to conduct all the experi-
ments involving curves, where (xc yc = 350). 
The results presented in this article can be replicated in 
any coordinate system by translating the origin of the 
curves to (xc, yc).
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Figure 17 shows that the vehicle begins with the head-

18 the vehicle speed is decreasing as the time increases, 
the speed became constant at approximately t = 5.5 s, 
i.e. when the desired speed is reached. With the data 
obtained from the tests the model that relates the head-
ing angle with the position is obtained, subsequently 

the model that explains the speed on curves with time 
as the independent variable is obtained. Three tests for 
each curve were conducted, Table 2 presents the ap-
proximate required time for each curve test.

Table 3 presents the models that explains the head-
ing angle of the vehicle in a curve, together with statisti-
cal results –adjusted R-squared and MAE. With the 
objective to test the accuracy of the models presented in 

m/s is provided with the corresponding model for each 

that the vehicle stays inside the lane. The case of a curve 
with a 100 m radius is presented in Figure 19, where the 
autonomous vehicle trajectory is presented in red and 
the lane borders in black, the lane width measure is 
7.5 m for all the experiments. The trajectory —100 m  
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radius case—, presented in Figure 20, is measured ac-
cording the Euclidian distance between the origin of 
the curve (xr, yr) and the points obtained from the vehi-
cle trajectory (xi, yi) minus the radius size, since the 
width of the lane is 7.5 m and the autonomous vehicle 

-
ble distance to avoid leaving the lane is a displacement 
of 2.75 m from the center of the lane, the equation to 
obtain the error is Equation 23.

-
placements (MD) of the autonomous vehicle from the 
center of the curve, the vehicle circulates according to 
the model of their respective curve. Figure 21 shows an 
example of a vehicle taking a curve.

 (23)

The coordinates of the vehicle position on a curve are 
used as the independent variable to explain the time, 
see Table 5. The time is employed as the independent 
variable for explaining the turning speed of the autono-
mous vehicles, observe Table 6. Figure 22 presents the x 
coordinate vs. the modeled angle and the observed an-
gle from tests, Figure 23 shows the time vs. the modeled 
speed and the speed from tests, in both cases for a ra-
dius curve of 100 m as example.

The speed obtained from equations in Table 6 is em-
ployed until the desired speed va is reached; this speed 

can be explained considering two independent vari-
ables, the radius of the curve and the time tr to reach the 
desired speed starting at the beginning of the curve. 
The model to predict the desired speed was calibrated 
considering data with curve radius of 100 m and 350 m, 
obtaining an adjusted R-squeared of 99.6859. In order 

300 for four cases, the model is presented in Table 7 

desired speed in that curve and the one predicted by 

model that explains the speed from the beginning of the 
curve until the desired speed is reached, the order of 
the equations obtained in Table 6 is reduced, resulting 
in Table 8. It can be observed in this table that the coef-

-

of the independent variable of the curve speed model of 
Table 8 is presented in Table 9, where it was obtained an 

-
tr and the distance 

dr traveled until the desired speed is reached, the vari-
c2.

Table 10 contains the equivalent model in Table 8 
c1 is determined as the average en-

trance speed of the tests for each curve case, the second 
c2 is obtained with the model in Table 9, then 

the r-squared obtained for three cases is presented. The 
observed data is compared with the model that predicts 

 

2 2( ) ( )i r i r ie x x y y r

Curve radius Left MD Right MD

100m

150m 0

200m 0

Curve 
radius Model explanatory of the heading angle

Adjusted  
R-squared MAE

100 m x + 0.529775y + 0.00226879x2 99.752

150 m x y – 0.00122387y2

200 m x + 0.00100239x2 y2 99.8908
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Curve radius Model explanatory of the heading angle Adjusted R-squared MAE

100m t = 338.892 – 0.0838177x y 0.0868695

150m t x + 0.0518052y 99.7671 0.0593758

200m t x y 99.0353

Curve radius Model explanatory of the heading angle R-squared MAE

100m v t t2 0.0922739

150m v t t2 98.907

200m v = 17.6596 – 1.8565t + 0.0819832t2 99.8929 0.0375238

Curve radius Model Observed Predicted

150 m

vd r – 0.238296tr

10.1958 10.3933

200 m 11.2688 0.0725

250 m 11.9765 0.06591

300 m 13.0779 12.9327

Curve radius Model R-squared MAE

100 m v t 99.5885

150 m v t 98.7199 0.221999

200 m v t 0.107255

Radius Model Observed Predicted Error

250m

c2 r tr dr

–1.51566 0.032

300m –1.5968 0.072

350m 0.105
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vs the observed and 
modeled speed for a 250 m radius curve, the same as in 
Figure 25 for a 300 m radius curve.

Curve radius Model R-squared

250 99.71

300 v = c1 + c2t 99.63

350 98.10
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Conclusions

autonomous vehicle in car following situations simu-
lates with accuracy the behavior of the user whose data 
was used to calibrate the parameters, nerveless it can be 

aggressive, passive). A calibration in real time can be 
performed if data of the desired behavior is available. 
The proposed model explains two situations of interest 
in a car following regime, when the following car is ac-
celerating to reach the speed of the leader car and when 
decelerates if the leader speed is decreasing; in the sec-

-
pared to the GM model.

The second car following model describes the hu-
man acceleration behavior using the double sigmoid 
function to shape the acceleration, and uses the maxi-
mum capacity to accelerate and decelerate the follow-
ing vehicle keeping a safety distance with the leader, 
that allows the following vehicle to avoid a crash if the 
leader vehicle brakes suddenly. Another contribution is 
that extrapolating the speed of the leader –simulating 
the case when data is not available– the modeled accel-
eration/deceleration is smoothed but this last decreases 
as the time delay increases. The case that incorporates a 
second following car that results in the behavior ex-

conditions and at a sudden stop of the leader.
The equations that explain the heading angle of the 

autonomous vehicle in a curve are developed with the 
information of a vehicle position –simulating GPS data– 
that already has circulated in that curve, therefore can 
explain the heading angle that the autonomous vehicle 
should follow in order to drive in that curve. The ex-
periment results, using the modeled equations, show 
that the autonomous vehicle circulates in the curves 
and stays inside the limits of the lane, where a displace-

tolerance of 2.75 m, i.e. the 37.98% of the available toler-
ance was used.

The turning speed model, developed to describe the 
speed of the vehicle since it enters in the curve, explains 
in the worst case in 98.907% the dependent variable –
the speed in the curve. The model implemented to pre-
dict the vehicle speed on a curve by estimating the 

in 98.10% the dependent variable. The desired speed on 
a curve is explained with a model that was tested on 

maximum discrepancy with the expected result of 
1.93% and a minimum of 0.55%.

Future work 

As future work is pretended to construct a part of the 
Guadalajara city in a Virtual World, in which autono-
mous vehicles, controlled with the models presented in 
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vehicle controlled by a person can drive through the 
virtual city, where the user may experience realistic 

-
lar to the real one.

Annex 

Using the parameter estimator algorithm (PEA)  the co-

models in Equations 5 and 6, are calibrated. According 

-
el, this is achieved through step 2, where the model un-

taking values from linf to lsup, in each case the mean abso-
lute error is calculated and the CV that minimize the 

the parameters are calibrated.
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